
Seminar on:

“Applications of Hodge modules

to birational geometry”

Leipzig/Berlin, WS 2019/2020

The aim of this seminar is to study the paper [KS18], and in particular to understand how the
formalism of mixed Hodge modules by Morihiko Saito can be applied to rather classical problems in
birational geometry.

The main topic of the paper is the following question:

Let X be a reduced complex space of dimension n, and write Xreg ⊂ X for its regular part. Consider

a holomorphic differential p-form α ∈ H0(Xreg,Ω
p
X). Let r : X̃ → X be a resolution of singularities

(so that α can also be seen as a form on r−1(X\Xreg) ⊂ X̃). Under which conditions does α extend

to a differential p-form on X̃ ?

Very roughly speaking, the paper shows that a sufficient condition for such an α to extend is that
any form of maximal degree, i.e., any form in Ωn

Xreg
does. The main two results are Theorem 1.1 and

Theorem 1.4. The latter is a local version of the former, and also has the advantage to reformulate the
problem as a question on sheaves living on X. More precisely, consider the inclusion j : Xreg ↪→ X,
then there is a canonical morphism r∗Ω

p

X̃
↪→ j∗Ω

p
Xreg

, and the extension problem is rephrased by

asking whether this morphism is an isomorphism. On the other hand, one can show that r∗Ω
p

X̃
does

not depend on the choice of the resolution r : X̃ → X. Then Theorem 1.4. asserts that if this
morphism is an isomorphism for some p = k, then it is so for all p < k.

There are also versions of the main results for logarithmic forms (Theorems 1.2 and 1.5), where one
asks whether a form α ∈ H0(Xreg,Ω

p
X) extends to a form with logarithmic poles along E, where

(X̃, E)→ (X,Xsing) is a log resolution of X.

Below is an outline of a program, as usual, this will be adapted during the seminar.

Day 1 (29.11.2019, Leipzig, MPI, Room E1 05)

The aim of first day is to discuss the statement of the Kebekus-Schnell extension theorems and have
a look at interesting applications. We would like to get a feeling for the context of the theorem,
especially for the birational geometry and the singularities that play a role. In order to appreciate the
theorem, we will also have a look at precursors, especially at [GKKP11].
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1 Motivation of the problem, overview, and older results (Christian
Lehn)

Introduce the general problem as is done in the introduction of [KS18] and [GKKP11]. Discuss in
particular the case of canonical singularities and compare the Grauert Riemenschneider sheaf to the
dualizing sheaf. Discuss the sheaf theoretic formulation of the extension problem.
Present some applications such as:

• Pullbacks of reflexive differentials and applications to rationally chain connected spaces. This
is sections 4 and 5 of [GKKP11]. Note that Theorem 4.3 of op. cit. has been substantially
generalized in [Keb13b].

• Applications to deformations of primitive symplectic varieties [BL18].

Mention known results (such as the case of isolated singularities from [vSS85] and [Fle88]. The rest
of the talk should be used to discuss the case of varieties with klt singularities, see [GKKP11] and
the survey [Keb13a]). This is now superseeded by the Kebekus-Schnell results but nevertheless nicely
illustrates the connection to birational geometry.
The basic line of argument in Greb–Kebekus–Kovács–Peternell is to split the proof in two parts:

1. Show that a reflexive p-form extends with log poles, i.e., the natural injection r∗Ω
p

X̃
(logE)→ Ω

[p]
X

is an isomorphism.

2. Every form with log poles is actually regular, i.e., the natural injection r∗Ω
p

X̃
→ r∗Ω

p

X̃
(logE) is

an isomorphism.

In this talk, the essentials of the first step should be explained.

2 Birational geometry, singularities, and examples, reformulation of
the problem (Valeria Bertini)

Discuss the various notions indispensable to higher dimensional algebraic geometry. Gorenstein,
Cohen-Macaulay, (weakly) rational, canonical, klt, Du Bois singularities and their interrelations. The
textbooks [Deb01] and [KM98] are excellent references for this. Try to formulate as much as possible
in the analytic category.
Illustrate these notions with examples, e.g. those contained in Appendix A of [KS18]. Discuss the
extension problem for cones as is done in Appendix B of [KS18].
As a last part, discuss the homological criteria (Proposition 6.1 and Corollary 6.2 of [KS18]) that
reformulate extendability via duality and vanishing of some Ext-sheaves. Go in some details by
recalling standard facts on local cohomology (e.g. [Har67] or [BS76] for the analytic case).

