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1 Introduction

From classical approximation theory we know interpolation problems in which we are given
at least two points in a certain normed vector space and try to construct a continuous
function going through them. So in essence we are trying to find a set of points that in a
certain sense are lying in between the initially given ones. We want to stick with this idea
and generalize it by replacing the points with whole sequence spaces and using the concept
of embeddings to describe their position to one another. Of particular interest will be the
{,-spaces of g-summable sequences for values 1 < ¢ < oo. Besides the fact that they are
all complete and normed, they possess a lexicographical order

U =l =l

so that all £,-spaces with 1 < ¢ < oo are lying between ¢; and £, in the sense of embeddings.
Clearly, this fits exactly into the desired description of normed space interpolation. A
general description is provided through real and complex interpolation space methods,
see [1] or [17]. They create a framework in which couples of Banach spaces (X, X;)
automatically induce the spaces XoN X; and Xy + X in between which we will construct
intermediate Banach spaces X so that

XoNX; — X — X+ X;.

Since we are only going to deal with real interpolation methods, we will only be able to
construct the respective real interpolation spaces Yg’q among all the intermediate spaces.
At the same time we will see that the family of real interpolation spaces between ¢; and
{~ contains much more elements than just the ¢,-spaces, so that we will need to introduce
a more general class of sequence spaces - the Lorentz spaces ¢, ,.

Afterwards we will need two Banach couples (Xo, X;) and (Yp,Y]) to have a look at
operators T  acting between them. Originally defined as maps from X+ X; to Y5+ Y] there
is a broad range of results which focus on how properties of the restrictions 7' : Xy — Y}
and T : X; — Y can influence the operator T : 797(] — 797(1 between the corresponding
real interpolation spaces.

In particular we are going to study how the compactness of operators behaves under
interpolation. For that we put Bx = {x € X : ||z||x < 1} as the unit ball of a normed
space X and define the n-th (dyadic) entropy numbers [2]

en(T)=e€,(T: X —-Y)=inf {5 > 0 : there exist ¢ < 2" points y1, ya,...,y, in Y

q
so that T'(By) C U y; +eBy) }

We will see that the compactness of 1" is equivalent to (e, (7)), oy being a null sequence.
Therefore the decay of entropy numbers for increasing n could be interpreted as way



to quantify how compact or non-compact T is, which may have been the motivation to
actually call 5(T') := lim, o €,(7") > 0 the measure of non-compactness. Regarding their
behaviour under interpolation it was shown in [4] that there is a constant C' depending on
6 such that

B(T: Xpg— Yoq) <CB(T: Xg— Yo) PB(T: X1 — 1)’

For quite some time it had been an open problem if there exists a similar inequality for
entropy numbers

er(T: Xgg— You,) < Cen(T: Xo — Yo) e, (T : X1 = V7)°

with finite k£, m,n € N when no further assumptions about the Banach couple (Xj, X;)
and (Yp,Y7) are made. This problem was finally settled in [6] where D. Edmunds and
Yu. Netrusov constructed a counterexample for sequence space couples (€, £,,) and (€4, ¢4,)
with py < qo and p; < ¢ such that the entropy number of the interpolated operator
en(T : 4y — £y,) can not be bounded above by e, (T : €,, — {y,) and e, (T : £, — {4,).
After discussing some properties of entropy numbers and a particular technique to estimate
them below (see [11]), we will go over the content of their paper [6] in order to grasp the
involved ideas and techniques of their given counterexample.



2 Preliminaries

At first we fix some general conventions: Vector spaces are always going to be defined over
the field K = R or K = C. Constants are positive real numbers, if not further specified.
For any set .S we denote by |S| € Ny the number of elements in S.

Now we are going to collect some well-known facts about vector spaces, linear operators
and sequence spaces. Proofs will be omitted and can be found for example in [9].

2.1 Complete quasi-normed spaces

Definition 2.1 Let X be a vector space. The functional || - || : X — [0,00) is called a
norm if for all @« € K and x,y € X it holds

(N1) ||z]| =0 <z =0,
(N2) [laz]| = |alfl],
(N3) [l +yll < ll=ll + llyll

If we substitute the triangle inequality (N3) with the quasi-triangle inequality, so that there
exists a constant C' > 1 such that for all z,y € X

lz+yll < Clzl + vl
then we call || - || a quasi-norm. The pair (X, || - ||) is called a (quasi-)normed space.

Since every norm is a quasi-norm with C' = 1, a lot of definitions and theorems will
be stated and proven in their more general quasi-normed version as they naturally include
their respective normed space cases.

Definition 2.2 Let (X, || -||) be a quasi-normed space.

(a) A sequence (Z,)nen in X converges to z € X if for all € > 0 there exists an n. € N
such that ||z, — z|| < e for all n > n., which is denoted by lim,, o, z, = .

(b) A sequence (z,)nen in X is called a null sequence (or || - ||-null sequence) if it
converges to 0.

(c) A sequence (x,)neny in X is a Cauchy sequence if for all € > 0 there exists an
N, € N such that ||z, — x,,| < e for all m,n > N..

(d) X is complete if every Cauchy sequence of X converges to an element in X.
(e) A complete quasi-normed space is called quasi-Banach space.

In order to prove completeness one can simply use the given definition. Yet, sometimes
this approach is unnecessarily tedious. Then the following characterization of completeness
through the absolute convergence of certain series can be useful:



Lemma 2.3 Let (X, || - ||) be a quasi-normed space. The following are equivalent:
(a) X is complete.
(b) For every sequence (x,)neny i X with >~ ||z, < oo there exists an x € X such

that

lim =0.
N—oo

N
xTr — E T
n=1

In some cases it is possible to introduce several norms on a single vector space that yield
the same essential properties, for example completeness, which leads us to the concept of
norm equivalence.

Definition 2.4 Two quasi-norms [|-|| and ||| on X are equivalent, denoted by ||-|| ~ ||-|/’,
if there are constants C, D such that

Cllz||" < ||lz]| < Dl=|
forall z € X.

Remark 2.5 We will use the same notation for the equivalence of scalars ¥,y € R. As
before we denote by x ~ y that there exist constants C, D such that Cx <y < Dx.

Equivalent norms are interchangeable as they induce the same notion of convergence:

Theorem 2.6 Let x be any sequence in X and let || - || and || - || be quasi-norms on X.
The following are equivalent:

(@) -1~ 11

(b) = converges with respect to || - || if and only if x converges with respect to || -||’, and
they both converge to the same point.

c) xis a || - ||-null sequence if and only if x is a || - ||'-null sequence.
Y

2.2 Linear operators and embeddings

Next we will look at operators between quasi-normed spaces X and Y which are maps
T :X — Y,o — T(x). Usually we shorten the notation of images to Tz := T'(z).
Besides the fundamental notions of linearity, continuity and boundedness of operators we
will introduce the concept of continuous embeddings.



Definition 2.7 Let (X,| - |x),(Y,|| - ||y) be quasi-normed spaces and T': X — Y an
operator.

(a) T is linear if for all o, 8 € K and 21,29 € X
T(axy + Prg) = aTxy + fTxs.
We put L(X,Y) :={T: X — Y, T linear}.

(b) Let (z,,)nen be a sequence in X and x € X. T is continuous if lim, , z, = ©
implies lim,, ,o Tz, = Tx.

(c¢) T is bounded if there exists a constant C' such that for all z € X
[Ty < Cllzx.
The smallest such C' is called the operator norm and denoted by

| Ty

]l x

T = |IT||x=y :=inf{C: |Tz|y <C|z|x}= Sup{ v e X,x# 0} )

Lemma 2.8 Let T € L(X,Y). T is continuous if and only if T is bounded.

Remark 2.9 The collection of all linear and continuous (or bounded) operators will be
denoted by L(X,Y) :={T € L(X,Y) : T continuous}.

Definition 2.10 Let (X, ||-]|x) and (Y, ||-||y) be quasi-normed spaces and id : X — Y,z —
x the identity operator. X is continuously embedded into Y, denoted by X — Y, if

XCY and ide L(X,Y).

With embeddings we can classify vector spaces in terms of their size and relative position
to one another which we will use heavily later on in interpolation space theory. Proving
an embedding usually comes down to just showing the existence of some constant C' for
which the respective identity operator is bounded.

2.3 Sequence spaces

A common first example for Banach spaces are the ¢, sequence spaces of all g-summable
sequences with entries in K. They are not only complete but also well-structured in terms
of embeddings which is often described as a lexicographic order. Usually defined only for
values ¢ > 1, the concept of quasi-norms enables us to describe these sequence spaces for
values 0 < ¢ < 1 as well.



Definition 2.11 For 0 < ¢ < oo the sequence space /, is defined as
b, = {:U = (Tn)nen : Tn €K, ||lz||g, < oo}

with
1
0 q
(Z |xn|q> for 0 < ¢ < 0,
lzlle, = § \"md
sup ,, for ¢ = o0,
neN
where || - ||, is a quasi-norm for 0 < ¢ < 1. Additionally, (co, || - [/¢..) denotes the Banach

space of all null sequences
o= {:13 = (Tp)nen : T, € K, nh_}rgo Ty = O} )
Theorem 2.12 ¢, is a quasi-Banach space for 0 < ¢ <1 and a Banach space for 1 < g <
00.
Theorem 2.13 For 0 < g < r < oo it holds
by =l = cop = lo.

Furthermore, the well-known inequalities by Holder and Minkowski are almost impos-
sible to avoid within the theory of sequence spaces.

