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Introduction
Setting

General aim

Approximation (by using samples) of the solution u(x,y) of the PDE

—Va - (a(@,y)Vau(z, y)) = f(), zeD, yeD,
u(z,y) =0, Ve € 0D,y € D,.

spatial variable « random variable y
x €D CR%, d, €{1,2,3} y= (yj)?zl € D, d very large
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Introduction
Setting

Affine random coefficient

y typically uniformly distributed in Dy, e.g. y ~ U ([-1,1]%)

d

a(z,y) = ao(@) + ) y;¢;(@)

=

[Cohen, DeVore, Schwab '10], [Dick, Kuo, Le Gia, Schwab '16], [Bachmayr, Cohen, Dahmen '18], [Gantner, Herrmann, Schwab '18], ...
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Introduction
= | Setting

Affine random coefficient
y typically uniformly distributed in Dy, e.g. y ~ U ([-1,1]%)

a(z,y) = ao(x) + Y y; ¢;(x)
[Cohen, DeVore, Schwab '10], [Dick, Kuo, Le Gia, Schwab '16], [Bachmayr, Cohen, Dahmen '18], [Gantner, Herrmann, Schwab '18], ...

Lognormal random coefficient

y typically normally distributed in D, = R? ie. y ~ N (0,1)

a(z,y) = ao(x) + exp(b(, y)), b(x,y) = bo() + Z v; s (@

[Graham, Kuo, Nichols, Scheichl, Schwab, Sloan '13],[Cheng, Hou, Yan, Zhang '13], [Bachmayr, Cohen, DeVore, Migliorati '17], [Nguyen, Nuyens '21], ...
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- Main problem
General aim

d typically very large
= Curse of Dimensionality

Approximation of the solution u(x,y)
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Introduction

Setting

- Main problem
General aim

d typically very large
= Curse of Dimensionality

Approximation of the solution u(x,y)

Examples of other approaches:
> Quasi—l\/lonte Carlo methods [Kuo, Schwab, Sloan '15], [Dick, Le Gia, Schwab '16], [Nguyen, Nuyens "21], ...
> CO”OCQtion methOdS [Cheng, Hou, Yan, Zhang '13], [Ernst, Sprungk '14], [Zhang, Hu, Hou, Lin, Yan '14], ...
> methods based on certain (tensorized) functions (e.g., Legendre polynomials)
[Cohen, DeVore, Schwab '10], [Bachmayr, Cohen, Migliorati '17], ...

These approaches are often heavily influenced by the choice (or computation) of some weights,
functions or kernels in advance!
Also, they often just approximate some quantity of interest (e.g. E[F(u(-,y))]).
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Introduction
The sparse FFT

a sparse FFT (SFFT) approach [Indyk, Kapralov '12], [Potts, Volkmer '16]
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Introduction
The sparse FFT

a sparse FFT (SFFT) approach [Indyk, Kapralov '12], [Potts, Volkmer '16]

The sFFT was originally designed to recover sparse trigonometric polynomials

ply) = Y puet

kel

with unknown frequency set I C Z<.
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Introduction
The sparse FFT

Main Tool

a sparse FFT (SFFT) approach [Indyk, Kapralov '12], [Potts, Volkmer '16]

The sFFT was originally designed to recover sparse trigonometric polynomials

ply) = Y puet

kel

with unknown frequency set I C Z<.

Input

» search space I' C Z¢ A 4
> frequency set [=suppp C ' C Z

» sparsity s > |I
parsity s > [I| _ > coefficients P, k € 1
» black box sampling (y — p(y))
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Introduction
The sparse FFT

Main Tool

a sparse FFT (SFFT) approach [Indyk, Kapralov '12], [Potts, Volkmer '16]

The sFFT was originally designed to recover sparse trigonometric polynomials

ply) = Y puet

kel

with unknown frequency set I C Z<.

