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Abstract

We study the approximation of the Fourier transform of a function from finitely many
samples. Departing from the equispaced setting, we sample the function at deterministic
non-equispaced nodes obtained by transforming equispaced points on [0, 1] through the in-
verse cumulative distribution function of a probability density. This change of variables
compactifies the real line, so that no truncation of the space domain is necessary. Combin-
ing an exact aliasing identity for the midpoint rule with stationary-phase estimates for the
transformed oscillatory integrals, we derive deterministic error bounds for every frequency
and in L,,.

For functions with polynomial decay in space and frequency, an explicitly optimized
density recovers the equispaced convergence rate, while an additional variance parameter
substantially reduces the pre-asymptotic error constants. For (sub-)exponentially decaying
functions a polynomially decaying density yields (sub-)exponential rates. Numerical experi-
ments confirm the theory and demonstrate the reduced pre-asymptotic error compared with
optimally scaled equispaced sampling.

Keywords: Fourier transform, non-equispaced data, approximation rate, weight functions

1 Introduction

Recent advances in deriving error estimates between the discrete Fourier transform and the
Fourier transform of functions on R have highlighted an optimal recipe of how to relate the
number of samples, the sampling interval and the grid size, [4]. Motivated by the success of
random Fourier features [13| 5, [12], we extend the philosophy from [4] to non-equispaced samples.
In this work, we investigate whether non-equispaced sampling strategies can outperform classical
equispaced sampling for functions with specific decay properties. This question arises from the
observation that the efficiency of equispaced sampling may depend on the decay characteristics
of the function. To address this, we introduce a non-equispaced sampling strategy for the
approximation of the Fourier transform. By utilizing a tailored transformation, we construct
a sampling distribution that is explicitly driven by the algebraic or exponential decay of the
function f and its Fourier transform f.
We study the numerical approximation of the Fourier transform

f(e) = / f()e2m9€ dy
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from sample values of f. In [4] the authors show how the fast Fourier transform (FFT) approx-
imates this integral from equispaced samples of f on a grid,

~(k . kj
f (p) ~h Y F(hj)e~ ™% ke, —2<k<l, (1.1)

n_._n
—9<Us3

where p = hn. This approximation is motivated by discretizing the integral and then truncating
the infinite series. The FFT is one of the most important numerical algorithms. One can provide
reasonable error estimates for this approximation. For several classes of functions the authors
in [4] answer the question of how the parameters h,n and p should be chosen and give error
rates and the asymptotic decay. In contrast, in this paper we investigate the approximation
from non-equispaced samples, where more samples are used at points where the function is
expected to be larger and less samples in the tails, where the function is decaying. Instead of
the approximation , we study the approximation of the form

flom LS ) anine gy (12)
M2 (o)t T |
where the samples z; are distributed on R according to some distribution p, instead of equispaced
x; = hj as in . For random nodes x; ~ u, the sum in is the classical Monte Carlo
importance sampling estimator of the integral, which is at the heart of random Fourier feature
methods [13} [5]. In contrast, we construct the nodes z; deterministically by inverse transform
sampling, i.e., by mapping equispaced points on [0, 1] through the inverse cumulative distribution
function of p. This allows us to prove deterministic error bounds instead of estimates that hold
only in expectation or with high probability.

The numerical integration of highly oscillatory or heavy-tailed functions over the unbounded
domain R remains a fundamental challenge in computational mathematics. While classical op-
timally scaled equispaced grids and sinc-based quadratures [4] achieve high convergence rates
for rapidly decaying integrands, their efficacy degrades severely when applied to functions with
algebraic or rational tails. Classical equispaced grids necessitate a truncation domain. This do-
main stretching imposes a computational compromise. It inevitably dilutes the spatial resolution
near the origin, triggering severe phase-aliasing for high-frequency components and increasing
the pre-asymptotic error constant. Consequently, while these equispaced schemes may theoreti-
cally attain optimal asymptotic rates as the number of nodes M — oo, they may fail to provide
acceptable accuracy in practically feasible computational regimes.

To reduce these pre-asymptotic error bounds, this paper investigates a transformed quadra-
ture scheme. By utilizing a density function p to define a transformation, we automatically
compactify the infinite domain R onto a finite integration window [0, 1]. This completely elimi-
nates the need for explicit space domain truncation. The transformation naturally redistributes
the computational grid. It maintains high resolution at the center to resolve high-frequency
oscillations, while it also integrates the asymptotic tails to infinity.