Theorem 2.14 (Holder inequality) Let 1 < g,r < oo with é + % =1. Forxzel,yel, i
holds

lzylle, < llzlle,l[ylle.-
Theorem 2.15 (Minkowski inequality) For z,y € £, with 1 < g < oo it holds

1z +ylle, < lllle, + lylle,-

2.4 Unit balls of sequence spaces

Another important structure in the context of quasi-normed spaces are their unit balls.
Later on they will become crucial in the theory of entropy numbers. For now we will just
define them and have a look at some examples.

Definition 2.16 Let (X, || - [[x) be a quasi-normed space. We call
BX :{I'EXI ||£L'||X S 1}
the (closed) unit ball of X.

Going back to sequence spaces we have seen that || - ||,, is a proper norm for ¢ > 1 so
that it holds the triangle inequality and the respective unit balls are convex. Since we only
have a quasi-norm for ¢ < 1 it needs to hold a quasi-triangle inequality. In fact, for any
x,y € £, with 0 < ¢ <1 it holds

1_
I+ ylle, <207 (lllle, + llylle,) -

This leads to concave unit balls as we can see in Figure 1 for two-dimensional ¢,-spaces.
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Figure 1: Side-by-side comparison of unit balls By, .

3 Real interpolation of Banach spaces

In this chapter we want to unify ideas from interpolation theory with the embedding struc-
ture of Banach spaces. Classical interpolation theory is usually concerned with problems
where we are given a few points in a certain vector space and want to construct a continu-
ous function going through them. One of the simplest examples for this is to be given any
two points z,y € R? and having to draw a line between them. As it turns out, this line is
the set

{zeR? z=ar+(1-a)y,0 <a <1}

of convex combinations of x and y.

While our interpolation problems will soon become much more complicated, this simple
example is sufficient to motivate the upcoming interpolation space theory. For that we have
to capture the essentials of the line through two points problem: We start with a pair of
objects. The goal is to construct a whole family of such objects that are lying in between
the initially given ones. Eventually we want these objects to be Banach spaces whose
relative positions to one another will be described via embeddings.

With the K-method we will introduce just one particular out of many interpolation
methods. We start out by specifying the outer pair of Banach spaces in between which we
will interpolate other Banach spaces.

3.1 Banach couples

Definition 3.1 Let X, X; be Banach spaces and Z a Hausdorff topological vector space.
We call X = (X0, X1) a Banach couple if X, < Z and X; < Z. Given a Banach couple
X = (Xo, X;) we can form the normed spaces Xy N X; with

[zl xonx, = max ([|z]|x,, [[=]|x,)
and Xo+ X1 ={z € Z:2 =29+ x; with 29 € Xo, 27 € X;} with the norm

2]l x4, = inf |lzol[x, + [[21]]x, -
T=x0+1

7



Theorem 3.2 Let X be a Banach couple. XoN X1 and Xo + X1 are Banach spaces and
we have

Xole ‘—>X0,X1 ‘—>X0+X1.

Proof. At first, let (x,),en be a Cauchy sequence in Xy N X;. Hence, (x,),en is a Cauchy
sequence in X, and there exists an (¥ € X, so that lim,_,o z, = 2. Simultaneously
(Zn)nen is a Cauchy sequence in X; and there is an M e X so that lim,, o 2, = 2.
Since both X, and X; are embedded into Z and its Hausdorffness implies unique limit
points, it follows that z(®) = 2 and X, N X; is thus complete.

For the completeness of X+ X; we will follow the arguments in [1, Lemma 2.3.1] and
make use of Lemma 2.3. Let (z,)nen be in Xy + X so that

[e.9]
Z ”In||X0+X1 < 0.
n=1

We can find a decomposition z,, = xj + 2} such that

H"L{)L”Xo + ”xrllHXl < 2||In||X0+X1

which implies

S 00
D llagllxe <00, > [latllx, < oo
n=1 n=1

With X, and X; being complete, Lemma 2.3 implies that ZnNzl xg

ZnN:1 zt converges in X;. We put Y7 af = xg,» ., 2} =z and © = zo + z1. Now we
have x € Xy + X;. Finally,

converges in X, and

N N N
x—g Ty < IBO—E xg + $1—E x
n=1 Xo+X1 n=1 Xo n=1 X1
implies that > ', x, converges to x in X, + Xj. O

Remark 3.3 The last Theorem shows that Z = Xo+ X1 is an appropriate choice for our
interpolation purposes.

Besides X, and X; there are usually a lot more Banach spaces that are embedded
between Xy N X; and Xy + X, as Figure 2 suggests. The family of all such spaces is
captured in the following term:

Definition 3.4 A Banach space X is called an intermediate space (with respect to X)
if

Xole‘—>X‘—>X0+X1.



Xo+ Xy

Figure 2: Scheme of the sum and intersection of a Banach couple (X, X1).

3.2 The K-method

The next step is to figure out the intermediate spaces for any given Banach couple. There
is a variety of techniques to achieve this, see [17]. With the K-method, which is due to
Jack Peetre [13], we will get to know just one of many real interpolation approaches with
which we can construct a certain class of intermediate spaces.

Definition 3.5 Let X be a Banach couple, 0 < t < oo and z € Xy + X;. The K-
functional is defined as

K(.ﬁ(],t) = K(;C,t;Xo,X1> = a::ixr(}f—ml ||x0HX0 + tH$1||X1.

Lemma 3.6 (a) For fized x, K(x,t) is a positive, increasing and concave function.
(b) Fort =1 we have K(z,1) = ||z||x,+x, -
(¢) For fized t > 0, it holds
min(L, )|z xo+x, < K (2,1) < max(L,t)]|z]|xp+x,
hence, K(z,t) is an equivalent norm in Xo + X;.

Proof. Most of these properties follow immediately from the Definition of the K-functional.
In order to show the concavity we fix x € X and let t = aty + (1 — a)t; with tg,t; >0
and 0 < o < 1. For any decomposition x = xy + x; we have

aK(z,ty) + (1 — a)K(x,t1) < a(||zollx, + toll21|lx,) + (1 — ) ([[zollx, + t1ll71]|x,)
(a+ (1 —a)) llzollx, + (ato + (1 — a)ty) ||o1]| x,

2ol xo + |21l x:



Taking the Infimum over all decompositions of x yields
aK(x,t)) + (1 —a)K(x,t;) < K(z,aty+ (1 — a)ty)
and the concavity of K (z,-). O
Definition 3.7 Let X be a Banach couple, 0 < § < 1 and 1 < ¢ < co. We call
Xog= (X0, X1)oq={r € Xo+ X1 : |20y < 0}

the real interpolation space with the norm

1
e dt\ ¢
(/ [t K (x,1)]" —) " for ¢ < o0,
lzllog = 12l xox000, = 4 \Jo !

sup t K (z,t) for ¢ = oo.
0<t<oo

Now we will discuss certain properties of interpolation spaces. At first we show that
these spaces inherit the completeness of the respective Banach couple, see [17, page 25].

Theorem 3.8 Let X be a Banach couple, 0 < 6 <1 and 1 < q < o0.

(a) For x € Xy, it holds with some constant C' (depending only on 6, q)
K(z,t) < Ct°||z|g,q.

(b) Xa, is an intermediate space.

Proof. (a) Let ¢ < oo and t > 0. Since the K-functional is increasing, we have K(x,t) <
K(xz,s) for t < s which implies

K(x,t) = K(x,t) (0gt%) 7 (/t“ S_(,q@)é

s
00 d 1
< (0t} ([ Ktwors L) = 00 el
t S
The case ¢ = oo follows immediately from the definition of || - ||g,cc-

(b) At first we have to show that X, is a Banach space. Let (z,)neny be a Cauchy
sequence in Xg,. (K (2n,t))ney is also a Cauchy sequence because of K (x,t) < Ct%||x|g,.
In particular we have ||z x,+x, = K(z,1) < C||z|/g,4 so that (z,),en is a Cauchy sequence
in Xy + X; as well. Thus, there exists an x € Xy + X; such that lim,_,. z, = x. Now it
has to be shown that (z,,),en converges to z in X,

Let ¢ < oo (¢ = oo is shown analogously) and 0 < ¢ < N < oco. Since (z,)nen IS a
Cauchy sequence, for all § > 0 there exists an ny(d) € N such that ||z, — z,|e, < 0 for
m > n > ng(d) and in particular we have

N q dt :
(/ [tOK (2 — 20, 1)] 7) < em = zallog < 0.

10



The triangle inequality, the last estimate, the K-functional being increasing and the fact
that K(x,t) < max(1,t)|z]x,+x, yield

(/EN [t K (z — z,,1)]" %)
= (/gN [ K (@ — 2, D))" %)é - (/aN [t K (2 — 2, 1)]" %)é
= </N [FOK e = O] %)
<5+ ([ am L)

N et z
<0+ Mo~ sl ([ 00F)
13

1
1\ 1
:5+N|lx_$m”X0+X1 (Q_q) (gfeq_N*Qq)q

Q|

1\¢ _
§5+NHx_meXO+X1 (%) g 6.

1
For all e, N, 0 > 0 there exists an mg(e, N,0) € N such that N||z— x| x.+x, (9171) e <
for all m > my(e, N,0) so that

(/aN [t K(x — 2, t)]" %); < 26.

