Preconditioning of Hermitian block–Toeplitz–Toeplitz–block matrices by level–1 preconditioners

Daniel Potts and Gabriele Steidl

Abstract. In this paper, we are interested in the eigenvalue distribution of sequences of preconditioned Hermitian block–Toeplitz–Toeplitz–block (BTTB) matrices of size N_1N_2 × N_1N_2 if N_1, N_2 → ∞. We focus on level–1 preconditioners constructed from circulant–like matrices. For some reasons we restrict our attention to BTTB matrices having the sum of nonnegative trigonometric polynomials p(x) and q(y) as generating function. We show that for some usual preconditioners, O(N_1) eigenvalues of the preconditioned matrices behave as the α–th (0 < α < 1) power of the reciprocal eigenvalues of the N_1 × N_1 Toeplitz matrices generated by q. For example, if p and q have one zero of order 4, respectively, then the preconditioned BTTB matrices with level–1 preconditioners based on the sin-I transform have 2N_1 eigenvalues which behave for N_1, N_2 → ∞ as N_1/k (k = 1, . . . , N_1).

1. Introduction

In this paper, we are interested in the solution of Hermitian block–Toeplitz–- Toeplitz–block (BTTB) systems A_{N1,N2} (f) x = b (1.1)

with nonnegative real–valued generating functions f ∈ C[0, 2π]^2, i.e. A_{N1,N2} := (A_{r−s})^{N1−1}_{r,s=0} , A_r := (a_{r,j−k}(f))^{N2 −1}_{j,k=0} , where a_{r,j} := 1 4π^2 ∫_{2π} 0 ∫_{2π} 0 f(x, y)e^{−i(rx+jy)} dxdy. Since f is nonnegative, the matrices A_{N1,N2} are positive definite [7]. During the last years the preconditioned conjugate gradient method (PCG–method) for the solution of (1.1) has attained much attention. The main reason for this is that each iteration step of the CG–method requires only one multiplication of A_{N1,N2} with a vector which can be realized with O(N_1N_2 log(N_1N_2)) arithmetic operations by fast Fourier transforms. The number of iteration steps depends on the distribution of the eigenvalues of A_{N1,N2} . In particular, we recall the following result of O. Axelsson [1, p. 573].

1991 Mathematics Subject Classification. Primary 65F10; Secondary 65F15, 65T10, 65F50. 1

Theorem 1.1. Let A be a positive definite Hermitian N × N matrix, which has p and q isolated large and small eigenvalues, respectively: 0 < λ_1 ≤ λ_2 ≤ . . . ≤ λ_q < a ≤ λ_{q+1} ≤ . . . λ_{N−p} ≤ b < λ_{N−p+1} ≤ λ_{N−p+2} ≤ . . . ≤ λ_N (0 < a < b < ∞). Let ⌈x⌉ denote the smallest integer ≥ x. Then the CG–method for the solution of Ax = b requires at most n = ⌈ (ln 2 τ + q∑ k=1 ln b λ_k ) / ln

1 + (^a_b )^{1/2} 1 − (^a_b )^{1/2} ⌉ + p + q

iteration steps to achieve precision τ, i.e. ||x^{(n)} − x||_A ||x^{(0)} − x||_A ≤ τ , where ||x||_A := √ x^∗ A x, x^∗ is the complex–conjugate transposed vector of x and x^{(n)} denotes the numerical solution after n iteration steps.

If f ∈ C[0, 2π]^2 is a positive function with f_{min} := min{f(x, y) : (x, y) ∈ [0, 2π]^2} and f_{max} := max{f(x, y) : (x, y) ∈ [0, 2π]^2}, then the eigenvalues of A_{N1,N2} (f) are contained in [f_{min}, f_{max}] for all N_1, N_2 ∈ N [23]. Thus, by Theorem 1.1, the CG–method applied to (1.1) requires only a constant number of iteration steps. Preconditioning with Hermitian positive definite matrices M_{N1,N2} can further decrease the number of iteration steps. Since every iteration step requires in addition the solution of a system of linear equations with coefficient matrix M_{N1,N2} now, this solution should take no more than O(N_1N_2 log(N_1N_2)) arithmetic operations. Therefore level–1 and level–2 preconditioners related to algebras of circulant–like matrices, i.e. matrices which are diagonalizable, up to unitary diagonal matrices, by the Fourier matrix or trigonometric matrices, were mainly used in literature [8, 6, 18, 22]. While in the univariate case preconditioning with suitable circulant–like matrices leads to a proper clustering of the eigenvalues of the preconditioned matrices at 1 [21], this is not true for the bivariate setting [24, 25].

In this paper, we will show a negative result for the more interesting case that f ∈ C[0, 2π]^2 has zeros. We restrict our attention to functions f(x, y) := p(x)+q(y), where p and q are nonnegative trigonometric polynomials. Then

A_{N1,N2} (p + q) = I_{N2} ⊗ A_{N1} (q) + A_{N2} (p) ⊗ I_{N1} ,

(1.2)

where I_{Nj} are the identity matrices of size N_j × N_j (j = 1, 2) and

A_{N2} (p) := ( a_{j−k} (p) )_{N2} j,k=0 , aj (p) := 1 2π ∫_{2π} 0 p(x)e^{−ijx} dx. The reason for this restriction is the following: Assume that f ∈ C[0, 2π]^2 has isolated zeros of order 2θ_j at (x_j , y_j ) (j = 1, . . . , k). Here we use the generalized definition of the order of zeros for functions of two variables given in [19]:

The zero (x_0, y_0) of f(x, y) is of order β, if β is the smallest positive integer so that F^{(β+1)}_{(x0,y0)} is continuous in a neighborhood of (x_0, y_0) and F^{(β+1)}_{(x0,y0)}(0) ≠ 0 for all (x, y) ≠ (x_0, y_0), where

F_{(x0 ,y0)}(t) := f(x_0 + t(x − x_0), y_0 + t(y − y_0)) ∀(x, y) ≠ (x_0, y_0).

Set p(x) := k∏ j=1 ( 2 − 2 cos(x − x_j ) )_{θj} , q(y) := k∏ j=1 ( 2 − 2 cos(y − y_j ) )_{θj} . Based on [23], it was proved in [19] that the eigenvalues of A^{−1}_{N1,N2} (p+q)A_{N1,N2} (f) are bounded from above and below by positive constants independent of N_1 and N_2. Since p and q are trigonometric polynomials, the matrices A_{N1,N2} (p + q) are banded block–Toeplitz – banded Toeplitz–block matrices. However, the sparse matrices A_{N1,N2} (p+q) are in general not suited as preconditioners for (1.1) since the efficient solution of a system of linear equations with coefficient matrix A_{N1,N2} (p+q) requires additional effort.

One possibility to solve systems of linear equations with coefficient matrix A_{N1,N2} (p + q) is based on the multigrid method. The convergence of the two–grid method independent of the problem size was proved for banded matrices belonging to the so–called “τ–algebra” in [11] and generalized to the corresponding BTTB systems in [12]. The convergence of the full multigrid method independent of the problem size was shown for Toeplitz systems generated by nonnegative functions with zero of order less or equal than 2 in [5] and enlarged to the corresponding BTTB systems in [28].

Furthermore, it was emphasized in [2] that the (direct) method of “cyclic reduction” can also be applied to the solution of BTTB systems.

