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We investigate the approximation of solution operators for partial differen-
tial equations (PDEs) using sparse high-dimensional techniques. Building on
a dimension-incremental framework, we combine product basis expansions with
sparse recovery methods, specifically orthogonal matching pursuit (OMP), to sub-
stantially reduce the required sample size compared with a previously considered
cubature-based approach. We evaluate the resulting method numerically on sev-
eral examples, comparing it against both cubature-based sparse approximation
and Fourier neural operators in terms of accuracy, runtime, and sample size. The
experiments show that our approach considerably reduces the number of required
PDE solves relative to its predecessor while maintaining competitive accuracy,
particularly when the solution admits a sparse representation in the chosen basis.
Furthermore, the recovered sparse index sets yield interpretable insights into the
relevant variables and parameter interactions.
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1 Introduction

Parameter-dependent partial differential equations (PDEs) arise naturally across a broad
spectrum of scientific and engineering applications, including forward simulations, control
theory, uncertainty quantification, and inverse problems. There, the repeated numerical solu-
tion of the underlying PDEs often represents the dominant computational cost, particularly
for high-dimensional parameter spaces. Consequently, the efficient approximation of the solu-
tion operator, which maps parameter inputs such as initial values or forcing terms to the PDE
solution, has emerged as a central problem in numerical analysis and scientific computing.
Recent studies indicate that learned approaches, see [10, 31} 48] for an overview, can out-
perform classical techniques [I]. As the overall computational effort is often dominated by
the number of required PDE solves for generating the training samples rather than by the
training itself, methods should be sample efficient. To formalize operator learning in the PDE
context, let F denote a (potentially infinite-dimensional) parameter space, U a target space
of functions on some domain Q C R%, and G: F — U the unknown solution operator. As



in reduced-order modeling [§] and consistent with the finite capacity of the hidden represen-
tations used by neural operators [29], we project the input parameters onto a finite set of
basis coefficients a € R™, yielding a finite-dimensional operator G,,: R” — U. Given training
data {(a;, i, ua, (%))}, C R™ x Q x R, consisting of parameter vectors paired with solution
evaluations (often with multiple spatial evaluations per parameter a), the goal is to learn an
accurate approximation of G,,. A central difficulty is the curse of dimensionality: the sample
and computational complexity may scale exponentially in the input dimension n.

To construct a tractable approximation of G,,, one must first choose a suitable paramet-
ric architecture. In approximation theory, a standard approach for handling the infinite-
dimensional range space U is to choose a basis {®;};e; C U, such as the Fourier or Chebyshev
basis, and to work with the truncated expansion

Gulal(z) = > bj(a)®;(x) Va e (1.1)
Jj€J

This expansion is also used by the DeepONet approach [38]. However, we restrict (1.1 to
a fixed, non-learnable basis. Then, parameterizing b: R” — R/ by a neural network b(-;c)
with parameters ¢ € R”, as in DeepONet’s branch network, leads to the training problem
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arg min E
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By expanding a neural operator [29] output in the basis {®;};cs, we can formally interpret its
learning within the same framework. While expressive, such nonlinear architectures typically
require many training samples and offer limited theoretical guarantees. In contrast, we adopt
a simple linear feature model of the form b;(a; c) = > c i ck,; ¥k (a), where { ¥ }rek is a fixed
dictionary of features ¥y : R” — R and the coefficients ¢ ; € R are the learnable parameters.
Setting k = (k,j) € I' := K x J and Tg(a,x) = ¥i(a)P;(x), the resulting approximation
(L.1) can be compactly written as Gy[a](x) ~ > ,cp ckTk(a,x). Then, the generic operator
learning task reduces to the least-squares problem

M 2
arg minz Z ceTr(ai, ;) — uq, ()| , (1.3)
ceRIT =1 lger

which is theoretically well analyzed. However, since the number of unknowns |I'| typically far
exceeds the number of training samples M, solving directly leads to severe overfitting.
Sparse approximation methods [32, [I1], 12, 25] address this by assuming that G,, can be
represented accurately using only a small number of nonzero coefficients ¢. This assumption
is not merely a regularization device: the analysis of specific PDEs shows that the analytical
solutions indeed satisfy such sparsity constraints [44]. Together, these observations motivate
the constrained training problem

M 2

argmin min chTk(ai,mi) — Ugq, (x)] - (1.4)
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The problem (|1.4)) can be solved, e.g., with greedy algorithms such as orthogonal matching
pursuit (OMP) [43]. Under suitable conditions on the feature dictionary and the sample
distribution, robust recovery guarantees for (1.4) are available; see, e.g., [53] [17), 39].



While sparse recovery addresses the overfitting problem, the cardinality of the search space
I' can itself be prohibitively large. For a product-type basis for ®; and ¥, with, e.g., 64
basis functions per direction, the number of candidate indices already grows to |T'| = 647+,
rendering an exhaustive search computationally infeasible. As a remedy, the dimension-
incremental framework of [45] 24, 23] constructs the support set I dimension by dimension:
beginning with a one-dimensional candidate set, it successively extends the current support
rather than searching I' directly. The extension step involves solving several sparse recovery
problems of the form , each with a tractable number of candidates. In this way, the
method can efficiently exploit the underlying sparsity structure while considerably reducing
both computational and sample complexity compared to an exhaustive search. A recent
alternative for managing large (continuous) candidate sets is generative feature training [19],
which adaptively resamples the candidates for in place of a greedy approach.

