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Introduction
Motivation

Differential problem

Lu = f

s.t. u|∂Ω×(0,T ) = h and u(·, 0) = u0

▶ differential operator L : U → F
▶ inhomogeneity f ∈ F , initial value
u0 ∈ U0, boundary condition h ∈ H

▶ solution operator:

G : F ×H× U0 → U , (f, h, u0) 7→ u

Parametrization of u0

u0(x) ≈
n∑

j=1

ajAj(x), x ∈ Ω

▶ fixed functions Aj , j = 1, . . . , n
(B-splines, trig. polynomials, ...)

▶ parameters a = (a1, . . . , an) ∈ [−1, 1]n

▶ identify u0 by these parameters a

Discretization of the solution operator G

▶ In practice: Only a subset of the data (f, h, u0) is varied. → Today: f and h fixed, G : U0 → U .
▶ Parametrization yields induced solution operator Gn : [−1, 1]n → U with a 7→ u.
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Introduction
Motivation

Basis expansion of u in a bounded orthonormal product basis (BOPB)

▶ discretization Gn can be identified with a function u on D = Ω× [0, T ]× [−1, 1]n

u(x, τ,a) :=
∑

k∈Nd+n

ckΦk(x, τ,a), (x, τ,a) ∈ D

▶ coefficients ck ∈ C and functions Φk bounded, orthonormal and of tensor-product structure

High-dimensional approximation problem

SA
I u(x, τ,a) :=

∑
k∈I

ûkΦk(x, τ,a)

▶ index set: I ⊂ Nd+1+n
0 unknown but s-sparse (|I| = s)

▶ coefficients: ûk ∈ C approximations of true basis coefficients ck
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Introduction
Motivation

Benefits: The structure of the detected index set I contains
various information about the solution and its dependence on
x, τ and a (which we identified with u0)!
Problem: How to find a good, s-sparse index set
I ⊂ Nd+1+n

0 ?

▶ first idea:
▶ choose a large search space Γ ⊃ I, |Γ| ≫ |I|
▶ compute all coefficients ûk

▶ choose indices corresponding to the s largest
coefficients (absolute value)

▶ but: unfeasible in practice for large Γ (→ “curse of
dimensionality”), e.g., Γ = [0, 64]10 → |Γ| ≈ 1018

▶ better idea: use a dimension-incremental approach
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▶ choose indices corresponding to the s largest
coefficients (absolute value)

▶ but: unfeasible in practice for large Γ (→ “curse of
dimensionality”), e.g., Γ = [0, 64]10 → |Γ| ≈ 1018

▶ better idea: use a dimension-incremental approach

Curves and Surfaces 2026 · 11.06.2026 · Fabian Taubert 4 / 23 www.tu-chemnitz.de/∼tafa

www.tu-chemnitz.de/~tafa


Introduction
Motivation

Benefits: The structure of the detected index set I contains
various information about the solution and its dependence on
x, τ and a (which we identified with u0)!
Problem: How to find a good, s-sparse index set
I ⊂ Nd+1+n

0 ?

▶ first idea:
▶ choose a large search space Γ ⊃ I, |Γ| ≫ |I|
▶ compute all coefficients ûk
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The algorithm

Differential equation setting

▶ approximate u(x, τ,a) with (x, τ,a) ∈ D
▶ compute I ⊂ Nd+1+n

0 and ûk for k ∈ I

Function approximation setting

▶ approximate g(y) with y ∈ D ⊂ Rd

▶ compute I ⊂ Nd
0 and ĝk for k ∈ I

Input

▶ target function g (black box)

▶ search space Γ ⊂ Nd
0

▶ sparsity s ∈ N
▶ detection threshold δ+ > 0

▶ number of detection iterations
r ∈ N

Output

▶ detected index set I ⊂ Nd
0 with

|I| = s

▶ approximated coefficients ĝk for all
k ∈ I
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k ∈ I

Curves and Surfaces 2026 · 11.06.2026 · Fabian Taubert 5 / 23 www.tu-chemnitz.de/∼tafa

www.tu-chemnitz.de/~tafa


The algorithm

Differential equation setting

▶ approximate u(x, τ,a) with (x, τ,a) ∈ D
▶ compute I ⊂ Nd+1+n
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The algorithm
Projected coefficients

