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Introduction
Motivation

Differential problem

Lu=f xeQCR?

» differential operator L, domain (2
» source term f(x), solution u(x)
» solution mapping G(f) = u
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Introduction

Motivation

Differential problem Parametrization of f
n
Lu=f =xeQcCR? fl@)~) ajAj@) xeQ
j=1
» differential operator L, domain (2 > fixed functions A;,j =1,...,n
» source term f(z), solution u(x) (B-splines, trig. polynomials, ...)
» solution mapping G(f) = u » identify f by coefficients @ € C"
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Introduction

Motivation

Differential problem Parametrization of f
n
Lu=f =xeQcR? fl@)~) ajAj@) xeQ
j=1
» differential operator L, domain (2 > fixed functions A;,j =1,...,n
» source term f(z), solution u(x) (B-splines, trig. polynomials, ...)
» solution mapping G(f) = u » identify f by coefficients @ € C"

Basis expansion of u in a bounded orthonormal product basis

u(x,a) = Z cxPr(z, a)

keNd+n

> coefficients ¢ € C and functions ®x(-) bounded, orthonormal and of tensor-product structure
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Basis expansion of « in a bounded o

u(x,a) = Z ckPr(x, a)

keNd+n

> coefficients ¢ € C and functions ®x(-) bounded, orthonormal and of tensor-product structure
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Introduction
Motivation

Basis expansion of « in a bounded or ormal product basis

u(x,a) = Z ckPr(x, a)

keNd+n

> coefficients ¢, € C and functions ®(-) bounded, orthonormal and of tensor-product structure

High-dimensional approximation problem

Sru(zx, a) E Pk (x, a)
kel

> index set: I C N*" unknown but s-sparse (|I| = s)

» coefficients: ug € C approximations of true coefficients cg
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Introduction

Motivation

Benefits: The structure of the detected index set I contains
various information about the solution and its dependence on
x and f!

Problem: How to find a good, s-sparse index set 17
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Introduction
Motivation

Benefits: The structure of the detected index set I contains
various information about the solution and its dependence on

x and f!
Problem: How to find a good, s-sparse index set 17

> first idea:
> choose a large search space I' D L |T'| > |1
» compute all coefficients g
» choose indices corresponding to the s largest
coefficients (absolute value)
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Introduction

Motivation

Benefits: The structure of the detected index set I contains
various information about the solution and its dependence on
x and f!

Problem: How to find a good, s-sparse index set 17

» first idea:

> choose a large search space I' D L |T'| > |1

» compute all coefficients g

» choose indices corresponding to the s largest
coefficients (absolute value)

> but: unfeasible in practice for large T' (— “curse of
dimensionality” )
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Introduction

Motivation

Benefits: The structure of the detected index set I contains
various information about the solution and its dependence on
x and f!

Problem: How to find a good, s-sparse index set 17

> first idea:
> choose a large search space I' D L |T'| > |1
» compute all coefficients g
» choose indices corresponding to the s largest
coefficients (absolute value)

> but: unfeasible in practice for large T' (— “curse of
dimensionality” )

> better idea: use a dimension-incremental approach
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@® The algorithm
Projected coefficients
The dimension-incremental method



The algorithm

Differential equation setting

> approximate u(x,a) with (z,a) € R4*+"
» compute I C N and 4y, for k € I
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The algorithm

Differential equation setting

> approximate u(x,a) with (z,a) € R4*+"
» compute I C N and 4y, for k € I » compute I C N? and gy, for k € I

Function approximation setting

> approximate g(y) with y € R¢

L d
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The algorithm

Function approximation setting

> approximate g(y) with y € R¢
» compute I C N% and gy, for k € T

» target function g (black box) Output

» search space I' ¢ N¢ 'S i @

. p detected index set I C N¢ with
> sparsity s € N |I| = s
» detection threshold 6. > 0 » approximated coefficients gz for
» number of detection iterations kel

reN
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The algorithm
Projected coefficients

Projected coefficients are similar to basis coefficients cg, but:
» fix some dimensions via a random anchor y
» integrate only over the remaining dimensions