Contributions Our contributions can be summarized as follows.

e We combine the dimension-incremental support detection framework of [45], 24] with
OMP-based sparse recovery [39] to compute sparse approximations of PDE solution
operators from carefully selected samples. Compared to cubature-based recovery [23],
this significantly reduces the sample size and consequently the number of PDE solves.

e By design, the cubature-based recovery in [44] requires an independent PDE solve for
each sample. In contrast, sparse recovery methods can naturally incorporate multiple
samples with different spatial locations obtained from a single solve, which improves
the computational efficiency even further.

e We numerically validate the proposed methods for several PDEs, comparing approx-
imation quality, runtime, and sampling complexity against cubature-based sparse ap-
proximation methods and Tensorized Fourier Neural Operators (TFNOs) as a baseline.

e Unlike purely data-driven black-box approaches, our approach provides interpretable
information about the parameter dependence of the solution via the detected index sets
and their interaction structure.

Figure provides a schematic overview of the proposed approximation strategies together
with the methods used for comparison. Moreover, Table summarizes typical parameter
sizes occurring in the numerical experiments of Section 3| as well as the corresponding num-
bers of PDE solves required by the different approaches. The Python implementation and
numerical experiment scripts are publicly available at [50].

Outline The remainder of this work is organized as follows. Section [2] discusses the para-
metric representation of PDE solution operators and their sparse approximation. Subse-
quently, we recall the dimension-incremental support detection framework and combine it
with OMP-based coefficient recovery and an improved sampling strategy for PDE-based prob-
lems. Section [3] presents numerical experiments for the heat equation, Burgers’ equation, and
a parametric diffusion equation, comparing approximation quality, runtime, and sampling
complexity against cubature-based approaches and TFNOs. Finally, Section [3.4] discusses the
numerical results and the trade-offs between approximation quality and computational cost.
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Figure 1.1: Schematic comparison of the considered approximation strategies.

quantity Heat eq.  Burgers’ eq. Parametric diffusion eq.
overall dimension dey 11 10 22

amount of candidates || 8.75-10Y  1.35-10% 7.55-1017*
target sparsity s 1000 1000 1000

TFNO parameters 529233 81049 529233

PDE solves

OoMP 285000 255000 615000

OMP+ 35006 35002 79006

cMR1L 702054 5706215¢ 3683946

TFNO 40500 40500 86 000

* Additional assumption: ||k|o <7 VkeT.
T Here, s = 500 and a smaller I were used due to computational restrictions.

Table 1.1: Parameter counts and number of PDE solves for our experiments in Section



Related work The approximation of (infinite-dimensional) operators from training data has
recently attracted significant attention, with approaches broadly falling into three categories:
linear expansions, neural operators, and (random) kernel methods.

From the viewpoint of approximation theory, operator learning can be cast as finding
the coefficients of a basis expansion [I3], 12]. This perspective is closely related to sparse
polynomial approximation [I1), 46]: if the solution operator admits a sparse representation in
a suitable basis, only a small number of coefficients need to be recovered [2]. To this end, a
PDE-oriented recovery strategy was investigated in [44]. Alternatively, one can directly learn
mappings between the basis expansion coefficients of input and output functions using neural
networks [26, 20] or approximate the Green’s function instead [9].

Neural operators are typically trained in a supervised setting using (potentially physics-
informed [36]) loss functions. Prominent architectures include DeepONets [38,52] and Fourier
Neural Operators (FNOs) [34], many of which are implemented as part of the NeuralOperator
library [27]. Spectral neural operators and related architectures replace purely Fourier-based
representations with polynomial or spectral basis expansions [16l [37], a perspective closely re-
lated to this work. Other recent directions include the incorporation of attention mechanisms
[18, B5] and the aim for foundation models [49]. Comprehensive surveys covering practical
and theoretical aspects of neural operators can be found in [10] 31 [14].

Operator-valued kernels provide a principled framework [21], though the direct implementa-
tion is computationally prohibitive in general. Random feature approaches [42] offer a scalable
alternative: by fixing the random parameters during training, the optimization reduces to a
linear problem. Interestingly, kernel-based methods can achieve accuracy competitive with
neural operators [6]. A related Gaussian process framework was recently proposed in [40].

Finally, we remark that there is also growing interest in topics such as error estimates
[33, 29], discretization consistency [5] and sample complexity [30] of neural operators.

2 Theory

The presentation of the general framework follows [44], where operator learning for partial
differential equations (PDEs) is investigated from a sparse high-dimensional approximation
perspective. For the purposes of this paper, we adapt their approach and incorporate ded-
icated sparse recovery algorithms. While we restrict ourselves to time-dependent PDEs as
a running example below, we stress that the proposed method applies to a broad class of
operators, which also includes stationary and parametric PDEs.