Figure [1] illustrates the fundamental spatial trade-off between classical equispaced sampling
from [4] with sinc interpolation and our proposed quadrature. The equispaced grid truncates
the infinite integration domain R, discarding the asymptotic tails and thereby introducing a
truncation error. Conversely, our approach structurally captures the entire real line. The non-
equispaced samples {z; }J]Vil on R are mapped to [0, 1] via the cumulative distribution function of
the density . And then on the compact domain [0, 1] we use the midpoint rule to approximate
the integral, see right lower picture in Figure [l While this global coverage may initially neces-
sitate a slight reduction in central node density for small M, this trade-off is overcome by the
nature of our mapping method. As the total number of points M increases, the transformation
leads to a larger density of samples directly in the central region. Consequently, the mapped
scheme achieves high-resolution accuracy at the peak while preserving the infinite tails, without
ever requiring truncation in the space domain.
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Figure 1: Approximation of the Fourier transform of the function (4.1)) with parameters a = 8
and b = 3 with equispaced points and sinc interpolation as in [4] (blue) and with our method

(red) with the optimal choice of the distribution p using M = 30 samples for both methods.
In the bottom left picture not all red points are shown, since some are outside of the plotted
interval.

1.1 Our contributions

The main contributions of this paper can be summarized as follows.

A deterministic non-equispaced quadrature for the Fourier transform: Given a probability
density p with cumulative distribution function ¥, we sample f at the deterministic non-
equispaced nodes z; = s (22%1), 7 =1,..., M, and approximate f by the weighted
exponential sum . The transformation compactifies the real line, so that no truncation
of the space domain is needed, and the sum can be evaluated at N arbitrary frequencies

by the NNFFT in O(K log K + M + N) arithmetical operations [J, Section 7.3].

Error estimates for arbitrary frequencies and in L,: We prove error bounds for every
& € R, not only for the equispaced frequencies f (ZE)) covered by [4]. And we measure
the error in Ly(R) for all p > 1, see (2.3). Only a truncation in the frequency domain
is required. The key technical ingredients are the aliasing identity for the midpoint rule
(Theorem combined with stationary phase estimates in the spirit of van der Corput’s
lemma for the transformed oscillatory integrals (Theorem [3.3)).

Polynomial decay: For functions with polynomial decay of order a in space and b in
_(a=1/2)(b—1/2)
frequency we recover in the heavy-tail regime in the limit the error rate M afb—T o

equispaced sampling [4], see Section The density (3.1)) carries two additional degrees
of freedom: the tail exponent «, which we optimize explicitly in (3.10]), and the variance



o, which leaves the rates untouched but can be tuned to reduce the pre-asymptotic error
constants considerably, see Figure [1] and Section

o (Sub-)exponential decay: For functions with exponential decay we state with our method
in Section sub-exponential error decay similar to the equispaced sampling as in [4].
While having the additional variance parameter ¢ as tuning parameter, we reduce the
pre-asymptotic error constants for analytic functions.

The paper is organized as follows. In Section[2] we introduce the transformed quadrature rule,
the truncated approximation and the aliasing identity of the midpoint rule. Section
embeds classical equispaced sampling into this framework and relates the resulting error splitting
to the estimates of [4]. Section [3| contains the error analysis. After recalling van der Corput’s
lemma, we treat weights of polynomial growth, optimize the parameters o and o of the sampling
density. In the case of (sub-)exponential weight functions, we also use a polynomial distribution
to state error estimates. In Section [] we present numerical experiments which confirm the
theoretical findings. Frequently used integral computations are collected in the appendix.

2  QOur approach: Non-equispaced sampling

Instead of using an equispaced grid in time and frequency domain like in [4], we introduce a
measure 4 on the time domain. In order to avoid dealing with probability results as for random
Fourier features and to be able to give error decay rates comparable to these in [4], we use the
cumulative distribution function to transform equispaced samples on the unit interval [0, 1] to
R, which model the distribution p on R.

Combining an analytic change of variables with a simple equispaced quadrature rule is a
classical idea in numerical integration. Sinc and double-exponential (tanh—sinh) rules use a
transformation together with the truncated trapezoidal rule and place the equispaced nodes so
that the integrand decays rapidly at the images of the endpoints. There the transformation typ-
ically maps a finite or semi-infinite interval onto R, [I7, [I5] 6, 18]. In the context of multivariate
approximation, transformations to the torus have been employed for lattice rules and wavelet
methods [8, [7, 11]. The new difficulty in our setting is that the integrand is oscillatory with an
unbounded frequency parameter &, and that we aim for error estimates which are explicit in £
in order to control the L,-error on the whole real line.

