Transformed rank-1 lattices for
high-dimensional approximation

Robert Nasdalal Daniel Potts?

This paper describes an extension of Fourier approximation methods for multi-
variate functions defined on the torus T¢ to functions in a weighted Hilbert space
Ly(RY, w) via a multivariate change of variables ¢ : (—1, %)d — R?. We establish
sufficient conditions on % and w such that the composition of a function in such a
weighted Hilbert space with ¢ yields a function in the Sobolev space H™ (T%) of
functions on the torus with mixed smoothness of natural order m € Ny. In this ap-
proach we adapt algorithms for the evaluation and reconstruction of multivariate
trigonometric polynomials on the torus T? based on single and multiple recon-
structing rank-1 lattices. Since in applications it may be difficult to estimate a
related function space, we make use of dimension incremental construction meth-
ods for sparse frequency sets. Various numerical tests confirm obtained theoretical

results for the transformed methods.

Keywords and phrases : approximation on unbounded domains, change of vari-
ables, sparse multivariate trigonometric polynomials, lattice rule, multiple rank-1
lattice, fast Fourier transform

2010 AMS Mathematics Subject Classification : 65T 42B05

1 Introduction

The change of variables is a powerful tool in numerical analysis. Such transformations play an
important role in spectral methods, numerical integration, and approximation of functions.
An excellent overview can be found in [1, Chapter 16 and 17] which contains many practical
aspects of the mapped methods. In this paper we focus on change of variable mappings from
multivariate bounded domains to unbounded ones in order to approximate functions defined
on such unbounded domains. The main goal is to transfer the approximation error bounds
of Fourier methods on the high-dimensional torus T? ~ [—
on R? with the help of an invertible transformation ) : (—%
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Regarding functions defined on the torus T¢ there is well-developed theory, see [26, 7],
concerned with the Wiener algebra A(T?), that contains all L;(T¢)-functions with absolutely
summable Fourier coefficients

i [ fo0e e

with k = (k1,...,kq)| € Z9x = (21,...,74)" € RY and k- x := Z?Zl kjxj. For f > 0 and
the weight function

d
wne(k) := [ [ max(1, |k;), (1.1)
j=1

there are the subspaces of the Wiener algebra A(T¢) in form of

A(TY) =S f e Li(T?) : || fllascray := D whe(X)?|ficl < o0 (1.2)
kezd

and the Hilbert spaces

N

HO(TY) =S f € Lo(T) : | Fllgscray = [ D wne(®)*P[Al?] <00, (1.3)
kezd

whose norms contain information about the decay rate of the Fourier coefficients fk with
respect to the weight function wy.. For approximation purposes we consider non-empty
frequency sets I C Z% of finite cardinality |I| < oo and approximated Fourier partial sums

SPf(x) =) fie T

kel
with approximated Fourier coefficients
X 1 ML . .
= 2 30 S0 e R & i xg e T
§=0

For N € N and hyperbolic crosses I% = {k € Z¢: Whek) < N} C 7% it was shown in [13,
Theorem 3.3] that when using single rank-1 lattices the error of approximating a continuous
function f € A®(T?) by the approximated Fourier partial sum Sj\]dv f measured in the Lo (T4)-

norm is bounded above by N~A| f|| as(rdy- The approximation of functions in the Hilbert
spaces H?(T?) was investigated by V. N. Temlyakov in e.g., [25, 13]. For certain § > 0 the
error of approximating a continuous function f € H? (Td) by the approximated Fourier partial
sum S}%f measured in the Ly (T¢)-norm is bounded above by Cy 5N % (log N)@=1/2| f||,, (T4)
with some constant Cq 3 = C(d, ) > 0 as shown in [29, Theorem 2.30].

A major problem is that in general it’s hard to calculate the Fourier coefficients fk in order

to determine if they are absolutely or square summable. Instead we utilize certain norm
equivalences to get information about the decay rate of the Fourier coefficients fx. Given a



multi-index & = (ag,...,aq)" € N¢ with |als,, := max(|ai],...,|aq|) and the differential
operator
oM g%l

DG = D DS (enswa) 1= G o gl (1)

we define for Q € {T%,R%} the norm
1/2
£l (o) = Z ID*[1Z,0 (1.5)

mix

oo <m

of the Sobolev space H™ (£2) of functions f € Ly(€2) with mixed natural smoothness m € Ny,

mix
that were discussed in [21, 27, 30]. As shown in [17, Lemma 2.3|, the norms || - || ym_(74) and
|| 1l345(ray are equivalent for 8 = m € N. Furthermore, for all 8 > 0 and all A > 3 we have the

continuous embedding H +*(T?) — A%(T9) as shown in [13, Lemma 2.2]. Hence, for m € N

we can just check if f is an element of a Sobolev space H%X(Td) in order to determine if a

function f is in A™(T%) or H™(T%) instead of calculating all its Fourier coefficients fy.

In order to utilize all these properties for functions defined on R¢, we apply the change of

variables 1) : (—%, %)d — R? componentwise to multivariate functions h in a weighted Hilbert

space Lo(R%,w) with the weight function w : R? — [0,00). The weighted scalar product in
Ly(RY, w) is of the form

(b, )y = [ 3) ) a3 dy

Rd

and the induced norm [|hl|,wa ) = 1/ (B, h)p,@ew)- The weight functions w will be given

in product form, i.e.,
d
w(y) = [ [ wi(u;)
j=1

for y = (y1,...,94) € R? where the univarite weight functions w; : R — [0,00) may

differ for each coordinate. For the periodic functions resulting from applying the change of

variables 1), we make use of the existing theory for functions defined on the torus T¢ and then

revert the change of variables by componentwise application of the inverse transformation
11

Y~ R — (-3, i)d. In a weighted Hilbert space Lo(R? w) we have an orthogonal system

{¥K }ieza consisting of functions

(=1 (y) o2miky ! (y)

y € RY,
w(y)

or(y) =

where (¢p7!) is the product of the first derivatives of the inverses in each component of
¢~L. For k € Z¢ the k-th Fourier coefficients of h is given by hy := (h, Pk) Lo (Rd ). FOr any
frequency set I C Z% the respective approximated Fourier partial sum is of the form

Sth(y) == b e2rikv' @)
kel



with approximated Fourier coefficients hﬁ that will be defined in a similar way to the approx-
imated Fourier coefficients fl/(\
We consider transformed functions f € La(T9) of the form

that are the result of applying the change of variables y = 1(x) to a function h € Lo(R?, w),
so that we have the identity [|h| 1, ra ) = [[f|lLy(re)- It's generally rather difficult to check
if f is in the Sobolev space H™ (T?) by calculating its norm and checking the various Lo-
integrability conditions. Therefore we provide a set of sufficient L..-conditions for f being
in H™ (T9). At first we prove these conditions for all possible transformations v and weight
functions w. Later on we consider families of parameterized transformations (o) = (o, n)
and families of weight functions w(o) = w(o, u) with , u € R?. Then we have parameter-
ized transformed functions f(o) = f(o,m, u) € Lo(T?) and both parameters may impact the
smoothness of these functions. With the sufficient L,,-smoothness conditions we’re then able
to calculate lower bounds for 7 and p such that the smoothness degree m of a function
h € La(RY, w(o, p)) N H™. (R?) remains under composition with a family of transformations
¥(o,m) so that we end up with f € H™ (T¢). For two particular transformation families
¥ (o,m) we explicitly calculate the resulting lower parameter bounds and observe a case in
which the smoothness preservation under the transformation depends only on the parameter
p € R% appearing in the weight functions w(o, u), as far as the conditions are able to detect it.
Furthermore, we present an example in which we compare the parameter bounds yielded by
the Loo-conditions with the exact lower bounds resulting from calculating the Sobolev-norm
|+ lzzm (pay- This will highlight that the easier to check Loo-conditions yield slightly coarser
parameter bounds. These conditions as a tool to determine when a transformed function
f is at least an Lo(T?)-function, enable us to prove upper bounds for the approximation
error ||h — SPh|| measured in weighted La- and Ls,-norms on R?. These are based on the
already established error bounds for || f — S2 f|| on the torus with respect to the La(T%)- and
Leoo(T%)-norms.

One advantage of this method is the availability of fast algorithms for high dimensional
approximation, see e.g.,[1], in contrast to function approximation based on for instance mul-
tivariate Hermite functions or Sinc methods. To this end, there are lattice rules that in
recent years became an important tool in numerical analysis for high dimensional integration
and approximation of multivariate functions. An introduction to lattice rules can be found
in [19, 23, 6]. These rules are used for the approximation of functions on the torus, see
[26]. Recently, efficient algorithms based on component-by-component methods [4, 5] were
presented in order to compute high-dimensional integrals. For the approximation of high-
dimensional functions there are efficient algorithms using sampling schemes based on rank-1
lattices [13, 8], and furthermore these schemes provide good approximation properties, see
also [2]. We adapt these algorithms and incorporate the outlined use of transformations.
Furthermore, we present numerical examples.

We note that it was recently suggested in [12, 11] to use multiple rank-1 lattices which
are obtained by taking a union of several single rank-1 lattices. This method overcomes the
limitations of the single rank-1 lattice approach. That is, for the reconstruction of multi-
variate trigonometric polynomials supported on an arbitrary frequency set I of finite cardi-
nality || < oo with a single reconstructing rank-1 lattice, the lattice size M is bounded by
|I| < M < |I)? under certain mild assumptions, see [13, Lemma 2.1] and [10, Corollary 1].



Multiple rank-1 lattices improve the upper bound to M < C|I|log|I| with high probability
[12, 14]. Remarkably, in both cases the upper bound is independent of the dimension d.
Furthermore there are methods where the support of the Fourier coefficients fk is unknown.
We adapt the methods presented in [20] that describe a dimension incremental construction
of a frequency set I C Z¢ containing only non-zero or the approximately largest Fourier
coefficients iLk, based on component-by-component construction of rank-1 lattices. This is
done with respect to a specific search space in form of a full integer grid [N, N]? N Z¢ with
refinement N € N and a sparsity that bounds the cardinality of the support. We incorpo-
rate the change of variables method into both the multiple rank-1 lattice methods as well
as the component-by-component construction method. Let us note that instead of rank-1
lattice points one can use a dimensional incremental support identification technique based
on randomly chosen sampling points, that was recently developed in [3].

The outline of the paper is as follows: In Section 2 we establish the basic notions from
classical Fourier approximation theory on the torus T?, the corresponding function spaces
and important convergence properties. We introduce the Sobolev spaces Hr’gix(’]l‘d) of mixed
natural smoothness order m € Ny and the Wiener Algebra A(T¢) of functions with absolutely
summable Fourier coefficients. Furthermore, we discuss certain properties of the subspaces
AP(T9) and HP(T?) of the Wiener Algebra, in particular we highlight the norm equivalence
of || [lggm(ray and || - ||gm (ray for all m € N, see [17] . Then we define rank-1 lattices as
introduced in [15], discuss their importance in the context of Fourier approximation and
recall two important approximation error bounds on the torus in Theorems 2.2 and 2.3. In
Section 3 we define the notion of a transformation ¥ : (—%, %)d — R? and provide a couple of
examples that we will use later on. Then we introduce weight functions w : R — [0, 00) and
describe the structure of the weighted Hilbert spaces Lo (Rd,w), the corresponding weighted
scalar product (-, ), gy and the resulting Fourier coefficients hi. Afterwards we prove
sufficient L.-conditions on the transformation ¢ and weight function w, such that a function
h € Ly(RY,w) N H™ (RY) is transformed under composition with 1 into a smooth function
fe HH"EX(Td). Then we are able to prove approximation error bounds on R? in Theorems 3.6
and 3.7 based on the theorems on the torus that were recalled in Section 2. In Section 4
we incorporate the usage of transformations v into the algorithms [8, Algorithm 3.1 and 3.2]
for the evaluation and the reconstruction of multivariate functions in Algorithms 4.1 and 4.2
based on transformed rank-1 lattices. In Section 5 we discuss examples for the algebraic
transformation (3.6) and the error function transformation (3.8) that were introduced in
Section 3. In these examples we use a parameterized transformation (o) = v (o,n) with
n € RY and a parameterized weight function w(o) = w(o, u) with p € R? that fit their
original definitions in Sections 2 and 3. With the sufficient L.-conditions from Section 3 we
then calculate explicit lower bounds for  and p that determine the degree of smoothness
m € Nof h € Ly(R% w(o, u)) N H™ (R?) that is preserved under composition with the family
of transformations (o) = 1(o,n). Then we use the algorithms of the previous section to
illustrate the theoretical upper approximation error bounds. For some special cases in which
the Fourier coefficients hy are explicitly given, we compare those to the theoretically proposed
rate of decay of their absolutely values. In Section 6 we add some remarks on how the tool
of change of variables is incorporated into the ideas of multiple rank-1 lattices and sparse
fast Fourier algorithms. Furthermore we present examples with various test functions and

different transformation maps in up to dimension d = 12.