2.1 Time-dependent partial differential equations

Let © C R? be a bounded spatial domain and T' > 0. Further, assume that we are given
function spaces Y and F defined on the space-time domain €2 x (0,7"), a function space H
on 0N x (0,T), and a function space Uy on 2. Here, the pairs (U,Uy) and (U, H) should be
compatible in the sense that u(-,0) € Up and u|pox (o) € H for any u € U. Within this
setting, we consider differential equations of the form

Lu=f s.t. ulaax(o,r) = h and u(+,0) = uo, (2.1)

where L: U — F is a (possibly nonlinear) differential operator, f € F is an inhomogeneity,
and ug € Up is an initial value. Throughout, we assume that (2.1)) is well-posed in the sense



that for every (f,h,up) € F x H X Uy, there exists a unique solution v € U depending
continuously on the data (f, h,ug). Then, (2.1]) induces a solution operator

G: FxHxUy— U, (f, hyug) — u. (2.2)

In practice, often only a subset of the data (f, h, ug) is varied, while the remaining components
are fixed. In particular, a common situation is that the solution operator G reduces to a
mapping from the initial data ug to the solution u, with f and h being fixed. Then, our goal
is to approximate GG by a surrogate model that enables fast evaluations for new input data
ug without the need for solving the PDE .

Remark 2.1. For the Poisson equation as discussed in [{4, Sec. 8], the solution would depend
only on the spatial variable & and the inhomogeneity f. Such variations mainly influence the
dimensionality of the product spaces in (2.2) and the choice of discretization, while leaving
the approximation procedure for G described below unchanged.

2.2 Parametric operator representation and sparse approximation

In order to obtain a finite-dimensional representation of the domain of G, we expand the
initial condition ug as

)~ ZajAj(:c), x €, (2.3)
j=1

with basis functions A;: @ — R, j = 1,...,n, and coeflicients a = (a1,...,a,) € [—1,1]".
Note that the chosen functions A; should lead to a sufficiently accurate approximation in Uy.
Based on , we get the induced solution operator G,,: [ — 1,1]" — U with a — u.

In general, any appropriate discretization G,, of G can be identified with a function defined
on an extended bounded product domain D := Hde" D; C R%x. In the case of , we get
D = Q x[0,T] x [-1,1]". For the next step, we assume that the induced function admits
an expansion in a bounded orthonormal product basis (BOPB) {®}, : k € Néex} C Lo(D, 1),
where p is a product measure. Recall that a BOPB consists of tensor-products ®(y) =
H 21 @ik, (yj). More details can be found e.g., in [23].

For the operator Gy, induced by (2.3]), the BOPB expansion reads as

u(z,m;a) = Z ck Pz, 7,a), (x,7,a) €D, (2.4)
keNdex

with ¢g € C being the corresponding basis coefficients
ék = / g($,7—a a)q)k(maTv a)d(vaa a)' (25)
D

Then, our aim is to accurately approximate u (if possible) by a sparse truncation

Sru(x, 7;a) = chq)kwTa)
kel

where I C Nge" is a finite index set. Since the exact ¢ are unknown, we replace them by
approximations g (for which we outline a computation procedure below) and obtain

Sttu(x, 7, a) = Zukq)kwra) (2.6)
kel



In summary, yields a continuous approximation of G by first projecting ug onto its finite
coefficient vector a and then evaluating Sj“u(-, -,a). The resulting approximation error can be
split into a truncation part and a coefficient recovery part. More precisely, using the uniform
boundedness of the basis functions ®j, we obtain

[|lu— Sj“uHoo < lw— Srul| o + || Sru — Sty e

<Y ekl [Pkl + D lox — ikl [Pkl

k¢l kel

< sup |4 . (Z exl + > e w).
(S

k¢l kel

Hence, a good approximation requires both identifying a suitable index set I and an accurate
method for estimating the coefficients ¢, from samples u(x;, 75, a;). For our running example,
we keep in mind that samples are obtained by numerically solving the PDE for the
parameters a;j, which makes sampling costly.

Given a finite index set I, the corresponding coefficients cg, k € I, can be estimated using
a cubature formula based on . Alternatively, they may be obtained by solving the
linear system that arises from inserting the samples u(x;,7;,a;) into (2.4)), for instance via
a standard least squares approach. However, since the index set I is not known a priori,
one typically has to work with the product space I' D I instead. Without imposing strong a
priori assumptions, such search spaces grow rapidly in high-dimensional settings and render
the aforementioned approaches computationally infeasible. We therefore turn to the problem
of determining a suitable index set I C I' C Ng‘”‘.

Remark 2.2. In our implementation, we transform the problem-specific product domain D to
the hypercube [—1, 1]‘1ex via problem-dependent affine maps, specified for each PDE individu-
ally. After this transformation, Chebyshev polynomials can serve as a BOPB for the function
induced by the operator G,.

2.3 Dimension-incremental support detection and sparse recovery

Since the candidate set I has product structure, its cardinality scales as 10%x even with only
10 basis functions per dimension. For dex = 12, this already yields 10'? candidate index
tuples, making an exhaustive search for a suitable I in general computationally infeasible.

As an alternative, we employ the dimension-incremental support detection strategy pro-
posed in [23]. The main idea is to build I progressively, starting from one-dimensional pro-
jections and then combining the detected candidates across dimensions. Below we provide a
brief summary; see Algorithm [1| and [23] for further details and a detection guarantee for a
suitable index set I. To simplify the notation, we switch from the problem-specific function u
to a generic function g, and correspondingly collect all variables into a single dex-dimensional
input vector.