With N — oo and € — 0 we finally have
[z = znlloq <20

for n > ng(8) and therefore z,, — x € Xy, for n — 0o so that X, is complete.
In order to show that Xy, is an intermediate space we have to show the embeddings

XO ﬂXl — 79’(1 — Xo + Xl.
Xg, < Xo+ X; is an immediate consequence of (a) because for t = 1 and all x € X,, we

have ||x||X0+X1 = K(ZE, 1) < CH‘I“@A]'
Now let z € XoN X;. Since K(z,t) < min(1,?)||z| x,nx,, we have

felloa = ([ [0 %) < ebsor, ([ [ mingr. o) %)

11



1

1 00
= ||| XoNnX t(_9+1)q_1dt+ t_eq_ldt '
0MNX1
0 1

— |l Lo Ly
AN

which implies Xo N X7 — 79761. O]

After showing that the real interpolation spaces are indeed complete and a family of
intermediate spaces, we will now take a closer look at the individual spaces within this
family and how they position to one another. At first we will observe that we have an
ordered pair of Banach spaces in the notation of real interpolation spaces and switching
their roles in the K-functional leads to a different class of interpolation spaces. More
importantly, we will then observe that with two parameter there are also two ways to
make a real interpolation space bigger, either by increasing ¢ for fixed 6 or by simply
increasing 6.

Lemma 3.9 Let X be a Banach couple.

(a) If0 <0 <1 and 1 <q < oo then

(X07X1)0,q = (Xl,Xo)l—G,q-

b) If0<f<1landl <qg<r<oo then
(

X@,q — Xgﬂn.

(¢c) If Xo— X1,0<0<n<1andl<r 77 <oco then

Xgﬂa — X7777:‘

Proof. The original proof can be found in [17, pages 25-26].
(a) Let ¢ < oco. Substituting t~! = s,dt = s72ds in the definition of the K-functional
yields

1
' Tdt\ e
9 Jinf ([J@o]|x, +tH371HX1)} _>

r=x0+T1 t

/
1
oo [ ) q dt q
[ mf(thM%+JMﬂmﬂ —)
0 r=x0+T
/

1 t

1
L T 572ds\ @
it Gllle + )| )

r=x0+T

12



1
= ( / (s DK (2,8 X1, X0)]* ﬁ)q
0

S

= HxH(XhXO)lfG,q'

(b) Let 1 < ¢ < r < oo. We have to show the existence of a constant C' so that
|z]|lg., < C|lz|lg4 for all x € Xp,. By increasing ¢t YK (z,t) to its supremum over all ¢ and
using the fact that there is a constant such that K (z,t) < Ct?||z||, for all z € Xy, (see
Lemma 3.8) we get

1
r

Illo.r = ( /0 i [t K (2, )] [0 K (2, )] %)

r—q

< Ligoot"f((x,t)] T ( /0 ) [ng(fc,tﬂq%)
< (Cllzllog)' ™ ( / NG %)

_4q 1-2 4
= lzllog " lls

= |z ]lo.

1
p

The arguments for » = oo with the respective supremum norm are essentially the same.
(c) Let Xg— X1,0< 0 <n<1land0 < ¢ < oo. By the definition of real interpolation
spaces we know that

XolezXo‘—>797q‘—>X1:X0+X1.

In particular we have 79700 < X;. Thus, there is a constant C' such that for all x € 79,00
it holds

[z]lx, < Cllzllo,00

and the definition of the K-functional yields for x € X; that
K(x,t) <t|z|x,-

With property (b) we have in particular the embeddings

79’(] — 79,00 and yn,l — 77),71.

Thus, all we need to show is that 79700 — 77,,1 for 6 <n. Let x € 79,00. By the previous
observations we have

1 o
dt dt
||x||771:/ t_"K(x,t)——i-/ K (x,t)—
S A t ;

13



1 o0
< ||x||X1/0 t_"“—t + sup t_QK(x7t)/l o t

0<t<oo
< Cllzllx, + C'llzllo.co
< "l zllo,00

with constants C,C’, C" depending only on 6 and 7.
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4 The interpolation of sequence spaces

So far we have seen two major concepts. On one hand, among the classical ¢, sequence
space with ¢ > 1, which are all Banach spaces, we have /1 as the smallest and /., as the
biggest one. On the other hand, within the interpolation space theory we have built a
framework where we have a smallest and a biggest Banach space in between which we can
construct a family of intermediate Banach spaces.

We will combine these two particular ideas by asking which spaces lie in between ¢,
and /., and utilizing real interpolation theory to provide an answer. Since ¢; — (., we
have

51 = gl N goo — (glagoo)&q — gl + goo = goo

Our next task is to find a precise description for the real interpolation spaces ({1, € )g.q-
Once we have defined the Lorentz spaces £, ,, it will turn out that

(617 Eoo)@,q = gliig’q

for 1 < g <ooand 0 < @ < 1. The proof for this is rather technical and while the major
steps can be found in [17, pages 125-126], we will work it out more detailed to showcase
the difficulties in figuring out the actual interpolation spaces.

4.1 Lorentz spaces

Despite their lexicographical order in the form of ¢, <— ¢, for 0 < ¢ < r, the embedding
structure of the ¢,-spaces is still pretty coarse. A massive refinement is caused by keeping
the general structure of the quasi-norms || - ||, but additionally rearranging and weighting
the sequences before evaluation.

Definition 4.1 Let x = (z,),en be a sequence. If there is a permutation 7 : N — N such
that

[Tx)| 2> |2r2)| 2 |2rz)) > ... >0,

*

we call 2% = (2,

of z.

Jnen = ([T |)nEN the decreasing (or non-increasing) rearrangement

Remark 4.2 As suggested in [8, page 10], the decreasing rearrangement could also be

defined as the sequence (x},), oy with the elements

x, =inf{m >0: [{k € N:x, > m}| <n}

which is the discrete version (using the counting measure) of the usual definition of the
non-increasing rearrangement of a function. In both cases the rearrangement is unique if
1t exists.
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i ol e,

—2 | —2 | —2 |

Figure 3: The major steps in forming the decreasing rearrangement of a sequence.
Example 4.3 We want to observe the effect of a decreasing rearrangement for a single
oscillation of a discretized sinusoidal function which is filled up zeros at the end:

(Tn)nen = (0,1,2,2,1,0,—1,-2,—-2,—1,0,...)
We eliminate negative elements by only considering their absolute values
(|zn])nen = (0,1,2,2,1,0,1,2,2,1,0,...)
and rearrange the entries of the resulting sequence in descending order
() )nen = (2,2,2,2,1,1,1,1,0,0,0,...).

In Figure 3 we have a side-by-side comparison of these three states.

Definition 4.4 For 0 < p,¢ < oo the Lorentz (sequence) space {,, is defined as

lpq = {z € o : ||, < 00}

)

with the quasi-norm

1

(i <n;_éx;>q> ' for 0 < ¢ < o0,

Il = || (n#52)
€T = nr arxg —
Lp.q n nenllg, n:17 .
supnrx, for ¢ = .
neN
We observe that | - [|,,, = || - |¢, and €44 = £, for 0 < ¢ < oo because the weights nr

disappear for p = ¢ and the rearrangement becomes irrelevant for the value of the £;-norm.

4.2 Lorentz spaces as interpolation spaces

Now we are ready to show that

(gla goo)e,q = E% q

—0

with equivalent norms. For this we need two major steps:

16



1. Find an explicit expression for the K-functional K (x,t; (1, ().

2. Show the existence of all constants for the equivalences

[%
i, ~ 340 (S08) ~ e,

The first step will be summarized in the following Lemma, whose proof utilizes only some
properties of the K-functional and decreasing rearrangements.

Lemma 4.5 Let N € N, x = (2g)ren € loo withx =y + 2z and y € {1,z € l. Then

K(z,t;01,0,) =t} (0<t<1)

and

=2

K(z,Nily,l) = > ap (N €N).

k=1

Proof. Let 0 <t < 1. We know that ¢; — (,, with ||z, < ||z, for all z € l. It follows
that

K(x,t; 01, lo0) = inf |lylle, +]2]le. = inf lylle., + t]l2]]en
r=y+z T=y—+z
> inf |y +tzfle.
T=y—+z
=1t inf g—1—2H

z=y+z I { oo
>t nf |y + zfle, = tlzlle. = tai.
T=y+2

The converse inequality is obtained by decomposing x into y = 0,2 = . Then we get
K(z, 156, bos) < lylley +tllzllen = tlllle,, = t2T.

Now let N € N and again we have to show both inequalities. Without loss of generality
we can assume that x is a decreasing rearrangement, so that x, = z} for all k € N. At
first let o7 = yi + 2 be any decomposition. Then we have

N
Z <Y lyk+ 2] < Z [ +Z|Zk! < llylles + N sup |z
k=1 k=1 k=1

k=1

for all decompositions of z}, so in particular it holds
N
ZI < il;-fq-z Hy”ll + N”ZHéoo = K<x7 Ny éhgoo)'
k—

1

17



For the converse inequality we choose specific y and z in the following way

_Jap—ay for k=1,...,N,
=30 for k> N+1,

. zp— (axf —ay)=ay for k=1,... N,
2. = X — =
EEERTURT g for k>N +1.

For the /;-norm we use the fact that y is a decreasing and positive sequence and get
N N

[ylle, = Z |z — 2| = Z —ry) Zxk Ny

k=1 k=1
and for the /,-norm we have
* * *
lz]le., = maX( sup 1, sup [Ek> = T,
k=1,..N k>N+1

yielding in total

N N
K (2, Nily, o) < [ylles + Nl2llee = (Z o Nx7v> + Ny =Y i
k=1 k=1

]

Remark 4.6 If x is not decreasing then it is not guaranteed that the first N entries of x
are also its N absolute largest entries. Therefore we introduce an index set I C N with
|I| = N associated with N entries of largest absolute value of x so that I is a set of indices
such that for alli € 1,5 € N\ I it holds |x;| > |x;|. By xn, N € I we still want to denote
the smallest element (of absolute value) among those identified with I, hence, for all i € I
it holds |xn| < |x;|. Now we can adjust the decomposition of x into y and z in the following
way:

xk—&|xN| for ke I,
Yk = ]
0 else,

x

Ky forke I
2= ap — yp = 4 |l
Tk else.