Projected coefficients

c{1,...,t},k(ỹ) :=

∫
D{1,...,t}

g(ξ, ỹ)Φ{1,...,t},k(ξ) dµ{1,...,t}(ξ) ∀k ∈ Nt
0, ∀ỹ ∈ D{t+1,...,d}

Projected coefficients are similar to basis coefficients ck, but:

▶ fix some dimensions via a random anchor ỹ

▶ integrate only over the remaining dimensions

Projected coefficients indicate the “importance” of the indices (k, ∗, ∗, ∗, . . .), since

c{1,...,t},k(ỹ) = . . . =
∑

h∈Nd−t
0

c(k,h)Φ{t+1,...,d},(k,h)(ỹ).

Example: Fourier setting with d = 3 and t = 2

c{1,2},k(ỹ) :=

∫
T2

g(ξ, ỹ) e−2πik·ξ dξ =
∑
h∈Z

c(k,h)e
2πihỹ ∀k ∈ Z2, ∀ỹ ∈ T

Curves and Surfaces 2026 · 11.06.2026 · Fabian Taubert 6 / 23 www.tu-chemnitz.de/∼tafa

www.tu-chemnitz.de/~tafa


The algorithm
Projected coefficients

Projected coefficients

c{1,...,t},k(ỹ) :=
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g(ξ, ỹ)Φ{1,...,t},k(ξ) dµ{1,...,t}(ξ) ∀k ∈ Nt
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The algorithm
The dimension-incremental method

0 1 2 3 4 01
23

4
0

1

2

3

4

k1
k2

k
3

Figure: The desired but unknown index set I and
the search space Γ = {0, 1, 2, 3, 4}3.

0 1 2 3 4

k1 ∈ P{1}(Γ)

0 1 2 3 4

k2 ∈ P{2}(Γ)

0 1 2 3 4

k3 ∈ P{3}(Γ)

Figure: The one-dimensional candidate sets P{j}(Γ).

Curves and Surfaces 2026 · 11.06.2026 · Fabian Taubert 7 / 23 www.tu-chemnitz.de/∼tafa

www.tu-chemnitz.de/~tafa


The algorithm
The dimension-incremental method

0 1 2 3 4 01
23

4
0

1

2

3

4

k1
k2

k
3

Figure: The desired but unknown index set I and
the search space Γ = {0, 1, 2, 3, 4}3.

0 1 2 3 4

k1 ∈ P{1}(Γ)

0 1 2 3 4

k2 ∈ P{2}(Γ)

0 1 2 3 4

k3 ∈ P{3}(Γ)

Figure: The one-dimensional candidate sets P{j}(Γ).

Curves and Surfaces 2026 · 11.06.2026 · Fabian Taubert 7 / 23 www.tu-chemnitz.de/∼tafa

www.tu-chemnitz.de/~tafa


The algorithm
The dimension-incremental method

0 1 2 3 4

δ+

k1 ∈ P{1}(Γ)

∣∣ĝ{1},k1
(ỹ)

∣∣

Figure: The one-dimensional detection step in the first dimension with r = 3 detection iterations.
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The algorithm
The dimension-incremental method
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Figure: The one-dimensional index sets I{j}.
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Figure: The two-dimensional candidate set
I{1} × I{2}.
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The dimension-incremental method
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Figure: The two-dimensional detection step in the dimensions {1, 2}. (Only r = 1 detection iteration shown.)
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Figure: The two-dimensional index set I{1,2} and the three-dimensional candidate set I{1,2} × I{3}.
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The algorithm
The dimension-incremental method
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|ĝ{1,2,3},k|≥ δ+
|ĝ{1,2,3},k|< δ+

Figure: The three-dimensional detection step with the
detected index set I{1,2,3}.
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Figure: The correctly detected index set I = I{1,2,3}.