Let g: R%x — C be an (unknown) target function with (s-sparse) expansion

9= Zﬁk‘l’m (2.7)

kel

where I with |I| = s is contained in a prescribed finite candidate space I' C Nge". Typically, I’
is simply a cube in Nge". For each coordinate ¢t € {1,...,dex}, we consider the one-dimensional



projected candidate set Py (') = {l € No|Jk € T' : k; = [} and for each [ € Py (L) the
so-called projected coefficients

gqy,1(0) = /D 913(&0)60(E)dE = D> gu [[ ik, 65), (2.8)

kelki=l j#t

where & € R%~! is an anchor and g{t}(f,e) denotes the value of g with £ in the t¢-th
dimension and 6 for the remaining coordinates. Due to the representation , at most s
coefficients g ;(6) should be nonzero. Thus, among all coefficients I € Py (T"), we retain
the s largest ones (in terms of [gy,(0)|) exceeding a prescribed threshold, and discard all
others as negligible. All detected candidates [ are collected in the temporary index sets I;.

Remark 2.3. The projected coefficients gyyy,(6) are an indicator for the relevance of the
index I. However, an unfavorable choice of the anchor @ may cause cancellations in ,
leaving some relevant indices undetected. A remedy is to perform r € N detection iterations
with distinct anchors 0 and to consider the union of the detected indices. While lower bounds
on r required to achieve a prescribed failure probability can be derived analogously to [23,
Thm. 3.5], in practice, considerably smaller values of r often suffice for reliable results.
Unfortunately, increasing r raises both the required sample size (and thus the number of
PDE solves) and the overall computational effort. To mitigate this, the anchors @ € Rex—1
can be selected using a distance-mazximizing strategy rather than purely random sampling. This
minimizes the risk of multiple anchors capturing redundant local behavior of g{w(e). Such
local dependencies occur in the heat equation example in Section [3.1], where certain solution
components decay rapidly over time, rendering anchors with large t blind to them.

Next, for ¢ > 2, the candidate sets are combined incrementally. Given Iy  ;_ 13, one forms
the sets

Pr,.n@) ={leNj|Tk e T C NI 1 kyy =1}
K= (In, -1y x Iyy) NPp,. (D), (2.9)

and investigates the corresponding projected coefficients on K as in the one-dimensional case.
In particular, we again consider the projected coefficients

Bpe0d® = [ op.0@OF0a@de= 3 g [ 2,6).210)
t p. kelikgy . ol 5¢{1,...,t}
j=1"%j
estimate their absolute value, retain the s largest ones exceeding the threshold, and collect
them in the index set Iy ;1. In this way, higher-order interactions are identified successively
until the final index set lest = I{1 ... 4.} is obtained.

In [44], the projected coefficients defined in and are approximated via cubature
rules, which typically require a large number of sampling points £) at carefully chosen lo-
cations. Specifically, so-called rank-1 lattices are employed, which provide accurate (and in
some cases even exact) cubature for functions with suitable smoothness or frequency struc-
ture. When using large lattices, this enables reliable and efficient recovery of the projected
coefficients for all candidate indices, including the ones that are actually negligible.



Algorithm 1 Dimension-Incremental Index Detection (Simplified)

Input: Search space I' C N%x target function g, sparsity level s € N, detection threshold 6, > 0,
number of detection iterations r € N.
(Step 1) Single component identification
1: fort=1,...,J do

2: Set I{t} = ().

3: Draw random sampling nodes (£0) ) 7, C Dy

4: fori=1,...,r do

5: Draw a random anchor 0 € HJ 152t Dj-

6: Sample function values g €D, 6).

7 Perform sparse reconstruction of gg,,(6) for all I € Py (T).
8: Add the s largest indices I satisfying [Ggs,(0)] > 64 to Igyy.
9: end for
10: end for

(Step 2) Coupled component identification
11: fort=2,...,J do
12: Set 7 :=r if t < J and 7 := 1 otherwise.
13: Set K = ([{1 =1} X I{t}) ﬂ,P{L ,t}( )
14: Draw random samphng nodes (&Y ) 1, C H] 1 D;.
15: Set I{l,..i,t} = 0.
16: fori=1,...,7do
17: Draw a random anchor 0 € H

18: Sample function values gry,. 1 ( ETJ) 0) (or g{lw,t}(£(j)) if t =J).
19: Perform sparse reconstruction of g{17,,,,t}7l(0) foralll € K.
20: Add the s largest indices I where |gg1,.. ¢} (0)] > 04 to Igq,. 13-
21: end for
22: end for

(Step 3)

23: Set legt == I{l,...,J} and g; == g{lﬁ...,J},l foralll € 1.
Output: Detected index set Is C T, approximated coefficients (§;);cr € CI1.

In contrast to this exhaustive approximation, we propose to directly exploit the system’s
inherent sparsity. More precisely, (2.7]) implies that also the projected expansions

9 (6 0) = > Gupa(0)24y4(9), (2.11)

l€P 4y (T)

and similarly the ones with (2.10] -, are s sparse. Classical sparse recovery algorithms, such as
the orthogonal matching pursuit (OMP) [32] discussed in Section 2.4} typically require only
around M = 5s random sample locations E , thereby considerably improving the computa-
tional efficiency of Algorithm I compared to [44}. Since our approach treats g as a black box,
any numerical scheme, such as finite elements, finite differences, or spectral methods, can be
used to compute the function values g . » (ﬁ(j), 0). In turn, the accuracy of these evalua-
tions directly affects the quality of the computed approximation . Finally, we emphasize
that the sampled PDE input parameters a; must conform to the anchor decomposition: each
a; is partitioned into active coordinates, sampled randomly, and fixed anchor coordinates.