The second major step of showing the equivalence of the interpolation space norm and
the Lorentz norm will be divided into two parts. The first one is the following Lemma.

Lemma 4.7 Let 1 < ¢ < 00,0 <t <00 and x = (x)gen € loo. Then

bl 3 (z)

with some constants depending on q and 6.
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Proof. At first we recall that the K-functional is increasing so that
K(x,t) < K(z,u)
for all 0 < ¢t < u. Now we split the interpolation norm in the following way

. dt

el i, = [ (K@) S

1 e )
:/ t0K (a, t)th+/ K (2, 1) dt
0

k+1

:/ 1K (2, 0) tth+2/ tY0K (2, 1)1 d.
0

With the previously shown expression of K(x,t,¢;,{) for 0 <t <1 we can write

1 1 1 (ZE*)q
/ tflquK(x, t)q dt = / tflfeq (tl’i)q dt = / tQ(lfQ)*l(mi)q dt = 1
0 0 0 q<1 - 9)

and end up with

1 i} o k+1 o
1211, e, , = (m) (:cl)uZ/k 710 (1) dE. (1)

k=1

Now we have to find upper and lower bounds for the series in (1). In order to estimate
above we observe that it holds K (z,t) < K(x,k+1) and t717% < k=% for k <t < k+1.
Plugging this in yields

o] k+1 00
> / K () At <O kT K (2, k4 1)1
k

k=1 k=1

= i(k — 1) MK (2, k)

) —1-6q
=> (%) k0K (2, )
<> ETUMEK (2 k) (2)

The lower bound is obtained analogously by observing that for £ < ¢t < k + 1 it holds
K(x,t) > K(x,k) and t17% > (k4 1)717%_ thus

o] k+1 0
t10 K (¢, )14t (k4 1)K (x, k)
>/ >3

k=1
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By combining (1) and (2) we have

0o k q
1 —1-6 *
HmH((]el,eoo)g,q < max (q(l s 1) Z ko (Z xn) ,
k=1 n=1

and combining (1) and (3) yields

00 k q
: 1 —1-6 *
121, 1.0, = min (m 1) D kT (Z$n> :
k=1 n=1

]

Before we continue with the second part we have to establish two specific estimates for
partial harmonic series.

Lemma 4.8 Let n e NNO< A< 1 and1l <~y < oo. It holds

) i/ﬂ < (1 + L) =T |

v—1
Proof. If n € N and 0 < A < 1 then

n n k n 1-X 1-) 1-A
—1 n - A n
Yk <1+ g =1 Nz =142 - < .
<1+ /_x T —l—/x X + -\ =\ =71
k=1 k=2 7 k=1 1

For n € N and 1 < v < oo we have with the same kind of argument that

0 00 1—v
Sk [Tt B (L LY (14 L)
n

P n L—n v—1 v—1

]

Lemma 4.9 Let 1 < ¢ <00 and x = (Tg)ken € loo- Then

00 k q 00
e (z ) SR e =
k=1 n=1 k=1

with 1 — 0 = % and some constants depending on q and 6.
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Proof. The lower bound is obtained by

0 k q 0o 00
> ket (Z xn) >3 kT (kap)? =) kO
k=1 n=1 k=1 k=1

On the other hand, let 1 > 6 > ¢ > 0 and % + i = 1. By the Holder inequality and
changing the order of summation it holds that

i j—ta—1 <i x;) 1 _ i -1 (i (Iznu—a)—g%) ne_ql/_5> a
k=1 n=1

k=1 n=1
K 5
< Z L~ 0g—1 Z )q n(l—@)q—l-f—sq (Z n(@—s)q’—l)
n=1 =1
Z n(1-0a— 1+eqzk qu(zla €)q—1>
n=1
Now we use the fact that
k k- kO0=ed =1 = g0=2)d" for () —e)¢ —1>0,
ZN—W/—I <
— ((9 57 ) k0= for (0 —¢e)¢ —1<0,

where the second case follows by Lemma 4.8 (a). We put C := max (1, @) and obtain

o9 k q 00 9]
Z E—0a—1 (Z x;) <O Z (x;)q n(1=0)a—1+eq Z E—0a—1+0a—cq_
k=1 n=1

n=1 k=n
By Lemma 4.8 (b) we have
£q N —(1+ 1 - 1
n EmOHed) <t (14 — ) n0 = (14 — | =: Oy,
—n €q €q

thus, we have finally found some constant ¢’ = C - C5 such that

f: k—Qq—l (f: x;) ! < o f: (l’:)q n(l—G)q—l
k=1 n=1 n=1
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Theorem 4.10 Let 1 < g < o0 and p = ﬁ with 0 < 6 < 1.
Then we have (with equivalent norms)

(617 gw)&q = Epﬂq‘

Proof. Let ¢ < co. With Lemma 4.7 and Lemma 4.9 we have already shown that

[l er.e00)5., ~ 2Nty g0
For the case ¢ = oo we only need to slightly adjust the proofs of these Lemmas. O

As these kind of proofs are quite lengthy we will leave it at the one above, but it should
be mentioned that the last result can be considered as a special case of even more general
Theorems. Since real interpolation spaces 79,(] are always Banach spaces, they themselves
can form feasible Banach couples (Ygoqu,Ythl) that yield certain families of interpolation
spaces. This idea of interpolating between interpolation spaces is captured in the so called
reiteration theorem, see [1, pages 50-51]. The next result (see [17, page 127, Theorem 2])
shows the application of this theorem for Banach couples of Lorentz spaces:

Theorem 4.11 Let 0 < 0 <1 and 1 < pg,p1 < 0o with py # p1 such that
1 1-6 0

b Po b1

and let 1 < q,qo,q1 < 00. It holds (with equivalent norms)

(gp(),tlo Aoyt )07(1 = lpg

If we had shown this statement first, then everything concerning the real interpolation
of ¢,-spaces would have been just a special case. For example, if we put po = qo,p1 = ¢,
then

(baor bar)gq =Llpg and Loy = by q = L,

and additionally putting ¢o = 1 and ¢; = oo yields the content of Theorem 4.10.

4.3 Properties of Lorentz spaces

It certainly is possible to study Lorentz spaces without ever mentioning interpolation space
theory. For 1 < p,q < oo proofs of their completeness and embeddings can be found for
example in [10], which can be adapted for values 0 < p, ¢ < 1. But because we have proven
that for 1 < p < oo and 1 < ¢ < oo Lorentz spaces are interpolation spaces, we can go back
to the general interpolation theory to collect a couple of immediate consequences caused
by choosing the particular Banach couple (¢1,¢,,). About completeness we can say the
following, with (b) and (c¢) being implied by Lemma 3.8:

Theorem 4.12  (a) ({y4, ] - |le,,) is a quasi-Banach space for 0 < p < 00,0 < g < o0.
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(0) (lpq, |l - lle,.,) is @ Banach space for 1 <p < oo,1 < q < p.

(¢) For 1 < p < 00,1 < g < oo there is an equivalent norm || - [|j —in £, such that
(Cpq: I - 1I7,,) is a Banach space.

With two parameters the embedding structure of ¢, ,-spaces also becomes a little bit
more complicated, as shown in Figure 4. Now there are two ways to make them bigger -
either by increasing the value of p regardless of ¢ or by fixing p and increasing q.

1] | 1] ‘ 1]

0 0+ 0
-1 —1+ -1
-1 0 1 -1 0 1 -1 0 1
p=0.5,¢g=05 p=05,¢g=1 p=05,¢=2
1 14 1
0 0+ 0
-1 -1 -1
-1 0 1 -1 0 1 -1 0 1
p=1,4g=05 p=1q=1 p=1lqg=2
1 14 1
0 0+ 0
-1 —1+ -1
-1 0 1 -1 0 1 -1 0 1
p=2,q=05 p=2q=1 p=2,q=2

Figure 4: Side-by-side comparison of two-dimensional unit balls By, .

Theorem 4.13 Let 0 < py,ps < 00,0 < q1,q2 < 00. It holds
(CL) epl,th — gpz,th fOT p1 < P2,

(b) lpgy < Lpg for p=p1=p2 and ¢ < qa.

Once again, the cases in which the Lorentz spaces are normed have turned into a
Corollary of Lemma 3.9.
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4.4 Remark on the interpolation of quasi-normed spaces

Originally the definition of Lorentz spaces included the values 0 < p,q < 1 for which they
turned out to be quasi-Banach spaces. This naturally leads to the question whether these
particular spaces can be interpolated as well.

In [16] we find an approach to extend the real interpolation methods and in particular
the K-method for couples of quasi-Banach spaces. For this we need another kind of norm:
Let X be a vector space over K and 0 < r < 1. The functional || - || : X — [0, 00) is called
an r-norm, if for all @ € K and z,y € X it holds

(N1) ||lz]| =0 <z =0,
(N2r) [laz|| = faf ||zl
(N3) [l +yll < [[z]| + [ly]-

(X, ]| - ||) is therefore called r-normed space or r-Banach space, if it is complete.

Y. Sagher proceeds in [16] by introducing and proving all majors notions and properties
of interpolation space theory for couples of r-Banach spaces, that we have already seen for
Banach couples. Since we know by the Aoki-Rolewicz theorem [15] that every quasi-norm is
also an r-norm, he had established the real interpolation methods for quasi-Banach couples
as well. Furthermore he proved several results, for example the reiteration theorem, in the
context of Lorentz function spaces L, ,. While these proofs are adjustable for their discrete
counterparts in form of the Lorentz sequence spaces ¢, ,, we would need in both cases quite
a few more advanced techniques and therefore omit the details.