2 Fourier approximation on the torus

At first we introduce weighted L,-function spaces and Sobolev spaces of mixed smoothness,
recall some definitions of classical Fourier approximation theory and define a space of functions
that have absolute square-summable Fourier coefficients. Finally, we reflect the ideas of rank-1
lattices from [24, 4, 8|, the corresponding Fourier approximation methods, and approximation
error bounds that were discussed in e.g., [25, 13, 2].

2.1 Preliminaries

Let Q € {T¢,R?} with T¢ ~ [, 1)? being the d-dimensional torus. The space (C(€2), | - 20 (©))
denotes the collection of all continuous functions f : Q — C, and (Co(R%), || - || Lo (r4)) denotes

the space of all continuous functions f:R% — C vanishing at infinity in every direction.
We define weighted function spaces L,(R% w) for 1 < p < oo with the weight function
w:RY—[0,00) as

L(R%,w) == {h € Ly(RY) : |11l 1, i) = ( / RGO w(x) dx)" < oo} (2.1)

with the usual adjustments for p = co. We have L,(RY) C L,(R?% w) if w is bounded and
L,(R% w) C L,y(R?) if w is unbounded. For the constant weight function w(x) = 1 we have
Ly(RY,w) = L,(R?) and the L,(T¢)-spaces are defined analogously.

For functions f and ¢ in the Hilbert space Lo(T¢) we have the scalar product

(f9) Ly(e) = /Td f(x) g(x) dx.

For any frequency set I C Z< of finite cardinality |I| < co we denote the space of all multi-
variate trigonometric polynomials supported on I by

Il; := span{e’™*° . k € I}.

The functions e?7ik* = H?Zl e™iki% with k € Z¢ and x € T? are orthogonal with respect to

the Ly(T?)-scalar product. For all k € Z? we denote the Fourier coefficients fx by
fie= (£, pypay = ” f(x) e X dx,
and the corresponding Fourier partial sum by S;f(x) := > 1c; free®™kx For all f € L,(T%
with 1 < p < co we have
lf — S]fHLp(Td) —0 for |I| — oo,

where |I| — oo means min(|kyl,...,|kq|) — oo for k = (ki,...,kq)" € I, see [31, Theo-
rem 4.1].

For multi-indices @ € N¢ and the differential operator D*[f](x) as defined in (1.4) we
define the Sobolev spaces of mized natural smoothness of Lo(€Q)-functions with smoothness
order m € Ny, see [21, 27, 30], as

() = {f € La(@) : I g, 0 < o0}
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Figure 2.1: The hyperbolic cross I]C\l, for N =16 and d = 2.

with [| - ||gm (o) as given in (1.5). The univariate spaces are denoted as H™(T) and H™(R),

respectively. For Q = T? we recall some notation introduced in [17]. The H™ (T¢)-norm is

mix
expressible in terms of the Fourier coefficients fix, which leads to the equivalent norm

2

d
AN e vy == | D AP T+ [R5 1™
j=1

kezd

In [17, Lemma 2.3] it is specified that for m € N and all f € H™ (T¢) we have

1f ez,

mix

d
om \
1y < | fllgrmo+(ray < <m+1) 1z (ay-

Based on the weight function wy.(k) defined in (1.1) we define hyperbolic crosses 1% as
14 = {k € 7% wpe(k) < N} , (2.2)

illustrated for N = 16 in two dimensions in Figure 2.1. Furthermore, for 8 > 0 we form
the Hilbert space H?(T?) consisting of functions f € Ly(T¢) with absolute square-summable
Fourier coefficients fi, as defined in (1.3). The norms | - || gt (rdy and || - [[ys(ay are also
equivalent for m = 3, because of the observation that

max(L, k)% < 1+ [ky]> < 2max(1,[;])?
for all k; € Z. In total, for m € N we have the norm equivalences
H ’ HHm(Td) ~ H : HHmﬂL(Td) ~ H : HH;nnix(Tdy (2-3)

but we distinguish the related function spaces anyway, because H”(T¢) appears in results
concerned with approximation error bounds, whereas HHT?iX(’]I‘d) is considered later on when
we discuss smoothness-preserving transformation mappings. Closely related are the function
spaces AP(T%), 8 > 0 of Li(T%)-functions with absolutely summable Fourier coefficients, as

defined in (1.2). For 8 = 0 and the constant weight function wy.(k) = 1 we call the space



A(T9) := A°(T?) the Wiener Algebra. As shown in [13, Lemma 2.2], for 8 > 0,A > 3 and
fixed d € N there are the continuous embeddings

HOTNTY) — AP(T?) — A(T?) (2.4)
and for f € A%(T?) we have
£l as(ray < Caxllfllagsearre (2.5)

with a constant Cy := C(d, \) > 1. Additionally, for each function in A(T9) there exists a
continuous representative, as proven in [8, Lemma 2.1]. Later on, when we sample functions

f € HPHMT?) we identify them with their continuous representatives given by their Fourier
series Yy cza fi €2™K° and this identification will be denoted by f € H#+A(T) N C(T9).

2.2 Rank-1 lattices and reconstructing rank-1 lattices

Before discussing the approximation of functions f € H?(T?) N C(T¢) we recollect some re-
lated objects and observations from [24, 4, 8]. For each frequency set I C Z% there is the
difference set

D) :={k € Z?: k = k; — ko with k;, ko € T}.

Furthermore, the set
Az, M) = {xj = <J\J4zmod 1> eTd:j=0,1,...M — 1} (2.6)

is called rank-1 lattice with the generating vector z € Z% and the lattice size M € N, where
1:=(1,...,1)" € Z% A reconstructing rank-1 lattice A(z, M, ) is a rank-1 lattice A(z, M)
for which the condition

t-z#0(modM) forallte D)\ {0}

holds. Given a reconstructing rank-1 lattice A(z, M, ), we have exact integration for all
multivariate trigonometric polynomials g € Ilpy), see [24], so that

M-1
1
/ng(x) dx = i jz::O 9(x5), xj€ Az, M,I).

In particular, for f € II; and k € I we have f(o)e™27k° ¢ Hp(r) and

1 M—-1

fio = /Td F(x) e~ 2mkx gy — - ; £(x5) o~ 2mikx; x;j € A(z, M, I). (2.7)

For an arbitrary function f € H?(T9) N C(T?) and lattice points x; € A(z, M, I) we lose the
former mentioned exactness and get approximated Fourier coefficients flf of the form

S 1 Ml .
fem fd =7 D flxg) e (28)
j=0

leading to the approximated Fourier partial sum Sj\ f given by

Srf(x) m Spf(x) = fie ™,

kel



2.3 Lattice based approximation on the torus

We discuss upper bounds for certain approximation errors ||f — Sé\% f|| of functions f in

AP(T%) N C(T?) and HP(T¢) N C(T?). For this matter the existence of reconstructing rank-1
lattices is secured by the arguments provided in [10, Corollary 1] and [13, Lemma 2.1]:

Lemma 2.1. Let I C Z% be a frequency set of finite cardinality 4 < |I| < oo with
I c 74N (=M/2,M/2)%. For all multivariate trigonometric polynomials f € II; there ex-
ists a reconstructing rank-1 lattice A(z M, I) where the lattice size M € N is bounded by
11| < M < |D(I)| < |12, such that fi = fk The generating vector z can be constructed using
a component-by-component approach.

Then it’s possible to prove an upper error bound for the L,.-approximation of functions in
the subspace A”(T%) of the Wiener Algebra, as seen in [13, Theorem 3.3]:

Theorem 2.2. Let f € AP(T¢) N C(T?) with B > 0 and d € N, a hyperbolic cross 1%

with |I%| < oo and N € N, and a reconstructing rank-1 lattice A(z, M, I¢) be given. The

approximation of f by the approximated Fourier partial sum S?d f leads to an approximation
N

error that is estimated by
If - S[AJdeIILOO(Td) < 2N || £ ap (pay- (2.9)

The approximation of functions in the Hilbert spaces H?(T?) was investigated by V. N.
Temlyakov, see [25, 13]. He showed that for 5 > 1 there exists a reconstructing rank-1
lattice generated by a vector of Korobov form z := (1,z,22,...,2%71)" € Z¢ such that the
Lo-truncation error is bounded above by

1/ = S}y Fllzaerey < N2 (log N) @72 fllygs ay.

A generalization of this estimate as well as an upper bound for the corresponding aliasing
error can be found in [2, Theorem 2|, where they are stated in terms of dyadic hyperbolic
cross frequency sets and where they use a component-by-component approach to construct
the generating vector z € Z¢, which generally isn’t of Korobov form anymore. However, every
dyadic hyperbolic cross is embedded in a non-dyadic one, see [29, Lemma 2.29]. Thus, the
error estimates are easily translated in terms of non-dyadic hyperbolic crosses ij,, see [29,
Theorem 2.30], and we are particularly interested in the following special case:

Theorem 2.3. Let 3 > %, the dimension d € N, a function f € H?(T4)NC(T?), a hyperbolic
Cross Ij‘f, with N > 24%1 and a reconstructing rank-1 lattice A(z, M, Ij‘f,) be given. Then we
have

1 = Sy Fliacrey < CapN " (10g NY D2 fgo e (2.10)

with some constant Cqz := C(d, 3) > 0.

As highlighted earlier in (2.3), for 8 = m € N the norms | - [[3s(re) and || - [[gm (7e) are
equivalent. Eventually we utilize this norm equivalence in order to apply the above approxi-
mation error bounds for functions f in the Sobolev space H™ (T¢) that are characterized by
their derivatives.



3 Torus-to-R transformation mappings

Change of variables were discussed for example in [1, 22] and were used for high dimensional
integration in e.g.,[18, 16]. In this chapter we define transformations ¢ : (—3,3)? — R?
and provide examples that will reappear later in this paper. Afterwards we describe the
weighted Hilbert spaces Lo(R% w) with weight functions w : R? — [0,00) and investigate
their structure. Then we prove sufficient conditions on ¢ and w such that an initially chosen
h € Ly(RY,w) N H™ (R?) is transformed by the change of variables ¢ into a function that is
lying in a Sobolev space Hr’;’fix(']rd) of mixed natural smoothness order m € Ny. Eventually
we show that with an incorporated transformation v, we still have upper bounds for certain
approximation errors on R?, which are based on the already established error bounds with

respect to the Loo(T9)- and Lo(T%)-norms recalled in Theorems 2.2 and 2.3 respectively.

3.1 Transformations to R?

We call a map 1 : (—%, %) — R a transformation or change of variables if it is continuously

differentiable, increasing, odd, and we have

lim 9Y(z) = —oo, lim ¢(z)= occ. (3.1)
z——1 z—1
We denote its first derivative by ¢/ (z) := L[)](x). The respective inverse transformation is

also continuously differentiable, increasing and is denoted by ¢! : R — (—%, %) in the sense

of y = ¢(x) & x = 1~ (y). We call the derivative of the inverse transformation the density
function of ¥, which we define as

o) =W ' (y) = (3.2)

and for which we have o(y) > 0 for all 5y € R. Furthermore, we have lim ¢~ !(y) = —% and

Yy——00
lim ¢~ (y) = % We note that ¢ is a bounded function with
Y—00

lell L, w) =/ o(y)dy = 1.
—00

For multivariate transformations we put
d
V(x) = (@1(21),.. dalza) T and ¢ (x) = [] ()
j=1

)4, where we may use different transformations 1 in each
(¥) == (@1 (¥1),- - 95" (ya) " and

with x = (z1,...,24)" € (—3
direction. Similarly, we put 1

d
o(y) =[] ei(ws) (3.3)
j=1

with y = (y1,...,yq) " € R%

10



Later on we consider families of parameterized transformations

U(x,n) = (1(z1,m), ..., Ya(Ta,na)) (3.4)

withn = (1,...,14)" € R% We only consider parametrizations for which the transformation
1, its inverse 1)~ and the density function p fit into the given definitions above despite being
impacted by the parameter 7. On several occasions throughout this paper we will replace
transformations ¢ (x) by

P(x,m) = mn-1p(x) (3.5)

with i € (0,00)% As the transformations are going to be composed with functions defined
on R? the parameter 17 may impact the smoothness of the resulting transformed functions,
which we will discuss in depth later on. For now, we omit the parameter in the notation for
simplicity and proceed to just write 1(o) until we actually consider particular parameterized
families of the form (3.4) or (3.5).

