
Applications for abelian varieties #I :
Perverse coherent sheaves

Motivation : Riemann-Hilbert correspondence

DRx : Dreghol(Dx) =- D? ((x)
이

Modreghol(Dx) =- Per(x)
complexes in perverse

sheaves

degree o

goal of today : Fourier-Mukai transform

FMx : Dion() =- Din (0x4)
이 u

Modno(da) -> "Coh(0xn)
m-perverse coherent

sheaves on AG

more generally : Through FMA ,
the standard

t-structure on Dre (DA) corresponds
to the m-perverse -structure on Doh(4)



$1 -structures

Basic example to have in mind :

DP(d
abelian category

D
←(

t): = {X
' GDb(A) ( Ho (×) =0 tiro }

D
** (A) : = [X

:

-DP(A)/Hi(X) =0 Vico]
"standard -structure" on a derived category

e.g. a
derived category

Def: Let I be a triangulated category.
A pair of full subcategories (T

=0

,
[
=0)

is called a -structure on[ if

(1) 2
=0[1] : [0

ñ
=0(-1] = 520

ㅓno neg . ex (2) Home (X (1], Y) = 0
groups for
XYet FXe * t0

,
ye4z0

(3) UX J distinguished triangle
Xo + X - Xzo l

for some Xo ***, Xzo T
=%

.



Remarks : · One writes T =
K
: = [

= 0 [k]
and := =0[k] for keX .

· The triangle in (3) is unique up

to unique isomorphism.
One has truncation functors

t :
T
- Tt0

≤∅

o
π → π

20

which are right / left adjoints of
the inclusions [**T/T80T.

then Xo = T__1X , Xz0 E ***X .



&) 2. Perverse coherent sheaves [Kashiwara'on]

X smooth complex algebraic variety
For xeX we write is : [x] X for the inclusion ,
3(x) for its residue field

,
codim(x) : = dim Ox

,x

=codimy ([x3)

Defi A map p
: X- is calee

supporting function if yes
implies ply) = p(x) for any x,yeX .

If p is a supporting function , we define
its dual by p(x) : = codim(x) - p(x) .
(This is not a supporting function a prior)

Def
.
-Lemma : Let

p
be a supporting function

such that p is also a supporting
function

.

Set

PD(x){ FEDon(x ) |Li *FEPop[
x)[
x(x))FXEX}



PD(0x) :(FED(Ox) (iFeDP(x(x) (xX]
/

These define a t-structure on Doh(Ox) ·

(Kashiwara
,
Arinkim-Bezrukaunilmov)

.

Its heart is denoted by
PCOK (O

×) : =PD (X) の PD品 (Q)
and its objects are called perverse coherent

sheaves.

If
p
= 0 : standard -structure

:

Without the condition on p ,
one can a priori

only define on -structure onqueasi-coherent
G-modules in this

way .

The problem is : It can happen that the perverse
~
m

logy of a coherent complex wrt . this

t-structure is not coherent [Kas, Ex. 5. 1].



Now
,
we concretely consider the following

supporting function :

m(x) : (codim(x)]
iie m(x) : = T2 codim(x)]

(For yeEy , codimly) = codim(x) , therefore

m(y) = m(x) and m(y) = m(x)))

Lemma'

加品 (x) - {FEDb ()onkodimsupp
H

(F] 22 : Kita}
mD(0) = [FED(0x)/codim supp1" (DF) =2i- 1 fie3

where DF : = RHom (F, 0x) .

lobservation : not self-dual)

Idea of proof : LiYF -> D
& Ecodim

means xt SuppH
*TF) if

k = Ecodim(x)

↳ codim(x) = 2k

*xE suppH
*(F)



<=0 codim suppH"(F) =2k
Jarry irreducible subset has a generic
point ,

[Kas, Lemma 5.5])

Similarly :

inter (@) = 1 = Ecodim() + 0,5

2F+Db(0x) Icodim supp(+
4
(F) = 2k - 1(k=z}

and we see easily that
B
'Dn (8) is dual to Dx (8)

B



S3 Fourier-Mukai transformation and

t-structures

Theorem : Let Me Dir (DA) .
[Sch, 18. 1] Them Me Dre(D) <X FMA(M) eMD(0A4)

M eD(Bx) FMx(M)emDE (0x4)
.

(The same holds with = k/ = k since FMA commutes

with shifts
.
)

In particular , M-Modna() FMA(M)-Coh
and

codim S(A,m) = 12k)
for any M e Modnol (DA) .

Noteー

This is not saying

FMA (D)) =co (AE)
andFMA(Pno(DA ) )=。

o ( OAG)



Def: Let &K ·

A X-connection on a

[Sch
,
10. 1] locally free Of-module E is a

C-Clear morphism
: 2 - 2'E

서 시

such that Ef-O ,
see (local sections)

↓ (f . s) = f . Vs + dfo 1s .