2.1 Decay in space and frequency domain

We quantify the decay of a function by the use of a weight function v: R — (0, c0). We introduce
the following norms and the corresponding function spaces by

17, = Sg§|f(x)|v(x), Fo={f € CR) | ||fllz < oo},
1fllz,,, = Sup (Z |FO )1+ $|2)€/2> v(z), For ={f € CR) [ ||fll£,, <o}
z =0

Typical examples, which we will study in this paper include polynomial weights v(z) =
(1 + 22)%/? and exponential weights v(x) = e®*l for @ > 0. Similarly, we characterize the decay
of the Fourier transform of f via || f|| £, for a weight function w.

2.2 Description of the sampling method

Let 4 be a density with cumulative distribution function ¥: R — [0, 1]. In the following we will
always use the variable z on R and the corresponding variable y on [0, 1]. Now, we change the



integral to

[e'S) ) 1 -1 N

This integral is approximated by the midpoint rule by

FOU () o U
Z\Ill 27w~ _ Z_:

. (2J -1

yj = 2M .
There, the samples z; € R are distributed according to a discrete version of the density . We
note that we compute f(&) for £ = 0,...,N — 1 with |z;&| < K by applying the nonequis-
f(wj))M
en) j=1
O(Klog K + M + N) arithmetical operations, see [9, Section 7.3]. We restrict the evaluation
of the Fourier transform f to a compact interval [—(, Q] and set the approximation f to zero
outside of this interval,

’2’”’”5 = f(&), (2.1)

paced Fourier transform in space and frequency domain (NNFFT) to the vector ( in

f(&) = =t

. LM ijge—%i&rj if |¢] < Q
(2.2)
0 otherwise.

In this paper we will state error decay results for the Ly-error for p > 1, defined by

Ep = ( G Ipdf) " (2.3)

By truncating in frequency domain, we receive the following estimate,

—Q ~ oo Q ~ _
”—/If \pd£</ If(é)\”d£+/Q f(f)!”d§+/_glf(§)—f(é)\pdé,

—00

Sip —Q 1 %) 1 Q _
< ([ optet [ mpte) + [ IO - fopae (2.4

Some truncation in the frequency domain as in is unavoidable. The exponential sum
in (2.1) is a finite linear combination of the functions ¢ +— e~2™%i¢ and therefore an almost
periodic function of £, see e.g. [2, B]. In particular, it does not decay for || — oo, whereas
f does. The error of the midpoint rule in depends on the smoothness of the underlying
function

gl g
f( _l(y))e—27r1\1! l(y)f. (25)
n(¥=(y))
This function g is periodic on the interval [0,1] if f € F, and

9(y) =

i o(a)(x) = oo,

since in this case
g(1) =¢(0) = lim —f(x)e*%ix =0.

r—rFo0 M(x)
For the function g: [0,1] — C, we denote the Fourier coefficients by

1
culg) = /0 g(y)e 2™ dy.

The following theorem states an error estimate of the midpoint rule in (2.1]) using the decay of
the Fourier coefficients of g.



Theorem 2.1. Let g: [0,1) — C be a function whose Fourier series converges absolutely. Let
the exact integral of g over one period be cy(g). The numerical approximation by the midpoint
rule with M € N equispaced subintervals is given by

2] —1
ZQ -
Then, the quadrature error satisfies the identity

In(g) —colg) = D (=D eru(g).

kezZ\{0}

Proof. Since the Fourier series of g converges absolutely, we can represent g pointwise by its

Fourier series
2mik
= g ck(g)e“™ .

kEZ

Substituting this representation into the quadrature formula Iy;(g) yields

M M
1 _omi ]. 3
IM(g) = — E E Ck( 2mk2§M — g Ck Mk — g eQm%
M M=

j=1 keZ kez

The inner sum over j is a finite geometric series representing the sum of the M-th roots of
unity. By the orthogonality properties of the roots of unity, this sum equals M if k is an integer
multiple of M, and it is 0 otherwise. Therefore, the outer sum collapses strictly to

= Z%M(Q)e*ﬂik = Z(—l)kaM(g)-

keZ keZ

Separating the term for £ = 0 and noting that the zeroth Fourier coefficient corresponds to the
exact integral, yields

Iu(g) = o) + D (~1)ferl).

keZ\{0}

Subtracting ¢o(g) concludes the proof. O

For all trigonometric monomials g(y) = e*™™ with a frequency n € N that is not a multiple
of M, this quadrature is exact. For a l-periodic function g € C™, the Fourier coefficients
satisfy |ck(g)| = O(|k|™™), see e.g. [9], such that the quadrature error decays at least at the rate
O(M—™).