3.2 Exemplary transformations

We list some feasible univariate transformations ¥ with either an algebraic or an exponential
density function p, some of which were suggested in the literature, see e.g.,[1, Section 17.6]
and [22, Section 7.5]. With the remark on (3.4) in mind, we list these transformations here in
their univariate non-parameterized form with n = 1 and ¢ (z) = ¢(z, 1) for simplicity. Later
on when we fix a particular family of parameterized transformations (o, n),n € R we recall
these definitions accordingly.

Let x € (—%, %) and y € R. We are particularly interested in the following transformations:

e algebraic transformation:

=— Y(@)=—""5, 3.6
¥(z) Ty V(@) TR (3.6)
10y Y _ 1
T 21 +y?)3
e tangent transformation:
Y(z) = tan (rz) | w’mpﬁ(m;) (3.7)
1 1 1
67 = Tactan (), o) =+ (1552

e crror function transformation:

b(a) = erf1(22), /(x) = melt 2 (3.8)

V)= get). o) = Jze

with the error function

xT

1
VT )

and erf~!(o) denoting the inverse error function

erf(z) e dt, z€eR,

11
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Figure 3.1: Plots of exemplary transformations (3.6)-(3.9).

e Jogarithmic transformation:

1 1+2 2
Y(x) = 5108 <1 i_ 2z> = tanh™!(22), ¢'(z) = T a2’ (3.9)
_ 1 /e —1 1 2e2Y
v (y) = 5 ((321/“) = §tanh (v), oly) = (12

For a side-by-side comparison of their individual slope see Figure 3.1.

3.3 Weighted Hilbert spaces on R

We describe the structure of the weighted La(R,w)-function spaces as defined in (2.1). In
this section the weight function w : R — [0, 00) remains unspecified. However, similar to the
generalization (3.4) of transformations ¢ defined in (3.1), we will later on consider families of
non-negative parameterized weight functions w(o, x) with u € R for the purpose of controlling
the smoothness of functions in La(R,w(o, 1)) N H™(R) and of the corresponding transformed
functions on the torus T. Analogously, families of multivariate parameterized weight functions
are defined as

d
w(y,p) = [[wiwi ), y.ueR? (3.10)
j=1

with univariate weight functions wj(o, 1;) : R — [0, 00).
For now we remain in the univariate setting. The system {¢y}, o, of weighted exponential
functions

Me%ikwl(y)’ yeR (3.11)

forms an orthogonal system with respect to the scalar product

(h, h2) L) = /R w(y) ha(y) Fa(y) dy (3.12)

12



and for ki, ks € Z we have

(Pky»> Pka) Lo (Row) = Ok k-

The weighted scalar product (3.12) induces the norm

1Al Ly®w) = /(7 h) Ly (R w)

and in a natural way we have Fourier coefficients of the form

hae = (hs 1) [y () = /R h(y) v/ oly) w(y) e 2V W) qy, (3.13)
as well as the respective Fourier partial sum for I C Z given by
Sth(y) =Y i or(y). (3.14)

kel

1
2(14y2)3
1\ .
@) € R oas in (5.2), the or-

thogonal system functions ¢y as in (3.11) are of the form

1 1 H mik—2—
(Pk(y): 9 W e +y= |

The graphs of their real and imaginary parts of these ¢ are shown for p = 2 and
k=0,1,2,3 in Figure 3.2.

Example 3.1. e For the algebraic transformation (3.6) with the density o(y) =

and the parameterized weight function w(y,u) =

(NI

e For the error function transformation (3.8) with the density o(y) = %e_lﬁ and the
1
7

functions @y, as in (3.11) are of the form

Gaussian weight function w(y, 1) = e_“QyQ,u € R as in (5.8), the orthogonal system

or(y) = o3 (W =1y’ +mik erf(y)
with graphs of their real and imaginary parts for . = V2 and k = 0,1,2,3 shown in
Figure (3.3) and the corresponding weighted scalar product (3.12) reads as

1 _ -
(M) sty = = [ & ) )y

3.4 Smoothness properties of composed functions in Sobolev spaces

In this chapter we discuss the smoothness of univariate functions i defined on R and of their
resulting transformed versions f on the torus T. In [16] the authors used change of variables
for integration problems with respect to a family of integrands with bounded L,-norm of
mixed first order partial derivatives with 1 < p < oo and provided sufficient conditions such
that the transformed integrand belongs to a Sobolev space of mixed smootheness order one.
We will propose a specific set of sufficient conditions for ¢ and w such that f € H™ (T%)

13



Figure 3.2: Real and imaginary part of the weighted exponential functions g,k =0,1,2,3 in
(3.11) with the density function g of the algebraic transformation (3.6) and the
algebraic parameterized weight function w(y, ) as given in (5.2) for fixed p = 2.

Figure 3.3: Real and imaginary part of the weighted exponential functions ¢, k = 0,1,2,3
in (3.11) with the density function g of the error function transformation (3.8)
and the parameterized Gaussian weight function w(y, 1) as given in (5.8) for fixed

=2

with m € Njy. These conditions are stated for both univariate and multivariate functions.
Afterwards we utilize the norm equivalence of the Sobolev space H™, (T9) and the subspace
HP(T?) of the Wiener Algebra A(T?) for m = 3 as described in (2.3) and combine it with the
embedding H#TA(T?) — A%(T?) in (2.4) for all A >  in order to discuss high dimensional
approximation problems in which we apply rank-1 lattice based fast Fourier approximation
methods. Throughout this section we still omit the parameters 17, u € R? in the notation of
the transformations ¢ and the weight functions w, as outlined in (3.4) and (3.10).

For now we consider univariate transformed functions f € Ly(T) of the form

f(x) = h((x)) V() ' (z), =T, (3.15)

that are the result of applying the change of variables y = 1¥(x) as defined in (3.1) to a

14



La(T) 3 h(e()) /e(w(@) e (@)= (z) h(y) € L2(Rw)

Figure 3.4: Scheme of the relation between f and h caused by a transformation .

function h € Ly(R,w) and for which we have the identity

IR117, @) /\h w(y)dy = / |B((2)* w(tp(@) ' () de = | 117, 1), (3.16)
T
schematically shown in Figure 3.4.

Remark 3.2. Transformed functions f as given in (3.15) are generally not in Lo(T) for
all transformations v. We will consider families of transformations ¥ (o,n),n € R as in
(3.4) and families of weight functions w(o,u),n € R as in (3.10). Generally, there are re-
strictions to the range of feasible parameters n, u € R for which the transformed functions
f(o,m, p) as in (3.15) are in Lo(T). Later on we present examples with multivariate functions
h € Lay(R%, w(o, ) N H™ (RY) and a fixed family of transformations ¢(o,n),n € R and cal-

culate parameter ranges of 1 and p for which the transformed functions f are in HI’SIX(']I‘d)

for m € Ny. ]

It is generally rather difficult to check if such transformed functions f are in H™(T) for some
fixed m € Ny by calculating the individual La(T)-norms within the Sobolev norm || f|| gm (T)-
Therefore we propose two different sets of sufficient conditions such that f € H™(T) with
m € Ny by utilizing the product structure of the functions f in (3.15). At first we state
conditions on h € Ly(R,w), the weight function w and the transformation 1 to preserve a
certain degree of smoothness m of A under transformation with 1, that slightly simplify the
problem of the difficult evaluation of Ly (’]I‘)—integrals.

Theorem 3.3. Let m € Ny, a transformation ¢ : (—1,1) — R as defined in (3.1), and a func-
tion h € Lo(R,w) with a weight function w : R — [0,00), and the corresponding transformed
functions f of the form (3.15) be given. We have f € H™(T) if either for all k =0,1,...,m

dk k

S lhow] (@) € Lu(T) and < [@op) W] (a) € Lo(T)

orifforallk=0,1,...,m

k k

S hou] () € La(T) and %[ @oB) V| () € Loo(T).

Proof. Let f be of the form (3.15) and k& = 0,1,...,m. Using the well-known generalized
Leibniz rule for the k-th derivative of a product of two functions leads to

‘ L (T i;( > H ddkk_ﬁff Vwen) V] (@)

dk

el (3.17)

La(T)

15



Now we either estimate

dk k dé dkff
il () |[frev@| | Veewv) @
‘ d.’,Uk L2 g Loo(T) d.’l?k ¢ |: il LQ(T)
or
dk k k dZ dk—f
| <> () |frev@| i Veead]e)|
‘ dak La(T) ;:% ¢) ||dz? La(T) dak—* { } Loo(T)
If the H-||L2(T)—norms of k-th derivatives of f are finite for all k = 0,1, ..., m, then their sum,
i.e.,the H™(T)-norm is finite, too. [ ]

Now, we derive a set of sufficient L,,-conditions on 1 and w that determine when a function
h € Ly(R,w) N H™(R) can be transformed by % into an f € H™(T) of form (3.15). This
eliminates the necessity to evaluate Lo-integrals of various derivatives of f. Furthermore,
once we consider particular parameterized families of transformations ¥ (o,n) and families
of weight functions w(o, i), these conditions enable us for each smoothness order m € N to
explicitly calculate how large the parameters n, u € R have to be in order to preserve the fixed
degree of smoothness m when transforming h € La(R,w(o, u)) N H™(R) into f € H™(T) via
(o, ).

For simplified notation we alternate between equivalent expressions for derivatives of the
appearing functions and for improved readability we write explicit arguments within certain
norms. We denote the k-th derivative of a function f(z) with respect to x by either %[ fl(x)

or f®)(z), and for k = 1,2, 3 we sometimes use the notation f'(z), f”(z), and f" ().

Theorem 3.4. Let m € Ny, a transformation ¢ : (—%,1) — R as defined in (3.1) with the
density function ¢ of 1 as in (3.2), a function h € La(R,w) N H™(R) with a non-negative
weight function w : R — [0,00) and the corresponding transformed functions f of the form
(3.15) be given.

We have f € H™(T), if for all ¢ = 0,1,...,m we have

d* d¢
ay? [o] (y) € Co(R), EPYd Y] (z) € C((—1/2,1/2))
0—k ) ,

and max m |: (w o 1/}) w/j| (.%') wl(x)max(—§,2k—§)

3.18
k=0,...,¢ ( )

Lo (T)

Proof. For h € La(R,w) N H™(R) with m € Ny and a transformation ¢ as defined in (3.1) we
consider the function f as given in (3.15). In order to check if f € H™(T) have to show that

H dg;n HL < oo foralln=0,1,...,m. We present the arguments for n = m and they

are apphcable in the same way for n = 0,1,...,m — 1, too. We consider dem x>HL2(T)

and apply the generalized Leibniz rule as in (3.17), so that we now have to ensure that

dk dm—k
i o g [V iv] @ <o (3.19)
forall k =0,...,m. We leave hot in the term corresponding to k£ = 0 untouched for now. For
k=1,...,m we use the Fad di Bruno formula to write the k-th derivative of the composition
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of functions h and v as

k

dak

k
hoy] (z) = > hO () Bre( (), 0" (x), ..., 0 4D (@) (3.20)
/=1

and the well-known Bell polynomials By, ¢ for k,¢ € Ng are given by

k—f+1

By y(z) := Z . . ! H (%)jm (3:21)

|. . q
o - 1. _
htistotdnoen=t, 7 Th—tr1* 55
J1t+2je+. A (bk—€+1)jk—e41=k

with z = (21,...,2k—¢41) . We observe that differentiating both sides of ¢~ (¢)(z)) = z on
both sides yields

1 o' (¢ ()¢’ (x)

/ i " ) = — — T / T 3‘
V@) = o Ve =S = W@ (@)
Based on this we also observe that for £ € N
@] @) = k@ @) = k@ (). (3.22)