The sole purpose of this remark is to indicate that the reiteration of Lorentz spaces
as seen in Theorem 4.11 is certainly possible for values 0 < pg,p1,q0, 1 < 1 as well and
that there are ways to describe the quasi-normed Lorentz spaces as interpolation spaces,
too. However, this is only meant to be an outlook on even more general theory and since
the previously mentioned interpolation theory was only discussed thoroughly for Banach
couples, we will from now on restrict statements concerning ¢, ,~spaces to values p,q > 1.
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5 Entropy numbers

We have to introduce a couple more terms and properties before we start investigating
the behavior of operators and their properties under interpolation. We will start out by
recalling the necessary definitions to describe compact sets and operators and introduce
an equivalent description of relative compactness (see again [9]).

Definition 5.1 Let X be a quasi-Banach space and M C X.

(a) Let I be any index set and U; C X open for i € I. The system {U,};cs is an open
cover of M if M C U Ui.

i€l

(b) Let {U;};cr be an open cover of M and J C I with |J| € N. If M C U U, then we
jeJ
call {U,};jes is a finite cover of M.

(¢c) We put U(z,e) :={ye X : |z —vy|x <e}

(d) Let e >0. K C X is an e-net for M, if M C U U(z,e).

reK

(e) M is compact, if every open cover of M contains a finite cover of M.
(f) M is relative compact, if the closure of M is compact.
As we can see, an e-net is just an open cover with a specific system of open sets U(z, €).

Theorem 5.2 Let X be a quasi-Banach space and M C X. M 1is relative compact if and
only if for all € > 0 there exists a finite e-net for M.

Definition 5.3 Let X,Y be quasi-Banach spaces and Bx the unit ball of X.
(a) A linear map T : X — Y is compact, if T(By) is relative compact.
(b) K(X,Y) :={T € L(X,Y) : T compact}.

Apparently, the compactness of an operator is characterized by the possibility to find
a finite e-net for T'(By) for all ¢ > 0. Following the example of [2] we want to go a step
further by restricting the number of sets involved in such nets. More precisely, after fixing
a certain number of open sets we want to know for which values € > 0 we can still form an
e-net for T'(By) and in particular what the smallest one amongst them is. This problem
motivates the following definitions:

Definition 5.4 Let X,Y be quasi-Banach spaces and T € £(X,Y).
(a) The n-th (dyadic) inner entropy number of T is defined by

¢n(T) = sup{d > 0 : there exist x1,y,...,2, in Bx,p > 2",
such that ||Tx; — Tz;|ly > 20 for i # 5,1 <14,j < p}.
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(b) The n-th (dyadic) entropy number of T is defined by

en(T) = inf {5 > 0: there exist y1,¥s,...,y, in Y,q < 2"

q
such that T'(By) C U y; +eBy) }

J=1

(c) The measure of non-compactness of T is defined by

B(T) = inf {77 > 0: there is a finite number of y1,ys,...,y, In Y

q
such that T'(Bx) C U y; +nBy) }

Clearly, 5(T) = limy, 00 €n(T).

Remark 5.5 For the rest of this section we keep on using the introduced short notation
B(T),en(T) and v, (T'). Later on we repeatedly have to specify the domain and co-domain
of T in order to avoid ambiguities and write

BT X —=Y), e(T:X—=Y) and ¢, (T: X —=Y).

Overall we will discuss only a small selection of the properties of these numbers. For
more details see [2]. At first we will observe that the entropy numbers are always decreasing
and bounded above by the operator norm. Afterwards we will prove the equivalence of
entropy and inner entropy numbers.

Theorem 5.6 Let XY be quasi-Banach spaces and T € L(X,Y). Then
(a) [T x-y = e(T) 2 ex(T) =2 ... 20,
(b) | T||x=y = er(T) if Y is a Banach space.

Proof. We will only show (b) and slightly modify the original proof in [8, page 8]. First of
all, we know ||T||x—y = inf{\ > 0: T(Bx) C ABy} and thus ||T||x—y > e1(T).

Now let Y be a Banach space. If T(Bx) C yo + ABy for yp € Y and A > 0 then for
all z € By there are y;,ys € By such that Tx = yo + A\y; and —Tx = yy + Ayo yielding
2Tx = A(y1 — y2). Since || - ||y is considered to be a norm and [jy1]ly < 1, ||y2lly < 1, we
get

A A
|Tx|ly = 5 ly1 — vy < 5 (Nlally + lly2lly) <A

with the right hand side being independent of x. Taking the supremum over all x im-
plies ||T'||x—y < A and taking the infimum over all A for which e;(7) < A finally yields
1T x—y < ex(T). O
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Theorem 5.7 Let XY be quasi-Banach spaces and T € L(X,Y). Then
n(T) < en(T) < 20,(T)
for all n € N.

Proof. We present the proof found in [2, pages 7-8] which was adjusted accordingly to the
dyadic version of the (inner) entropy number of an operator.

In order to show the left inequality, let € > €,(7T) and 0 < § < ¢,(7T"). Then there
are yi,ya, - - -, Yg in Y with ¢ < 2"~ such that T(Bx) C UI_,(y; + ¢By), and there exist
T1,Ta,...,T, in Bx with p > 2" such that ||Tx; — Tzj|ly > 26 for i # j. Since ¢ <
2"~1 < p, there are more such z; than sets y; + ¢By. Hence, there must be a y; + ¢By
containing two T'z;. Suppose T'z; € y; + eBy and Tz, € y; + By. Then we have

[Tz = Taplly < T2 = yilly + lly; — Taxlly <2¢

and therefore 20 < || Tx; — Txy|ly < 2e which implies ¢, (T") < e,(T).

Conversely, for any § with ¢, (T') < ¢ there exists a maximal subset {1, 22,...,2,} of
Bx with p > 2"~ such that ||Tz; — Tx;|| > 26 for ¢ # j. The maximality is due to the
fact that for any z € By there is at least one element z; in this subset such that

| T — Ty < 26.
Hence,
q
U y; + 20By).
This implies e, (T') < 2§ and thus, e,(T) < 2p,(T). O

At last we will prove the equivalence of an operator being compact and the respective
entropy numbers being a null sequence. This characterization will be crucial for the next
chapter in which we want to prove the non-compactness of certain operators.

Theorem 5.8 Let XY be quasi-Banach spaces and T € L(X,Y). Then
TekKX,)Y) <« lime,(T)=0.

n—oo
Proof. Let T' € K(X,Y). Therefore T'(Bx) is relatively compact and thus, for every € > 0
there is a finite e-net for T'(By). Without loss of generality we can assume that these finite
e-nets consist of a dyadic number of open sets, hence, lim,,_, €,(T) = 0.
Conversely, let lim,, o e,(T) = 0. For all € > 0 there is an n. € N such that for all

n > n. it holds e,(7T) < e and the involved elements yi, 4, ..., yan-1 form a finite e-net
for T(Bx). Since this holds for all € > 0, it follows that T'(Bx) is relative compact and
T eK(X,Y). O

Because 0 # B(T)(= lim, o0 €,(7)) is sufficient to determine that 7" is not compact,
the value of G(7T") might be interpreted as a way to quantify how non-compact 7" is. We
might go so far as to say that it is a measure of non-compactness - hence its name.

27



6 Operators between interpolation spaces

Finally we want to look at the behavior of operators and their respective entropy numbers
under interpolation. Previously in the theory of interpolation spaces we started out with a
Banach couple X = (X, X;) yielding a pair of outer Banach spaces X, N X; and Xy + X3
in between which the spaces Xy, X; and Xy, were embedded. Taking another Banach
couple Y = (Yq,Y)) yields the same embedding structure with Yy, Y; and Y, lying in
between Yy NY; and Y, + V7.

In order to study operators between interpolation spaces we initially define them in
terms of the biggest appearing spaces so that they map from Xy + X; to Yy + Y; and
restrict them afterwards to Xy, X; and 79761. In the end we want to describe relationships
between these restrictions. We will see that certain properties of the operators over X
and X, are handed down to the operator over Xy ,. Furthermore we will have a close look
at how the entropy numbers of these three restrictions relate.

6.1 Compactness under interpolation

At first we introduce the notation of operators between Banach couples:

Definition 6.1 (a) For Banach couples X and Y we denote by T € £ (X,Y) that
T: Xo+ X1 —>Yy+ Y
is linear and that the restrictions to X, and Y
Tly,: Xo—Yy and Ty : X1 =Y
are linear and bounded.

(b) If the Banach couple X or Y is reduced to a single space, so that Xo = X; = X or
Yo=Y =Y, we just write T € ﬁ(X,Y) orTeL (X,Y).

In Figure 5 we have summarized all the previously mentioned restrictions in a single
scheme. In the sequel we will denote those by just T" as well and additionally state the
domain and co-domain, when we need to avoid ambiguity.

XO NX; —— Xo Yaq X —— Xo + Xi
lTXO lT|X97q lﬂxl lT
YonY, —— Yo Yo, Yi— Yo+ 1)

Figure 5: Scheme of the definition of an operator T' € L (7, 7).
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The next result is the first one of the kind that the restriction of T to Ygg inherits a
property of T': Xg — Yy or T : X7 — Y7 or both, which in this case will be continuity (or
boundedness).