In order to apply the previous theorem to the function in our main approximation
of the Fourier transform, we have to calculate the decay of the Fourier coefficients of the function
g for fixed & with |£] < €2, which we will do in Section (3| for different settings.

2.3 Relation of our approach to equispaced sampling

To state the relation between our approach and the estimates in the equispaced case from [4],
we first note how equispaced sampling fits into our setting. It corresponds to the choice of the
uniform density on an interval [ ST ] which already contains a truncation of the space domain.
In this case,

0 if o < —L,
() % if—gﬁxﬁg, \I/() 33_1_1 if p<2 <p
) = )= % 5 I — % x 9
H 0  otherwise, P2 2 r 2
1 if z > bR



such that U~ 1(y) = P (y - %) and the mapped integrand ([2.5)) becomes

g(y) = P (P (y— 1)) e 2riePv=1/2),

The midpoint nodes y; from (2.1) are mapped to the equispaced points x; = P 2 EMM with
constant step size h = %, and

M

In(g) = hY_ flay) e mem

j=1

is exactly the Riemann sum in (1.1f), up to a shift by half a step size. In contrast to a density
with full support R, we now have ¢o(g) # f(§), but rather

P
wle) = [ Fa)e A= Fole), fp= g
-2

and

1In(9) — F(€)] = [Tm(9) — colg) + colg) — £ (&)
< |ulg) —clg)l +  leolg) — f(O)
—_——— —_—————

discretization (aliasing) error  truncation in space domain

These are precisely the two error sources considered in [4]. The Fourier coefficients of the mapped
integrand can be computed explicitly. Substituting y = ¥(x), we obtain

ek (9) Z/Olg(y) e‘Q”ikMydyz/

—P/2
— () (6455

P/2 . . -
f(IL‘) e—27r1§;v ef27r1kM(ﬁ+%) dx

Inserting this back into Theorem [2.1] yields

Iu(g) —colg) = 3 <—1>k<M“>f;<g+’;),

keZ\{0}

where we used kTM = % Hence, for equispaced sampling the discretization error is a pure aliasing

sum. It collects the values of f/; on the shifted grid & + %Z, and the alternating sign stems from
the half-step offset of the midpoint nodes. This is the Poisson summation formula in disguise,
see e.g. [9], and it explains the role of the two parameters in . The truncation parameter
P controls the truncation error |f1\a(§) —f (&)| via the spatial decay of f, whereas the step size
h controls the aliasing error via the decay of f .

In addition to [4], a uniform error of the approximation with uniform samples was studied
n [10]. This then allows the evaluation at any point within the interval.

3 Error decay rates for non-equispaced sampling

and the Fourier transform f have polynomial decay and state error decay rates in Theorem
In Section we study the case of (sub-)exponential decay, where we state final bounds for the

L-error in Corollary

In this section we present our main results. In Section[3.2] we study the case where the function i



3.1 Van der Corput’s Lemma

Here we state some result from the literature, which we will use later. In the study of oscilla-
tory integrals, a well-known result which is of fundamental importance is the van der Corput’s
lemma, [14, Chapter VIII, Prop. 2].

Lemma 3.1 (Van der Corput’s Lemma). Suppose ¢ is real-valued and smooth in [a,b] and that
|0) ()| > 1 for all x € [a,b]. Suppose that k > 2. Then

b .
/ el)\(f)(fﬂ) dz

where the constant ¢y is independent of ¢ and X\. If additionally v: [a,b] — C is continuously
differentiable, then

< Ck‘)\_l/ka

b
/ Y(x)eM®) dg

Part one of the above lemma is what is classically called van der Corput’s lemma. Part
two (which follows from the first part by integration by parts), is the version one usually finds
convenient to use in many applications.