Hence, the k-th derivative of 9 can be expressed soley in terms of powers of )’ and the first
(k — 1) derivatives of g by repeated insertion of the expression of ¢”. Formula (3.22) implies
that the highest appearing power of v’ increases by 2 with each differentiation. For example,

w0 =P (- s i),
000 = o (D DI L0 g 5407)

We note that each derivative of ¢ is bounded, based on the fact that ¢ is by definition in
Co(R), hence pop = 1/9)' € C(T) and any power of 1/¢’ is bounded, too. Additionally we
assumed that the first k derivatives of p are in Cy(R), too. Therefore, with constants Cy > 0
and C' > 0, for all £ € N we can estimate

< Oyl ()5

)

dak

and for the Bell polynomials By, ¢ in (3.20) we then estimate

[Biat! (@), 0" @), .... 0D a) (3.23)
< C B/ @) [0 @),/ (@)D,

The Bell polynomials were defined according to the rules to partition a number k € N into a
sum of ¢ € {1,2,...,k} natural numbers ji,...,j, € N, that are given by

Ji+Je+ g3+ .o+ Jr—rp1 =4,
i+ 2j2+3j3+ ...+ (k= L+ 1)jk—r41 =k

17



Substracting the first rule from two times the second rule results in the equation

J1+3j2+5js5+...+2k—40+1)—1)jr_ps1 =2k —¢

which reveals that in the polynomials By, ¢(|¢)'(z)], [/ (x)[3, ..., [¢'(z)|?*=*1D~1) as defined
in (3.23) the highest appearing power of |¢)/| is 2k — 1 for £ = 1. By extracting |¢)/(x)|?*~1
from each By, ¢ the remaining polynomials consist only of powers of 1/1)/, that are all bounded.
Hence, in (3.23) we further estimate

| Bre(@ (@), ¢ (), ..., p*= 4D ()] (3.24)
v a1 Bre(0' (@), [ (@), . . ! ()P D =L

< O | (z) 21 k(|9 ()], | (JZJ(x)?k—l (z)| )

< C' |y (@)

with constants C,C’ > 0.

We go back to the derivatives of h o in (3.20) and estimate them individually. For £k =0
we simply estimate

b0l m = (/
o) Hlcr) ( | dy)"’ ,

which exists if w’(o)_% € Loo(T). With the Fad di Bruno formula (3.20) and the upper bound
(3.24) for % [h o] (x) we estimate

W' (2) dx) (3.25)

IN

1

_ ( /
Ly(T) -3

< [/ @) /

k

k 1
| ovi@ o] () ()

[\
[N

k
Z hU Y (z) dw

1
2 |j=1
k .
d’7
< C- |l (z)% 2 > . 3.26
| 2 dy] LZ(R) (3.26)
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By inserting (3.25) and (3.26) into (3.19) we in total have for all £ € Ny the estimate

dﬂ
il 3.27
FEG] 3.27)
£ Y dk dé—k
<3 (3) [ e w g [VeenF @)
k=0 2
d’ !
< g Ve dw ] @w@d| bl
o3 () £ [vVETe] @ v Y gy
Pl dat= Loo(T) j=1 dy’ L2 (R)
l—k 1 3
<0 o | S0 [ wonw] @wereciay|
Loo(T)
l
(HhHLQ Zuhum)
k=1
—k 1 3
S C kI:r(lf'Xj de |: (wow)w] ( )w/(x)max(*ﬁgk*ﬁ) LOO(T) (g‘i‘ 1)Hh||H€(R)

with constants C,C” > 1. This upper bound exists as long as the Lo,-norms are finite and
h € H™(R). In total we finally estimate

1
2 2
Ly (T)>
dé—k

dzl=F [ (wot) W} (x) zp’(g;)maX(fé,ij)

dZ
da!

[/](x)

Il ey = (Z

£=0

< (C max max
£=0,....,m \ k=0,

m 2
X <Z(f + 1)2||h||§{é(R)>
=0
df—k

da:z k

[ (woy) w’} (z) ¢/ (z)max(-2:2k—5)

< (C max max
{=0,...,m \ k=0,

X (m + 1)HhHH’”(R)

Next, we generalize the previous Theorem by proving its multivariate version. Again,
to simplify the notation in (1.4) of the d-variate differential operator D™[f](x) with both
m = (my,...,mg) € Nd and x = (z1,...,24) " € R? we use equivalent expressions for certain
(partial) derivatives and state explicit arguments in various norms. When differentiating a
multivariate function f with respect to the j-th coordinate mj-times we write

oM

m;
Ox ;

"I [fl(x) = [£]1(¢) = D0 000 ] ().
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For the first and ¢-th derivatives of univariate functions with ¢ € N we use the notation
wm:émm>m¢Wm:$ww»
Similar to (3.15) we consider multivariate transformed functions f € Lo(T¢) of the form
F(x) = (ho)(x)V/(wo ) (x ) ()
= h(Y1(z1), ... s alza)) \/wk (e (@)l (zr), x € T, (3.28)

that are the result of applying the multivariate change of variables

= Y1,y ¥a) " = (W@1(21), - Yalza)) T = p(x)

as defined in (3.4) to a function h € Lo(R%,w) with a product weight w as in (3.10) and for
which we have the identity

Iy = [, IR () dy (3.20)
= [ 1tho 0)G0P (w0 0)) D010 ax = 7,

Again, we derive a set of sufficient L..-conditions on the multivariate transformation 1 and
the product weight w, that determine when a function h € Lo(RY w) N H™ (RY) can be
transformed by ¢ 1nt0 an f € H™ (T?) of form (3.28).

mix

Theorem 3.5. Let the dimension d € N, m € Ny, a d-variate transformation ) : (—%, %)d — R4

as defined in (3.4) with the d-variate density function o(y) = H;l:l 0j(y;) of ¢ as in (3.3), a
non-negative product weight function w : R? — [0,00) as in (3.10), a multivariate function
h € La(RY,w) N H™ (R?) and the corresponding transformed functions f of the form (3.28)
be given.

We have f € mlx( ), if for all multi-indices m = (myq,...,mg)" € N¢,|/m||,.. < m and
all jy=0,...,m,£=1,...,d we have

P [d () €Co(R), D [v] () € C((=1/21/2)
oI | \f(we o vy (@e) wylae)m 32D

and  max
Je=0,...,mg

b < (3.30)

Proof. For h € Lo(R%,w) N H™ (RY) with m € Ny and a transformation v as defined in

(3.4) we consider the function f as given in (3.28). In order to check if f € mlx(']I'd) we
have to show that for all multi-indices m = (my,...,m ) € Nd with [|m|,_ < m we have
D™ [f1(x) | £ (ray < 00
Let m = (my,...,mg)| € Nd be any multi-index with ||ml/,., < m. For a multivariate
transformed function of the form (3.28) we have
d 2 2
1D g,y = | [ ‘Dm [(ho ) T/ o v wk] x| ax| . @31
k=1
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Based on the product weight function in the transformed function f in (3.28) we have

d
D™ [(h o) [T \/(wr o wk)%] (x)
k=1
d
. [ . lﬁml [ neo ]l W] @ >] (@).. ] i (33

By applying the Leibniz formula as in (3.17) we obtain for all £ =1,...,d

d
gme [(h o 1)) H \/m] (20)
- Z (Zf) & [h o ] (wg) O [H \/m] (x¢) (3.33)

Je=0

and in total rewrite the expression in (3.32) as

d my mg
D™ [(how)g\/(wkowkﬁ%] (x)=> (ZT) Y (Zd> DULIa)[h o 4] (x) x (3.34)

J1=0 Ja=0

d
% D=t ma—ja) [H (wk 01/%)"(%] (x)
k=1

Next, we apply the Fad di Bruno formula (3.20) to each univariate ji-th derivative of h ot
n (3.33) so that for £ =1,...,d we have

o Zla DBieieWilan)y - 0" a)  rdeeN, o
B (x)) e =0,

Low, Bo (Vy(we). v (o). 0" (@) = 1.

We combine the norm [[D™[f](x)|},(ray in (3.31) with the expression resulting from ap-
plying the Leibniz formula to D™[f] in (3.34) and the subsequent application of the Fad di
Bruno formula in (3.35). Then we estimate

mi,...,m J1yeeed
1D 6 ey < 3 H(me)l > ([ prmwenex @30

71=0,...,54=0¢=1 11=1,...,iq=1

x H |Bjpio (Wh(e), - 07D (@) 2 %

d
p(mi=jt,...;ma—ja) [H \/m] ( )

Despite the iterative integral appearing in (3.36) we estimate each coordinate separately
with the univariate arguments of the previous proof by fixing all but one coordinate one

2 2
X dx .
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after another. Recalling the arguments in (3.24), if all appearing derivatives of 1, are in
C(—1/2,1/2) and the corresponding derivatives of the density gy are in Cy(R) then for all Bell
polynomial Bj, ;, with j, > 1 appearing in (3.35) and (3.36) there is some constant C' > 0 so
that we can estimate

(B (Wyle) 0 e ™D ()] < Ol ¥,

Analogously, to (3.25) and (3.26) for each £ =1, ...,d we have to separate the summand for
je = 0 from the summands corresponding to j, = 1,...,d. Starting with / = 1 we estimate
(3.36) as in (3.27) after inserting the productive one 1 =] (ml)w,( 73> S0 that

ID™AGI L, (ray

SCI<(m11> L
m2,...,mqg  d e J25e-5Jd
- Z H(i@) Z </1rd1 -

72=0,...,54=0¢=2 i9=1,...,59=1

x [ DU D[R] (g (1), - . palwa)) P (21) day

X
Lo (T)

gt [ (w1 o¢1)¢3} (1) W ()™~ 2:201—3)

x H |Bj iy ((e), - P ()2 x
(=2

d
D(m2—j2,u-,md_jd) [H (wk o wk)w;“] (1’2, ceey ZL‘d)
k=2

After repeating this process for = 2, ... d and inserting the inverse transformations z, = 1/1;1 (ye)
forall £=1,...,d we end up with the estimate

DI Ly (ray

d
my
< C max
B [:1_[1 ‘ ((?W) jZZO,...,mé

X d(ze,...,xq)

i max(—L 2i,_3
o™ ”‘[ (weOW)%} () Py (g) X220 73) o
mi,...,,md J1,-5dd d 2
X Z Z (/ | DU [ (461 (1), --,wd(xd))lznwé(w)dX>
J1=0,....ja=0141=1,...,ig=1 =1
me—J max(—2,2j,—32
<1 g, Jom [iere vt eosteacion ],
mi,...,MMq Jiy-sJd ) ] 5
x Z Z ( / |D<“’~~ﬂd>[h1<y1,...,yd>|2dy>
. Rd
71=0,...,54=0141=1,...,iq=1
me—J max(—1,2j,—32
<0H a0 [y f(weo vy (o) viaom 2D
mi,...,Mg
S Il gy
71=0,...,54=0
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with j = max(j1,...,jq) in the last estimate.
Since the previous estimate is valid for all multi-indices m = (my,...,mg)' € Ng with
|lm||¢, < m we finally estimate

N |=
N[

Il ooy = D ID™FILyre | = Yo D)Ly
[lml|¢, <m m1=0,...,myq=0

d
SCH max X
me=0,...,m

/=1

‘Loo(’ll‘)> %

ot [\ J(we o o)ty (we) ey 320e=3)

X . max
Je=0,...,myg

x (m+ 1)dHhHHQiX(Rd)-

3.5 Approximation of transformed functions

We establish two specific approximation error bounds for functions defined on R% based on the
approximation error bounds on the torus T? that we recalled in Theorems 2.2 and 2.3. The
corresponding proofs rely heavily on the previously introduced sufficient conditions in Theo-
rem 3.5 that describe when Sobolev functions h € La(R%,w) N H™ (R?) with a multivariate
weight function w : R? — [0, 00) as given in (3.10) can be transformed into Sobolev functions
of dominated mixed smoothness on T¢ of the form (3.28) by multivariate transformations
¢ (=1, 17— R? as given in (3.4).

At first, we fix some notation of certain multivariate objects. Based on the definition of a
rank-1 lattice A(z, M) in (2.6) we define a transformed rank-1 lattice as

Ay(z, M) ={y; =v(xj) :x; € N(z,M),j=0,...,M —1}. (3.37)

Accordingly, we denote the transformed reconstructing rank-1 lattice by Ay (z, M, T).