Theorem 6.2 (Interpolation property, [3, Theorem 1.3]) Let X andY be Banach couples
andTEE(X,Y). Forall0 < <1andl1 <q< o0

T: 79,(1 — 79,(1
1 a bounded operator and it holds
ITll%, 70, < N7 v 1T 1%, - (4)

Proof. Let X and Y be Banach couples, T' € £ (7, 7) and rg+ 1 = x € Xy + X; with
2o € Xpand z; € X;. Then Txg +Txy =Tx € Yo+ Y, with Txg € Yy and Tz, € ;. We
put

My = ||THX0—>Y0 and M := HTHX1—>Y1'

The definition of the K-functional as well as T : Xg — Yy and T : X; — Y] being bounded
yield

K(Tx,t;Yy, Y1) = inf {||Txo||y, + t||Tx1|ly, : Tx = Txo + Ty}
< [ Txollyv, + T [y,
< Mol|zollx, + tMy |21 ] x,

M,
= Mo (Bl + 3 bl ).

so that by taking the infimum over all decompositions of = we get

M
K<Tx7tay()u}/1) < MOK (xatﬁl;X(]?Xl) .
0

With this estimate and the substitution s := t%, dt = %ds we have
© Jdt\ s
ITaly,, = ([ [0 @) S
0
1
e M, 71 1
< tOMOK (2, t—; X0, Xy || —dt
= (A |: 0 <I7 M07 0 1):| t >
/My \7* T\ M\
— M, V) K (x5 X0, X —12) 2
0(/0 [(MIS) (z,8; Xo, 1)] (M()S) M, S

AN I sds\ @
S A K (2,5 X0, X)) £2
O(Mo) (/o T s X O
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= M, M{||z]x,,

and thus, it holds

1T, v, < 1T 0 1T 1% S,

Remark 6.3 In general, (4) contains a constant C > 1 in the upper bound, so that

ITl%,,-%,, < CITI Ly IT1%, Sy (5)

see for example [1, page 27]. For all the interpolation spaces we are dealing with it holds
C =1, yet we mention this constant to emphasize the similarities to other inequalities that
we will see later on in this section.

Since continuous operators have a finite norm, the interpolation property shows in
particular that the continuity of 7' : Xqg — Yy and T : X; — Y7 is handed down to the
interpolated operator T': Xg, — Yy, A similar effect is known for compactness:

Theorem 6.4 ([3, Theorem 3.2]) Let X and Y be Banach couples, T € L(X,Y),0< 6 < 1
and 1 < q < oo. If

T e K(Xo,Yy) or TeK(X,Y1)
then
T € ’C(Y97q,?97q>.

We notice that this time the compactness of just one of the operators T : Xy — Yj or
T : X, — Y, is sufficient for T : X4, — Yy, to inherit it. This behaviour of compact
operators under real interpolation can also be expressed in an inequality of the form (5)
that yields the previous result by recalling that S(7T") = 0 is equivalent to T' € K(X,Y).

Theorem 6.5 ([4]) Let X and Y be Banach couples and T € L (X,Y). For all0 < 6 < 1
and 1 < q < oo there is a constant C depending on 6 such that

B(T: Xy — Yoq) <CB(T: Xg— Yo)' PB(T: X1 — 1)’

Naturally the question arises if there are such an inequalities for entropy numbers e, (T')
with n < 0o, too. Indeed, those can be proven if we one of the end spaces is fixed, which
is achieved by replacing X or Y in T € £(X,Y) with a single Banach space X or Y. The
resulting notation of T' € L (X ,7) orT el (7, Y) was already introduced in Definition
6.1.
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Theorem 6.6 Let mn € N, 0< 0 < 1,1<qg<oo and let X,Y be Banach couples.

(a) If Y is a Banach space and T € L(X,Y), then

enim1(T: Xgq —=Y)<2Ce,(T: Xog = Y) e, (T: X, = Y)°.

(b) If X is a Banach space and T € L(X,Y), then

enim1(T: X = Yy,) <2Ce,(T: X = Yy) e, (T: X - 1)’

A proof for this Theorem can be found in [14, page 170, Prop. 12.1.11. and 12.1.12].

6.2 Entropy numbers under real interpolation

The final question is if there exists an inequality of the form
er(T: Xgqg— Yoq) < Cen(T: Xo — Yo) Ve, (T : X1 = 11)°,

for finite k,m,n € N when no further assumptions about the Banach couples are made.
This problem was finally settled in [6] where D. Edmunds and Yu. Netrusov constructed a
counterexample for a pair of Banach couples (¢, {,,) and (,,,¢,,) such that the entropy
number of the interpolated operator T': Xy, — Yy, can not be bounded above by the
product of the entropy numbers of the original two operators.

Besides going over the content of [6] we will discuss some additional aspects of bounding
entropy numbers in order to be able to grasp the involved ideas and techniques of the final
counterexample.

6.2.1 Combinatorial Lemmas

Estimates of entropy numbers in any direction are most commonly based on either a couple
of volume arguments or a combination of some combinatorial arguments. Since proving
those is sometimes quite technical, we will prepare some combinatorial Lemmas right away
so that they are ready to be used afterwards when we want to actually show certain upper
and lower bounds of entropy numbers.

Lemma 6.7 Let v,d € N,v < d. Then

O ()= m (e

Proof. For the lower bound in the first inequality we have to show
1

(g) < Hdii = d“zii;‘ffi?*” - v!(ddi o)l (d)

k=0
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which is implied by the fact that % < H is equivalent tov < d for all k € {0,1,...,0—1}.
For the upper bound we will use the fact that

OOU
=Dz

v el)

v

1
==
v!

@|@
S|

and conclude that

(;z) _ U!(ddi - d(d—1)..1.)!(d—v+1) . (5' . <%z)

The second inequality is implied by the Binomial theorem, yielding

(2;) < é (2:) = (141)* =2

]

For the next result we introduce a notation for a set of subsets with a fixed number of
elements. Given any set £ and any v € N with v < |E|, we put

L(E,v):={D C E:|D|=v}.

Lemma 6.8 Let E be a set and v € N such that |E| > 64ev. Then there exists a subset
S(E,v) C L(E,v) with the following properties:

(a) for any distinct D1, Dy € S(E,v)

D10 Dy| <

[\DIQ?

)
S(E, 0| > |£(E, )| — ('E').

Proof. We will only discuss the case of n being even. The odd cases can be handled
analogously. Let ¥ € N, n = |E| € N so that n > 64ev, and let D; € L(E,v). For the
sake of readability we will shorten the notation of certain sets by putting

EZk = {D2 € E(E,’U) : ‘Dl ﬂD2| 2 k},
Egk = {D2 € E(E, ’U) : |D1 N D2| < k’}

with k € {0,1,...,v}. At first we observe that

-2 (600 - 0= ()
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which is the well-known Vandermonde identity. Additionally it holds
(Lol < [Lcy|+|Log] <Lyl |L5g] (6)

for whenever [L<z| > 2 and |£>z| > 2, which is obviously the case for all § € N.
The next step is to show

By using (Z,) < (v’/’z) for k=0,1,...,v/2 we get
" /v\ [(n—v v\ o= (1 —
=2 (1) (070 = ()2 60 - (
k=% k=%

Hence, it remains to show that
n—u n
k=0 2

By using the Vandermonde identity, (”22) > 1 for all k € {0,...,v/2} and inverting the
order of summation, we have

(SIS

KA KA ICA A

(-2 OC) 20200200

where the last estimate holds for n — v > v /2, which fits our initial assumption on the size
of E. Therefore (7) holds. By combining (6) and (7) we conclude that

(n) |£<v|
S~y S S L<y]
(v/2) (v/2) |£2%| -

=: S(F,v) C L(F,v) having property (a) and

and thus we have found a subset L<:
()
(v"/}Z) <v72)

In order to show property (b) we apply Lemma 6.7 which yields

R L ¢ E ) R ) M (ne)* ()™

a (v?2)( Ta) (2%")”/2  Qugu/2 (%)”/2 v Quv/Zev (64e)v/4

elements.

containing at least

v/2

and by the initial assumption of n > 64e3v and again Lemma 6.7 we finally get

(E)v/4 (E)UM (@ . M)Uﬂl e v/ o\ /4
v CIRARES S N = (=) > :
(64et)v/4 = (64et)v/4 ( v > - (U>
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The next statement is quite similar to the previous one and its proof is based on pretty
much the same core ideas.

Lemma 6.9 Let a € N,a > 8 and suppose that (F;)I, is a family of sets with |F;| > a for
all i. Then there exists a subset A C [[\_, F; such that

A| > at

and for any f = (fi)i~1,9 = (g:)~; € A with f # g, it holds the estimate

|{ie{1,...,n}:fi=gi}|sg.