3 The quasi-projective case II and applications to Zariski Lipman
(Patrick Graf)

Briefly discuss part 2 in the argument of Greb–Kebekus–Kovács–Peternell, i.e. that the canonical
morphism r∗Ω

p

X̃
→ r∗Ω

p

X̃
(logE) is an isomorphism. Especially try to illustrate what role is played by

the minimal model program in this context.
Discuss applications of extension theorems to the Zariski-Lipman problem as done in [Fle88] and newer
accounts such as [GK14, Gra15] and references therein.
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Day 2 (13.12.2019, HU Berlin, room 3.006)

The aim of the lectures on this second day is to provide the necessary background from M. Saito’s
theory of mixed Hodge modules that is needed to understand the proofs of the main theorems 1.1
and 1.4. (the latter for the case k = n). In both cases, the essential result that permits to prove
these assumptions, is Proposition 8.1, which expresses the (underived) push-forward of the sheaf Ωp

X̃
of holomorphic p-forms on the resolution as a cohomology sheaf of a graded piece (with respect to
the Hodge filtration) of the intersection complex of the (singular) variety X. The program below is a
mixture of overview talks, where many aspects of Saito’s theory have to be treated as “black boxes”,
and some talks that go deeper into the theory to treat a few aspects more in detail.
The speakers of this day should communicate with each other to adapt the content of their talks to
make the whole program coherent.

4 Mixed Hodge modules I: A vanishing theorem for certain perverse
sheaves (Kurt Gottwald)

Discuss [KS18, Section 5]: Go in detail through statements and proofs of Proposition 5.2 and Corollary
5.3. While doing this, recall some basics on constructible and perverse sheaves and on the standard
resp. on the perverse t-structure on Db(CX).
Give some explanations on the statement and proof of [KS18, Corollary 5.3] (maybe taking Proposition
4.8 of loc.cit. as a black box).

5 Mixed Hodge modules II: Background on D-modules (András
Lőrincz)

Provide a gentle introduction to the theory of analytic D-modules emphasizing those aspects that are
relevant for Hodge modules and in particular for the main subject of the seminar. In particular, treat
filtrations, direct and inverse images, and duality. A standard reference for algebraic D-modules is
the book [HTT08]. One may also consult [PS08, sections 13.3-13.6]. However, for the purpose of this
seminar we need to work with analytic D-modules, where some statements are weaker (and of course
where the proofs are sometimes very different). However, for the purpose of this overview talk, the
more precise references below (which are for algebraic D-modules) are still useful. If necessary, one
can consult [Bjö93] as a true reference for analytic D-modules.

• Generalities, filtrations, characteristic varieties, holonomicity: [HTT08, 1.1-1.2, 2.2-2.3] and
[PS08, 13.4-13.6]

• Left- and right modules, transfer modules: [HTT08, 1.3] and [PS08, 13.3.2]

• Direct and inverse images, de Rham complexes: [HTT08, 1.3, 1.5] and [PS08, 13.3.4]

• Duality for holonomic D-modules: [HTT08, 2.6, 2.7] and [PS08, 13.5.2]

• Elements of the theory of the V -filtration: [Sai88, Section 3.1] or [MM04, Section 4].

• Statement of Riemann-Hilbert correspondence. Possible references ar[Dim04, Theorem 5.3.3]
or [PS08, Theorem 13.6.4] (careful though since the latter reference again works with algebraic
D-modules).
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6 Mixed Hodge modules III: Categories of filtered D-modules (Thomas
Krämer)

Find your way through [Sai88, §2.] (the notes [Mus13, Section 3] can be helpful) and discuss issues
as:

1. induced D-modules

2. filtered D-modules and their Rees modules

3. derived categories of filtered modules and of Rees modules

4. de Rham complexes and direct images of filtered modules

5. filtered modules and duality

At least all statements of [KS18, 4.3.1-4.3.2] should be mentioned here, with as much background as
can be covered on one talk.