It is called integrable ifNoV = 0 .
Denote by ECA) the moduli space of

line bundles with -connection for some

SEK on
A.

One naturally has morphisms
1

에 E(A) - A
,
(4
,
0) re L

1 : ELAl-
,
(4, 0) ma

X - connection
for some ItK

and P . -LidxP
↓ Poincaré bundle on Ax*with a canonical

generalized relative (similar to Christian's talk)
connection

-celayecal.



Prop: M + Modna (DA), iso
[δch, 98.2] Then supp 71"FMA (M) is a proper

subset of AP

Preparation for the proof :

Consider a good filtration FoM
and the Rees construction

REuC : =Fabe
over R

*
=않EDA ⑤ zk ≤ DA [EJ
_

onder

fittration

Then one can define the extended Fourier-

Mukai transform

FMA
(

RFUC) :=

RPeXDRAX(id)
*TME

1
P2

: AxE(A) - E(A) T-modeae
E Dbcon (OELA)

(FA actually gives can equivalence)



Prop: (:) FM (Ric) (n
= 1

= FMa(ve)
[Sch

,
12

. 1]
same for

any
1 + 0

AxH°(A,2]) =x*"(0)
↑ Pes note : 1-1(1) = At

AxÄxH° (A ,m]) ~ (line bundles with connections)

↓ pas (ii) FMa(RFM) (y =0
E

Ax(t(A ,2%)

(see [Sch, (10.84] RP23 x(PitPOPtROPistlidxe)tgeF_ l
for notation)
Proof of Prop.

Idea : "being a proper
subset" is an open

condition

with respect to 1 , so if

supp
Ii(FMa(Rich) (n =0) exH

°

(A,ei)
them the claim follows

.

dim supp grFM
= dim A = g

(M holonomic)
=> dim supp pislide)

*

godl = 2g
=> dim supp (PrPQ ..... grFv) = 2g



This dimension is equal to that of
* x Ho(A , eep) , the target of P23
= the Fibers Pes((L,0) a suppl...)
are generically O-dimensional

= higher cohomologies vanish

generically of



Proof of Theorem :

FA
(
Pnoe (A ) ] ≤ mp은 (8 )

clear if dim A = 0

now for dim A >0 :

Let z be an irred component of

Supp H2 FM, (r)
stenre E:L ) im (fh :BE A 4 )

Llinear subvariety)
dAG f : A-+ B surgi

since (Prop.) codimz0
= dim B < dim A

= codim z = 2r := 2 (dim A-dimB)
= dis A4-dim BG

Now
, by Christian's talk

FMACve ) Iz - FMB (eLoB )
)

indhupmD [Hotta]



i .e. FMA(M)lz[r] = "Dan(Oz)

=>codimz supp H"FMs (f (M@(,0))) =22-2r
but suppl...) = z = codim

....

=O

= l =r

= codim Z = 2l

To
prove (i .e .

if FMAIM) -Doxy)
,

then MeDre(Da))
consider the inverse FM - transform :

r = (1)
*

Rpx (P**** = FMA(ve))[g]
as complexes of Ox-modules ,

+ : A*->A
fibre dim

. g
If codim supp IFMa(M) = 21
then codim supp #*FMa (M) - e

codim suppH
*
(M[-g]) = 2

Fi : codim supp
Hir 2 itg
_

= H
*g MEg] = HIM =0 FisO

□



Proof of "in particular" in Theorem
M - Modnol (DA) => FMA(M) - *Coh(OAn)

1
.e . codin supp 1 FMx(M) = 2k

YEak
codim suppHhDFMA (M) = 2k-1

Recall (Henry)
i HFM(m) = R-MA,PRA(M(L,)

i?

supplt
* (FMa(M)) = SI(A,m)

에

[(L,0) eAY/ dim R
*
m
....
=1]

since (10) =supp7(FMA(M)
=> iio, H"(FMA(v)) +0
- i H" FMAIM) =0

dim RPM (A
, DRA(M* (4,%))) = 1.

Similarly, DM Modnol(DA)
=> codim supp TH

*DFMA(M) - 2k
=> codim S"(A ,

DM) = 2k

=> codim SP(A,M) * -2k i



Extra : Aconjecture [Sch , 56, 19]

What is the image
FMA(Dire(Wal) = Don(Oxz)

or FMa (Modnoe(dal) = "Coh(%An) ?

idea : "hyperkähler constructible complexes"(
"hyperkähler perverse sheaves"

LAG is a hyperkahler manifold , but not compact)
) tentative characterization of those objects

in [Sch
, Conj . G .1])

"constructibility is usually defined interms
Istandard
cohomology) of cohomology sheaves

,
which leads us to

the following theorem :

Theorem : If Fe FMA(Die(DA))
,

then

[Sch19 .1] zu F,Im Fe FMALDh(DA))
.

-



o . F εDn (OA)
Them FeFMA(PLA)
Fe FMA (Dino (Dal) FkeX