In this paper, we examine another method. In the univariate case it was proved that suitable circulant–like matrices M_N (f) are very good preconditioners for Toeplitz matrices A_N (f) (f ≥ 0) in the sense that the eigenvalues of the preconditioned matrices have a proper cluster at 1 [21]. If in particular, f = p is a trigonometric polynomial, then the matrices M^{−1}_N (p)A_N (p) have only a fixed number of eigenvalues (independent of N) which are not equal to 1. This recommends the use of matrices of the form

M_{N1,N2} (p + q) := I_{N2} ⊗ A_{N1} (q) + M_{N2} (p) ⊗ I_{N1}

with circulant–like matrices M_{N2} (p) as preconditioners for (1.2). Systems of linear equations with coefficient matrix M_{N1,N2} (p+q) can be solved with O(N_1N_2 log N_2) arithmetic operations by fast Fourier transforms or fast trigonometric transforms. Moreover, by considering

M^{−1}_{N1,N2} (p + q)A_{N1,N2} (f) = M^{−1}_{N1,N2} (p + q)A_{N1,N2} (p + q) A^{−1}_{N1,N2} (p + q)A_{N1,N2} (f)

and using the technique in [21, 9] and the fact that the eigenvalues of A_{N1,N2} (p + q)^{−1}A_{N1,N2} (f) are bounded from above and below by positive constants independent of N_1, N_2, we see that M_{N1,N2} (p + q) is a good preconditioner for A_{N1,N2} (f) if M_{N1,N2} (p + q) is a good preconditioner for A_{N1,N2} (p + q). For example, if the eigenvalues of M^{−1}_{N1,N2} (p + q)A_{N1,N2} (p + q) lie in a fixed interval independent of N_1 and N_2 (up to some outlyers), then the same is true for the eigenvalues of M^{−1}_{N1,N2} (p + q)A_{N1,N2} (f). Therefore we only consider systems of linear equations with coefficient matrices A_{N1,N2} (p + q). Further, we restrict our attention to polynomials p with

i) one zero x_0 of order 2; i.e. A_{N2} (p) is a tridiagonal Toeplitz matrix, ii) two zeros x_0, x_1 of order 2, respectively, or one zero x_0 of order 4; i.e. A_{N2} (p) is a pentdiagonal Toeplitz matrix.

In general, one should apply numerical methods for ill–posed problems (cf. [13]) to solve (1.1) if p has or zeros of order > 4. See Table 3.

In this paper, we will show the following: In case i), except for a fast sin-I based direct solution method for systems of linear equations with coefficient matrix A_{N1,N2} (p + q), there also exist preconditioners M_{N1,N2} (p + q) related to the sin- II (cos-II) transform so that the eigenvalues of M^{−1}_{N1,N2} (p + q)A_{N1,N2} (p + q) are bounded from above and below by positive constants independent of N_1 and N_2. We will show that this result can not be achieved with (ω-) circulant preconditioners M_{N1,N2} (p + q) related to the discrete Fourier transform. In particular, if q has also one zero of order 2, then N_1 eigenvalues of M^{−1}_{N1,N2} (p + q)A_{N1,N2} (p + q) behave for N_1, N_2 → ∞ as N_1/k (k = 1, . . . , N_1).

In case ii), we suggest a suitable sin-I transform based preconditioner if x_1 = x_0 − π and show that the eigenvalues of the preconditioned matrices are bounded from above and below by positive constants independent of N_1 and N_2. If x_1 ≠ x_0 − π also sin-I transform based preconditioners fail in the following sense: If p has one zero of order 4 and μ_{N1,k} (k = 1, . . . , N_1) are the eigenvalues of A_{N1} (q), then 2N_1 eigenvalues λ^{e/o}_{N1 ,k} (k = 1, . . . , N_1) of the preconditioned matrices behave for N_1, N_2 → ∞ as μ^{−1/4}_{N1,k} , i.e. if q has also one zero of order 4 as N_1/k (k = 1, . . . , N_1).

This paper is organized as follows: Section 2 provides the basic notation and some results concerning the relation of trigonometric transforms and Toeplitz matrices. In Section 3, we deal with case i), while we are interested in the setting ii) in Section 4.

2. Preliminaries

According to [29], we introduce the following matrices

S^I_{N−1} := ( 2 N )_{1/2} ( sin j k π N )_{N−1} j,k=1 ∈ R^{N−1,N−1} ,

S^{II}_N := ( 2 N )_{1/2} (

ε^N_{j+1} sin

(j + 1)(2k + 1)π 2N )_{N−1} j,k=0 ∈ R^{N,N} ,

C^{II}_N := ( 2 N )_{1/2} (

ε^N_j cos j(2k + 1)π 2N )_{N−1} j,k=0 ∈ R^{N,N} , where ε^N_k := 1/ √ 2 (k = 0, N) and ε^N_k := 1 otherwise and refer to the corresponding discrete trigonometric transforms as sin-I, sin-II and cos-II transforms. The above matrices are orthogonal and the vector multiplication with any of these matrices takes only O(N log N) arithmetic operations provided that N is a power of 2 (cf. [26]). Furthermore, S^{II}_N and C^{II}_N are related by

J_N Ĩ_N S^{II}_N Ĩ_N J_N = C^{II}_N ,

(2.1)

where J_N denotes the N × N counteridentity matrix and Ĩ_N := diag((−1)^k)^{N−1}_{k=0} . Discrete trigonometric transforms are related to Toeplitz and Hankel matrices [20, 14]. Let toep_N a^′ (a ∈ C^N ) be the Hermitian N × N Toeplitz matrix with first row a^′ and hank_N a^′ (a ∈ R^N ) the persymmetric N × N Hankel matrix with first row a^′. Then we have for arbitrary a ∈ R^{N−1} that

S^I_{N−1} diag(d^I_k)^{N−1}_{k=1} S^I_{N−1} = toep_{N−1}(a_0, . . . , a_{N−2})

(2.2) − hank_{N−1}(a_2, . . . , a_{N−2}, 0, 0),

where d^I_k := 2^{N−2} ∑ j=0 (ε^N_j )^2a_j cos^{jkπ}_N and for arbitrary a ∈ R^N that

(S^{II}_N )^′ diag(d^{II}_k )^N_{k=1} S^{II}_N = toep_N (a_0, . . . , a_{N−1})

(2.3) − hank_N (a_1, . . . , a_{N−1}, 0), (C^{II}_N )^′ diag(d^{II}_k )^{N−1}_{k=0} C^{II}_N = toep_N (a_0, . . . , a_{N−1}) + hank_N (a_1, . . . , a_{N−1}, 0),

where d^{II}_k := 2^{N−1} ∑ j=0 (ε^N_j )^2a_j cos^{jkπ}_N . The algebra of matrices which can be diago-

nalized by the sin-I transform is called τ–algebra and plays a special rule in the preconditioning of Toeplitz matrices [9, 10].

Besides trigonometric transforms we also use discrete Fourier transforms given by the N–th Fourier matrix

F_N := ( 1 N )_{1/2} (e^{−2πijk/N} )^{N−1}_{j,k=0} . It is well–known that ω–circulant matrices (ω := e^{iφ}) can be diagonalized by F_N times a unitary diagonal matrix, i.e.