Besides the weight function w, also the density p of the transformation ¥ is of product form
as defined in (3.3), i.e., it is the product of univariate densities 0;(y;),7 = 1,...,d. Hence,
based on the functions ¢ given in (3.11) this product form extends to

d
o(y) = [ er, (w5)- (3.38)
j=1

Similar to (3.12), the multivariate weighted Lo(R?, w) scalar product reads as

d

(k) sy = [ TT st () Ralyyay (3:39)

j=1

and similar to (3.13) the multivariate Fourier coefficients are naturally given with respect to
this scalar product as

iLk = (h, gok)LZ (Rd,w)‘ (3.40)
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As before in (3.14) we define the multivariate Fourier partial sum as

Srh(y) = Z hic er(y)-

kel

Suppose f € Lo(T?), then for each I C Z? the system {#x} ke spans the space of transformed
trigonometric polynomials

o 0(°) 2mik-p=1(o0) .
7y = span{ (o) e kel (3.41)

Similar to (2.7), for transformed trigonometric polynomials h € IIj, transformed lattice
nodes y; € Ay(z, M, I) and k € I we have the exact integration property of the form

1 ! 1 ! Q() ) —27ik-yp~ Ny A
2mik-x ) 7 2mikp ™ (y5) _ F
= — JEO f(xj)e i=— 2 h(y;) oly;) » e i) = hy. (3.42)

Generally, the multivariate approximated Fourier coefficients of the form

YUl N o(y;) —2rik-~(y;) _ 1
hy = M Z h(y;) w( ¢ M Z hy;) ely)
=0 7=0

Y;)

only approximate the multivariate Fourier coefficients hi. Finally, the multivariate version of
the approximated Fourier partial sum is given by

SPh(x) = higpil(y). (3.43)
kel

Similar to the H?(T%)-norm in (1.3) we define a norm of weighted Fourier coefficients hy of
the form

HhH?qm(Rd) = Z whe (k)™ e 2.
keczd

With these rewritten objects we transfer the approximation error bounds in Theorems 2.2

and 2.3 for functions defined on the torus to RY.

3.5.1 L.,-approximation error

Based on the Lo (T¢)-approximation error bound (2.9) and the conditions proposed in The-
orem 3.5 we prove a similar upper bound for the approximation error ||h — S?d h|| in terms of
N

a weighted Loo-norm on RY.
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Theorem 3.6. Let d € N, m € Ny, a hyperbolic cross I]‘%, with N > 291 and a reconstructing
rank-1 lattice A(z, M, I]({,) be given. Let v be a multivariate transformation as defined in
(3.4) with its corresponding density function ¢ in product form (3.3). Let w be a weight
function as in (3.10) and we consider a multivariate function h € Ly(R%, w) N H™ (R9). Let
A > 3. Furthermore, for all multi-indices m = (myq,...,my)" € N¢ with |ml, < m and all
Jje=0,....m{€=1,... d we assume

& [0] (ve) € Co(R), & [¢] (x() € C((—=1/2,1/2))
and

< Q.
Lo (T)

. max
Je=0,...,my

oI |\ (e o ey | (o) wyaem 22D
Then there is an approximation error estimate of the form

Hh B Sj\zdvhHLoo (Rd,\/%) S 2N er/\HhH?-U"(Rd)‘
Proof. Let m € N,d € N and let h € Ly(R% w) N H™ _(RY). By assumption the criteria
in Theorem 3.5 are fulfilled and thus the transformed function f of the form (3.28) is in
H™ (T9). These f are also in H™(T%), due to the norm equivalence (2.3) and furthermore
have a continuous representative, because of the inclusion H™(T?) < A™~(T¢) < C(T%)
with A > } as in (2.4). Hence, for f € A™~*(T?) N C(T?) we have the approximation error

bound
If— Sé\]o\lffHLoo('ﬂ‘d) < 2N £l gmer ey (3.44)

as stated in Theorem 2.2.
With the inverse transformation x = ¢~!(y) we have

A~

hi = (h, i) Ly (rew) = () *0) ey = S

and
HhHim(Rd) = Z th(k)2m|ilk|2 = Z WhC(k)2m|fk|2 = Hf”?—[m(’]l‘d)’ (3.45)
kezd kezd
as well as
w(y) .
h—Srah —\ = esssup ——= | h(y) — h y
H 14, HLoo (Rdv\/g) yeRd Q(y) ( ) kg]:d k‘Pk( )
N

= eSS SUPy cRd h(y) \/Ty) — Z ilk o2k (y)
oly) 2 o

= esssupyerd | (Y(x)) Vw((x))Y! (x) — Z hy e2mikex

keld,

= If = S fllnoo(ra)
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and
Ih = Sjg bl (aa, J == S Fllpre)- (3.46)

In total, by combining (3.46), (3.44), (2.5), and (3.45) we estimated for f € H™(T%) N C(T)
that

Hh - S?j"vhHLoo (Rd \/z) = Hf - S?]dfoLoo(Td) < QN_mJN\HfHAmﬂ(Td)
"\ e

< 2Cd7>\N7m+>\HfH”Hm('J1‘d) = 2Cd,/\meH||h”91m(ﬂad) <00

with A > % and some constant Cg \ > 1. [ |

3.5.2 Lsy-approximation error

Similarly, based on the Ly(T%)-approximation error bound (2.10) and the conditions proposed

in Theorem 3.5 we prove an upper bound for the approximation error ||h — 5’2% h|| in terms

of a weighted Lo-norm on R

Theorem 3.7. Let d € N, m € Ny, a hyperbolic cross Iff, with N > 24+ and a reconstruct-
ing rank-1 lattice A(z, M, I¢,) be given. Let ¢ be a multivariate transformation as in (3.4)
and w be a multivariate weight function as in (3.10). We consider a multivariate function
h € Ly(RY,w) N H™ (RY). Furthermore, for all multi-indices m = (my,...,mq)" € N¢ with
lm|le., <m andall jy=0,...,m,£=1,...,d we assume

& o] (ye) € Co(R), &[] (w) € C((—1/2,1/2))
and

- max
Je=0,...,m;

gme—ie [W} (¢) ¢2(x£)max(_%»2jz—%)

Then there is an approximation error estimate of the form

< o0.
Loo(T)

= S8 Bl ey S N (108 N) D72 Bl gy

Proof. Let m € N,d € N and let h € Ly(R%,w) N H™_ (R?). By assumption the criteria in
Theorem 3.5 are fulfilled and thus the transformed function f of the form (3.28) is in H™(T¢9).
These f are also in H™(T?), due to the norm equivalence (2.3) and they furthermore have
a continuous representative, because of the inclusion H™(T¢) < C(T?) as in (2.4). For

f € H™(T?) N C(T?) Theorem 2.3 yields the approximation error bound of the form
17 = 834 Fllzaceay < CasN (08 M)A/ fllgs (3.47)

with some constant Cy 3 := C(d,8) > 0. With the inverse transformation = ¢~!(y) we
have

e = (0 1) ) = (7™ ooy = i
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and

102 gty = 3 e el = 37 e il = 112 iy

kezd kezd

as in (3.45), as well as

1P = S1g b7, (a) = / =Y )| w@)dy = [1f = Spa fl7 ey (348)

keld,
and
|h — S?IthHLQ(Rd,w) =|f- S?]dvfnh(’]l‘d)'
In total, by combining (3.48), (3.47), and (3.45) we estimated for f € H™(T%) N C(T%) that
[ — S?chVhHLz (Riw) = If = S?JdeHLQ ey S CapN P (1og N) D72 £y pa)
= CasN " (log N) D72 || gym ey < o0

with some constant Cy g > 0. [ ]

4 Algorithms

In this chapter we start denoting the parameters 77, u € R¢ in families of multivariate param-
eterized transformations ¢ (o,n) as in (3.4), in families of multivariate parameterized weight
functions w(o, 1) as in (3.10) and in all related functions and objects.

We adapt the algorithms described in [8, Algorithm 3.1 and 3.2] that are based on one-
dimensional fast Fourier transforms (FFTs). They are used for the fast reconstruction of
approximated Fourier coefficients fzﬁ and the evaluation of a transformed multivariate trigono-
metric polynomials, in particular the approximated Fourier series Sj\h, both given in (3.43).
This is denoted as matrix-vector-products of the form

h=Ah and h=M'A*h (4.1)

with 9, € R% h = (h(yj) zgjs)))J:O Mt for y; € Ayo.nm)(z, M), h := (hi)ker, and

the transformed Fourier matrices A and A* given by

A — (e27rik~7,b*1(yj777)) e cMxlIl,
ijAw(o”,)(Z,M),kGI

A* = (e—mk-w*l(yj,n)) c clixM
kEI,ijAw@m)(Z,M)

We incorporate the previously described idea that the functions h € La(R%,w) N H™ (R%) are

mix
transformed into functions f on the torus T¢ that are of the form (3.28) via transformations

x; = 1¢(y;,m), so that we have samples of the form

) | S = o) ). )01 5m) = .00 = £,

depending on the particular choices for i, u € R%.
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Figure 4.1: A two-dimensional lattice A(z, M) with z = (1,3)", M = 31 on the left and the
resulting transformed lattice Ay (o ) (2, M) for the algebraic transformation in the
center and for the error function transformation on the right, as given in (4.2) and
both used with n = 1.

Remark 4.1. We identify T¢ with different cubes. On one hand, when defining rank-1
lattices A(z, M) in (2.6) we identify it with [0,1)%. On the other hand, in order to apply the
transformations 1 we need to consider T ~ [—l l)d, which we achieve by reassigning all

202
lattice points x; € A(z, M) via

1 1
X Xj—|-§ mod 1 )
forallj=0,..., M —1.

We already showcased in Figure 3.1 that the definition of v in (3.1) allows a range of
functions with different slopes, which manifested in algebraic or exponential density func-
tions 0. In Figure 4.1 we highlight these differences once more with transformed rank-1
lattices Ay (om) (2, M) as defined in (3.37). We consider the two-dimensional rank-1 lattice
Az, M) generated by z = (1,3)" and M = 31. We compare the transformed lattices for
the algebraic transformation and the error function transformation of the form (3.5) in their
two-dimensional versions given by

]
w(x,n)—< a2t ) (k) = (merf (2w1),merf 1 (222) . (4.2)

V11— 422" \/1 - 4a?

Form = (n1,m2)" = (1,1)T the graphs in the center and on the right of Figure 4.1 reveal that
the algebraic transformation causes a wider spread of the lattice nodes close to the center,
whereas the slope of the error function transformation increases hugely towards the boundary
points which we only notice for larger values M and much finer lattices with more nodes closer

to the boundary of the cube (—3,3)%.

4.1 Evaluation of transformed multivariate trigonometric polynomials

Given a frequency set I C Z? of finite cardinality |I| < co we consider the multivariate trigono-
metric polynomial h € T o) as in (3.41) with Fourier coefficients hy. The evaluation of h
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Algorithm 4.1 Evaluation at rank-1 lattice

Input: MeN
z € 74
Iczd

lattice size of Ay o) (2, M)
generating vector of Ay (2, M)
frequency set of finite cardinality

ﬁ:(ﬂ) Fouri fficients of h € 11 (o
K)o ourier coefficients o I(om)
. M-

g= (02"

for each k € I do
gk-z mod M — gk~z mod M + hk

end for
h =iFFT_1D(g)
h = Mh
Output: h = ]\1}:1 = function values of h € Il y (o)

(h(Yj) \/M)jzo

at lattice points y; € Ay(o (2, M) simplifies to

h(y]) w(Yj7 H) — Z }Alk eZﬂik-w_l(yj,n)

ovism) =
M—1 . M-1 ,
_ 7 2milL ~ 2mid-L
= g hx | e M = pe M,
=0 kel =0

with

kel,
k-z=¢( mod M)

In total, the evaluation of such a function is realized by simply pre-computing (gg)é‘i 61 and
applying a one-dimensional inverse fast Fourier transform, see Algorithm 4.1.

