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Introduction
Motivation

General aim in the Fourier setting

Approximation (by using samples) of a (smooth) high-dimensional function f ∈ L2(Td, µ)

by using samples

black-box sampling, so we
choose the sampling nodes x
adaptively

Hilbert space L2(Td, µ)

domain Td =×d
j=1 T ⊂ Rd

measure µ =×d
j=1 µj

basis Φk(x) =
∏d
j=1 e2πikjxj

smooth function f

f(x) :=
∑
k∈Zd

cke2πik·x

Truncation and approximation

SAI f(x) :=
∑
k∈I

f̂k e2πik·x

To compute

I approximated coefficients f̂k ≈ ck ∀k ∈ I

I suitable sparse index set I ⊂ Zd
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Introduction
Motivation

General aim for an arbitrary bounded orthonormal product basis (BOPB)

Approximation (by using samples) of a (smooth) high-dimensional function f ∈ L2(D, µ)

by using samples

black-box sampling, so we
choose the sampling nodes x
adaptively

Hilbert space L2(D, µ)
domain D =×d

j=1Dj ⊂ Rd

measure µ =×d
j=1 µj

basis Φk(x) =
∏d
j=1 φj,kj (xj)

smooth function f

f(x) :=
∑
k∈Nd

ckΦk(x)

Truncation and approximation

SAI f(x) :=
∑
k∈I

f̂k Φk(x)

To compute

I approximated coefficients f̂k ≈ ck ∀k ∈ I

I suitable sparse index set I ⊂ Nd
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Introduction
Motivation

Problem: How to find a good, s-sparse index set I?

I first idea:
I choose a large search space Γ ⊃ I, |Γ| � |I|
I compute all coefficients
I choose indices corresponding to the s largest coefficients

I but: unfeasible in practice for large Γ (→ “curse of dimensionality”)

I better idea: use a dimension-incremental approach

Question: Can we ensure to detect all important indices? → YES!
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Introduction
Previous works

Previous works on sparse, high-dimensional approximation:

I our dimension-incremental approach in the Fourier setting:
I sparse FFT using rank-1 lattices

[Potts, Volkmer ’16], [Kämmerer, Potts, Volkmer ’21], [Kämmerer, Krahmer, Volkmer ’22]
I application to differential equations with high-dimensional random coefficients

[Bochmann, Kämmerer, Potts ’20], [Kämmerer, Potts, T. ’22]

I other approximation methods in the Fourier setting:
e.g. [Iwen ’13], [Indyk, Kapralov ’14], [Choi, Christlieb, Wang ’19], ...

I sparse high-dimensional approximation in more general bases:
I sparse polynomial chaos expansions

literature survey: [Lüthen, Marelli, Sudret ’21]
I compressive sensing approach for BOPB

[Choi, Iwen, Krahmer ’20], [Choi, Iwen, Volkmer ’21]
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The algorithm
Projected coefficients

Projected coefficients for the dimensions {1, . . . , t}

c{1,...,t},k(x̃) :=

∫
D{1,...,t}

f(ξ, x̃) Φ{1,...,t},k(ξ) dµ{1,...,t}(ξ) ∀x̃ ∈ D{t+1,...,d}

Projected coefficients are an indicator for the importance of the indices (k,h) with arbitrary h, since

cu,k(x̃) = . . . =
∑

h∈Nd−t
c(k,h)Φ{t+1,...,d},(k,h)(x̃).

Example: Fourier setting with d = 3 and t = 2

c{1,2},k(x̃) :=

∫
T2

f(ξ, x̃) e−2πik·ξ dξ =
∑
h∈Z

c(k,h)e2πihx̃ ∀x̃ ∈ T

→ Works analogously for single dimensions {t} and arbitrary u ⊂ {1, . . . , d}.
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The algorithm
Projected coefficients

Key idea of the dimension-incremental algorithm

I Construct a candidate set with possible indices in the current dimension(s).

I Compute approximations of projected coefficients: use a reconstruction algorithm (e.g. via a
cubature formula).

I Build the index set: keep indices with large projected coefficients and neglect indices with small
projected coefficients.

→ Increase the dimension by combining different detected index sets of smaller dimension.

Example for a kind of reconstruction methods: cubature formulas (nodes ξj , weights wj)

c{1,...,t},k(x̃) :=

∫
D{1,...,t}

f(ξ, x̃) Φ{1,...,t},k(ξ) dµ{1,...,t}(ξ)

≈
M∑
j=1

wjf(ξj , x̃)Φ{1,...,t},k(ξj) =: f̂{1,...,t},k(x̃)
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The algorithm
The dimension-incremental method
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8 := {−8,−7, . . . , 8}3

I choose candidates according to search space Γ

I construct sampling nodes using a random
anchor x̃ = (x̃2, x̃3)

I compute approx. proj. coef. f̂{1},k1(x̃)

I choose s indices by thresholding
|f̂{1},k1(x̃)| ≥ δ+

−8

0

8

k1

index candidates 0

1 0

1
0

1

x1

sampling nodes
{

( `17 , x̃2, x̃3)
}16

`=0

+ repeat with other x̃ (r detection iterations)