W_N F_N diag(d_k)^{N−1}_{k=0} F^∗_N W^∗_N = a_0 ωa_{N−1} . . . ωa_2 ωa_1 a_1 a_0 .. . · · · ωa_2 . . .. . .. . . . . . . a_{N−2} .. . .. . . . . ωa_{N−1} a_{N−1} a_{N−2} · · · a_1 a_0

, (2.4)

where d_k :=^{N−1} ∑ j=0 a_j ω^{j/N} e^{2πijk/N} , W_N := diag(ω^{−k/N} )^{N−1}_{k=0} and F^∗_N denotes the

transposed complex–conjugate matrix of F_N . If ω = 1, then (2.4) is circulant and if ω = −1, then (2.4) is skew–circulant. We refer to matrices which can be diagonalized (up to multiplication by unitary diagonal matrices) by S^I_{N−1}, S^{II}_N , C^{II}_N or F_N as circulant–like matrices.

In the following, we will further use the N × N matrices

R_N := hank_N (1, 0, . . . , 0) , H_N (ω) := toep_N (0, . . . , 0, ω).

Note that

R_N R_N = R_N , R_N H_N = H_N R_N = H_N .

(2.5)

Finally, let g(N) ∼ h(N) (N → ∞), if there exist constants 0 < c ≤ C < ∞ independent of N so that c h(N) ≤ g(N) ≤ C h(N).

3. Hermitian tridiagonal Toeplitz matrices We start with the simplest case

p(x) := ( 2 sin x − x_0 2 )_2 , i.e. p has a zero of order 2 at x_0 ∈ [0, π). Then A_{N2} (p) is the Hermitian tridiagonal Toeplitz matrix A_{N2} (p) = toep_{N2} (2, −e^{ix0} , 0, . . . , 0).

(3.1) Let q be an arbitrary trigonometric polynomial.

3.1. Direct solution by sin-I transform. Using the sin-I transform, a BTTB system with nonsingular coefficient matrix (1.2), where N_2 + 1 is a power of 2, can be directly solved with O(N_1N_2 log N_2) arithmetic operations as follows: Applying that every Hermitian tridiagonal Toeplitz matrix can be written as

toep_{N2} (a, b, 0, . . . , 0) = DS^I_{N2} diag ( a − 2|b| cos jπ N_2 + 1 )_{N2} j=1 S^I_{N2} D^∗ where a ∈ R, b ∈ C , |b| ≠ 0 and D := diag ( (−b/|b|)^k )_{N−2} k=0 , we obtain by (3.1) that A^{−1}_{N1,N2} = (DS^I_{N2} ⊗ I_{N1} ) (I_{N2} ⊗ A_{N1} (q) + Λ_{N2} (p) ⊗ I_{N1} )^{−1} (S^I_{N2} D^∗ ⊗ I_{N1} ), where D := diag(e^{−ikx0} )^{N2−1}_{k=0} and

Λ_{N2} (p) := diag ( 2 − 2 cos jπ N_2 + 1 )_{N2} j=1 = diag (( 2 sin jπ 2(N_2 + 1) )_2)N2 j=1 . Multiplication of a vector with DS^I_{N2} ⊗ I_{N1} requires O(N_1N_2 log N_2) arithmetic operations. The matrix I_{N2} ⊗ A_{N1} (q) + Λ_{N2} (p) ⊗ I_{N1} is a block diagonal matrix with N_2 banded N_1 × N_1 diagonal blocks. Therefore it remains to solve N_2 systems of linear equations with banded N_1 × N_1 coefficient matrices. This can be realized with O(N_1 N_2) arithmetic operations. In summary, the solution of a linear system of equations with nonsingular Hermitian BTTB matrix (1.2), (3.1) as coefficient matrix requires only O(N_1N_2 log N_2) arithmetic operations.

Note that the approach works also if we replace I_{N2} ⊗ A_{N1} (q) by an arbitrary block diagonal matrix with banded diagonal blocks.

Although this section provides us with a fast direct solution method for tridiagonal BTTB systems, we found it worthy to consider also the PCG–method with different preconditioners, since this method was frequently applied in literature [4, 17, 15, 16].

3.2. Sin-II and cos-II preconditioners. Let N_2 be a power of 2. We suggest the level–1 preconditioner

M_{N1,N2} := A_{N1,N2} + R_{N2} ⊗ I_{N1} = I_{N2} ⊗ A_{N1} (q) + M_{N2} (p) ⊗ I_{N1} ,

(3.2) where M_{N2} (p) := A_{N2} (p) + R_{N2} . By (2.3), the matrix M_{N1,N2} can be rewritten as M_{N1,N2} = (D(S^{II}_{N2} )^′ ⊗ I_{N1} ) (I_{N2} ⊗ A_{N1} (q) + Λ_{N2} (p) ⊗ I_{N1} ) (S^{II}_{N2} D^∗ ⊗ I_{N1} ) = (D(S^{II}_{N2} )^′ ⊗ I_{N1} ) B (S^{II}_{N2} D^∗ ⊗ I_{N1} ), where D := diag(e^{−ikx0} )^{N2−1}_{k=0} ,

Λ_{N2} (p) := diag(λ_j )^{N2}_{j=1} , λ_j = λ_{N2,j} := ( 2 sin jπ 2N_2

)_2

and B := diag(B_j )^{N2}_{j=1} , B_j := A_{N1} (q) + λ_j I_{N1} .

(3.3)

Alternatively, by (2.1), the preconditioner M_{N1,N2} can be written with respect to the cos-II transform as

M_{N1,N2} = (D̃(C^{II}_{N2} )^′ ⊗ I_{N1} )(I_{N2} ⊗ A_{N1} (q) + Λ̃_{N2} (p) ⊗ I_{N1} )(C^{II}_{N2}D̃^∗ ⊗ I_{N1} )

where D̃ := diag((−e^{−ix0} )^k)^{N2 −1}_{k=0} and

Λ̃_{N2} (p) := diag(λ̃_j )^N2^{−1}_{j=0} , λ̃_j = λ̃_{N2 ,j} := ( 2 cos jπ 2N_2

)_2 . By the method described in Section 3.1, the solution of a system of linear equations with coefficient matrix M_{N1,N2} can be computed with O(N_1 N_2 log N_2) arithmetic operations. Moreover, we see by the following theorem and Theorem 1.1 that the corresponding PCG–method requires only a constant number of iterations independent of N_1 and N_2. Thus, the whole PCG–method needs O(N_1N_2 log N_2) arithmetic operations.

Theorem 3.1. Let A_{N1,N2} and M_{N1,N2} be given by (1.2), (3.1) and (3.2), respectively. Assume that A_{N1} (q) is nonnegative definite. Then N_1(N_2 − 2) eigenvalues of M^{−1}_{N1,N2} A_{N1,N2} are equal to 1 and the other 2 N_1 eigenvalues are contained in [^1_2 , 1).

Proof. By (3.2) we see that

M^{−1}_{N1,N2} A_{N1,N2} = M^{−1}_{N1,N2} (M_{N1,N2} + (A_{N1,N2} − M_{N1,N2} )) = I_{N1N2} − M^{−1}_{N1,N2} (R_{N2} ⊗ I_{N1} ).

