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Definition Let X be a scheme
,
EX

closed subset. The local cohomological
dimension of X along t is o regular
(d(X

, z) : = masil* 0

3for some g . coh.

# on X

Question (Grothndisch) How to determine
1967

(cd (X ,
z) ?

Ogus 173 : "Complete" answer to this quest.
when X regular of equicharacteristic 0.

Def 2. 12 [ogus] Z north
,
scheme of equi-

char zo. Then the de Rhum depth
DRD(E) is the minimal d s. th.

for every ze E (not new . closed) :

Hi (z) =0 j < d - din]



if E / D
,
the

Hi (z ,() = Hi (z ,
z 1973

,
e)

Theorem 2
.

13 [Ogns] X regular noeth .
scheme

of equicher zero and pure biequidimension n,
zcX closed

.

Then

(cd (X
,
z) = n - PRD(z) .

Thm1 [RSW23] If X smooth
,
the

(d(
,
z) = n - min2j10y

: (az) + 0]

=: RHDali)

pf : can replace F in defn of led (X,2)

by Ox . (X regular

note H*0x # 0 ES DR 170x + 0
.



compute :

DR1[0x = PROM" RNz Ox

= PH" o DR REOX

= PfioRoc
↑

well known 22
! Kx[n]

= pgeoD
*

Das
= pfe" 0 v D((z) [ -n]

= ogeino D((z)

Now D(D=R) = 0x
- R

so Pgei-D(42) = 0

Es Prinz +0 Es Hex to
computation



Thus :
max (i1 H20x + 03

j : =n-

= max(n-j10854z + 03

= -mindjlogdz + 03.
A

Mustat 24 Leat. Notes

Car 5 . 19 ↑ Smooth (ired)
,
n-dime

,
ECY

suc divisor. The

Xp : gr.EpDR(O+ (E)

= RELloyE) [n-p] .

Let z <X cloud
,
M : = X1Z

siooth

the logres:CIE
&

usxz



Prop 5 . 24 grDR(jQh[u])

= RETOPClogE) [n-p]

pf : LIS = gr DR Te je Qu[n]

= Rie grEDRQins) =
R

D
Car 5. 19

Recall : (M . F
.
M) filtere D-mod

fillution is generated at level p :<Ef

Vkx0 FrDx· Fpll = Frapul .

Leuma 5
.

29 Given M
.
F
.
M) ·

The

FM gemented at level p >

fe (gri DR(7) = 0 fi = p +1

pf : conside the map in griFDRM) :



2 gr (M)- grFMM)

(2 = coher of this map)
in local coordinates XninXu :

dxen ...
,
...dX in

i-1

↳> Hilden n.. na Tu

Then 89% /gr.EnPRSM)) = 0

Fil ? Firm+ Find

i . e
. FiM = FiDx Find .

T

Theorem 5
. 30 Let gist be such that

H20x = 0 Fi > 9. .

Then for peo

the following are equivalent :

(3 Hodge fill. on JE(*) gen .

at level p

(2) RA-1+irClogE) = 0 Vi <p+1



If q42 ,
same equivalence also holds for p10.

proof : fo 972 : JEOX E REj Ou

(and0 + Q- 500 + 120x -> 0)

for g: 1 us need pro

geneution level can be checked for RA" jOn

Lemm 5
.29

↳
fe" (gr. DR (RA-1jxOnl) = 0

Vi + p+1

11

Consider hyper cohonology" spechal sequence
Eab = ye (grEn DR (RjxOn)

= RPjrQ[n]

=> geatb (grpE DR (jxCh[n])

Since DRC .. ) concentrated in norpos . deprees

have Ea = 0 Fax o



Assmptime on q
=) RjQIn) = 0

VbA
=> E= fbxq

Hane if a+ b = q-1 ,
then E = 0

unless (a -b) = (0 , q- a)

Moreover =01 E

=> T (griEn DR RAja@h[n](

= Jet (gr :En BR(jQIn]()

= pq-1+ "LogE)
·

Car 5.24 B

Corollary 5. 33 (cd (X ,Z) is the min c

5 .
th

. MS R ClogE) = 0

Wixojxc

proof : lad (X ,) -> c ES



Hex = 0Vqyc+ 1

#)

I Vq
: HE =01-

Holge filtr.
starb and fli . on HEOX gen . atat
zerd

level p= -1 .

The 5. 30

=> RE+: LogE) = 0

Vixo Vj : = q-1x
13

MP22 : (cd(X
,
z)(n- 1

# REToWy(E) = 0

Cor 11 .
22 E codimr wol quot sings

=> lod = n-depth(0z) = w.