4.2 Reconstruction of transformed multivariate trigonometric polynomials

For the reconstruction of a multivariate trigonometric polynomial h € Il (o ) as in (3.41)
from lattice points y; € Ay (o) (2, M, I) we utilize the exact integration property (3.42) and
the fact that we have

Mz_l <e2wiW)j = {M for k-z =k -h(modM), (4.3)

— 0  otherwise,
7=0

and thus A*A = MI with I € CUI*Il being the identity matrix. For fixed parameters
n, u € R we have input sample points of the form

) | S = o) ). )01 5m) = .m0 = )
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Algorithm 4.2 Reconstruction from sampling values along a transformed reconstructing
rank-1 lattice

Input: Iczd frequency set of finite cardinality
M eN lattice size of Ay o) (2, M, 1)
zc 74 generating vector of Ay ) (2, M, 1)
—\ M-1 ‘
h = (h(yj) Zé;’j:s)))jzo function values of h € TI7 (o )

g =FFT_1D(h)

forA' each k € I do
hk = 37 0k-z mod M

end for

Output: h=M1A*h = (ﬁk)k ; Fourier coefficients supported on I
€

For the reconstruction of the Fourier coefficients hyx we use a single one-dimensional fast
Fourier transform. The entries of the resulting vector (gg)é‘igl are renumbered by means of
the unique inverse mapping k +— k - z mod M, see Algorithm 4.2.

4.3 Discrete approximation error

In order to use Algorithms 4.1 and 4.2 to illustrate the proposed error bounds of Theo-
rems 3.6 and 3.7 we sample the approximated Fourier partial sum S?h in order to discretize
and thus approximate the error ||h — S2h|| —=—7 that is equal to ||f — S fl L

. T o (e, f50) e
as shown in the proof of Theorem 3.6. Based on the given sample data in the vector

M-1
p— . W(Y'vl"') . . . ) .

h = (h(y]) m)j:o with lattice points y; € Ay o) (2, M, I) we apply Algorithm 4.2
yielding a vector of approximated Fourier coefficients via h = M~'A*h, which we immedi-

ately put into Algorithm 4.1. After applying both algorithms we have computed the vector
happrox =M 'AA*h = (Sé\%h(}’]))]j\/ial

In [10, Corollary 1] it was shown under mild assumptions that for each frequency set I C Vi
that induces a reconstructing rank-1 lattice, there is an M € N such that [I| < M < |I]?. Fur-
thermore, in (4.3) we already observed that for a reconstruction rank-1 lattice Ayom) (z,M,I)
we have A*A = MT with I € CHI*I| being the identity matrix. However, AA* € CM*M jg
generally not an identity matrix. Hence, there is a gap between the initially given values h
and the resulting vector h,pprox that we quantify with the discrete approzimation error

w(yj, 1)

h — happrox|le,, := max
H appro: H Q(YJ7 T[)

. A .
=0, M—1 h(y;) S[;ivh(yg) : (4.4)

But it’s important to note, that we only discuss this particular discretization approach that
is exclusively sampling on the rank-1 lattice nodes and doesn’t measure the quality of the
approximation at any point outside the rank-1 lattice. Nevertheless, for hyperbolic crosses
I f{, we still have the upper bound

hih ZOOS h*SAh e 45
I~ bapprsles, < 10 = Shl, (g o) "

=f- S?JdeHLoo(Td) < 2N 7"\ Allygm (wa
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for appropriately chosen parameters 1, it € R? as shown in Theorem 3.6. Hence, the theoret-
ical results predict a certain decay rate of the discretized approximation error for increasing
N € N with fixed m € N and suitably chosen parameter 1 and p.

On the other hand, for the Ls-approximation error we lack a similar discretization ap-
proach. However, by Theorem 3.7 we know that for fixed m € N and suitably chosen pa-
rameters 1 and p the error ||h — S?Jc(]hHLQ(Rd,OJ) = [If - S?J%fHLQ(Td) is bounded above by

N~™(log N)(dil)/ZHfH'Hm(Td). By Parseval’s equation we have

Hf—Sﬁdfo%Q(Td) = > =P =D_ AP+ D] Ih— Al

kezd kezZAN\IE keld,
= 1B+ 2 (A= AP =1AR). (10)
kel

Hence, we can evaluate the Lo- approx1mat10n error if we used Algorithm 4.2 to reconstruct the
approxnnated Fourier coefficients fk and if it is possible to calculate the Fourier coeflicients
fk for all k € I]‘%,. Later on we present an example where the Fourier coefficients fk can
be computed for all k € Z¢. Generally this isn’t possible, so that we have to resort to the
theoretical approach based on norm equivalences presented earlier in this paper in order to
obtain the information if the Fourier coefficients fi are square summable.

5 Examples

Based on the algebraic transformation (3.6) and the error function transformations (3.8) we
discuss certain choices for test functions h and weight functions w for which the proposed
smoothness conditions (3.30) in Theorem 3.5 are fulfilled. In both cases we proceed similarly:
We fix a family of multivariate weight functions w(o, ), u € R? as well as the test func-
tion h in Lo(R%, w(o, m)) N H™ (R?). Then we fix a family of multivariate transformations
P(o,m),m € Rd of the form (3. 5) Afterwards we calculate lower bounds for p and 7 such that
f(x,m, 1) = h((x,m)) \Jw(® w) Y’ (x,m) isin H™ (T%) for Sobolev-smoothness orders
m =0,1,2,3. F inally we sw1tch to dlmens1on d = 2 and based on the calculated parameter
bounds, we use Algorithms 4.1 and 4.2 for numerical tests of the L..-approximation error
bound proposed in Theorems 3.6 and discuss the possibility to evaluate Fourier coefficients
hy.

Throughout this section we repeatedly specify parameter vectors that have the same number
in each entry, for which we recall the short notation of just using a single bold number, e.g.,

1=(1,...,1)" that appeared earlier in the definition of rank-1 lattices A(z, M) in (2.6).

5.1 Algebraic transformation

The test function is of the form

1

My) = ——%
L+ [lyll7,

(5.1)

with [|ylle, :==1/y? + ...+ 2 for y € Re. According to [1, pp. 363-364] in d = 1 this function
is rather difficult to approximate by classical approximation methods. We fix an multivariate
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algebraic weight function of the form

d L\
w(y, p) = (5.2
Y. jl;[l (1+y?> )

with g = (p1,...,pta) " € R, and the algebraic transformation ¥(x,n) = ((¥j(z;,1;))9_)"

7j=1
in the form (3.5) with x € (—1,1)?, the parameter n = (n1,...,74)" € R? and its univariate
components given by
2n;7; ' 2n;
vixgm) = ——1—, Wi(agn) = —— S, (5-3)
3\ T35 5 (1—495)1 ARV (1—495)
_ Yj 1
O ) = s 0 m) =
2012 +v3)2 207 +y3)>

For n; = 1 we stated the definition of v;(o0,1) earlier in (3.6). For the resulting weighted
Hilbert space Lo(R%, w(o, ) we have a system {¢x }y oz of product functions given in (3.38)
with univariate components (¢y; )d 1 as in (3.11) of the form

1 2] L3 kg (n24y2) " 2
Pr; (Y M 115) = \ﬁ(hry?) 2 (2 + y2) "1 MRy Y) 2

that are orthogonal with respect to the weighted scalar product
d
-3 —K
(h1,12) e Q/RdH L+ 92) 7 () Paly) dy

and the Fourier coefficients hy of an arbitrary function h € Ly(R?, w(o, u)) are of the form

/\

(h790k)L2(Rd (o))
/h ) ex(y. 1, 1) wly, p) dy
Rd

d

d i 1
2 / h(y) [T +92) % 0 +y3) "5 e hmtioD) 2 ay.
R4 .
7=1

The test function h in (5.1) combined with the weight function (5.2) and the transformations
(5.3) lead to transformed functions f in the sense of (3.28) of the form

f(xﬂ%li) = h(¢1($17771)7---7¢d xdﬂ?d H \/wj % x]?”]) M3)¢ (wjvn])

-1

4?2 d 1 — 42 Ho -
_ (1 1% ! 2; (1 - 423) 5.4
* Z 1 — 422 H 1—4(1- n?)aﬁ i i (5.4)

j=1 J j=1

[SII¥Y

In Figure 5.1 we have a side-by-side comparison of the graphs of these transformed functions
with d = 2 for fixed p = (4,4)T with varied n = (n1,72) € R%, 1/2 < 11,12 < 2 and for fixed
n= (1’ 1)T with varied r= (Hla#?)—rv 0< K1, 2 < 10.
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LTS
T

Figure 5.1: Plots of the two-dimensional transformed function f(o,n, u) for various combi-
nations of the parameters g and 1 with an algebraic weight function w(o, p) in
(5.2) and the algebraic transformation 1 (o,n) in (5.3). Horizontally pu = (4,4)"
is fixed, vertically n = (1,1)T is fixed. The individual univariate functions
f((21,0),m, 1), £((0,22),n, ) are shown with dashed lines.

We proceed to determine the values m, u € R for which f(o,n,u) as in (5.4) is element of

m (T?) by investigating conditions (3.30) in Theorem 3.5. First of all, we observe that for
M,---,Nq > 0 the components 91, ...,y of the function ¥ (o,n) in (5.3) are transformations
in the sense of (3.1) by being increasing, continuously differentiable, and invertible functions.
Furthermore, for all £ = 1,...,d it’s easy to check that its first three derivatives of all ¥;(o,7;)
are in fact continuous on (—%, %) for n; > 0 and that the first three derivatives of p;(o,n;) are
in Co(R) for all non-zero n; € R. Finally, we check the Lu.-conditions (3.30) in Theorem 3.5
for m = 0,1,2,3. We suppose that for £ = 1,...,d we have m = m, and need to check that

the appearing Lo (T)-norms are finite for all j, =0,...,m:
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e Let m = 0, then we only have the condition

H \/wz(we(a% ne), ) Vp(@e, me) (W (e, )2

B 1 — 4a? He
I\ = 4(1 = n2)a?

which is finite for py > 0.

Loo(T)

Loo(T)

e Let m = 1. We have to check two conditions. For j, = 0 we have

|

N

a(; [\/we(W(w, ne)s te) Vy(we, m)} Yy(we,me)”

Loo(T)

) ( (1 - 422) )’3“1 (= (42 + 3)pag + 6(1 + (2 — D)a2))
“\T+a(nZ = 1)a? (1+4(nf — 1)a7)?

Loo(T)

and this is finite if py > 2.

For j; = 1 we have

H\/w(@be(fﬂz, me)s tie) Wy (e, me) (W5 (e, me)) 2

Hy
1 — 42 2 3
2 ¢ 1—4z7)" 2
o <1+4(n§ - 1)@“?) (1= o)

Lo (T)

Lo (T)
and this is finite for p, > 3.

e Likewise, after checking the individual conditions we conclude that for m = 2 we have
an lower bound of p, > 9 and for m = 3 it is s > 15.

In total, f is at least an Lo(T%)-function for all juy,...,uq > 0, it is at least in HL. (T¢) for
[, - - fig > 3, at least in aniX(Td) for py,...,uqg > 9 and is at least an HgliX(Td)—function
for p1, ..., puq > 15. Apparently, the parameters 7y, ..., 7y in the transformation (o, n) don’t
have an impact on the Sobolev-smoothness of f(o,n, u) as in (5.4), according to this specific
set of conditions. In other words, if 1 is able to control the smoothness of f then we can’t
recognize it with these conditions — at least for this particular combination of transformation

1 and weight function w.

5.1.1 L.,-approximation error discussion

Next we discuss the application of the multivariate L., (R?)-approximation error bound in
Theorem 3.6 for d = 2 with the two-dimensional test function h in (5.1), the weight function
(5.2), the transformations (5.3) and the resulting transformed functions f given in (5.4).
Let a reconstructing rank-1 lattice A(z, M, IJQV) with N > 8 be given. We already evaluated
the sufficient conditions proposed in Theorem 3.5, yielding lower bounds for g > 0 such that f
is at least of Sobolev-smoothness order m = 0,1,2,3, i.e., f € H™ (T?) and thus f € H™(T?).
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Figure 5.2: Comparison of discrete {o-approximation error ||h — hupprox|le,, /|| R|le,, of two-
dimensional test function (5.1) in combination with the algebraic transforma-
tion ¥ (o,n) (5.3) and the algebraic weight function w(o, ) (5.2) in their two-
dimensional versions with fixed n =1 and p € {0,4,10,16} .

We fix A = 1 and for m € Ny we choose p, 17 € R? such that f € H™TH(T?) — A™(T?). As
outlined in (4.5) we expect the discrete approximation error (4.4) to be bounded by

NO for p; >0,
N-1  for p;>3,
N=2  for i >9,
N3 for p;>15.

[h — happroxuéoo < Hf - S%\,fHLw(W) S (5.5)

For N = 8,...,80, n = 1 and p € {0,4,10,16} we actually observe this behavior for
the relative discrete approximation error ||h — happrox||e. /|| hlle., as seen in the left plot of
Figure 5.2.