The second summand is a matrix of rank 2N_1. Thus, M^{−1}_{N1,N2} A_{N1,N2} has N_1(N_2−2) eigenvalues 1, while the other 2N_1 eigenvalues are given by one minus the nonzero eigenvalues of M^{−1}_{N1,N2} (R_{N2} ⊗I_{N1} ). By(2.5), the eigenvalues of M^{−1}_{N1,N2} (R_{N2} ⊗I_{N1} ) coincide with the eigenvalues of (R_{N2} ⊗ I_{N1} )M^{−1}_{N1,N2} (R_{N2} ⊗ I_{N1} ). By straightforward computation we obtain that the nonzero eigenvalues of the above matrix are given by the eigenvalues of the 2N_1 × 2N_1 matrix

(3.4)

2 N2

N2∑ j=1 B−1j (ε N2 j )2 ( sin jπ 2N2 )2 ei(N_2 −1)x_0^{N2}∑ j=1 B−1j (ε N2 j )2 ( sin jπ 2N2 )2 (−1)j+1

e−i(N_2 −1)x_0^{N2}∑ j=1 B−1j (ε N2 j )2 ( sin jπ 2N2 )2 (−1)j+1 N2∑ j=1 B−1j (ε N2 j )2 ( sin jπ 2N2 )2 .

By (3.3), the matrices B^{−1}_j (j = 1, . . . , N_2) can be diagonalized by the same matrix U and U^∗B^{−1}_j U = diag (μ_k + λ_j )^{N1}_{k=1} (j = 1, . . . , N_2), where μ_k = μ_{N1,k} are the eigenvalues of A_{N1} (q). Multiplying (3.4) from the left– hand side and the right–hand side by diag(U , U ) and diag(U^∗, U^∗), respectively, we see that the eigenvalues of (3.4) coincide with the eigenvalues of the N_1 matrices 2 N_2 ( a_k b_k b̄_k a_k ) (k = 1, . . . , N_1)

where

a_k :=

N_2∑

j=1 (ε^{N2}_j )^2 ( sin^{jπ}_{2N2}

)_2

μ_k + λ_j

, b_k := e^{i(N2−1)x0}

N_2∑

j=1 (ε^{N2}_j )^2 ( (−1)^{j+1} sin^{jπ}_{2N2}

)_2

μ_k + λ_j . Consequently, the 2N_1 remaining eigenvalues of M^{−1}_{N1,N2} A_{N1,N2} are given by

λ^e_k := 1 − 4 N_2 N_2/2∑

j=1 (ε^{N2}_{2j} )^2 ( sin^{2jπ}_{2N2}

)_2

μ_k + λ_{2j}

(k = 1, . . . , N_1) ,

(3.5)

λ^o_k := 1 − 4 N_2 N_2/2∑

j=1

( sin^{2j−1}_{2N2}

)_2

μ_k + λ_{2j−1}

(k = 1, . . . , N_1) ,

(3.6)

and by definition of λ_j by

λ^e_k = 1 2 + 1 N_2 N_2/2∑

j=1 (ε^{N2}_{2j} )^2 μ_k μ_k + ( 2 sin^{jπ}_{N2} )_2 (k = 1, . . . , N1),

λ^o_k = 1 2 + 1 N_2 N_2/2∑

j=1 μ_k μ_k + ( 2 sin^{(2j−1)π}_{2N2}

)_2 (k = 1, . . . , N1) .

Since by assumption μ_k ≥ 0, we conclude that λ^{e/o}_k ≥^1_2 . Moreover, the above summands are smaller than 1 so that λ^{e/o}_k ≤ 1. This completes the proof.

Note that for symmetric matrices A_{N2} (p) the matrix M_{N2} (p) := A_{N2} (p) + R_{N2} coincides with the so–called Strang–type preconditioner related to the sin–II transform (cf. [17, 21]). Using the Strang–type preconditioner related to the cos–II transform M̃_{N2} (p) := A_{N2} (p) − R_{N2} and

M̃_{N1,N2} := (C^{II}_{N2} )^′ ⊗ I_{N1} )(I_{N2} ⊗ A_{N1} (q) + Λ_{N2} (p) ⊗ I_{N1} )(C^{II}_{N2} ⊗ I_{N1} ) ,

(3.7)

where

Λ_{N2} (p) := diag(λ_j )^{N2−1}_{j=0} , λ_j = λ_{N2 ,j} := ( 2 sin jπ 2N_2

)_2 , we see by similar arguments as in Theorem 3.1 and 3.3 that for N_1, N_2 → ∞, 2N_1 eigenvalues of the preconditioned matrices behave as μ^{−1/2}_{N1,k} (k = 1, . . . , N_1), where μ_{N1,k} are the eigenvalues of A_{N1} (q). See Table 1.

The sums in (3.5) and (3.6) can be computed by solving appropiate finite linear difference equations:

Figure 1. Eigenvalues λ^{e/o}_k (k = 1, . . . , N) of M^{−1}_{N,N} A_{N,N} with N := 2^n, p(x) := (2 sin^x_2 )^2, q(y) := (2 sin^y_2 )^2 and preconditioner (3.2).

Lemma 3.2. Let N ∈ N (N ≥ 4) be even and let λ :=^1_2 (μ + 2 + √ μ^2 + 4μ), where 0 ≤ μ < ∞. Then

s^e := 4 N N/2∑ j=1 (ε^N_{2j} )^2 ( sin^{2jπ}_{2N}

)_2 μ + ( 2 sin^{2jπ}_{2N}

)_2 = {_{λN −1(1+λ)−λ1−N (1+λ−1 )+λ−1−λ} λ^{N −1}(1+λ)^2−λ^{1−N} (1+λ^{−1} )^2 μ ≠ 0, 1 2 −^1_{2N} μ = 0,

s^o := 4 N N/2∑ j=1

( sin^{(2j−1)π}_{2N}

)_2

μ + ( 2 sin^{(2j−1)π}_{2N}

)_2 = {_{λN −1(1+λ)−λ1−N (1+λ−1 )−λ−1+λ} λ^{N −1}(1+λ)^2 −λ^{1−N} (1+λ^{−1})^2 μ ≠ 0, 1 2 μ = 0.

By assumption on μ it is easy to check that the above sums have only values in [0,^1_2 ].

Proof. By (2.2) we have that

T := toep_N (μ + 2, −1, . . . , 0) + hank_N (1, 0, . . . , 0)

= (S^{II}_N )^′ diag ( μ + ( 2 sin kπ 2N )_2)N k=1 S^{II}_N and further with x := (α, 0, . . . , 0, β)^′ ∈ R^N and y := (1, 0, . . . , 0)^′ ∈ R^N , ŷ := S^{II}_N y = √_2 N ( ε^N_j sin^{jπ}_{2N} )_N j=1 that

y^′ T^{−1} x = 2 N N∑ j=1 (ε^N_j )^2

(α + (−1)^{j+1}β) ( sin^{jπ}_{2N}

)_2 μ + ( 2 sin^{jπ}_{2N}

)_2 ,

(3.8) which equals s^o for α = β = 1 and s^e for α = −β = 1.

In the following, we restrict our attention to the computation of s^o. By (3.8) and definition of y ∈ R^N this can be done by solving the linear system T v = x (3.9) and setting s^o := v_0. By the structure of T , the system (3.9) can be rewritten as difference equation.

−v_{k−1} + (2 + μ)v_k − v_{k+1} = 0 (k = 1, . . . , N − 2)

(3.10) with boundary conditions (μ + 3)v_0 − v_1 = 1 , −v_{N−2} + (μ + 3)v_{N−1} = 1 .