15.09.2022 · Fabian Taubert 7 / 18 www.tu-chemnitz.de/∼tafa

www.tu-chemnitz.de/~tafa


The algorithm
The dimension-incremental method

−8
0

8 −8

0
8

−8

0

8

k1 k2

k
3

I ⊂ Γ = Ĝ3
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Theoretical detection guarantee for function approximation
Main result

Previously: Only recovery results for sparse trigonometric polynomials.
Now:

Theorem [Kämmerer, Potts, T. ’22]

I given: function f ∈ L2(D, µ), BOPB constant B, threshold δ > 0, failure prob. ε ∈ (0, 1)

I index set: I3δ := {k ∈ Nd : |ck| ≥ 3δ}
I cubature method: bound on proj. error δΨ < δ, weight constant C > 0, failure prob. ≤ ε/(3d)

I parameters:
I search space Γ and sparsity s: I3δ ⊂ Γ and s ≥ |I3δ|
I detection threshold δ+: B(δ+ + δΨ) < 3 mink∈I3δ |ck|
I number of detection iterations r:
r ≥

(
1 + 3B3C

2
|I3δ|+ B3C

2δ

∑
h 6∈I3δ

|ch|
)

(log 3 + log d+ log |I3δ| − log ε)

I Then, with probability 1− ε, the output index set I of the Algorithm contains I3δ.

Improvements: works for function approximation in any BOPB!
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Theoretical detection guarantee for function approximation
Sketch of the proof

Proof as a blueprint:

I Show, that a single approximated projected coefficient is small (= forgotten) with probability
q < 1 (due to approximation and random anchor x̃) though it should be large.

I Iteration over r gives us the probability qr < 1 of missing one index.

I Apply union bounds to bound the probability of missing any index (still depends on qr).

I Show bound on r such that failure probability for each step becomes smaller than ε/(3d). Then:

P

(
d⋂
t=1

E1,t ∩
d⋂
t=2

E2,t ∩
d⋂
t=2

E3,t

)
= 1− P

(
d⋃
t=1

Ec
1,t ∪

d⋃
t=2

Ec
2,t ∪

d⋃
t=2

Ec
3,t

)

≥ 1−
d∑
t=1

P(Ec
1,t)−

d∑
t=2

P(Ec
2,t)−

d∑
t=2

P(Ec
3,t) = 1− ε.

E1,t = one-dimensional detections work successfully
E2,t = construction of sampling set and reconstruction work successfully
E3,t = higher-dimensional detections work successfully
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Numerical examples
10-dimensional periodic test function

Test function (from [Potts, Volkmer ’16], [Kämmerer, Krahmer, Volkmer ’21])

f(x) :=
∏

j∈{1,3,8}

N2(xj) +
∏

j∈{2,5,6,10}

N4(xj) +
∏

j∈{4,7,9}

N6(xj)

f ∈ L2(T10, µ), with the B-Spline of order m ∈ N

Nm(x) := Cm
∑
k∈Z

sinc
( π
m
k
)m

(−1)ke2πikx

Parameters

I Γ =
{
k ∈ Zd :

∏d
j=1 max (1, 2 |kj |) ≤ 2N

}
I detection iterations r = 5

I detection threshold δ+ = 10−12

Approximation error

I rel. L2(T10, µ) error:

‖f − SIf‖L2(T10)

‖f‖L2(T10)
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Numerical examples
10-dimensional periodic test function
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(a) approx. error for MC
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sparsity s

N = 7
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N = 9

(b) approx. error for R1L & MR1L

Figure: Approximation results for the 10-dimensional periodic test function
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Numerical examples
10-dimensional periodic test function
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(a) amount of samples for N = 8
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(b) computation time (in seconds) for N = 8

Figure: Approximation results for the 10-dimensional periodic test function
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Numerical examples
9-dimensional non-periodic test function

Test function (from [Volkmer ’17], [Potts, Volkmer ’17])

f(x) :=
∏

j∈{1,3,4,7}

B2(xj) +
∏

j∈{2,5,6,8,9}

B4(xj)

f ∈ L2([−1, 1]9, µCheb), with B2 and B4 shifted, scaled and dilated B-Splines of order 2 and 4

−1 0 1
0

0.2

0.4

0.6

0.8
B2

−1 0 1
0

0.2

0.4

0.6

0.8
B4

Figure: B-Splines B2 and B4 and the considered domain [−1, 1]
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Numerical examples
9-dimensional non-periodic test function
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(a) approx. error for MC
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(b) approx. error for CMR1L

Figure: Approximation results for the 9-dimensional non-periodic test function
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Numerical examples
9-dimensional non-periodic test function
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(a) amount of samples for N = 8
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(b) computation time (in seconds) for N = 8

Figure: Approximation results for the 9-dimensional non-periodic test function
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Conclusion

I Main achievements of our work:
I generalization of the dimension-incremental method to arbitrary BOPB
I first theoretical detection guarantee of the dimension-incremental method for function approximation
I proof technique can be used as a blueprint when using other reconstruction methods too

I Lutz Kämmerer, Daniel Potts, Fabian Taubert
A dimension-incremental function approximation method for arbitrary bounded orthonormal
product bases
ArXiv e-prints, 2022 (hopefully next week!)

I Thank you for your attention!
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