Projected coefficients indicate the “importance” of the indices (k, *,*,*,...), since

e, k(@) =... = Z Clie,h) Rtt1,....d}, (k,h) (U)-
heNd—t
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The algorithm
Projected coefficients

e, k() = / 9&9) Pp,. 066 dug,. 43 (8) Vk € N, Vg € Dyyy1,...ay
Dia,....t}
Projected coefficients are similar to basis coefficients cg, but:
» fix some dimensions via a random anchor gy
» integrate only over the remaining dimensions
Projected coefficients indicate the “importance” of the indices (k, *,*,*,...), since

e, k(@) =... = Z Clie,h) Rtt1,....d}, (k,h) (U)-
heNd—t

Example: Fourier setting with d = 3 and t = 2

ca2pk(d) = /Tz 9(€,§) e EAE = e ™Y Vk € 2%, ¥j €T

h€EZ
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The algorithm
Projected coefficients

Approximation of projected coefficients

use any method for numerical integration, e.g., MC or QMC methods

ae o) = / 969 T n® dga,.. . (©)

M
~ ijg(ﬁj, DO, y.6&5) = 901,.0.k(Y)-
j=1
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The algorithm
Projected coefficients

Approximation of projected coefficients

use any method for numerical integration, e.g., MC or QMC methods

j=1
Properties of the approximation <= Properties of the algorithm
fast approximation of proj. coef. <= fast algorithm
sample efficient approximation of proj. coef. <= sample efficient algorithm
accurate approximation of proj. coef. <= accurate algorithm
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The algorithm
The dimension-incremental method

Figure: The desired but unknown index set I and
the search space I' = {0, 1,2, 3,4}°.
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The algorithm

The dimension-incremental method
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ks € Pysy (1)

Figure: The desired but unknown index set / and Figure: The one-dimensional candidate sets 7, (I").
the search space I' = {0, 1,2, 3,4}°.
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The algorithm

The dimension-incremental method

9130 ()]
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0 1 2 3 4
ki€ Pry (1)

Figure: The one-dimensional detection step in the first dimension with » = 3 detection iterations.
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The algorithm

The dimension-incremental method
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Figure: The one-dimensional detection step in the first dimension with » = 3 detection iterations.
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The algorithm

The dimension-incremental method

9130 ()]
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Figure: The one-dimensional detection step in the first dimension with » = 3 detection iterations.
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The algorithm

The dimension-incremental method
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Figure: The one-dimensional index sets Iy;;.
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The algorithm

The dimension-incremental method

k1 61{1}

—@ @ © @ o
0 1 3 4
ko 6]{2}

1 3
ks 6[{3}

Figure: The one-dimensional index sets Iy;;.

/

° : *—=o Iy
0 2 3

Figure: The two-dimensional candidate set
]{1} X ]{Q}.
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The algorithm
The dimension-incremental method

ky € Iy 1 L
3@--@------ o --0--—-
—_— | o
0 1 3 4 \ I I I
kQGI{Q} 11‘ ,,,,,, ‘,,. ,,,,,,
o - o - o R S
1 3 1 L
ks € I3 5 ; g Iy

Figure: The one-dimensional index sets ;. Figure: The two-dimensional candidate set

]{1} X ]{Q}.
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The algorithm

The dimension-incremental method

941,216 (@)]

Figure: The two-dimensional detection step in the dimensions {1,2}. (Only » = 1 detection iteration shown.)
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The algorithm

The dimension-incremental method

941,216 (@)]

Figure: The two-dimensional detection step in the dimensions {1,2}. (Only » = 1 detection iteration shown.)
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The algorithm

The dimension-incremental method

941,216 (@)]

Figure: The two-dimensional detection step in the dimensions {1,2}. (Only » = 1 detection iteration shown.)
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The algorithm

The dimension-incremental method

Iisy

Figure: The two-dimensional index set /(| 5} and the three-dimensional candidate set /(; 5} % [{3;.
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The algorithm
The dimension-incremental method

Figure: The two-dimensional index set /(| 5} and the three-dimensional candidate set /(; 5} % [{3;.
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The algorithm
The dimension-incremental method

Figure: The two-dimensional index set /(| 5} and the three-dimensional candidate set /(; 5} % [{3;.
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The algorithm

The dimension-incremental method

Iisy
[
[
([
3t [
® o
(I ® :
{QV ®(G{1,23)k] 0
34 |9¢1,2,3} 5] < 0

Ii1y

Figure: The three-dimensional detection step with the
detected index set Iy, 5 3.
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The algorithm

The dimension-incremental method

Iisy
{ ] ol B e
o oo
31 o o 4 r-—-f_"“ --I" :
5 * L e : :
Y L L
° ° 2 e e
1 . ——1—h :
e 1 .