For μ ≠ 0, the equation (3.10) has the solution v_k = c_1λ^k + c_2λ^{−k} (k = 0, 1, . . . , N − 1) where λ :=^1_2 (μ + 2 + √ μ^2 + 4μ and for μ = 0 the solution v_k = c_1 + c_2k (k = 0, 1, . . . , N − 1).

The constants

c_1 = c_1(λ) = {_{(1+λ−1 )λ1−N −(1+λ)} (1+λ^{−1} )^2λ^{1−N} −(1+λ)^2 λ^{N −1} μ ≠ 0, 1 2 μ = 0,

c_2 = c_2(λ) = { c_1(λ^{−1}) μ ≠ 0, 0 μ = 0, can be obtained from the boundary conditions by sraightforward computation. Now the assertion follows since v_0 = c_1 + c_2 if μ ≠ 0 and v_0 = c_1 if μ = 0.

Note the sums in the following proofs of this paper can be computed in a similar way.

Moreover, the result in [27, Lemma 6.1] concerning 1 N N−1∑ j=0 e^{2πijk} 2φ + e^{2πij} + ηe^{−2πij} can be obtained by solving appropriate finite difference equations, too.

3.3. ω–circulant preconditioners. At first glance it seems that circulant or more general ω–circulant preconditioners are better suited for the preconditioning of Hermitian complex–valued matrices than sin-II (cos-II) preconditioners. In this section, we will see that this is not the case.

As preconditioner we suggest M_{N1,N2} := A_{N1,N2} + H_{N2} (e^{−iy0} e^{iN2wN2} ) ⊗ I_{N1}

(3.11) = I_{N2} ⊗ A_{N1} (q) + M_{N2} (p) ⊗ I_{N1} , where M_{N2} (p) := A_{N2} (p) + H_{N2} (−e^{−iy0} e^{iN2wN2} ). By (2.4), the matrix M_{N1,N2} can be written as M_{N1,N2} = (W_{N2} F_{N2} ⊗ I_{N1} )(I_{N2} ⊗ A_{N1} (q) + Λ_{N2} (p) ⊗ I_{N1} )(F̄_{N2}W̄_{N2} ⊗ I_{N1} ), = (W_{N2} F_{N2} ⊗ I_{N1} )B(F̄_{N2}W̄_{N2} ⊗ I_{N1} ), where

Λ_{N2} (p) := diag(λ_j )^{N2−1}_{j=0} , λ_j = λ_{N2 ,j} := ( 2 sin ( 2πj 2N_2 − y_0 − w_{N2} 2 ))2

and B := diag(B_j )^{N2−1}_{j=0} , B_j := A_{N1} (q) + λ_j I_{N1} .

Since the values w_{N2} were only included to keep the eigenvalues λ_j (j = 0, . . . , N_2 − 1) positive, we can restrict our attention to the following cases

w_{N2} := { y_0 +^π_{N2} if y_0 =^{2π}_{2n} Z for some n ∈ N, 0 otherwise.

Note that M_{N1,N2} (p) is skew–circulant in the first case and circulant in the second case. By the following theorem, we will see that the eigenvalues of the preconditioned matrices M^{−1}_{N1,N2} A_{N1,N2} are in general not bounded from above if N_1, N_2 → ∞.

Theorem 3.3. Let A_{N1,N2} and M_{N1,N2} be given by (1.2), (3.1) and (3.11), respectively. Assume that A_{N2} (q) has nonnegative eigenvalues μ_{N1,k} (k = 1, . . . , N_1). Then N_1(N_2−2) eigenvalues of M^{−1}_{N1,N2} A_{N1,N2} are equal to 1. The other 2N_1 eigenvalues are bounded from below by^1_2 ; N_1 eigenvalues are bounded from above by a constant independent of N_1, N_2 and the other N_1 eigenvalues behave for N_1, N_2 → ∞ as μ^{−1/2}_{N1,k} (k = 1, . . . , N_1).

Proof. The proof follows the same lines as the proof of Theorem 3.1. Since

M^{−1}_{N1,N2} A_{N1,N2} = I + M^{−1}_{N1,N2} (H_{N2} (e^{−iy0} e^{iN2wN2} ) ⊗ I_{N1} ),

it remains to consider the nonzero eigenvalues of the second summand. By (2.5), these eigenvalues coincide with the eigenvalues of

(R_{N2} ⊗ I_{N1} )M^{−1}_{N1,N2} (H_{N2} ⊗ I_{N1} ) = (R_{N2} ⊗ I_{N1} )(W_{N2} F_{N2} ⊗ I_{N1} )B^{−1}(F̄_{N2}W̄_{N2} ⊗ I_{N1} )(H_{N2} ⊗ I_{N1} ) .

Straightforward computation shows that the nonzero eigenvalues of this matrix are given by the eigenvalues of the 2N_1 × 2N_1 matrix

1 N e^{iy0} e^{−iwN2 N2−1} ∑ j=0 B^{−1}_j e^{−2πij/N2} e^{−iy0} e^{iN2wN2 N2−1} ∑ j=0 B^{−1}_j e^{iy0} e^{−iN2wN2 N2−1} ∑ j=0 B^{−1}_j e^{−iy0} e^{iwN N2−1} ∑ j=0 B^{−1}_j e^{2πij/N2} or equivalently with the eigenvalues of the N_1 matrices 1 N_2 ( a_k b_k b̄_k ā_k ) (k = 1, . . . , N_1), where

a_k := e^{i(y0−wN2 )} N_2−1∑

j=0 e^{−2πij/N2} μ_k + λ_j

, b_k := e^{−i(N2wN2 −y0)} N_2−1∑

j=0 1 μ_k + λ_j and μ_k = μ_{N1,k} are the eigenvalues of A_{N1} (q). Consequently, the remaining 2N_1 eigenvalues of M^{−1}_{N1,N2} A_{N1,N2} are given by

λ^±_k = 1 + 1 N_2 ( Re(a_k) ± √ |b_k|^2 − ( Im(a_k)

)_2 ) (k = 1, . . . , N_1) ,

Re(a_k) = N_2−1∑

j=0 cos (_{2πj} N_2 − (y0 − wN^2 ) )

μ_k + ( 2 sin(^{2πj}_{2N2} −^{y0−wN2}_2 )

)_2 ,

Im(a_k) = N_2−1∑

j=0 sin (_{2πj} N_2 − (y0 − wN^2 ) )

μ_k + ( 2 sin(^{2πj}_{2N2} −^{y0−wN2}_2 )

)_2 .

Clearly, |b_k|^2 − (Im(a_k))^2 ≥ 0, so that

λ^±_k ≥ 1 + 1 N_2

(Re(a_k) − |b_k|) .