Proof. Without loss of generality let & € N, |F;| = a for all i and g € ][], F;. Again we
will shorten the notation by putting

ka:: {fGHEHZE{L,n}f@:ngZk'},

Fepi= {fEHE:|{i€{1,...,n}:fi:g,~}|§k}.
i=1

Already we can make some observations. First of all we have

n

IR2

i=1

and it holds

n

-

k=0

a =

< |Fen|+ | Fon

{fEHE-:|{i€{1,...,n}:fi:gi}|:k‘}

[Fegl 1P| < [Pyl [ P2y (8)

for [F<n| <2,[F>n| > 2 which indeed holds for all § € N. Additionally we have

'{fGHE e (L. n} fi= gl :kH = (})a-vr

because after choosing k of the n coordinates that will coincide, there are n — k coordinates
with each (a — 1) elements left to be chosen.
Now we show that

Foal < ain (

|3

By using our above observations we have

n

Fonl=>

k=%

{feIIEﬂﬁe{L“wM:ﬁ:%H:k}
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£ Qs (e

k=2

()=

where the last estimate Y 7, (a — 1) < a? can be shown via induction (n — n + 2) such
that

|3

(a—1)"<a? +(a—1)" =a3"! (—+ (a ) >

g+l
— a%+1 (1 + (1 _ 1) > S G%Jrl’
a a
where we used for the last estimate that

1 1\ 2 1\ 2
_+(1__) <1 e (1__) <1
a a a

which obviously holds for all n.
Furthermore, because we assumed a > 8, it holds

n an/3 8 " §n< Sn
n/2)" an) =\a) o=

By combining (8) and (9) we finally arrive at

B
w[3

< 2%q7 = 83q

so that choosing F<z = A yields the claim. ]

6.2.2 Bounds of entropy numbers

In the sequel we will encounter finite-dimensional ¢,-spaces and sequences spaces whose
norms sum over index sets different from the natural numbers. For that we need more
precise notation: Let E be any non-empty countable set. We put

2y () = (Z |xn|q>

nek

Q=

for finite ¢ (with the usual adjustment for ¢ = oo) and ¢,(E) denotes the space of all
sequences with ||z||¢, g < oo.
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In particular, for £ = {1,2,...,n} we end up with the finite dimensional ¢, -spaces,

denoted by £y, which are basically the R equipped with the norm [|z[m» = (32,_, |xk|q)%
And choosing £ = N yields the usual /,-spaces. Additionally, all the logarithms will have
base 2, even though we will keep writing log(x) instead of log,(z).

Now we are going to be concerned with the actual bounds for entropy numbers of
the identity operator acting between fj-spaces. The upper bounds can be found in 8,
Proposition 3.2.2] and the lower bounds in [5, Theorem 2]. We will go over the proof of
one of the lower bounds as it showcases a particular combinatorial argument that we will
encounter again in the main result.

Theorem 6.10 Let n € N and 0 < p < q < 0o and id : £ — (. There are constants
C1, Cy independent of k and n such that

C1A(k,n) < er(id) < CLA(k,n)
with
1 if k <logn,
A(k,n) = (M);_; if logn < k <mn,
i G=%)  ifk>n.
Proof. We will follow the arguments in [11] and show the lower bound of e (id : £ — )

forlogn <k < n:
Letm,neNWithnZZlandlgmg%. We put

S = {x = (xp)p_y € {—1,0,1}": z”: || = Qm}

k=1

and observe that [S] = (,)2*". Additionally we have (2m)_%5 C By We define the
Hamming distance h on S by

h(z,y) =|{k €{1,2,...,n} : zx # yr}|-

Obviously, for fixed z € S we have

e st <m < (1)

m

Now take any subset A C S with |[A] < N := (,2)/("). The estimate
{y € S : there exists an x € A with h(z,y) < m}| < |A] (n>3m < (2n )Sm <9|
m m
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implies the existence of an element y € S with h(z,y) > m for all x € A. Hence, it is
1
possible to construct a set A" C S with |[A'| > N and h(z,y) > m and thus ||z —yllem > ma

for all distinct =,y € A’. So, we have found with (2m)_%A’ a subset of By containing
more than N elements that have a mutual £7-distance

11

|2 = yllen > €= (2m) " Pmys. (10)

Recalling the definition of inner entropy numbers @i (-), see Definition 5.4, and the fact
that ex(-) > ¢x(+), it becomes apparent that by putting k := [log N | we can write (10) as

€ 11
er(id: €0 = 1) > = = cymi
with C1 = 27(1+%).
With a couple more arguments regarding the relationship of NV, k and n it can be shown
that

Q=

log( + 1) b
k

er(id : £y — £7) > c(

for logn < k < n, but we omit them. O

The main reason to mention this proof was to highlight the particular chain of ar-
guments revolving around the relationship ¢ (-) < ex(-) < 2¢k(-) that we had seen in
Theorem 5.7. With this approach the difficult task of precisely evaluating an entropy
number ex(7 : X — Y) changes into the construction of an appropriate subset of Bx
containing a sufficiently large number of elements, so that their images under 7' have a
minimal non-zero distance to one another. But as useful as this approach might be, finding
such subsets can still be quite difficult depending on the respective operator T as well as
its domain and co-domain spaces.

Next we state another Theorem regarding bounds of entropy numbers and this time
not for the identity map but a diagonal operator that weights the elements of a sequences.

Theorem 6.11 ([12]) Let 0 < p < g < oo0. We put X :=
map D by

% - % > 0 and define the diagonal

x.
D:l,— ¢ , (:Bi)iEN — (—l) .
? ! (log(Z + 1)))\ ieN
There exist constants Cy,Cy independent of n such that
Cin < e, (D) < Con™.

After establishing these general entropy bounds we will have to introduce just one more
tool in the form of bounds for the Lorentz norm of certain sequences, which will be crucial
for deriving a lower bound for certain (inner) entropy numbers afterwards.
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Figure 6: The first entries of the unweighted decreasing rearrangement of """ | a;xp, with
|E;| = 2" and decreasing «;.

Lemma 6.12 Let 0 < u,p < oo and let E be any set and (E;)!_, any family of disjoint
subsets of E with |E;| = 2¢ for all i = 1,...,n. Then there are positive constants Cy,Cs,
depending on u and p, such that for any scalars ay, ..., o, it holds

4 <Z QiZ‘Oéi|u> < Z%’XEi < Oy <Z 2iz|ai‘u>
i=1 i=1 i=1

Proof. We will only discuss the cases where u and p are finite. Without loss of generality
we assume that (a;);—1._, i a non-increasing rearrangement. We can interpret a;xg, to
be a sequence of length >"1" 2" = 2(2" — 1), where the first 2 entries are equal to ay, the
next 2% entries are equal to s, and so forth, and the last 2" entries are equal to «,,, see
Figure 6. This leads to the expression of the ¢, ,-norm as

1

fp,u

1
n 2(28-1) u

S (G )

i=1 j=2i—1

n
E QX E;
=1

The estimates of this norm are based on the following idea: Above every sector of length

ZPVM

2¢ we have the same «; that is multiplied with different weights of the form j »~% which
are either increasing or decreasing, depending on whether p < uw or p > wu. In both cases
there is a biggest (and a smallest) element j%_%ai on the left or right end of a sector with
which all the other elements of each sector are estimated above (or below). Additionally
we will repeatedly use the fact that 1 < 22—_1 < 2 for ¢ € N.

At first, let p < u (or equivalently %—% > 0) so that (jii%)jzlmz(y,l) is an increasing
sequence. We get

n 2(2¢—1)

R\E U E <Z2 <[2<2"—1>J57‘irai1)u>u

i=1 \ j=2i—1

N —
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=1
n 1
=2 2% |Oéi’u)
=1
and
1
n (221 a " %
11 o L )
) (jp ulaz‘> > ( 9 <[2z_1]p u‘aiD )
i=1 \j=2i-1 —
1
"o, .
- <Z 2 _ 1 [21 - 1]p|al|u>
i=1
1
i=1

=1,...

1
n 2(2¢-1) 1

Z Z <j%*%|ai|>u < ZQi <[2i—1]:’i|ai|>u>

i=1 \j=2i-1

and

|~

n 2(2¢—1)

> (el E (ZQ ([2(2@'_1>];—iyai!)u>

i=1 \j=21-1

e =



2=

27 (i 2%
=1

OéZ’u>

1 1

Z QX E; < max (25, 2%> (Z 21;|O&¢|”)
i=1 1=1

In total we have shown that

min (2—%,2*%) (Z 2i;|ai|”) <
=1

w

Zp,u

]

Remark 6.13 We will need two particular modifications of the previous Lemma in which
the «; still ought to be decreasing scalars while the number of elements in the sets F; are
changed into different powers of 2. The arguments used for the estimates stay exactly the
same and lead to similar looking constants:

(a) For any family (E;)"_, of disjoint subsets of E with |E;| = 2°=1 for each i it holds

1 1

n
E Qi XE;
i=1

u

rt (S <
=1

u

s(Zﬂmi\“) Sy

£p,u

(b) For any family (E;)?_, of disjoint subsets of E with |Ey| =2 and |E;| = 27! for each
i€{2,3,...,n} it holds once again

n 1
1 1 -y
TuTh (Z 2’ \ai\“> <
=1

(12)

n
§ Qi XE;
=1

Zp,u

Remark 6.14 For the next result let E be any countably infinite set and (E;)ien a family
of disjoint subsets of E with |E;| = 2% for all i. Let \ be a positive constant and denote
by T the linear operator defined by

T((2i)ien) = (2_i/\$z‘)i€N7 r; € By,
where the z; are allowed to be vectors, so that all elements from E; are weighted with 2~

Theorem 6.15 Let 1 < p,q,u,v < oo be such that \ := 117 — % >0 and g > v and we put
ci=2—1 LetT:l,,(E)— ly,(E) and E be as in the previous Remark. Then there is

u

a constant C' = C(p, q,u,v) such that
em(T) > Cm > (logm) "

for all m € N.
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Figure 7: Visualization of the set A constructed in the proof of Theorem 6.15.

Proof. By substituting m = 2°s we get the estimate

eas(T) > C(2°5)*(log(2%s)) ™
= 027 (s + log s)*(s + log s)™°
> 272 s *s* min(1,277)s ™

= 027570

for all s € N. In order to derive such a lower bound for eqss(7") we recall that eqss(T") >
(70238(T> and

(2:5(T) = sup{d > 0 : there exist 21, 2,...,2, in By, ,,p > 22",
such that ||Tx; — Tx;|,,, > 26 for i # j,1 <i,5 < p},

revealing two main tasks. At first we need to construct a subset A C By, , containing more
than 22°¢~! elements. Afterwards we have to verify that the images of the elements in A
under 7" have a certain minimal distance to one another.