5.1.2 [s-approximation error discussion

We switch to dimension d = 1. In Theorem 3.7 we proved that when f of the form (3.15) is
in H™(T) NC(T) we have

A A -
||h_S]11Vh||L2(R,w) = ||f_S]]1Vf||L2(T) SN .
For one particular special case with explicitly computable Fourier coefficients fk we observe

that their rate of decay is consistent with the theoretical propositions. The conditions of
Theorem 3.4 yielded for m =1,2,3

HYT) for pu>3,
fE€HYT) for p>9, (5.6)
H3(T) for pu>15.

We compare these lower bounds with the specific lower bounds for the chosen & in (5.1).
Fixing n = 1 the transformed function f in (5.4) simplifies to

Fla, 1) = fla,p) = (1 — 4a?)z02),
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We then explicitly calculate that

J

for > 2, as well as

J

for p > % and so forth, which is summarized for m = 1,2, 3 as

d

2 2 .

1 _3
—[fl(x, )| dz= (,u+> /16:[;2\1—43:2\“ 2 dr < oo
dSU T

2

2 2
T 111 )

dz?

de =42u+1)> / (1—(4u—2)x2)2 }1—4:62‘“_% dz < o0
T

HYT) for p>3,
fedHXT) for p>1, (5.7)
H3(T) for pu>34.

Due to the norm equivalence (2.3) we know that the absolute Fourier coefficients |fx| of a
function f € H]' (T) decay at least as fast as |[k|™™. In our particular example with the
above f(x, n) we have a decay twice as fast, which is observed by considering k € Z\ {0} and
calculating that

( _ i 2\/§
/1T(1—4:E2)e QWkIdx:WZIk‘Q for u:%,
; . 24v/2
_ /9. 2\2 —2nik _ _7
|fel = V2 /T(l—éla;) e ”‘xdx—ﬁ4‘k|4 for p=3,
Comi 48/2|m?|k|? — 15|
2\3 —2nik _ _ 1
k/T(l—él;r) e ™M dr = A for p=%.

The general Lo.-parameter bounds in (5.6) look relatively coarse in comparison to the
exact bounds in (5.7). However, generally we can’t compute the Fourier coefficients fk of a
transformed function f, which makes the conditions proposed in Theorem 3.4 so powerful,
as they work independent of the particular choice of h € Ly(R,w) N H™(R) for the cost of
yielding not the most precise lower parameter bounds.

5.2 Error function transformation

o 2
In this section we settle for the constant function h(y) = 1. We could choose h(y) = e I¥llz,

or even the algebraic function h(y) = W in (5.1), but they all impose the same problem
£

that we will not able to compute their Fourier coefficients iLk. We proceed in the same way
as in the previous section with the algebraic transformation. We fix the Gaussian weight
function

d
1 2,2
wly,mw)=— || e H¥% 5.8
(v, ) 3 1:[ (5-8)
7j=1
with u € R?, as well as the error function transformation v (x,n) = ((wj(xj,nj));lzl)—r in
the form (3.5) with x € (—3,3)¢, the parameter n = (n1,...,74)" € R? and its univariate
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components given by

wi(ay,m) = nyerf 1 (2ay),  W(xg,my) = nyv/melet o) (5.9)
2
- 1 ] 1 (2
(0 1(?/3‘,77]‘) = —erf <y]> o o(y;,m;) = e (nj) .
27\ -

For n; = 1 we stated the definition of 1;(o,1) already in (3.8). For the resulting weighted
Hilbert space La(R?, w(o, ) we have a system {¢x }yczq of product functions given in (3.38)
with univariate components (¢ )?:1 as in (3.11) of the form

%(ujf%)y +mik; erf( J)
j

€ )

1
Pk (ijnjvﬂj) —
j

that are orthogonal with respect to the weighted scalar product

e ) e

and the Fourier coefficients fi of an arbitrary function h € Lo(R% w(o, p)) are of the form
hic 1= (1 01) L, (Bt (o)) = /Rd hy) ey, m, w) w(y, w) dy

d 1.2 1 2 . Yj
1 §(Mj—7)yj—ﬂlkjerf(7) 1 _ 2.0
wy) [ 2™ ) L gy
/Rd 1 i ves

j:
d d . v 1¢,20 1,2
1 77r1k'erf(—?) —5(ui+-5)y;

The constant test function h(y) = 1 combined with the weight function (5.8) and the trans-
formations (5.9) lead to transformed functions f in the sense of (3.28) of the form

f(X,’l’],[,l,) = h(¢1(xlan1)7' . -a¢d($da77d \/w] % :Ujvnj) My)w (.%'],7’]])
1

Jj=

d
H 2 o3 (1= n3)ert =1 (225)2 (5.10)

In Figure 5.3 we have a side-by-side comparison of the graphs of these transformed func-
tions with d = 1 for fixed u? = 3 with varied 1/2 < n? < 3 and for fixed = 1 with varied
1< p? <10.

We proceed to determine the values n, u € R? for which f(o,n, u) as in (5.10) is element of
H™ (T9) by investigating conditions (3.30) in Theorem 3.5. First of all, we observe that for
M,.--,N4 > 0 the components 91, ..., 1, of the function ¥ (o,n) in (5.9) are transformations
in the sense of (3.1) by being increasing, continuously differentiable and invertible functions.

Furthermore, for all £ = 1,...,d it’s easy to check that its first three derivatives of all ¢;(o,7;)
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Figure 5.3: Plots of the univariate transformed function f for various combinations of the
parameters p and 1 with a Gaussian weight function w (5.8) and the error function
). On the left hand side with fixed 2 = 3, on the right hand

transformation (5.9
side with fixed n? = 1.

are in fact continuous on (—3, %)

e Let m = 0. We have

s (P ) = (L,1) — (7%, 147) = (1,3)
-o- (P p%) = (1,6) - (n = (1,10)
2.5 1
9l
15+

—0.5

m:

-0.3

-0.1 0.1

0.3 0.

for n; > 0 and that the first three derivatives of p;(o,n;) are
in Co(R) for all non-zero n; € R. Finally, we check the L.-conditions (3.30) in Theorem 3.5
for m = 0,1,2,3. We suppose that for £ =1,...,
the appearing Lo (T)-norms are finite for all j, =0, ...,

d we have m = my and need to check that

e R Sy
Loo(’JI‘ Loo(T)
for n?p? > 0.
e Let m = 1. We have to check two conditions. For j, = 0 we have
_1
H8 [\/w‘ (We(e, me), pre) Gylae, me) | Vi(we,me)”?
B Loo (T)
177(%_#% 1 L(p2,2_9o f—1(2 9
=71 3 erf™ " (2xzy) o~ 2 (mgrg—=2)erf™"(2z()
un Loo(T)

being finite for n2u? > 2. For j, = 1 we have

[ eetwnd

1 1
= T4

2

and this is finite if the exponent is negative or zero, which is the case for n?u? > 2.

e*E(“e’ie -

2)(erf " (22)?

Lo (T)

o Let m = 2. We check three conditions. For j; =0

82
Haxﬁ [\/W(W(W’W)’W) by(ze,me) | ilze,me)”
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for all n?,u% > 4. For jp=1

0 1
= [\ we(Pe(e, me), o) V(e me) | Py me)? <00
for all n%u% > 4. For j, =2
5
| Veelweoesme) e g (ameme) @iteme) 3| < o0

for all ngﬂﬁ > 6.

e For m = 3 the individual Conditions for K = 0,1,2,3 are finite in case of 77%:“? > 6,
173/1% > 6, 77g ,ue > 8 and 173 ,ué > 10 respectively. Hence, we need 17[ ,ug > 10 in order to
have f € H2. (T9).

Ian (

In total we calculated that

HL. (T?) for ng,uz > 2,
fe HE (T4 for 77@ W > 6,
H3. (T%)  for nZp? > 10.
Contrary to the previous section concerned with the algebraic transformation (5.3), the Lo-
approximation error can’t be discussed this time as we can’t compute the Fourier coefficients

.]Ek — / f(X, n, H) e*27l'ikx dx = / X ,’7 H ,r]] 62 1 ,uj 'f]] erf—l(Q;c]-)2 e—27rik2j1‘j dx
Td

regardless of the chosen h. Even for trivial choices of h we’re not able to integrate the
transformed weight function.

Hence, we only discuss the application of the weighted L (R?)-approximation error bound
from Theorem 3.6 for dimension d = 2. With the constant test function for d = 2 given by
h(y) = h(y1,y2) = 1, the weight function (5.8) and the transformations (5.9), the correspond-
ing transformed functions f in (5.10) read as

2
j=1

Let N > 8, the two-dimensional hyperbolic cross 112\, as in (2.2) and a reconstructing rank-
1 lattice A(z, M, IJQV) be given. We already evaluated the sufficient conditions proposed in
Theorem 3.4, yielding lower bounds for 1, ¢t > 0 such that f is at least of Sobolev-smoothness
orderm=0,1,2,3,ie., f € mlx(']IQ) and thus f € H™(T?). We fix A = 1 and for m € Ny we
choose = (n1,m2) ", = (p1, p2) " € R? such that f € H™1(T?) — A™(T?). As outlined in
(4.5) we expect the discrete approximation error (4.4) to be bounded by

NO for 77?%2 > 0,
N—1  for 77ij > 2,
N=% for pu3>6,
N3 for n?u? > 10.

11— Bapproslle < 117 = 52 Fllzcr S
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Figure 5.4: Comparison of discrete {o-approximation error ||h—happrox||e.. /| h||e.. when using
the Gaussian weight function w(o, ) as in (5.8) and the error function transfor-
mation ¢(o,n) as in (5.9) with u € {1,v/3,v6,v/10} and fixed n = 1.

We actually observe this behavior numerically, as showcased in Figure 5.4, where we show
in the left graph the approximation error decay of the constant test function h(y) = 1 for
N =8,...,80, fixed n=1 and p € {1,v3,V6,v/10}. The outlier with n = p = 1 is
explained by the fact the corresponding Fourier coefficients are trivial as these parameters lead
to a constant weight function w(y) = 1. We repeat this numerical test with the non-constant
test function h(y) = e ¥ %2 that is in La(R2,w(o, u)) for all g € R? with p1, g > —2. Then
we have a similar decay of the discrete approximation error as shown in the right graph of
Figure 5.4.

6 Remarks on multiple rank-1 lattices and sparse frequency sets

Now that we are able to construct functions on the torus T¢ with a guaranteed minimal
Sobolev-smoothness degree m € Ny, we adapt the techniques of both multiple rank-1 lattices
[12] and sparse FFT algorithms [20]. Usually we consider the algebraic test function in (5.1)
that was given by

1

1+ lyllZ,

h(y)

6.1 Multiple rank-1 lattices

In Lemma 2.1 we recalled that under mild assumptions it’s possible to generate a reconstruct-
ing rank-1 lattice A(z, M, I) with some frequency set I C Z? of finite cardinality |I| < oo such
that

11| <M <|I.