Algorithm 2 OMP

Input: Sampled BOPB matrix ®, sample vector gy, () € RM  number of iterations s
1: S(O) = @
: forall k=0,...,s—1do

2

5 1) arama (@7 (@28 — gy (€]}
4 S(k+1) — S(k) U {l(k-‘rl)}
5

6

7

20D = argmin, o0 {||®2 — gp1 1y (€)lle,  st. supp(z) C SEF}
. end for
. return z(®

2.4 Orthogonal Matching Pursuit

Now, we briefly discuss OMP, which is used to reconstruct the relevant projected coefficients
in lines 7 and 19 of Algorithm [I] This algorithm is a greedy approach developed for sparse
approximation and compressed sensing. For a broad overview, we refer to [43,[51}[32]. Assume,
we are in the t-th dimension-incremental step of Algorithm [I]and consider the candidate set K
as given in and sampling values gg1 . 1 (&) = (91,1} (S(j)))j]\/i1 € RM. Starting from an
empty active set, OMP iteratively selects at each step the product of basis functions ¢ 4y,
for which the corresponding column of the basis matrix

® = (¢{1,...,t},l(€(j))j:l,...,M,leK e CMxIK] (2.12)

is most strongly correlated with the current residual. The active set is then updated with
the index I, and the basis coefficients g{17.,,,t},l(9) restricted to this set are determined via a
least squares solve. This procedure is repeated until the prescribed sparsity s is reached or a
suitable stopping criterion, e.g., an absolute or relative error tolerance, is satisfied.

Under suitable assumptions on the sampling points (E(j))j]\/i 1, the resulting Algorithm
is guaranteed to recover the correct support of the basis coefficients g{17...7t},l(9), l € K,
with high probability provided that the number of samples scales like M 2 slog|K|. The
complexity of a single iteration can be bounded by O(M|K|+ Ms + s?), cf. [47], which is
dominated by the cost of the matrix-vector multiplication (M|K]). Performing s iterations
leads to the overall computational complexity O(sM|K]|). Our implementation is based on
the methodology presented in [39], with a Python implementation being publicly availableﬂ

Remark 2.4. While we only discuss OMP here, other sparse recovery methods can be also
employed. Examples include the CoSaMP [{1] and square-root LASSO [7]. Our Python imple-
mentation [50] includes these approaches as additional choices. In our numerical experiments,
no method consistently outperformed the others such that we have chosen OMP for simplicity.

2.5 Improving Sample Efficiency (OMP+)

In Algorithm each evaluation of u at a node (a:(j),T(j),a(j)) € D requires a separate
numerical solve of if the parameter instances a/) differ. As described so far, Algorithm
incorporates random samples {E(j )}jj‘il conditional to a random anchor, and thus in principle
only a single value ’LL(:I)(j),T(j)) from each PDE solve, even though the solution is typically

"https://github.com/Zeppo1994/SparseRecovery
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available at many grid points (x, 7). Given the substantial cost of PDE solves, this represents
a significant inefficiency. Fortunately, in contrast to the cubature-based approach in [44],
OMP imposes no structural constraints on the sampling nodes {£V )}jj\il € R?. Thus, we can
systematically incorporate multiple samples from a computed solution, as detailed below.

Consider a t-th dimension-incremental step with ¢ > d 4+ 1 in Algorithm Then, we
have £9) = (20 70), agj)) with a( 7 € Rt=4=1 and the anchor 6 = ay € R"+4+1t Instead of
evaluating the PDE solution u(-, -, a¥)) for al9) = (agj), 9),j=1,..., M, only at the sampled
(a:(j Y )), we additionally evaluate them at b%*! randomly chosen points (z,7) € R, which
of course differ for each a?). We recommend b = 3 as default. The number of evaluations per
solve must be carefully chosen to balance the exploration of the parameter and space-time
domains. A smaller amount of space-time evaluations requires a higher number of costly PDE
solves to achieve a given target sample size. Conversely, too many evaluations per parameter
result in insufficient coverage of the parameter domain (the extreme case being only a single
parameter). Moreover, since the complexity of OMP scales linearly with M, adding more
space-time evaluations is only recommended when they contain non-redundant information.
In our experiments, we refer to this modified version of OMP as OMP+.

Remark 2.5. In all one-dimensional steps of Algorithm |1, where a coordinate of (x,T) is
the active variable, as well as in all dimension-incremental steps with t < d + 1, the ran-
dom anchor 0 fully covers the parameters a. In these cases, a single PDE solve suffices to
generate the samples. While this applies to any reconstruction method, we only incorporate
it into OMP+. The latter already distinguishes between spatial, temporal, and parameter co-
ordinates, making the modification straightforward to implement. In contrast, OMP follows
the original non-intrusive dimension-incremental framework, which does not have access to
structural information.