(3.12)

We are interested in λ^±_k as N_2 → ∞. If w_{N2} = y_0 +^π_{N2} , then it is easy to check by the symmetry of the sine function that Im(a_k) = 0 (k = 1, . . . , N_1). If w_{N2} = 0, then

(1/N_2) Im(a_k) can be considered as Riemann sum of the integral 2π∫ 0 sin x μ_k +(2 sin^x_2 )^2 dx,

which becomes zero. Thus, the eigenvalues λ^±_k behave for N_2 → ∞ as

λ^±_k ∼ 1 + 1 N_2

(Re(a_k) ± |b_k|)

= 1 + 1 N_2 N_2−1∑

j=0 cos (_{2πj} N_2 − (y0 − wN^2 ) ) ± 1 μ_k + (2s_j )^2 ,

where s_j := sin (_{2πj} 2N_2 − y_0−w_{N2} 2 ) . This can be written as λ^−_k ∼ 1 2 + 1 2N_2 N_2−1∑

j=0 μ_k μ_k + 4s^2_j ≤ 1,

λ^+_k ∼ 1 2 + 1 2N_2 N_2−1∑

j=0 2 + μ_k μ_k + 4s^2_j . (3.13)

Thus, we see by (3.12) that all eigenvalues λ^±_k are restricted from below by 1/2. Further, the eigenvalues λ^−_k are bounded from above by a constant C independent of N_1, N_2 (C = 1 if w_{N2} = y_0 + π/N_2). The sum in (3.13) is a Riemann sum of the integral

I_k = ∫_{2π} 0 2 + μ_k μ_k + (2 sin^x_2 )^2 dx = 2 ∫_π 0 2 + μ_k μ_k + (2 sin^x_2 )^2 dx and since^2_π t ≤ sin t ≤ t (t ∈ [0, π/2]) and by substituting y := x/μ^{1/2}_k , we conclude that

μ^{−1/2}_k 2 ∫_{πμ}^{−1/2}_k 0 2 + μ_k 1 + y^2 dy ≤ I_k ≤ μ^{−1/2}_k π^2 2 ∫_{πμ}^{−1/2}_k 0 2 + μ_k π^2/4 + y^2 dy. (3.14)

The integrals on the left–hand side and the right–hand side are bounded from above and below by constants independent of the behavior of μ_{N1,k} as N_1 → ∞, i.e. the integrals remain bounded even if μ_{N1 ,k} → 0. Thus I_k ∼ μ^{−1/2}_{N1,k} (k = 1, . . . , N_1) and we are done.

The computations presented in Figure 2 show an excellent agreement with Theorem 3.3.

Figure 2. Eigenvalues λ^±_k (k = 1, . . . , N) of M^{−1}_{N,N} A_{N,N} with N := 2^n, p(x) := (2 sin^x_2 )^2, q(y) := (2 sin^y_2 )^2 and preconditioner (3.11), where w_N := π/N.

One aim for considering the eigenvalue distribution of preconditioned BTTB matrices was the wish to explain the convergence behavior of the PCG–method. Unfortunately, the assumptions of Theorem 1.1 are only fulfilled for the sin-II (cos- II) preconditioners (3.2). In the following, we present some numerical computations also for other preconditioners.

We consider BTTB systems (1.1) of size N_1 = N_2 = N := 2^n with right– hand side b consisting of N^2 ones. The PCG–method starts with the zero vector and stops if ‖r^{(j)}‖_2/‖r^{(0)}‖_2 < 10^{−7}, where r^{(j)} denotes the residual vector after j iterations. Table 1 compares the number of iterations of the PCG–method for coefficient matrices (1.2), (3.1) and the following level–1 preconditioners:

M_{N,N} = M_{N,N} (S^{II}_N ) given by (3.2), M_{N,N} = M_{N,N} (C^{II}_N ) given by (3.7), M_{N,N} = M_{N,N} (F_N ) given by (3.11) with w_N := 0,

M_{N,N} = M_{N,N} (W_N F_N ) given by (3.11) with w_N := π N . Our test matrices (1.2) correspond to the polynomials p(x) := (2 sin^x_2 )^2, q_1(y) := (2 sin^y_2 )^2 and p(x) := (2 sin^x_2 )^2, q_2(y) := (2 sin^y_2 )^4.

The first row of each table contains the exponent n of the transform length The polynomials q_i (i = 1, 2) are listed in the first column and the applied preconditioner in the second column of the table.

n 2 3 4 5 6 7

q_1 M_{N,N} (S^{II}_N ) 3 5 7 8 8 8 q_1 M_{N,N} (C^{II}_N ) 3 5 8 10 14 18 q_1 M_{N,N} (F_N ) 3 5 8 10 13 17 q_1 M_{N,N} (W_N F_N ) 3 5 7 9 10 12

q_2 M_{N,N} (S^{II}_N ) 3 5 7 9 9 9 q_2 M_{N,N} (C^{II}_N ) 3 5 9 13 24 46 q_2 M_{N,N} (F_N ) 3 5 9 12 22 38 q_2 M_{N,N} (W_N F_N ) 3 5 7 12 16 20

Table 1. Number of iterations of the PCG–method for different preconditioners.

4. Hermitian pentdiagonal Toeplitz matrices Now we assume that

p(x) := ( 2 sin x − x_0 2 )_2 (

2 sin x − x_1 2 )_2 (x_0, x_1 ∈ [0, 2π]), i.e. p has zeros of order 2 at x_0 and x_1, respectively, if x_0 ≠ x_1 and a zero of order 4 at x_0 if x_0 = x_1. Then A_{N2} (p) is the Hermitian pentdiagonal Toeplitz matrix A_{N2} (p) = toep_{N2} ( 4 + 2 cos(x_0 − x_1), −2e^{ix0} − 2e^{ix1} , e^{i(x0+x1)}, 0, . . . , 0 ) . (4.1) Due to the results in Section 3, we restrict our attention to the PCG–method with sin-I based preconditioners. Let N_2 + 1 be a power of 2. We examine the level–1 preconditioner M_{N1,N2} := A_{N1,N2} − R_{N2} ⊗ I_{N1}

(4.2) which, by (2.2), can be rewritten as

M_{N1,N2} = (DS^I_{N2} ⊗ I_{N1} )(I_{N2} ⊗ A_{N1} (q) + Λ_{N2} (p) ⊗ I_{N1} )(S^I_{N2} D^∗ ⊗ I_{N1} ),

where D := diag ( e^{−ik x0+x12} )_{N2−1} k=0 and Λ_{N2} (p) = diag(λ_j )^{N2}_{j=1} , λ_j = λ_{N2 ,j} = ( (2 sin jπ 2(N_2 + 1)

)^2 − (2 sin x_0 − x_1 4 )^2

)_2 . Consequently, a linear system with coefficient matrix M_{N1,N2} can be solved with O(N_1N_2 log N_2) arithmetic operations. Unfortunately, we will see in Theorem 4.1 that for every eigenvalue μ_k = μ_{N1,k} of A_{N1} (q) there exist two eigenvalues λ^{e/o}_k of M^{−1}_{N1,N2} A_{N1,N2} with λ^{e/o}_k ∼ μ^{−1/2}_k if x_0 ≠ x_1 and λ^{e/o}_k ∼ μ^{−1/4}_k if x_0 = x_1. In particular, the eigenvalues of M^{−1}_{N1,N2} A_{N1,N2} will not fulfill the assumptions of Theorem 1.1 if the polynomial q ≥ 0 has zeros.

Theorem 4.1. Let A_{N1,N2} and M_{N1,N2} be given by (1.2), (4.1) and (4.2), respectively. Assume that A_{N1} (q) has nonnegative eigenvalues μ_{N1,k} (k = 1, . . . , N_1). Then N_1(N_2 − 2) eigenvalues of M^{−1}_{N1,N2} A_{N1,N2} are equal to 1. The other 2N_1 eigenvalues are restricted from below by 1 and behave for N_1, N_2 → ∞ as μ^{−1/4}_{N1,k} (k = 1, . . . , N_1) if x_0 = x_1 and as μ^{−1/2}_{N1,k} (k = 1, . . . , N_1) if x_0 ≠ x_1.