Even though this upper bound is independent of the dimension d, if the lattice size M is
usually close to || and is therefore still pretty large. In order to overcome this limitation of
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the single rank-1 lattice approach L. Kdmmerer suggested the use of multiple rank-1 lattices
which are obtained by taking a union of s rank-1 lattices

A(Zl)Ml)"'azsaMS) = U A(Z]7MJ)7
7j=1,...,s

see [12, 11]. Then it’s possible to determine a reconstructing sampling set for multivariate
trigonometric polynomials in II; supported on the given frequency set I with a probability of
at least 1 — J5, where

by = Che

is an upper bound on the probability that the approach fails and Cy,Cs > 0 are constants.
In [11] it was proven that the upper bound on the lattice size improves with high probability
to

M < ClI|log|I|

for these particular reconstructing lattices. For the adaptation of this approach in the con-
text of families of transformations (o, n) with € R? we analogously consider unions of s
transformed rank-1 lattices

Aw(o,n)(zlyMla--~7ZS7Ms) = U Adj(om)(Z]‘,Mj)
Jj=1,...,s

in order to sample the test function h € Ly(R%, w).
For an example in dimension d = 2 we consider the test function A in (5.1), the algebraic

weight function
1 M1 1 H2
Wl p) = <1+y%> <1+y§>

and algebraic transformation

-
2121 2122
xX,M) = , 6.1
U(x,n) (\/1_433% \/1—4333) (6.1)

based on their univariate versions in (5.2) and (5.3). We consider the sample data vector

- M—1 M
h= (h(yj) w(yf’“)>j:0 and the approximated data vector happrox = (S%h(yﬁ) with

o(y;m)
lattice points y; in the multiple rank-1 lattice Ay (o) (21, M1, ..., 2s, Ms, I) transformed by
the algebraic transformation ¢ (o, n) in (6.1). In (5.5) we already discussed that the discretized
approximation error defined in (4.4) is bounded above by

Ih — happroxlle., < IIf — S%\ffHLoo(’]I‘?) SNTT

for p; > 0 if m = 0 and for p; > 3m if m = 1,2,3. Similar to the results of the numerical
test with single rank-1 lattices shown in Figure 5.2, we achieve this behavior of the relative
discrete approximation error ||h —happrox||es. /||hle.. when applying the multiple rank-1 algo-
rithms described in [12, 11]. In particular we adapted [11, Algorithm 6]. For N = 8,...,80,
p€{0,4,10,16} and n = 1 we initialize this Algorithm with the parameters ¢ = 30,n = 30
and = 0.5 and still have the proposed decay rates of the discrete approximation errors as
seen in Figure 6.1. A major advantage of this approach is that we don’t need to construct
the generating vector z via component-by-component construction methods, that generally
takes quite some time.
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B = happroxlee. /Bl
—
=
&
T

Figure 6.1: Comparison of discrete s-approximation error |[h — hupprox|le.. /||h|le., of test
function (5.1) for multiple rank-1 lattices Ay o) (21, M1, ..., 2s, Ms) with the al-
gebraic transformation (o,n) (5.3) and the algebraic weight function w(o, )
(5.2) in their two-dimensional versions with fixed n =1 and p € {0,4,10,16} .

6.2 The construction of sparse frequency sets

Likewise, once we set up the transformed function f on the torus of the form (3.15), we can
make use of dimension incremental algorithms — the sparse fast Fourier transforms (sparse
FFT), see [20] and [28] - that reconstruct sparse multivariate trigonometric polynomials with
an unknown support in a frequency domain I C Z? Based on component-by-component
construction of rank-1 lattices the approach of [20, Algorithm 1 and Algorithm 2] describes
a dimension incremental construction of a frequency set I C Z% belonging to the non-zero or
approximately largest Fourier coefficients. This is achieved by restricting the search space to
a full grid [~N, N]* N Z¢ of refinement N € N and by assuming that the cardinality of the
support of the multivariate trigonometric polynomial is bounded by a sparsity s € N. Then
we end up with up to s non-zero Fourier coefficients fk of the respective test function f.
We adapt these algorithms for transformed reconstructing rank-1 lattices Ay (o n)(2, M, I)
by again calculating the relative discretized approximation error ||h — happrox|le.. /||, as
M—1
in (4.4) with samples h = <h(yj) %)jzo
unknown frequency set I with cardinality |I| = s that was constructed via a dimensional
incremental construction method as outlined above.

and happrox = (Sj\h(yj))j]\igl but use an

6.2.1 Example for the algebraic transformation

We use the algebraic test function (5.1) in combination with the multivariate version of
algebraic weight function (5.2) and the multivariate algebraic transformation based on (5.3),
reading as

Hj
1 2may 2n4xq
w Y = 9 X7 = AR
v =M(iig) v % Simi

Jj=1
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Figure 6.2: Relative discrete approximation error ||h — hupprox/le.. /|| h]l¢., in dimension d =5
for the algebraic transformation with the hyperbolic cross I]‘{, with N =2,...,10
compared to the frequency set generated by the sparse FFT algorithm (left). In
the center and on the right are the two-dimensional projections of I 150 and of the
frequency set generated by the sparse FFT algorithm.

with u = 4 and nn = 1. Earlier we used a similar setup for d = 2 where we chose a hyperbolic
Cross Ij‘f, as the frequency set.

Now we let the sparse FFT algorithm [20, Algorithm 2] determine a suitable frequency set
I. For dimension d =5 and for each N =2,3,...,10 we choose algorithm called ’a2rll’ in
[28] and use the cardinality of the hyperbolic crosses 1'15\, as the sparsity parameter ’spar-
sity. s = s = |I3|. As expected, the resulting discretized relative approximation errors
IIlh — happrox|le. /|| hlle,, are just as good as the ones where we fixed the hyperbolic cross
I f\l,, but the two-dimensional projections of both frequency sets to their first two coordinates
differ substantially in size and shape, even though they have the same cardinality, as seen in
Figure 6.2.

6.2.2 Example for the error function transformation and logarithmic transformation

The sparse FFT algorithm is especially interesting for the error function transformation (3.8)
and the logarithmic transformation (3.9), because we can’t calculate the transformed Fourier
coefficients hy given in (3.40). Again we simply let the sparse FFT algorithm [20, Algorithm 2]
construct a suitable frequency set I depending on the sparsity s € N.

We return to dimension d = 2, use

hy) = e ¥i—v3

as the test function and consider the constant weight function w(y) = 1. We again apply two
different transformations. The two-dimensional error function transformation

Y(x,n) = (nlerf*1(2x1), 772e1rf*1 (2x2))T,

which we consider for 7 = 1, is based on its univariate version given in (5.9). The two-
dimensional logarithmic transformation is also based on its univariate version given in (3.9)

and reads as
T
1+ 221 1+ 229
= 1 _— 1 —_—
¥(x,m) (m og <1 — 2x1> ;12 log (1 — 2$2>> ,
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1422 142y

(@, 1) = erf 7' (221) erf 7' (222), s = 100 P(x,1) = log (1,211) log (172«12)" =100
20 T T 20 T T T

10 - : : 10 |- :

—10 |- : 4 —10} 2
—20 | | | —20 | | |
—20 -10 0 10 20 —20 —-10 0 10 20
— 1+22 14205 ) o _
P(x, 1) = erf 1 (2z1) erf 1 (222), s = 500 P(a,1) = log (17%1) log (172«1:)" s =500
20 7 T 20 T 3 T

—20 | -;. | —20 | -;. |

—20 -10 0 10 20 —20 -10 0 10 20

Figure 6.3: Two-dimensional frequency sets Iy with N = 20 and s € {100,500} for the error
function transformation (left column) and the logarithmic transformation (right
column).

which we consider only for n = 1, too.

At first we fix the refinement N = 20. Then the full 41 x 4l-integer grid contains
(220 + 1)% = 1681 elements. Again, we initialize the algorithm ’a2r11’ in [28] with the default
threshold parameter ’threshold_theta’ of le-12 and denote the sparsity parameter ’sparsity_s’
as s € N. For the sparsities s = 100 and s = 500 the error function transformation leads
to a frequency sets Iy that reminds us of a hyperbolic cross, whereas the logarithmic trans-
formation leads to a frequency set that could also resemble an appropriately scaled unit ball

1
{X € Z%: (|m1|P + |z2|P)? < N} of a two-dimensional sequence space £, with 0 < p < 1, see
Figure 6.3.

Finally, we focus on the two-dimensional error function transformation with 7 = 1 and
compare the corresponding relative approximation errors ||h — hupprox|le. /|| B|le,, calculated
by the spare FFT algorithm in two different setups. At first we keep the refinement N = 20
and consider increasing sparsity parameters s = 2,...,1681. Hence, for small sparsities we
have frequency sets that look like hyperbolic crosses as shown in the left column of Figure 6.3,
whose branches along the central axes become thicker as s increases and eventually we end
up with the full 41 x 41-grid. Based on these frequency sets, the relative approximation errors
stagnate at a certain point, shown on the left in Figure 6.4, because the relatively small
refinement value forces the algorithm to consider frequencies within the 41 x 41 grid, that
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N=20,s=2,..., 1681 N =150,s=2,..., 1681 N =150, |I| = s = 1681
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b = happrox|lee /IBlen

b — happ,

—100 -

Figure 6.4: Relative approximation errors |[h—happrox||e.. /[/h¢.. calculated by the spare FFT
algorithm for the error function transformation with n =1,s = 2,...,1681 and
refinement N = 20 on the left and N = 150 in the center. The automatically
constructed frequency set I for N = 150, s = 1681 is shown on the right.

don’t significantly improve the approximation of h. In comparison we raise the refinement
to N = 150 and let the sparsity parameter s run from 2 to 1681 again, so that the resulting
frequency sets have the same cardinality as before but keep their hyperbolic cross like shape,
which is shown on the right of Figure 6.4, where we have the frequency set constructed by
the sparse FFT algorithm for NV = 150 and s = 1681. With these frequency sets we now have
steadily decreasing relative approximation errors for increasing sparsity values, as plotted in
the center of Figure 6.4.

6.2.3 Example with the tangens transformation

Finally, we consider a different algebraic test function that is given in product form by

L |
:]1;[11+y2

Additionally we consider the constant weight function w(y) = 1 and the multivariate tangens
transformation

(@, n) = (m tan(w1), ..., natan(reg))

with 7 = 1 based on the univariate version defined in (3.7). The resulting transformed
function is of the form

d
1 6.2
f@1p) 1;[ 1 + tan( 7mc])2 (6.2)

This product form extends to the corresponding Fourier coefficients, i.e., hie = H?:1 iij and

the one-dimensional Fourier coefficients hy; are of the form

1 _
. /2 g —2mikja; 1/2 ) ok ? for ;j =0,
hi. :/ — dz; :/ cos(mxj)“ e “Ti%idx; = ¢ ¢ for |ki| =1, 6.3
’ 172 1+ tan(mz;)? ’ —1/2 ) ’ 3 othl:rdise o
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Hence, over a full grid [-N,N]¢ N Z¢ with (2N + 1)? points there are just 3¢ non-zero
multivariate Fourier coefficients hy. Again we check this for dimension d = 12 and N = 4
with the sparse FFT algorithm, see [20, Algorithm 2] and [28]. We initialize this algorithm
with the test function f in (6.2), choose the algorithm name ’a2r1l’, set the sparsity parameter
"sparsity_s’ to 106 and the threshold parameter 'threshold_theta’ to le-12. This results in an
exact reconstruction as the algorithm indeed only detected the 3'2 = 531441 out of (2 -4 +
1)!2 2 2.8 - 10! possible frequencies, corresponding to the 12-dimensional integer unit cube
of radius 1 for which the transformed Fourier coefficients ﬁkj are non-zero, as calculated in
(6.3).

7 Conclusion

In this paper we considered functions h € La(R% w(o, u)) N H™ (R?) with a parameterized
weight function w(o, ) : R? — [0,00), u € R? and discussed strategies for transforming them
into functions f on the torus T¢. A parameterized transformation ¢(o,n) : (—3,3)¢ — R?
with 7 € R? in combination with the weight function w(o, u) let us control the degree of
smoothness m € N of a function h defined on R?, that is preserved under the change of
variables (o, n). Hence, the parameters i and p control which Sobolev space H™ (T¢) the
transformed functions f(o,n, u) = h(¥(o,n)) \/w(¥(o,n), u) ¥'(o,n) belong to. Due to the
embedding of the Sobolev space H™, (T) into the Wiener algebra A(T?) of functions with ab-
solutely summable Fourier coefficients, we have information on the rate of decay of the Fourier
coefficients fk and hy without having to calculate them — which in a lot of cases is not possible
in the first place. Thus, the essential theoretical Lo- and L,-approximation error bounds on
the torus T¢, proposed in [29, Theorem 2.30] and [13, Theorem 3.3], can be transfered to R?
by means of the inverse transformation ¢~!(o,n) : R — (—%, %)d Furthermore, only slight
modifications are necessary to incorporate such transformations into the algorithms based on
single reconstructing rank-1 lattices for the evaluation and the reconstruction of transformed
multivariate trigonometric polynomials presented in [8, Algorithm 3.1 and 3.2]. Algorithms
based on multiple reconstructing rank-1 lattices [12] and sparse fast Fourier transformations
[20] can be adjusted, too.

Our numerical tests show that these algorithms are still working within the proposed up-
per bounds for the approximation error. Additionally, special cases in which we can actually
calculate the Fourier coefficients confirm the theoretical parameter bounds for pu and n, that
are sufficient to achieve a certain degree of Sobolev-smoothness under a change of variables.
In several examples we apply the adapted multiple rank-1 lattice methods and adjusted di-

mension incremental construction methods for sparse frequency sets.
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