< cpAE (||¢||Loo([a,b]) + ||1//\|L1([a,b})> :

3.2 Polynomial decay in time and frequency

We discuss here the special case of functions of polynomial spatial decay and also polynomial
spectral regularity. In contrast to [4], where the polynomial weights (1 + |z|)® are used, we use
here vg(z) = (1 4 22)%/2, which have the same asymptotical decay, but we need the additional
smoothness at the midpoint x = 0. Finite smoothness is often replaced by polynomial decay of
the Fourier transform. If the derivatives f() are in Li(R) for ¢ = 0,...,b with b € N, then it
follows that supgcp 1£(O)|(1 +€2)P? < .

Let v(z) = (1 + 22)%? and w(€) = (1 + £2)"? be weight functions. Let f € F,,, with
me{1,2,...,b— 1} and f € Fuy. We choose the polynomial distribution

AN 1 T3

z)=C, 1+ — , Coo=—"—7——"—, 3.1
) = Cogr (1455 o= o TR 1)
and the parameters o, ¢ > 0 have to be chosen appropriately depending on spatial decay a and
spectral regularity b. Sometimes we will omit the index o in the constant C, s, if the variance
equals 0 = 1. In the following we analyze the error terms and study how this parameter a has
to be chosen to balance the error terms. As a preliminary result we calculate the derivatives of
the function p.

Lemma 3.2. For polynomial density p defined in (3.1) with o =1 and £ € Ny and x € R, the
derivatives of p are bounded by

)
p(z)| _ L(a+l) 2\—0/2
< 1+ . 3.2
pe) | = T ) 2
Proof. We construct the Taylor series of u by
_ — _1)\2 —a/2 2 2\ —a/2
p(x —h) =Can (14 (z — h)?) = Coy (1+ 2% — 22h + h?)

1 \%/? 2h B2\ o2
— a,l 2 1 - 2 + ) .
1+x 1+=x 1+



We substitute y = —=% — and t = -
can be described in terms of their generating function,

1 ) & (a/2) l
= C (y)t
2 Z £
<1 Q?Jt +t —o

This yields

a/2 oo
p(x — a,( T ) S P !
=0
[e’e) a/2+0/2
Z( >/+/C<a/2)( x >he'
prd 14+ 22 ¢ V1+ 22

The generating function converges for [¢| < 1, i.e., for |h| < v/1+ z2, which is precisely the
radius of convergence of the Taylor series of p around x, so that comparing the coefficients
before ht with the classical formula for the Taylor series leads to

Y 1 a/24/2
CU 0 = ¢y, <2> o) (”“" )
0 ’ 14z V1+ 12

) /2
e'(l—i—xz) C

(a/2) ( z ) ‘ _

¢ V1+ a2

Since the Gegenbauer polynomials with parameter § > 0 attain their maximal absolute value
n [—1,1] at the endpoints, see [16, Theorem 7.33.1], they are bounded by

I'(l+ )
0T(a) -

and the result follows. O

Finally,
u ()
w(z)

i) < P =

Theorem 3.3. Let v(z) = (1 + 22)%2 and w(€) = (1 + £2)%2 be weight functions with spatial
decay a > 1 and spectral reqularity b > 1. Let f be a complez-valued function such that f € Fym
and f € Fup with m € {1,2,...,b — 1}. Let p be a polynomial probability density function
defined in with o > 1 and o = 1, and define its cumulative distribution function as
() = [* p(t)dt. Fiz & e [—Q,9Q]. Furthermore, let

-1
P | (3.3)
m
and g be as defined in (2.5). In the resonant case 0 < —% < 1(0), let z9 > 0 be determined by
wu(xg) = —%, and set
: 1 xg 1 + l'%
5::m1n{§,z , Ds ={z eR: |z — x| >0 and |z + x| > 0}, A= s
0

Then, the decay of the Fourier coefficients c(g) is bounded by

Il [ : i
Fom oo (L4 22)@tm2 ¢ 4 kp(a)|™
1 171l
”f”]—‘vm ps (L4 2)(@atm)/2 (¢ 4 fp(x)|m v(xo)V/ |k (x0)]

|Ck(9>| Sa,m

The remaining transitional regime p(0) < —% < 2u(0) is discussed in Remark m

9



Proof. We evaluate the Fourier coefficients by applying the substitution y = ¥(z), which implies
x = U~ 1(y) and the differential relation dy = u(x)dz. Substituting this into the definition of
ck(g) yields

> f@) —origx —27ikV(z) > —27i(Ex+k U (z))
ck(g) = me e p(x) da = f(z)e dz

= / f(x)e 2mOre@) gy (3.4)
where we define Oy, ¢(x) := {x + k¥ (x). The derivatives of the phase are

he(@) =&+ kp(x), and O)(x) = kp" V(@) forr>2.