7 Mixed Hodge modules IV: Definitions and main properties (Chris-
tian Lehn)

Give an overview over the definition of the categories of pure and mixed Hodge module, insisting on
the main properties (such as strict decomposition, strict specializability etc.). Give some details on
V -filtrations, Beilinson extensions and gluing properties. Standard references are [Sai88, Sai90], but
one should also consult overview articles, in particular [Sch14] (containing a simplified defintion of the
category MHM).

State in particular the decomposition theorem (as done in [KS18, Sections 4.3.3-4.3.4]), if time permits,
say some words on the strategy of the proof (again the notes [Mus13] may be helpful).

Day 3 (24.1.2020, HU Berlin, room 3.006)

8 The extension problem for (graded parts of de Rham complexes
of) pure resp. mixed Hodge modules (Thomas Reichelt)

The aim of this talk is to discuss the content of [KS18, Section 6.2 , 6.3], relying on the statements from
loc.cit, section 6.1 that has been discussed on the first days. The two main results are Theorem 6.6
(together with its consequence Corollary 6.7) as well as Theorem 6.11 (together with its consequence
Corollary 6.12). Both are some statements on dimensions of support (resp., as consequences, state-
ments on extendability of sections), for cohomology modulues of graded parts of de Rham complexes
of pure (Theorem 6.6 and Corollary 6.7) or mixed (Theorem 6.11 and Corollary 6.12) Hodge modules.
Probably not all parts of the proofs can be done in detail in both cases, the speaker should chose a
reasonable amount of material that can be presented here.

Since this is the first talk of Days 3, it would be good to recall here briefly the notions introduced
on Day 2, that is, mixed Hodge modules, deRham complexes, strictness of projective direct images,
decomposition theorem.
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9 (sheaf theoretic) proof of Theorem 1.4 for the case k=n (Bruno
Klingler)

The aim of this talk is to achieve the proof of Proposition 8.5 and to obtain thus a proof of Theorem 1.4
in the case k = n (meaning that if we know that the the morphism r∗Ω

k
X ↪→ f∗Ω

k
X̃

is an isomorphism

for k = n, then it is so for any k ≤ n). The main ingredient is Proposition 8.1, which will also be
relevant for the proof of Theorem 1.4. for the case k < n. A plan for the talk would be:

• Prove Proposition 8.1, paying special attention to the statement that the direct summands in
the statement of the decomposition theorem vanish due to torsion freeness issues.

• Deduce the proof of Theorem 1.4. for k = n from these facts, using the characterisation of
extendability via estimation of the support of graded pieces of the deRham complex of the
intersection cohomology D-module MX (i.e. statement and proof of Proposition 8.4).

10 (explicit) Proof of Theorem 1.1. (and of Theorem 1.4 in the
general case) (Yajnaseni Dutta)

This talk should provide the proof of Theorem 1.1. (and, as an easy consequence, a second proof of
Theorem 1.4 for all degrees). It relies on Proposition 8.1., which was discussed in the previous talk.
State the local version (Theorem 10.1) and go in detail through its prove. In particular, explain why
the interpretation of forms on the resolution (i.e., sections of the sheaf r∗Ω

p

X̃
) as differential form on

Y with coefficients in the intersection cohomology D-module of X allow to prove the extendability
property claimed by the theorem.
Deduce the general case of Theorem 1.4. from Theorem 1.1.

11 Logarithmic differentials (Christian Sevenheck)

In this final talk, a variant of the main theorem which is concerned with the extendability of forms
on the smooth locus to logarithmic forms on the resolution should be discussed. This is the content
of theorems 1.2 and 1.5. However, their proofs are close to those presented in the last two talks with
the differences that they rely on an analysis of the pushforward f∗j∗Q

H
X̃\E

of the mixed Hodge module

j∗Q
H
X̃\E

(where E ⊂ X̃ is the exceptional divisor of a log resolution of X), instead of the direct image

f∗Q
H
X̃

of the pure Hodge module QH
X̃

that was used in the proof of Theorems 1.1 and 1.4.

Discuss as detailed as time permits the content of section 9 (stating and partially proving in particular
Proposition 9.5, which is the replacement of Proposition 8.1 used in the previous talks). Deduce the
statements of 1.2 and 1.5 from this.
If time permits, discuss the “local vanishing conjecture” of Mustaţă, Popa and Olano (Theorem 1.9)
and elements of its proof.
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