Proof. Using the same ideas as in the proof of Theorem 3.1, we obtain that the interesting 2N_1 eigenvalues of M^{−1}_{N1,N2} A_{N1,N2} are given by

λ^e_k = 1 + 4 N_2 + 1 N2−1 2∑ j=1 (sin^{2jπ}_{N2+1} )^2

μ_k + ( (2 sin^{2jπ}_{2(N2+1)} )^2 − 4s^2 )_2 (k = 1, . . . , N1),

λ^o_k = 1 + 4 N_2 + 1

N2+1 2∑ j=1 (sin^{(2j−1)π}

N_2+1 ) 2 μ_k + ( (2 sin^{(2j−1)π}

2(N_2+1) )

2 − 4s^2 )_2 (k = 1, . . . , N1),

where s := sin^{x0−x1}_4 . This can be rewritten as

λ^e_k = 1 2 + 1 N_2 + 1 1 + N2−1 2∑ j=1 (1 − 2s^2)(s^2_j − s^2) + s^2(1 − s^2) + θ_k (s^2_j − s^2)^2 + θ_k , (4.3)

λ^o_k = 1 2 + 1 N_2 + 1

N2+1 2∑ j=1 (1 − 2s^2)(s^2_{j−1} − s^2) + s^2(1 − s^2) + θ_k (s^2_{j−1} − s^2)^2 + θ_k , (4.4)

where s_j := sin^{jπ}_{2(N2+1)} and θ_k := μ_k/16. Since θ_k ≥ 0 and 0 < s^2_j < 1, we have

(1 − 2s^2)(s^2_j − s^2) + s^2(1 − s^2) + θ_k = (1 − s^2)^2s^2_j + s^4(1 − s^2_j ) + θ_k > 0 and (1 − 2s^2)(s^2_j − s^2) + s^2(1 − s^2) + θ_k (s^2_j − s^2)^2 + θ_k = s^2_j − 2s^2s^2_j + s^4 + θ_k s^4_{2j} − 2s^2s^2_j + s^4 + θ_k > 1.

Thus λ^{e/o}_k > 1.

Let x_0 = x_1. Then

λ^e_k = 1 2 + 1 N_2 + 1 1 + N2 −1 2∑ j=1 s^2_j + θ_k s^4_{2j} + θ_k ,

λ^0_k = 1 2 + 1 N_2 + 1 1 + N2 +1 2∑ j=1 s^2_{j−1} + θ_k s^4_{2j−1} + θ_k .

The above sums are Riemann sums of the integral I_k := ∫ π_2 0 sin^2 x + θ_k sin^4 x + θ_k dx, which can be estimated by ∫ π_2 0 (^2_π x)^2 + θ_k x^4 + θ_k dx ≤ I_k ≤ ∫ π_2 0 x^2 + θ_k (^2_π x)^4 + θ_k dx (4.5)

and further by substituting y := x/^4 √ θ_k by θ^{−1/4}_k ∫ π_{2 θ}^{−1/4}_k 0 (^2_π y)^2 + √ θ_k y^4 + 1 dy ≤ I_k ≤ θ^{−1/4}_k ∫ π_{2 θ}^{−1/4}_k 0 y^2 + √ θ_k (^2_π y)^4 + 1 dy . The integrals on the left–hand side and the right–hand side are bounded from above and below by constants independent of N_1, i.e. independent of the behavior of θ_k as N_1 → ∞. Thus I_k ∼ μ^{−1/4}_{N1,k} (k = 1, . . . , N_1).

Let x_0 > x_1 and α :=^{x0−x1}_4 ≤^π_4 . Then the sums in (4.3) and (4.4) are Riemann sums of the integral

I_k := ∫ π_2 0 (1 − 2s^2)(sin^2 x − s^2) + s^2(1 − s^2) + θ_k (sin^2 x − s^2)^2 + θ_k dx = ∫ π_2 0 (1 − 2s^2) sin(x − α) sin(x + α) + s^2(1 − s^2) + θ_k sin^2(x − α) sin^2(x + α) + θ_k dx , which can be estimated by ∫ π_{2 −α} 0 (1 − 2s^2) sin x sin α + s^2(1 − s^2) + θ_k sin^2 x + θ_k dx ≤ I_k ≤ 2 ∫ π_{2 −α} 0 (1 − 2s^2) sin x + s^2(1 − s^2) + θ_k sin^2 x sin^2 α + θ_k dx, ∫ π_{2 −α} 0 (1 − 2s^2)^2_π x sin α + s^2(1 − s^2) + θ_k x^2 + θ_k dx ≤ I_k ≤ 2 ∫ π_{2 −α} 0 (1 − 2s^2)x + s^2(1 − s^2) + θ_k

(^2_π x)^2 sin^2 α + θ_k dx,

θ^{−1/2}_k ∫_( π_{2 −α)θ}^{−1/2}_k 0 (1 − 2s^2)(^2_π y θ^{1/2}_k ) sin α + s^2(1 − s^2) + θ_k y^2 + 1 dy ≤ I_k ≤ 2θ^{−1/2}_k ∫_( π_{2 −α)θ}^{−1/2}_k 0 (1 − 2s^2)y θ^{1/2}_k + s^2(1 − s^2) + θ_k (^2_π y)^2 sin^2 α + θ_k dy. Since s^2(1 − s^2) > 0, the integrals on the right–hand side and left–hand side are bounded from above and below by constants independent of N_1, N_2. Consequently, I_k ∼ μ^{−1/2}_{N1,k} (k = 1, . . . , N_1).

The result in case^π_4 < α ≤^π_2 follows in a similar way. This completes the proof.

The eigenvalue computations in Figure 3 and 4 confirm our theoretical expectations.

Table 2 compares the number of iteration steps of the PCG–method for different preconditioners. We use the same notation as in Section 3 with N = 2^n − 1 and the trigonometric polynomials p(x) := (2 sin^x_2 )^4 and q(y) := (2 sin^y_2 )^4.

Figure 3. Eigenvalues λ^{e/o}_k (k = 1, . . . , N) of M^{−1}_{N,N} A_{N,N} with N := 2^n, p(x) := (2 sin^x_2 )^4, q(y) := (2 sin^y_2 )^4 and preconditioner (4.2).

Figure 4. Eigenvalues λ^{e/o}_k (k = 1, . . . , N) of M^{−1}_{N,N} A_{N,N} with N := 2^n, p(x) := (2 sin^x_2 )^2 (2 sin^{2x−π}_4 )^2, q(y) := (2 sin^y_2 )^4 and preconditioner (4.2).

In case x_1 = x_0 − π, we have that

A_{N2} (p) = toep_{N2} (2, 0, −e^{2ix0} , 0, . . . , 0)

(4.6) n 2 3 4 5 6 7

M_{N,N} (S^I_N ) 3 5 7 9 12 17

M_{N+1,N+1}(S^{II}_{N+1}) 4 8 10 12 16 20

M_{N+1,N+1}(C^{II}_{N+1}) 4 9 16 32 65 133 M_{N+1,N+1}(F_{N+1}) 3 8 14 25 51 104 M_{N+1,N+1}(W_{N+1} F_{N+1}) 4 9 13 22 40 89

Table 2. Number of iterations of the PCG–method for different preconditioners.

and even–odd ordering of the row and column blocks of A_{N1 ,N2} with corresponding permutation matrix P results in

P^′ A_{N1,N2} P = (~ A_{(N2+1)/2} 0 0 Ã_{(N2−1)/2} ) , where Ã_N := I_N ⊗ A_{N1} (q) + A_N (p̃) ⊗ I_{N1} ,

p̃(x) := ( 2 sin x − 2x_0 2 )_2 . The matrices Ã_N can be treated as in Section 3.1 if N = (N_2 − 1)/2 and as in Section 3.2 if N = (N_2 + 1)/2.