Curves and Surfaces 2026 · 11.06.2026 · Fabian Taubert 12 / 23 www.tu-chemnitz.de/∼tafa

www.tu-chemnitz.de/~tafa


The algorithm
The dimension-incremental method

0 2 3

0
1

3
4

1

3

I{1}

I{2}

I{3}

Figure: The three-dimensional detection step with the
detected index set I{1,2,3}.

0 1 2 3 4 0 1
2 3

4
0

1

2

3

4

k1
k2

k
3

Figure: The correctly detected index set I = I{1,2,3}.

Curves and Surfaces 2026 · 11.06.2026 · Fabian Taubert 12 / 23 www.tu-chemnitz.de/∼tafa

www.tu-chemnitz.de/~tafa


The algorithm
Approximation of projected coefficients

▶ Projected coefficients: c(ỹ) =: c{1,...,t},k(ỹ) =
∫
...
g(ξ, ỹ) Φ{1,...,t},k(ξ) dξ := Φ∗g(ỹ)

Numerical Integration

▶ consider the integral formula

▶ Approximation via cubature rules, MC
methods, QMC methods (e.g. rank-1
lattices), ...

Pros & Cons

▶ typically stable, reliable and efficient

▶ accurate approximations for all
k ∈ K = I{1,...,t−1} × I{t}

▶ large amount of samples required, e.g.,
M ≈ |K|2 or ≈ |K| log |K|

▶ does not benefit from additional samples

Solving a linear system

▶ consider the linear system Φc = g

▶ Assumption: c is approximately s-sparse.

▶ Approximation via sparse recovery
methods (e.g. OMP, CoSaMP, ...)

Pros & Cons

▶ small amount of samples required, e.g.,
M ≈ 5s

▶ benefits from additional samples

▶ naturally incorporates the sparsity s

▶ expensive matrix-vector multiplication
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g(ξ, ỹ) Φ{1,...,t},k(ξ) dξ := Φ∗g(ỹ)
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Numerical examples
Comparison of considered strategies

Finite-dim. operator
Gn : Rn → U

Gn[a](x, τ) ≈
∑
j∈J

bj(a; c)Φj(x, τ) Gn[a](x, τ) ≈
∑
k∈I

ckTk(x, τ,a)

train a TFNO dim.-inc. with OMP+ dim.-inc. with OMP dim.-inc. with cMR1L

solve M PDEs to obtain training data (ai,xi, uai(xi)), i = 1, . . . ,M

generate additional data for fixed ai

(freely available from PDE solver)
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Numerical examples
Heat equation

Heat equation (one-dimensional)

∂τu =
1

16
∂xxu, x, τ ∈ (0, 1)

u(x, 0) = u0(x), x ∈ (0, 1)

u(0, τ) = u(1, τ), = 0 τ ∈ (0, 1)

▶ sampling: solve for given u0 with method
of lines based solver

Parametrization of u0

▶ sine series:

u0(x) ≈
9∑

ℓ=1

aℓ sin(ℓπx)

Exact solution

u(x, τ,a) =

9∑
ℓ=1

aℓ sin(ℓπx) exp

(
1

16
ℓ2π2τ

)
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Numerical examples
Heat equation

▶ sparsity s = 1000

▶ search space Γ = [0, 64]11

▶ BOPB: multivariate Chebyshev
polynomials Tk

Transformed solution

ũ(x̃, τ̃ ,a) =

9∑
ℓ=1

aℓ sin

(
ℓπ

2
(x̃+ 1)

)
exp

(
ℓ2π2

32
(τ̃ + 1))

)

10−5 10−4 10−3

cMR1L

OMP

OMP+

TFNO40k

TFNO10k

relative ℓ2 approximation error errrel(a)
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Numerical examples
Heat equation

▶ sparsity s = 1000

▶ search space Γ = [0, 64]11

▶ BOPB: multivariate Chebyshev
polynomials Tk

Transformed solution

ũ(x̃, τ̃ ,a) =

9∑
ℓ=1

aℓ sin

(
ℓπ

2
(x̃+ 1)

)
exp

(
ℓ2π2

32
(τ̃ + 1))