Input

» search space I' C Z¢ A 4
> frequency set [=suppp C ' C Z

» sparsity s > |I
parsity s > [I| _ > coefficients P, k € 1
» black box sampling (y — p(y))

Function approximation using the sFFT is realized via thresholding.
6 /21 www.tu-chemnitz.de/~tafa
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Introduction

The sparse FFT

_8 3
k‘l 0 0 k?2
8 —8

IcrT=G%:={-8-7,...,8)°
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sampling set
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sampling nodes { (£, x5, x5)},_
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Introduction
The sparse FFT
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The sparse FFT

IcT=GS:={-8-7,...,8)°

0 k1 0
8 -8
detected frequencies detected frequencies
1 1(2)

frequency candidates 1M x 12

21.06.2022 - Fabian Taubert

8/21 www.tu-chemnitz.de/~tafa


www.tu-chemnitz.de/~tafa

Introduction
The sparse FFT
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Find an approximation of u(z, y).
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Introduction
The sparse FFT

Find an approximation of u(z, y).

Spatial discretization

Fix 4 € {x1,...,x¢} and consider the
d-variate function u(xg, -).
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Introduction
The sparse FFT

Find an approximation of u(z, y).

Spatial discretization

Fix 4 € {x1,...,x¢} and consider the
d-variate function u(xg, -).

Adaptive approximation at each x,

sFFT ( sFFT e27rik-y

mgay) = Ck:,wg
kelmg

u
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The sparse FFT

Aim

Find an approximation of u(z, y).

Spatial discretization

Fix 4 € {x1,...,x¢} and consider the
d-variate function u(xg, -).

Adaptive approximation at each x,

sFFT ( sFFT e27rik-y

mgay) = Ck:,wg
kelmg

u

Problem: Amount of samples
G - O (ds max(s, Nr) log? ds%)
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Spatial discretization
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d-variate function u(xg, -).
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different
functions

different
index sets

different
candidate sets

different
sampling nodes
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Introduction

The sparse FFT

Aim u(wl ) slightly different u(m2 )
) . )
Find an approximation of u(x,y). functions
Spatial discretization I slightly different I
X1 . T2
. . index sets
Fix 4 € {x1,...,x¢} and consider the
d-variate function u(xg, -).
K slightly different K
. o o T . T2
Adaptive approximation at each x, candidate sets
sFFT — sFFT 2wik-y
U (g, y) = €k, © g different g
k€lz, z1 sampling nodes *2
Problem: Amount of samples > How to utilize this?

G - O (ds max(s, Nr) log? d55Nr) » Solution: the uniform sFFT (usFFT)
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The uniform sparse FFT
The key idea
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The uniform sparse FFT

The key idea
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The uniform sparse FFT

The key idea
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The uniform sparse FFT
Main result

utput of the usFFT

» index set I C I' C Z< with I, , Clforallg=1,..,G
» approximations c“SFFT kel for allg=1,...,G
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The uniform sparse FFT
Main result

Output of the usFFT

» index set I ¢ I' C Z% with I, CIforallg=1,..,G
» approximations &iSfFT k€I, forallg=1,...,G

k,xy >

Sample Complexity (= how often do we have to solve the PDE)

N,
—dsC; 1“—l—max(sG, Nr) log de)

O (ds max(s, Nr) log?
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The uniform sparse FFT
Main result

Output of the usFFT

» index set I ¢ I' C Z% with I, CIforallg=1,..,G
» approximations &iSfFT k€I, forallg=1,...,G

k,xy >

Sample Complexity (= how often do we have to solve the PDE)

N
O (ds max(s, Nr) log? dsC Ne )
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Numerical examples
Affine random coefficient

PDE (Example from [Eigel, Gittelson, Schwab, Zander 14'])

—Vgz - (a(z,y)Veu(z,y)) =1 xeD yeD,

u(z,y) =0 Ve € 0D,y € D,y

Spatial domain Distribution
D =(0,1) Dy =[-1,1]* y~U([-1,1]*)

Affine random coefficient

> 0.9
a(@,y) =143 ys05(@) with (@) == 505" cos(2mma(j)z1) cos(2mma(j)es)

2
2 (@)
and i Wl 1 l2 3|45 6|7 |s o]l t0o]11]|i12]13]| 14|
) [0 [T [0 [t [2][o 1 [2[s[0[ T [=2]35[4T]
ma) [ L To 2T o822 tloll 4 s 2]t o0l
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Numerical examples
Affine random coefficient

cos, N=32
77777 approximated slope: -0.92
O cos, N=64
— — —approximated slope: -0.79
O tent, N=32
77777 approximated slope: -0.54
O tent, N=64

o
IS

slope: -0.63

largest nodal approximation error
>
&

10° 107 108
number of sampling nodes used

Figure: Largest error err] w.r.t. the nodes x, for different parameter settings, i.e.,

s € {100, 250, 500, 750, 1000, 1500, 2000}, for the affine example.