3 Numerics

We benchmark Algorithm [1] for several PDEs, in both its standard version OMP and the
modified variant OMP+ from Section For a € [—1,1]", we measure the approximation
accuracy in terms of the absolute fo-error

¢ 2\ 2
erryps(a) == HSéSt’LL(:B,’T, a) —u(x, T, a)HZ2 = <Z ‘Sﬁstu(az(j)m(j),a) — u(w(j),T(j),a)‘ ) ,

j=1

(3.1)

which coincides with the quality criterion in Algorithm (1} and the (scale-invariant) relative
{o-error

Hsﬁstu(w, T,a) — u(x, T, a)“e2

erryel (@) = [u(, 7,a)|,

D=

SA u(@®), 79, a) — u(@?, 1), a)|”
:( o [Sfuute |> . (3.2)

(28 Ju@), 70, a)|*)

In and ( . the ( x0) 7 )), j=1,...,G, are equidistant grid points in the space-time
domaln Q x [0,7] (or bpatlal domain  for stationary problems). We statistically compare

N|=
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these quantities for several randomly drawn coefficients a in terms of range (min and max),
median, first quartile, and third quartile.
Throughout, we employ the tensorized Chebyshev polynomial basis, which is given by

d
ex 1 k = O
Te(z) = Tr.(z;) with T.(z;) = J ,

k(2) ]1;‘[1 ks (21) ks () {\/icos(k:j arccos(z;)) kj #0

where dex = d + 1 + n denotes the dimension of the space-time-parameter domain as in Sec-
tion This choice is motivated by the fact that several classes of parameter-dependent
PDEs admit sparse or approximately sparse representations in terms of Chebyshev polyno-
mials [44]. If not stated otherwise, Algorithm (1| uses the following parameters:

d+14n

e the search space I' is the (non-negative) full grid [0, V] in d + 1 + n dimensions

(or d + n for stationary examples) with extension N;
e the detection threshold 6, = 10712,
e r =5 detection iterations for OMP and r = 2 for OMP+, see also Remark

e an individual sparsity level s for each experiment.

See [23] for more detailed information on these parameters and how they affect the behavior
of the support detection. For the one-dimensional detection steps, we use s samples. This
suffices because typically N < s, which ensures that the number of candidates in these
steps (namely N + 1) remains much smaller than s. For the coupled detection steps, the
standard OMP approach utilizes an oversampling factor of ¢ = 5, leading to 5s samples and
PDE solves. In contrast, the OMP+ approach utilizes 3%+ (or 37 for stationary problems)
additional space-time evaluations as discussed in Section [2.5] reducing the requirement to
only s PDE solves. In both cases, the resulting sparse recovery problems are solved
using the OMP Algorithm [2] detailed in Section

We compare our methods against the dimension-incremental method using Chebyshev mul-
tiple rank-1 lattices (cMR1L) [44] Sec. 3] that inspired our work. Further, we consider Ten-
sorized Fourier Neural Operators (TFNO), implemented in PyTorch using the NeuralOpera-
tor library [27]. Given training samples (u(()] ),u(j)), the underlying Fourier Neural Operator
(FNO) framework learns the solution operator G: up — u from data by minimizing the
supervised Sobolev loss

M
o () 012
W Z 1Go(ug”) — U(J)HHl'
7j=1
The neural operator Gy is realized with a pointwise lifting layer, followed by a composition
of multiple mappings (frequently called Fourier layers) of the form

ver1(®) = o (Wivg(e) + F 1 (Ry - Flur)) ()

where Ry are learned Fourier multipliers on a truncated set of modes and W}, are pointwise
linear mappings, and a final pointwise projection layer. For more details on FNOs and their
tensorized variants, we refer to [34, 28]. All TFNO models use 4 Fourier layers with 64 hidden
channels and are trained using the AdamW optimizer with initial learning rate 10~3 and
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weight decay 10~*. Training is performed for 1000 epochs with a batch size of 64 using
random parameter samples a; with corresponding solutions u4,; evaluated at resolution 100.
Further, we incorporate a cosine annealing schedule that decays the learning rate to 10~ and
is stepped after each epoch.

All experiments are performed in Python™ and can be found together with the algorithm
n [50]. Unless stated otherwise, all computations are carried out on two AMD EPYC 9534
64-Core processors. To accelerate the sampling process, parallelization with up to 96 workers
is employed. The TFNO models are trained separately on a NVIDIA GeForce RTX 4070 Ti
Super GPU. Individual runtimes are discussed in the corresponding sections.

3.1 Heat equation

Our first numerical example is the heat equation with homogeneous boundary conditions on
the domain © = (0, 1) with final time 7" = 1, namely

Oru — a?pu = 0, x € (0,1), 7€ (0,1)
u(z,0) = f(x), z € (0,1) (3.3)
u(0,7) =u(l,7) =0, 7€ (0,1).

For the experiments, we choose o = 0.25. As in [44] Sec. 3.5], we use initial conditions given
by a truncated sine expansion, namely

9
u(z,0) = f(z) = Zae sin(fmx), x €]0,1]
(=1

with coefficients ay € [-1,1],¢ € N, which leads to the analytical solution

9
u(z,7) = Z agsin ({rz) exp (—€2W2a27) , x €10,1],7 €0,1]. (3.4)
(=1

Clearly, the truncation together with the condition a, € [—1, 1] restricts the set of admissible
initial conditions f. Functions far outside this class require a modified parameterization,
for instance by increasing the number of retained modes the range of the coefficients. As
explained in Remark [2.2] we shift both PDE variables = and ¢ via the invertible transformation
T:[-1,1] — [0,1] with 7(2) = 3(z + 1) to be able to use the Chebyshev basis.