Before we take on the first task, we need to make the following consideration: Let s € N
be sufficiently large and put ky := min {k: eN:s< Qk}. Then obviously 2k0—14+1 < 5 < 2ko
and furthermore it holds

1
s —ko > 35 (13)

Sincel—%o>1

> 1 - 2,906—‘)1“, (13) is already implied by observing that the sequence

<2kok—01+1>koeN = (1 %,5, §s---) is strictly decreasing for all 2 < k € N so that % is the

largest possible entry. .
Now we recall that the sets E; contain 2% elements and L£(E;,2°7%) is the collection

of all subsets of E; containing exactly 2°% elements. We claim that there exists a set
A C Apgr1 X Aggra X ... X Ay x Ay and A; C L(E;,257Y) for i € {ko+ 1,...,s}, see
Figure 7, possessing the following properties:

(a) For all distinct Fy, Fy € A;,i € {ko+1,...,s} it holds

|Fo Ny <257
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(b) For all f = (fi)i—p,11>9 = (9i)i—p,s1 € A with f # g it holds
/fo

{ie{hot1,....s}: fi=g}l <>
(c¢) There is a constant C' such that
log(|Ai]) = C2°.
(d) There is a constant C such that
log(|A[) > C12°s.
(a) and (c) are consequences of Lemma 6.8. Putting v = 27" directly yields the existence of

sets A; which take the role of the subsets S(FE,2°~"). For these we had shown the inequality
|A;[* = |S(E, 2579 > |L£(E,2°7%)|. This implies (c¢) when we apply Lemma 6.7, because

2% 9%
log |4;| > log |L(E,2°7")| > log (2 ) 25" log (2 > = 2°""log (22 ““)
and by recalling that we are using base 2 logarithms we get

4 i o 1
9s=i] (22 *S+1>:2H 9 g4 1) >0 (1——) >o (1=
og ( S+ )_ 9 5 )

where we used for the last estimate that s < 2% and 27% < 2=¢o*+D for j € {ko+1,...,s}.
Similarly, properties (b) and (d) are implied by Lemma 6.9 with n = s — kq. By putting
a :=min(|Ag, 11|, |Aggs2ls - - -, |As|) and applying the just shown property (c) we get

—]{70 S—ko 1 S—/{?O 1
1 > 2% = — 2°s > —(02°
)oga_( 5 )C’ 60( . ) 5_180 s,

where we used the fact that s — kg > %s.
Now that we are sure of the existence of A we take any f = (fi)i_;,,1 € A and put

s—ko
xf—su<22 PXfZ)—S“‘(Z st+11>

i=ko+1

log |A| > (

with inverted order of summation in the second series. Since |xy,,, ,| = 27! for all

i€ {l,...,8 — ko}, we can apply inequality (11) with the coefficients «; = 2% By
1

additionally using the fact that s~ (s — ko) <1 we get

s—ko _ %
(g

s—ko

Z 2_%st+1—i

=1

1
¢ llpw = 57

Kp;u
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_ (Zk z)i

2 (S—ko)%SQ

S

B =
e =
*@\H

Hence, A can be scaled down such that it is a subset of the unit ball of ¢,,. With the
previous estimate and property (d) we have already shown that the set A contains enough
elements and can be scaled accordingly to fit into the definition of pqss(7"). Hence, it only
remains to show that there exists some constant Cy so that

| Ty = Tayll,, > 275

for distinct f,g € A. At first we simply use the definition of T" and once again reverse the
order of summation so that

[ Txy — Tayll, = ( sz Xgi)>
i=ko+1 qu/u

- sz ng)
i=ko+1 low
s—ko .

_1 _i—=1_ Y

=|F " Z 2w (1m0 (st+1—i - ng+1_i)

=1 law
s—ko
1)
=su2 *a Z 2 st+1 L Xgerii)

eq,v

and notice the decreasing coefficients 274,

For further estimates of the ¢, ,-norm we have to look back at the definition of .4 and the
properties of distinct elements f = (fo11-3)i2t, g = (gss1—s):=r° from this set. Property
(b) tells us that f and g can coincide in at most half their coordinates and by (a) we know
that if fs 1 # gs11-i, then these two sets share at most half of their elements. Thus, for
the widths of the difference of the indicator functions it holds |xy,,, , — Xg.,,_,| < 2' for
allie{l,...,s —ko} and

=0 if for1-i = Gst1-i
|st+1—i - ng+1—i| =2 if f8+1*i 7£ Gs+1—i and 7 = 17
2 22'71 if fs—‘rl—i 7£ Gs+1—i and 7 2 2.

So as long as the respective coordinates do not coincide, we will have exactly 2 elements
above F; and the number of elements above every other component Eg,; ; with i > 2 is a
multiple of 2 between 2=! and 2¢. In particular, if f and g are disjoint then the resulting
sequences have the same form as )., a;xp, that we had seen in Lemma 6.12, see Figure 6.
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Figure 8: The first entries of the decreasing rearrangement of 351 277 (Xfosros = Xgos1s)
after applying property (a) of A; after additionally applying property (b) of A; and how
it ought be weighted and estimated in the proof of Theorem 6.15.

Finally we need to combine the assumption of ¢ > v with the properties (a) and (b) of
A and the lower bound in (12) in order to derive the desired lower bound for

s—ko

Z 2 st+1 i ng+1—i)

=1

| Txy — TJUgHz = s w2y

Kq,'v

The first step to minimize the ¢, ,-norm is to suppose that f and g are so that there

is maximal overlay above every E; in the sense of (a), such that |xs, — x,| = 2 and
IXforr s = Xgors| = 27 for all i € {2,3,...,s — ko}. Hence, (12) is applicable with
Ei = Xfii = Xgorr; and o = 2_5, yielding

11 Zko 1 11 S — k‘o 11’
voq ( | ) > v g ( 2 ) ) (1 1)
£ v

q,

s—ko

Z 2@ (st+1—i - ng+1—i)

i=1

where we supposed for the second estimate that in the sense of (b) the maximum possible
number of coordinates coincide. Since we assumed ¢ > v and thus have decreasing weights
ni~¢ in the Lorentz norm, we would get the same lower bound even if we applied (b)
first. As shown in Figure 8, if some coordinates are eliminated by property (b) then the
rest are pushed to the left as the Lorentz norm decreasingly rearranges the sequence. But
because of the decreasing weights, the norm can only get smaller if we shift the remaining
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coordinates to where they would have ended up before applying (b). With the same
argument inequality (12) remains valid even if we allow some o; = 0. By using s —ko > 3
in (14) we finally have

1_1 S

1
oy — Tl = 522t (2)F S 1t
for all distinct f,g € A.
0

This finally enables us to formulate the result in which entropy numbers do not behave
well under real interpolation:

Theorem 6.16 For all A € (0,1) there exist Banach spaces Xo, X1, Yy, Y1 and a linear
map T : Xo+ X1 — Yo+ Y7 such that for all 1 <u<o00,0<60 <1 withl—02> % and
neN

en(T : Xo — YE)) < Con_/\,

en(T: X1 = Y1) <en™
and

en(T . (X07 Xl)@,u — (5/071/1)9#) Z C’I’Li)\(lOg n))\v

where the constants c, cy, c1 are positive and independent on n.

P’f’OOf. We put XO = EpoaXl = épp% = qu,Yb = qu with 1 < Po, P1,90,90 < OO, Po ;A 4o
and

1 1 1 1
———=———=)>0
Do 4o D1 q1

With the same operator T as in Theorem 6.15 it follows by Theorem 6.11 that
en(T i lyy — £g) < Con™ and e, (T : £, — £y) < Cin™?,

which was applicable since T' was specifically defined as a diagonal operator acting over
some sets F; with lengths |E;| = 22 and the respective weights 27,
Additionally we had seen in the Theorems 4.10 and 4.11 that

(Lo gm)e,u =l and  ({y, £q1>97u =lgu
with 0 <0 <1,1<wu<ooand
1 1-6 0

1
+— and -
p Do y4i q qo q1

Hence, Theorem 6.15 implies

en(T : (Epmém)g,u — (quagtn)e,u) > Cyn*(logn)*

1—-6 0

when ¢ > u.
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6.3 Summary

A lot of preparations had to be done, but we finally have an example for an operator
acting between real interpolation spaces with an ill-behaving entropy number. Yet, it
should be noted that Theorem 6.15 and Theorem 6.16 were originally stated in [6] without
the restriction ¢ > v. Since there are strong similarities with certain arguments in the
earlier work [5] by Edmunds and Netrusov, there might be a way to derive the lower bound
just with the help of Lemma 6.12 for ¢ < v as well. But so far we could not figure out such
an argument. Additionally their main result includes the quasi-normed Lorentz spaces.
Even though we excluded these cases previously, our presented argument in the proof of
Theorem 6.15 works for those as well.

As a general note we want to highlight that among several follow-up papers, Edmunds
and Netrusov themselves quickly provided another counterexample in [7] with an even worse
behaviour of the entropy numbers for vector-valued sequence spaces and in particular for
Besov spaces.

While we can consider the problem of the behaviour of entropy numbers under real
interpolation to be settled, the exact same problem is still open for complex interpola-
tion methods. Similarly it can already be shown that they behave well under specific
assumptions. Yet, there is missing an answer when no further assumptions are made on
the involved spaces. Hence, we can be excited when and how this problem will be solved,
too.
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