1 Ttest B ) )
e} () = \| o D i (g, YD) — wT (g, y )|
€s ]:1
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Numerical examples

Affine random coefficient

g -
S 0.9989 >
ag) 3,000 | 0.0a75 ‘ i 100 &
El : 2568 | o522 - == mean 10-1 S
L «o+e+ median -2
T 2,000 |- 0-0012 5 8
g 0.0011 10 -E
_g) 1246 L7se0s 3 107 -
%5 1,000 |- 10 3
’_\'( 470 3.27e-06 1 Uff) g
5 10-7 &
5 .\ \ | > s 8

0 - 10 Q
g 1 2 3 4 °
c oo

number ¢ of non-zero frequency components

Figure: Analysis of the approximation for the affine example with s = 2000, N = 32.

~us: usFFT / ~
o(J, gy ) = (i) _ Tkenoplk (lay)
» g T

O-Q(ﬁ\éngFT) - Zkel\{0}|c‘llcSFFT(amg)|
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Numerical examples
Lognormal random coefficient

PDE (Example from [Cheng, Hou, Yan, Zhang 13'], modified)

—Va - (a(®,y)Veu(z, y)) = f(z) €D, ye Dy
u(z,y) =0 Ve € 0D, y € D,

with f(z) = sin(1.37z1 + 3.47x2) cos(4.3mz1 — 3.1mx2)

Spatial domain

D =(0,1)? D, =R y~N(0,I)
Lognormal random coefficient
10
log a(x,y) Z n(2mjxy) cos(2m (11l — j)xa)
21.06.2022 - Fabian Taubert 18 /21 www.tu-chemnitz.de/~tafa
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Numerical examples

Lognormal random coefficient

O N=32 El

SR O N-64 E

E T X N=128 3

55 F el s i slope for N=64: -0.24 El

s 5| e E
5] E e o ]
§45¢F T o E
© L B~ o ]
E 4F ~— 3
= E =l ]
< L Tl ]
835 F . B
g BT ]
o L x Tl bl
g af e ]
< L T
g, L 4
Sest . .

2 . . . . . L . .
107
number of sampling nodes used

=
>

Figure: Largest error err] w.r.t. the nodes x, for different parameter settings, i.e.,

s € {100, 250, 500, 1000, 2000}, for the lognormal example.

1 Ttest 3 ) ] 5
(@) = \| == D[ @y ¥ D) — uT (@, y )|
es’ ]:1
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Numerical examples

Lognormal random coefficient

g -
S 6.000 0.9893 5862‘ Neate : i - 100 <§
§ v === mean |7 <
o g jan 2100 2
E 0.0375 | ..uae median 3 10 =
T 4,000 - 2102 §
% 0 0.0100 E S

= el
% 00006 | -3 .
5 2,000 |- ERUI-
° E 17
= 633 41075 §
. 224 850606 | 2
| | =

number ¢ of non-zero frequency components

Figure: Analysis of the approximation for the lognormal example with s = 2000, N = 32.

Q(J ﬁusFFT) ._ 0—2(&‘:;,?) . ZkeJ\{o}‘c‘llcSFFT(ﬂwg)
) Tg T

O-Q(ﬁ\éngFT) - Zkel\{0}|c‘llcSFFT(amg)|

|2
5 € [0,1],
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Conclusion

» Main advantages of the usFFT:

> fully adaptive, no critical a priori choice needed

sample efficient (in terms of sampling locations)

approximation gives insight on the influence and interactions of the y;
non-intrusive (does not affect the PDE solver) and parallelizable
adapts easily to other domains, boundary conditions, ...

vVvyvyy
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Conclusion

» Main advantages of the usFFT:

>

vVvyvyy

fully adaptive, no critical a priori choice needed

sample efficient (in terms of sampling locations)

approximation gives insight on the influence and interactions of the y;
non-intrusive (does not affect the PDE solver) and parallelizable
adapts easily to other domains, boundary conditions, ...

» Lutz Kammerer, Daniel Potts, Fabian Taubert
The uniform sparse FFT with application to PDEs with random coefficients
ArXiv e-prints, 2021. arXiv:2109.04131 [math.NA]

» Thank you for your attention!
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