Remark 3.1. Choosing multivariate Chebyshev polynomials as the underlying BOPB can be
theoretically justified for several of our examples. For the heat equation, the explicit solution
formula shows that each input ay enters the solution only linearly, and only through a
single summand. This linear dependence is reproduced exactly by the degree-one Chebyshev
polynomial Ty (ag) = V2 a, (with Ty = 1 in the remaining coordinates), so that may be
rewritten as

(ar)

u(z,7,a) = sin(mx) exp(—€27r2a27')

M@
=
5

/=1

©o |l
o3
—

a

~—

4

sin(¢mx) exp(—272a’T),

[
o
E
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where e, = (0,...,0,1,0,... ,O)T € Ng s the (-th standard unit vector. Consequently, the
relevant parameter dependence is concentrated on only the nine multi-indices e1, ..., eq9. One
therefore expects a suitable index set I to consist of indices of the form k = (x,%,ep) ", £ =
1,...,9, where the first two entries (the indices in the x- and T-directions) remain arbitrary.
Hence, the corresponding support is not only sparse but also highly structured.

For the sampling, we solve the PDE using SciPy’s solve_ivp with the implicit Radau
ITA RungeKutta method of order five, a relative tolerance of 108, and an absolute tolerance
of 10710, In Algorithm we use sparsity s = 1000 and extension N = 64 for the search space
I, ie., I'=10,64]'! and |T'| ~ 8.75- 101,

The cMR1L comparison from [44], Sec. 3.5] uses the same parameters. As a learning-based
baseline, we train a TFNO with 529 233 parameters on 10000 and 40000 training samples,
respectively, resulting in 10100 and 40500 total PDE solves including validation data. We
denote these approaches as TFNO1gr and TFNO4qg, respectively.

Figure [3.1] illustrates the relative approximation error for all methods. OMP+ achieves a
median error of approximately 4 - 107, comparable to cMR1L. This improves over OMP, which
attains a median error of roughly 2 - 10~%. The baselines TFNO4o, and TFNO;oy yield slightly
larger median errors of about 3-10™* and 5 - 10™%, respectively.

Figure [3.2] shows the number of solves, the corresponding computation times, and the
remaining runtime excluding PDE solves. 0OMP required slightly more than 3 hours, with
the dominant portion spent on solving the PDEs for sample generation. Similarly, cMR1L
required roughly 700 hours due to the significantly larger number of required samples. The
PDE-specific OMP+ version was the fastest overall, with a total runtime of about 1 hour,
roughly half of which was spent on solving the PDEs. The TFNOjg; and TFNO4ox required
approximately 6 and 23 hours of training time, respectively.

The effect of the sparsity parameter s on the approximation quality is illustrated in Fig-
ure [3.3] for OMP+ with extension N = 64. The relative error err, decreases as s increases,
while the spread of errors remains within roughly one order of magnitude in each setting.

3.2 Burgers’ equation

Our second example is the non-linear 1D Burgers’ equation with homogeneous boundary
conditions, namely

Oru + udpu = vy u, z e (0,1), 7€ (0,1)
u(z,0) = f(z), x € (0,1)
u(0,7) =u(L,7) =0, 7€ (0,1),

which we solve for the viscosity parameter v = 0.05. In contrast to the previous example,
we are only interested in the solution u(-,1) at the final time. Again, given a € [—1,1]°, we
consider initial conditions f given by the truncated sine expansion

9
f(z) ~ Z ag sin({wx), x € [0,1].
(=1
As before, we transform the spatial variable via Tz = %(az + 1) and use solve_ivp with

the Radau method, this time with a relative tolerance of 107% and an absolute tolerance of
1078, In Algorithm [1, we also use sparsity s = 1000 and extension N = 64. Since the target
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function space is one-dimensional, OMP+ would use only 3 space-time evaluations per PDE
solve in the recommended default configuration. To improve the efficiency, we increase this
to 9, giving 10 evaluations per solve, consistent with the previous example. Regarding the
results in [44], already sparsity s = 500 and extension N = 32 lead to runtimes on the order
of several days, making larger configurations infeasible. We highlight this mismatch in s by
denoting the comparison as cMR1L*. The TFNO baseline with 81049 parameters was trained
on 40000 samples, resulting in 40 500 total PDE solves including validation data.

Figure [3.4] shows the relative and absolute approximation errors for all approaches. The
TFNO median error is almost two orders of magnitude smaller than those of the remaining
approaches, which range between 1072 and 10~!. The relative error err,q(a) exhibits large
upper whiskers for all approaches, which are absent for the absolute error err,ps(a).

Figure |3.5| shows the computation time and number of PDE solves for each approach.
cMR1L* required significantly more solves than the rest, resulting in substantially longer run-
time. OMP and TFNO both finished in less than 5 hours, while OMP+ needed only about 1
hour.

Lastly, Figure depicts the absolute approximation error erryps(a) for OMP+ with varying
numbers of additional spatial evaluations per PDE solve (3, 9, and 15) and oversampling
factors (¢ € {1,3}). The error magnitude remains similar across all six variations, with
accuracy improving slightly for more spatial evaluations or higher oversampling factor c.