)

cMR1L OMP OMP+ TFNO40k TFNO10k
0

60

120

180

240
355
700

1420

ru
n
ti
m
e
in

m
in
u
te
s

runtime needed for solves remaining runtime

702 054
solves 285 000

solves
35 006
solves

40 500
solves

10 100
solves

GPU
GPU
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ũ(x̃, τ̃ ,a) =

9∑
ℓ=1

aℓ sin

(
ℓπ

2
(x̃+ 1)

)
exp

(
ℓ2π2

32
(τ̃ + 1))

)

2

1 1

4
1

1

3
1

1

3

1

1
1

1

5
1

1

1

1

6
1

1

4

1

5
2

1

4
2

1

6
2

1

1
1

1

5

1

7
1

1

7
2

1

2
1

1

9
1

1

2
1
1

8
1

1

10
1

1

6
3

1

1
1

1

1

7
1

1

11
1

1

5
3

1

10
2

1

6

1

9
2

1

1
2

1

11
2

1

7
3

1

8
2

1

8
1

1

12
1

1

10
3

1

12
2

1

11
3

1

D
im

en
si
on

Indices

Curves and Surfaces 2026 · 11.06.2026 · Fabian Taubert 18 / 23 www.tu-chemnitz.de/∼tafa

www.tu-chemnitz.de/~tafa


Numerical examples
Parametric diffusion equation

Parametric diffusion equation

−∇ · (a(x,y)∇u(x,y)) = 1,

u(x,y) = 0.

▶ domains: x ∈ [0, 1]2 and
y ∈ [−1, 1]20

▶ sampling: solve for given y
using FEM (FEniCS)

Affine coefficient a

a(x,y) = 1 +

20∑
j=1

yjψj(x),

▶ ψj(x) = cj−µ cos(2πm1(j)x1) cos(2πm2(j)x2),

▶ m1(j) := j − k(j)(k(j)+1)
2

▶ m2(j) := k(j)−m1(j)

▶ k(j) := ⌊−1/2 +
√

1/4 + 2j⌋
▶ c = 0.9/ζ(2) and µ = 2
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Numerical examples
Parametric diffusion equation

▶ sparsity s = 1000

▶ search space Γ = [0, 64]22

▶ BOPB: multivariate Chebyshev polynomials Tk

10−4 10−3 10−2

cMR1L

OMP

OMP+

TFNO

relative ℓ2 approximation error errrel(a)
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Numerical examples
Parametric diffusion equation

▶ sparsity s = 1000
▶ search space Γ = [0, 64]22

▶ BOPB: multivariate Chebyshev polynomials Tk

cMR1L OMP OMP+ TFNO
0

120

240
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600

3466
3570

ru
n
ti
m
e
in

m
in
u
te
s

runtime needed for solves remaining runtime

3 683 946
solves

615 000
solves

79 006
solves

86 000
solves

GPU
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Conclusion
Summary

▶ What did we do?
▶ approached the solution operator of differential equations
▶ applied high-dimensional approximation methods
▶ identified structural information about the solution
▶ reduced the computational effort tremendously using sparse recovery

▶ What did we see?
▶ reasonable numerical results and approximation errors
▶ accessible information about the approximation by its index set I
▶ results being consistent with analytical solutions for toy examples

▶ Open problems?
▶ Application of our method to more difficult differential problems?
▶ Exploration of alternative basis functions with improved sparsity

properties?
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Conclusion

▶ NABOPB: Nonlinear approximation in bounded orthonormal product bases
GitHub Repository: https://github.com/fabiantaubert/nabopb

▶ Sebastian Neumayer, Daniel Potts, Fabian Taubert
Learning solution operators of PDEs with sparse approximation methods
ArXiv e-prints, 2026. arXiv:2606.06046 [math.NA]

▶ Daniel Potts, Fabian Taubert
An approach to discrete operator learning based on sparse high-dimensional approximation
Electron. Trans. Numer. Anal., 63, 468-495, 2025.

▶ Lutz Kämmerer, Daniel Potts, Fabian Taubert
Nonlinear approximation in bounded orthonormal product bases
Sampl. Theory Signal Process. Data Anal., 21, Article number: 19, 2023.

Thank you for your attention!

Questions? Ideas? Suggestions?
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