Now we distinguish whether the phase Oy ¢ has a stationary point on R or not. Since p takes
its values in (0, p4(0)], the derivative ©} () = £ + ku(z) vanishes for some z € R if and only if

& and k have opposite signs and 0 < —% < 1(0).

Case 1: % >0 or % > 241(0). In this case ©j  does not vanish, and moreover

|Oke(@)| = € + ku(@)] > 1 (€] + |klu(@)) > jlklu(z), = eR. (3.5)
Indeed, for % >0 W(i even have | + ku(z)| = |&] + |k|u(x), v;/hile fOf —% > 2u(0) we have
[Flp(z) < [k|p(0) < 3[¢], hence [€ + ku(z)| > €] — [klp(z) = 318 = 7(€] + [k[u(z)). In the

following we carry out the estimates for % > 0, where |§ + kp(x)| = €] + |k|p(z). The subcase
—% > 2p(0) is identical up to the factor 4™ from (3.5)), which is absorbed into <, ,,. Thus, we
may apply integration by parts using the identity e 27Ok = (— 27r1@’ ) 1 d e 2Ok

— i > i f(.T) —27iOy, ¢ ()
ck(g) = 5 /OO i <@;§g($)> e € d. (3.6)

The boundary terms vanish since lim,| o f(z) = 0. For the case where m = 1, we receive by

using the estimate ([3.2)),

lek(9)| =

ori O c(z) (O]

1/00 ( f/(ﬁ) B f(l')@;g/,f(x)) efgﬂi@kyg(x) da
—oo (

12| f@)  f@)Of(x) .
)l e
_1 e f@ ’ f @)k (2)
Tom Jo oo |E+ ku(x)] | (€ + ku(x))?
_1 | @ ’ of () ‘ N,
=or ||+ k() | T T 2P2(E T ()
1

[fllyy (L) oo
ST /_OO (@) (L + |2[A)V2(§ + ku(z)) ’ o

For m = 2 we use integration by parts again in (3.6). The boundary terms vanish since

10



additionally lim,_, f'(x) = 0, such that,

c :; ooi d f(x) 1 0—2mOk (%) 4
9) (27ri)2/ d:c( (@;5(@) O ¢ (x )) d

@;c £ Z‘) ( )@//k@(ﬂi) 1 e~ 2™k ¢ () 44
(2771 @2;5( x))? O ¢(®)

B ( f(0)O kel )) CariOpe() gy
")

(Ofc())?

! / %( D) - 2f(x)(© Le@)O k(@) (F(@)0"ke(n) + F(@)0"c(x)
" mp? (O () CG)E

3f(2)(0"1.¢(x))? (925(216)) >e27-ri(—-)k7£(z) da

(€ @)’
L[ (L S0 £ kele)) , SO b)) rvoing,
@ | \ O @ T @@ T (O ) CREN |

Taking the absolute value inside the integral yields due to (3.2)),

L ) 37 ()t (x) f () () 31 () (4 ()2
()] < Tmye /_m‘@wu(x»z +‘(€+ku(x))2u(9€) ‘(£+ku(x))2u(x) +’(£+ku(x))2u2(w) d
1+ 3a+a(a+1) + 3a? > 1
= (2n)? 1717, /,oo @ T e P)E T k@)
B 402 + 400+ 1 o 1 .
=@z s 2/00v(w)(1+lxl2)(£+ku(x))2d |

For m > 2, we have to use integration by parts again. We omit the explicit calculations
for this case here, but they can easily be generalized from the case where m = 2. In all cases,
|E+Eku(z)| > |k|p(z) and the condition ensure that the integral is finite, since the integrand
decays like (1 4 22)~(atm)/2+em/2 and q/2 + m/2 — am/2 > 1/2.

Case 2: 0 < —% < p(0). In this case there are points g € R, such that ©; (o) = 0, namely
pu(xg) = —% For the polynomial distribution p from there are two such points +zy with
xo > 0, which coincide only in the boundary case —% = 1(0), where xyp = 0 and p/(z9) = 0.
This degenerate case is a technical detail which we omit for the sake of readability, since it
does not change the error behavior. There, one has to increase the order in van der Corput’s
lemma by one. In the following we thus assume xy > 0 and set § = min{%, “2}, such that
[0 — 20, 20 + 20] C [%, 3%] stays bounded away from the origin.