A_{N,N} s = 1 s = 2 s = 3 s = 4 2 1.3333e+01 5.2500e+01 1.3300e+02 2.8551e+02 3 4.6295e+01 4.9629e+02 2.8531e+03 1.1504e+04 4 1.6887e+02 5.4739e+03 8.2794e+04 7.9241e+05 5 6.4036e+02 7.0763e+04 3.3341e+06 9.2003e+07 6 2.4886e+03 1.0092e+06 1.6556e+08 1.5156e+10 7 9.8063e+03 1.5208e+07 9.2727e+09 3.0701e+12

Table 3. Condition number of A_{N,N} defined by (1.2) with p(x) := (2 sin^x_2 )^{2s}, q(y) := (2 sin^y_2 )^{2s} .

Finally, Table 3 shows the condition numbers of A_{N,N} (N := 2^n) for the polynomials p = (2 sin^x_2 )^{2s}, q = (2 sin^y_2 )^{2s} (s = 1, 2, 3, 4). Here we have used the matlab command condest. The underlying algorithm uses Higham’s modification of Hager’s method to compute a lower bound for the condition number of A_{N,N} with respect to the 1–norm. Note that the condition number of A_N (p) grows as N^{2s} (cf. [3] and the references therein).

References

[1] O. Axelsson, Iterative Solution Methods, Cambridge University Press, Cambridge, 1996. [2] D. Bini and B. Meini, Effective methods for solving banded Toeplitz systems, SIAM J. Matrix Anal. Appl., 20 (1999), pp. 700 – 719.

[3] A. Böttcher and S. M. Grudsky, On the condition number of large semidefinite Toeplitz matrices, Linear Algebra Appl., 279 (1998), pp. 285 – 301.

[4] E. Boman and I. Koltracht, Fast transform based preconditioners for Toeplitz equations, SIAM J. Matrix Anal. Appl., 16 (1995), pp. 628 – 645.

[5] R. H. Chan, Q.-S. Chang, and H.-W. Sun, Muligrid method for ill–conditioned symmetric Toeplitz systems, SIAM J. Sci. Comput., 19 (1998), pp. 516–529.

[6] R. H. Chan and X.-Q. Jin, A family of block preconditioners for block systems, SIAM J.

Sci. Statist. Comput., 13 (1992), pp. 1218 – 1235.

[7] R. H. Chan and M. K. Ng, Conjugate gradient methods of Toeplitz systems, SIAM Review, 38 (1996), pp. 427 – 482.

[8] T. F. Chan and J. A. Olkin, Circulant preconditioner for Toeplitz–block systems, Numer.

Algorithms, 6 (1994), pp. 89 – 101.

[9] F. Di Benedetto, Analysis of preconditioning techniques for ill–conditioned Toeplitz matrices, SIAM J. Sci. Comput., 16 (1995), pp. 682 – 697.

[10] , Preconditioning of block Toeplitz matrices by sine transforms, SIAM J. Sci. Comput., 18 (1997), pp. 499 – 515.

[11] G. Fiorentino and S. Serra, Multigrid methods for Toeplitz matrices, Calcolo, 28 (1991), pp. 283 – 305.

[12] , Multigrid method for symmetric positive definite block Toeplitz matrices with nonnegative generating functions, SIAM J. Sci. Comput., 17 (1996), pp. 1068–1081.

[13] M. Hanke, J. Nagy, and R. Plemons, Preconditioned iterative regularization for ill–posed problems, in Numerical Linear Algebra, L. Reichel, A. Ruttan, and R. S. Varga, eds., Berlin, 1993, de Gruyter, pp. 141 – 163.

[14] G. Heinig and K. Rost, Representations of Toeplitz–plus–Hankel matrices using trigonometric transforms with application to fast matrix–vector multiplication, Linear Algebra Appl., 275 (1998), pp. 225 – 248.

[15] S. Holmgren and K. Otto, A framework for polynomial preconditioners based on fast transforms I: Theory, BIT, 38 (1998), pp. 544 – 559.

[16] , A framework for polynomial preconditioners based on fast transforms II: PDE applications, BIT, 38 (1998), pp. 721 – 736.

[17] T. Kailath and V. Olshevsky, Displacement structure approach to discrete–trigonometric– transform based preconditioners of G. Strang type and of T. Chan type, Calcolo, 33 (1996), pp. 191 – 208.

[18] T. Ku and C. J. Kuo, On the spectrum of a family of preconditioned block Toeplitz matrices, SIAM J. Sci. Statist. Comput., 16 (1992), pp. 951 – 955.

[19] M. K. Ng, Band preconditioners for block–Toeplitz –Toeplitz–block–systems, Linear Algebra Appl., 259 (1997), pp. 307 – 327.

[20] D. Potts and G. Steidl, Optimal trigonometric preconditioners for nonsymmetric Toeplitz systems, Linear Algebra Appl., 281 (1998), pp. 265 – 292.

[21] , Preconditioners for ill–conditioned Toeplitz matrices, BIT, 39 (1999), pp. 513 – 533. [22] D. Potts, G. Steidl, and M. Tasche, Trigonometric preconditioners for block Toeplitz systems, in Multivariate Approximation and Splines, G. Nürnberger, J. W. Schmidt, and G. Walz, eds., Birkhäuser, Basel, 1997, pp. 219 – 234.

[23] S. Serra, Preconditioning strategies for asymptotically ill–conditioned block Toeplitz systems, Bit, 34 (1994), pp. 579 – 594.

[24] S. Serra Capizzano and E. E. Tyrtyshnikov, Any circulant–like preconditioner for multilevel matrices is not superlinear, SIAM J. Matrix Anal., (1998). in print.

[25] , How to prove that a preconditioner can not be optimal, Preprint, (1998). [26] G. Steidl and M. Tasche, A polynomial approach to fast algorithms for discrete Fourier– cosine and Fourier–sine transforms, Math. Comp., 56 (1991), pp. 281 – 296.

[27] K. Otto, Analysis of preconditioners for hyperbolic partial differential equations, SIAM J. Numer. Anal., 33/6 (1996), pp. 2131 – 2165.

[28] H.-W. Sun, X.-Q. Jin, and Q.-S. Chang, Muligrid method for ill–conditioned block Toeplitz systems, Preprint, The Chinese University of Hong Kong, (1998).

[29] Z. Wang, Fast algorithms for the discrete W transform and for the discrete Fourier transform, IEEE Trans. Acoust. Speech Signal Process, 32 (1984), pp. 803 – 816.

Institut für Mathematik, Medizinische Universität zu Lübeck,Wallstr. 40, D–23560 Lübeck, Germany.

E-mail address: potts@math.mu-luebeck.de

Fakultät für Mathematik und Informatik, Universität Mannheim, D–68131 Mannheim, Germany.

E-mail address: steidl@math.uni-mannheim.de