3.3 Parametric diffusion equation

As third example, we consider the 2D diffusion equation on Q = [0, 1]? with homogeneous
Dirichlet boundary conditions and an affine random diffusion coefficient in some domain €2y,
see [4, B3] namely

=V (a(z, y)Vu(z,y)) = (), reQ yey,

3.5
u(xe,y) =0, x €, yecy. (3:5)

Here, the differential operator V acts with respect to the spatial variable . As in [I5] Sec. 11]
and [22] Sec. 4.3], we use the affine coefficient

20
a(x,y) =1+ Zijj(m)7 T c Qa A [_L 1]20a
i=1

with ¢;(x) = ¢j 7" cos(2mmq (j)z1) cos(2mrma(j)x2). The parameter are chosen as ¢ = 0.9/((2)
and p = 2, together with k(j) = [—1/2+ \/1/4+ 25|, m1(j) =7 — w and mo(j) =
k(j) — m1(j). Moreover, we set f = 1. As before, we transform & componentwise by the
affine map T (z) = %(z +1). In total, this yields a 22-dimensional approximation problem.

As in [22], we solve the PDE ({3.5) numerically using FEniCS on a mesh with 5000 finite
elements. In Algorithm [I} we choose s = 1000 and N = 64. Moreover, we restrict the candi-
date set I' by imposing maxger ||k|lo = 7. Such a restriction reflects the common observation
that, in many high-dimensional parametric PDEs, higher-order interactions contribute con-
siderably less than lower-order ones. This choice is adopted from [44, Sec. 3.4] to ensure a
comparable experimental setup. The cMR1L comparison uses the same parameters. The TFNO
with 529 233 parameters is trained on 85000 samples, resulting in a total of 86 000 PDE solves
including validation data.
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Figure compares the relative approximation error err(y) for all four approaches. The
TFNO achieves a median error of roughly 2.5 - 1074, almost an order of magnitude below the
other approaches, whose median errors are around 1072. On the other hand, the TFNO’s
upper whisker spans almost a full order of magnitude, compared to roughly half an order of
magnitude for the other approaches.

Figure [3.8 shows the number of PDE solves and corresponding runtimes for all approaches.
As in the previous example, cMR1L required significantly more solves and runtime than OMP
and OMP+, which finished in roughly 8 and 2 hours, respectively. Notably, the TFNO training
time is comparable to the total runtime of cMR1L.

3.4 Discussion

Now, we discuss the numerical results and the observed trade-offs between approximation
quality and computational effort.

Sparse approximation A key observation is that the approximation accuracy of OMP and
OMP+ depends primarily on the sparsity of the solution u in the chosen basis. For the heat
equation, u is highly sparse in the multivariate Chebyshev basis due to the linear dependence
on the parameters ap in . Consequently, the index set los detected by Algorithm
already performs well for small sparsity s = |Iest|, and increasing the sparsity s further
improves accuracy, as seen in Figure The increase saturates once the diameter of the
search space I (which is restricted by N) is exhausted.

The Burgers’ equation, by contrast, showed the opposite behavior: w is not well represented
by sparse Chebyshev expansions, as discussed in [44, Sec. 3.6]. This results in much lower
approximation accuracy at the same sparsity s. Moreover, increasing the amount of training
data improves accuracy only marginally, as seen in Figure |3.6] suggesting that the observed
limitations stem from the basis rather than insufficient data for the sparse recovery step.

These results highlight that the choice of basis critically affects the approximation quality.
When the detected index set It exhibits little sparsity structure, experimenting with alter-
native bases is advisable. Indeed, OMP and OMP+ are applicable for arbitrary product bases,
provided that an efficient routine for the matrix-vector multiplication with the basis matrix
(2.12) is available.
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Figure 3.8: Runtime and sample complexity for the parametric diffusion equation. The upper
axis is compressed for visualization. Each bar is split into PDE solve time (lower)
and remaining runtime (upper). All computations were performed on the same
CPU, except for TFNO training, which used a GPU.

Samples and PDE solves Applying sparse recovery methods such as OMP to the dimension-
incremental framework yields a substantial advantage in sample complexity over cubature
approaches based on rank-1 lattices. While the rank-1 lattice methods in [44] enable efficient
reconstruction via FFT, this benefit is outweighed by the large number of required PDE
solves, which scales as s? in the worst case. In contrast, the number of samples required by
OMP scales only linearly in s. Furthermore, the additional samples per PDE solve in OMP+
(which are not usable for cubature-based methods) yield a substantial additional reduction in
computational cost (by up to 80%) without sacrificing approximation quality, clearly visible
across all experiments. As a consequence, our methods close the gap in terms of sample
complexity to learning-based approaches such as TFNOs, though the dimension-incremental
framework does require samples with a particular structure.

Moreover, we want to emphasize that the TFNO models serve purely as baselines, following
the generic guidelines of the neural operator library [27] without further modification. The
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comparison should therefore not be interpreted as a rigorous benchmark, but rather as an
indication of the approximation quality and computational complexity achievable by our
methods relative to off-the-shelf neural operator configurations.

Interpretability of the approximation An important advantage of the proposed approach is
its interpretability. The detected index set It reveals which input variables are most influen-
tial, which parameter interactions are relevant, and to what extent higher-order interactions
matter. The resulting approximation is thus not merely a black-box predictor, but also yields
qualitative insight into the underlying PDE. In contrast, such structural information is far less
accessible in neural operator approaches such as TFNOs, where the learned representation is
distributed across a large number of trainable parameters.
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