Figure: The three-dimensional detection step with the
detected index set /(2 33. Figure: The correctly detected index set [ = Iy, 5 3;.
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© Numerical examples
Poisson equation (1D)
Piece-wise continuous ODE
Poisson equation (2D)
Diffusion equation with random coefficients
Heat equation



Numerical examples
Poisson equation (1D)

» aim: learn G(f) = u

» sampling: directly via the analytical
solution
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Numerical examples
Poisson equation (1D)

Parametrization of f

» one-dimensional Fourier partial sum:

d2
_W (x):f(x)7 Z’G(O,l) 4
w(0) =u(l) =0 flz) = Z age®™t
l=—4

» n =9 Fourier coefficients = overall

» aim: learn G(f) = u
dimensiond+n=1+9 =10

» sampling: directly via the analytical
solution

www.tu-chemnitz.de/~tafa
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Numerical examples
Poisson equation (1D)

Parametrization of f

» one-dimensional Fourier partial sum:

d2
_W (x):f(x), Z’E(O,l) 4
u(0) = u(1) =0 flo)= > ae®™
t=—4
> aim: learn G(f) = u » n =9 Fourier coefficients = overall

» sampling: directly via the analytical dimension d+n=1+9=10

solution
Analytical solution
a L a
) L 2milx )
u(z,a) = Fa(l—2) + > i z€0,1], acC
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Numerical examples
Poisson equation (1D)
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Numerical examples
Poisson equation (1D)

4
u(z,a) = %x(l —z) + Z 12 (et 1) r€0,1], ac C®

Transformation to [—1,1]*°

> shift/scale: = (Z +1)
> restrict: ag € [—1,1]
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Numerical examples
Poisson equation (1D)

4
u(z,a) = %x(l —z) + Z 4:222 (et 1) r€0,1], ac C®
pr
Transformation to [—1, 1]10 Approximation via Chebyshev polynomials
: o = L 1
> shift/scale: = (Z +1) u (5(53 +1), a) = (%, a) ~ Zﬁka(i‘,a)
> restrict: ag € [—1,1] kel
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Numerical examples
Poisson equation (1D)

4
u(z,a) = %x(l —z) + Z 4:222 (et 1) r€0,1], ac C®
pr
Transformation to [—1, 1]10 Approximation via Chebyshev polynomials
: o = L 1
> shift/scale: = (Z +1) u (5(53 +1), a) = (%, a) ~ Zﬁka(f’“)
> restrict: ag € [—1,1] kel

Transformed solution

|

Qyp
472402
=4
140

a(3,a) = 21— 72) + ((—1)fe™® — 1) iel-1,1], ae[-1,1)°
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Numerical examples

Poisson equation (1D)

» sparsity s = 1000

. 0 Transformed solution
search space I' = [0, 64]

> testing with 10* randomly SB ) 1)%emée _
drawn a fi, o) = Z 7T252 € 1)

» relative /5 error evaluated on
1000 equidistant points

Ll Lol Lol Ll Ll Ll Lol !
10-8 1077 10-¢ 107° 10-* 1073 102
relative £o error

range of the entries of a
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Numerical examples

Poisson equation (1D)

Transformed solution

» sparsity s = 1000 a 4 a
— 10 ~ _ %o ~2 4 L il
Séarch space T —.[0,64] w(Z,a) = §<1 — %)+ E W((_l) ™t —1)
» highly structured index set I 5:7;04

Indices

D Oe 3311@4 554422001 1566 Valval vy T )
1
1 1 1 1 1

11

Dimension

1
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Numerical examples

Poisson equation (1D)

Indices

2 O€ 331144 960222 2001 166 L0000+ 100
1

11

Dimension

Generalisation to higher dimensions

» |earned structure can be generalized to higher dimensions for better resolutions of f, e.g., n ~ 100
» same approximation problem, but index set I is no longer unknown
» coefficients g can be computed directly using a QMC method, e.g., rank-1 lattices
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© Numerical examples
Poisson equation (1D)
Piece-wise continuous ODE
Poisson equation (2D)
Diffusion equation with random coefficients
Heat equation