To isolate the singularities without introducing non-vanishing boundary terms from a harsh
domain truncation, we employ a smooth partition of unity. We introduce a smooth bump
function xgn € C°(R) centered at the singularity xg (for two singularity points, we just add

the two bump functions) with a support size of 6 > 0, satisfying
1, for |z — x| <,
Xsin(w) -
0, for |z —xg| > 2.

We define the corresponding regular counterpart as Xreg(2) := 1 — Xsin(2). In the following we
will describe the procedure for one singular point xg > 0, for the other one, the procedure is
similar, since p and v are symmetric. An illustration of the functions can be found in Figure
By linearity, the Fourier coefficient splits into a singular and a regular integral,

- / F (@) Xsin ()6 2MOR<) dz 4 / F (@) Xreg(2)e 2MORe®) dg = I, + Leg.
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— p(z)
—— Xsin

Xreg

Figure 2: Illustration of the functions p1, Xreg and Xsin in case 2 in the proof of Theorem [3.3]

The singular part. On the support of g, the phase is stationary at xg, with @Z{(xo) =
ku'(zo) # 0. Let

. /
mo = min X)|.
0 |CHUO'Q&IM( )|

Because [zg — 26,79 + 20] C [, 22¢] avoids the origin, |p/| is comparable to |u/(z0)| on this

interval, i.e., mg > cq|p' (20)| with a constant ¢, > 0 depending only on cr. Writing —2m0y, ¢(z) =
Ap(x) with A = —2wkmg and ¢(z) = %ﬂi}(z)’ we have |¢"(z)| = % > 1 on the support,

so that Lemma applies with order two, parameter |\| = 27|k|my and amplitude ) = fxgin.
Using [p [X%,|dz <1 and

w2 11
swp [f@)+ [ If@)lde 5T

|z—zo| <26 0—26 v(zo)

together with v(x) > cqv(zp) on the support, the lemma yields

e O AR / < Mhry
|Iin| < \/m <|x_s;il|)ggg |f(z)] + /350_25 (‘f ()] + |f(37)Xsm($)|) dl‘) Sa (o) |ku’(x0)\7

where Cy is the constant from van der Corput’s lemma.

The regular part. By construction x;eg is supported in Ds = {x: |z F 29| > 0}, where @;’5
is bounded away from zero. We claim that

1§+ kp(e)| = [kl |p(z) — p(zo)| = ch |kl pw(x), 2 € Ds, (3.7)

2
with A = 1;;3%0. Indeed, in the transition zones d < |z F | < 20 the mean value theorem gives

0 )| = g,

|p(z)—p(zo)| = dmo > cq 8|/ (20)], and since |1/ (x0)| = a p(xo) Tis Ve have §|u/ (2o
Together with p(z) ~ u(xg) there, this proves (3.7). Outside these zones |u(z) — u(xo)| >
cmax(u(z), u(xo)) = 155 = c“/&x), since A > 1. From (3.7) and (3.2]) we obtain, for = € D,

kp9 ()
§+ k()
Repeating the m-fold integration by parts of case 1 on Dy (where no boundary terms occur,

since Xreg and its derivatives vanish at x = 4(z¢ £ 0)) each step contributes at most a factor A,
so that

A [p ()]

= co ()

<o A1+ 2272,

1
Lieg| Sam A™ ||f / dx

Combining the bounds for I, and I, yields the assertion. O

12



2
Remark 3.4. The prefactor A = 1;0‘? and the singular term 1/1/|u/(z¢)| both degenerate as

o — 0T, ie., as —% — w(0)7, which is exactly the resonance of the two stationary points +xg
at the origin. In the transitional regime 1(0) < —% < 24(0) there is no stationary point, but

62:75 still becomes small near x = 0. The same estimate as in case 1 applies with the lower
bound | + ku(z)| > |k| (—% — 11(0)) replacing (3.5)), which again degenerates as —% — u(0)*.
Consequently, the bounds of Theorem are not uniform for —% near (0). As shown in the

proof of Theorem this affects only finitely many aliasing indices k for each fixed £ and M,
and hence does not influence the asymptotic error rate in M.

The previous theorem is easily generalized to the case with arbitrary variance o.