Numerical examples
Heat equation

Heat equation (one-dimensional)

1
Opu = —0zpu, z,t € (0,1)

16
u(z,0) = f(x), x € (0,1)
u(0,t) = u(L,t), =0 te(0,1)

» sampling: solve for given f with method
of lines based solver
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Numerical examples
Heat equation

Parametrization of f

» sine series:

Heat equation (one-dimensional)

9
1 flx) =) arsin({rx)
Opu = 1—68mu, z,t € (0,1) Z:Zl
u(z,0) = f(=), z € (0,1) > restricting ap € [—1,1]

u(0,t) = u(L,t), =0 te(0,1)

» sampling: solve for given f with method
of lines based solver
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Numerical examples
Heat equation

Parametrization of f

» sine series:

Heat equation (one-dimensional)

9
1 f(x) =) apsin(frx)
Opu = 1—68mu, x,t € (0,1) Z:Zl
u(z,0) = f(=), z € (0,1) > restricting ap € [—1,1]
u(0,t) = u(L,t), =0 te(0,1)
Exact solution
» sampling: solve for given f with method 9 ) 1
of lines based solver u(z,t,a) = Z ag sin({r) exp (1_662”275)

=1
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Numerical examples

Heat equation

> sparsity s = 1000 Transformed solution

search space I' = [0, 64]*!

> relative £ approximation error: =7 o\ L2 2z
o 10— u(z,t,a Zagsm( b ( x+1)>exp<32€7r (t—i—l)))
» highly structured index set I:
Indices
2 43315104540 15002020060 @060 07000000
117 41 1 9901 1911111011119 000901 1ev€
| 11 1 1
2 DOO ¢
S 1 1 1 1 1
S 1 1 e 1 1 1
o 1 1 1 1 1 1
DGO ¢ 1 1
1 1 1 1
1 1 1
1 1
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@ Introduction
Motivation

@® The algorithm
Projected coefficients
The dimension-incremental method

© Numerical examples
Poisson equation (1D)
Piece-wise continuous ODE
Poisson equation (2D)
Diffusion equation with random coefficients
Heat equation

@ Conclusion



Conclusion

Summary

» What did we do?
P approached the solution operator of differential equations
» applied high-dimensional approximation methods
> identified structural information about the solution

MCQMC - 21.08.2024 - Fabian Taubert 21 /22 www.tu-chemnitz.de/~tafa


www.tu-chemnitz.de/~tafa

Conclusion

Summary

» What did we do?
P approached the solution operator of differential equations
» applied high-dimensional approximation methods
> identified structural information about the solution

» What did we see?
» reasonable numerical results and approximation errors
P accessible information about the approximation by its index set [
> results being consistent with analytical solutions for toy examples
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Conclusion

Summary

» What did we do?
P approached the solution operator of differential equations
» applied high-dimensional approximation methods
> identified structural information about the solution

» What did we see?
» reasonable numerical results and approximation errors I —
P accessible information about the approximation by its index set [ 00000
> results being consistent with analytical solutions for toy examples

» Open problems?

> Application of our method to more difficult differential problems?
» Efficient reconstruction methods for our method in various bases?
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Conclusion

» Daniel Potts, Fabian Taubert
Operator learning based on sparse high-dimensional approximation
ArXiv e-prints, 2024. arXiv:2406.03973 [math.NA]

» Lutz Kammerer, Daniel Potts, Fabian Taubert
Nonlinear approximation in bounded orthonormal product bases
Sampl. Theory Signal Process. Data Anal., 2023.
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Conclusion

» Daniel Potts, Fabian Taubert
Operator learning based on sparse high-dimensional approximation
ArXiv e-prints, 2024. arXiv:2406.03973 [math.NA]

» Lutz Kammerer, Daniel Potts, Fabian Taubert
Nonlinear approximation in bounded orthonormal product bases
Sampl. Theory Signal Process. Data Anal., 2023.

Thank you for your attention!
Questions? Ideas? Suggestions?
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