Corollary 3.5. Let the assumptions from Theorem be true and choose the variance o > 0
arbitrary, while py is the density with variance o = 1. Using ||f||z , < |[fllz, . , the decay of
the Fourier coefficients cx(g) is bounded by

[l Il Centon) FE200r —§ 2 2(0)/0,
HOZ0 o) Wl Costm) + Mz 10 < 58 < ),
where L
S A o

The point x¢ > 0 is determined by pi(zg) = —%, and

1
C =A™
ek (k1) /m (14 22)2/24m /2 ol + ki ()™

dx

1 the modified constant from Theorem (with A = 1 and Ds = R in the non-resonant first
case).

Proof. Adding the variance parameter to the density g means,

,Uo(iv) = %Nl (£> ) \I’a(‘r) =0 <£> ,

g (o2

such that the Fourier coefficients behave as

= /00 F(a)e 2miErtk¥o (@) qg — /°° o f (oy)e 2m(OuHk1(v)) gy

—0o0

This means Theorem is applied to the function o f(oy) with the density 1, at the frequencies
& = 0. For the rescaled function norm we have

lof(ex)ll£,,, = osup (Z o’ f O (oa)|(1 + 2 )€/2> v(z)

zeR

y £/24+a/2
_ l
—omp (S ( )

oy, o1,
oy ifo <1

such that the assertion follows. O
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We apply this decay of the Fourier coefficients to Theorem and get the following result
for the error between the Fourier transform and our approximation.

Theorem 3.6. Let v(z) = (1 4+ 22)%? and w(€) = (1 4+ €2)%2 be weight functions with spa-
tial decay a > 1 and spectral reqularity b > 1. Let f be a complex-valued function such that
f € Fom and f € Fu with 2 < m < b. Let p be a polynomial probability density function
defined in witho=1and 1 < a < % + 1, so that condition holds. For any fixed
frequency & € [, Q)] define the region R¢ = {x € R: p(x) < |£|/M}. Then the error of the
approximation is bounded by

- Feons e [T ] o W, VE T

A G M et

up to a constant that additionally depends on o, m and a.

Proof. Following Theorem the error between f and f is the sum ZkeZ\{O}( D¥erar(g).
We apply Theorem [3.3] at frequency & with aliasing index kM to each coefficient, decomposing

it into cxar(9) = Ireg(k) + Lsin(k), where I, (k) = 0 whenever kM falls into the non-resonant

first case. A resonant index k (opposite sign of &, 0 < I k'f]‘\/[ < u(0)) gives rise to a stationary

point (k) satisfying p(zo(k)) = %, and the associated Ireg(k) is integrated over Ds(k) =

{z: |z Fzo(k)| > d(k)} with prefactor A(k)™. We bound the two parts separately,

S Deau@] = Y @i+ Y k).

keZ\{0} keZ\{0} kEZ\{0}

Ercg Esin

We have |£] < Q and for large M every resonant index satisfies | kl’f)\/[ < 1(0) only for |k| > |£|(0)
Hence (k) stays bounded away from the origin and A(k) < C, is uniformly bounded. The
finitely many near-threshold indices with small zg(k) (cf. Remark are absorbed into the

constant. We may therefore treat all I ey(k) with a uniform prefactor.

Step 1: The regular contribution. Summing the regular bounds of Theorem over all
aliasing indices k € Z \ {0} yields

[Ralr
Ere S / v, m
« S 2 + [z2)m/2|¢ + kM p(x) ™

k0

By Tonelli’s theorem, we interchange the sum and the integral, since all terms are non-negative.
For fixed x, the value t = ﬁ(x) is real, and at most the two integers k nearest to —t satisfy

It + k| < % These resonant terms correspond precisely to x lying near a stationary point zq(k)
and are excluded from Ds(k), so they do not appear in FEye,. For the remaining non-resonant
indices |t + k| > 5 we have

> T Y T S iy
s !€+/<7Mu I M () < 7M§(m)+k‘ Mmpm(x)

where the primed sum omits the resonant indices and the last bound uses m > 2. Substituting
this closed-form bound back into the integral directly yields the first part of the theorem,

1£112 !
Freo < o, de = O(M™™).
BN T / V@A F P ey = O
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Step 2: The singular contribution. For the resonant indices k, a stationary point zq(k)
with p(zo(k ‘ ‘ exists, and by the discussion above we may assume that (k) is bounded

away from the origin, so that p/(zo(k)) # 0. Summing the van der Corput bounds of Theorem
and using the monotonicity of k — z((k) to compare the sum with an integral yields

= Hf”}' Hf”]—' 1
Egn S g = = dk.
=1 ¥ | M p! (o (K VM J1 v(zo(k) vkl (zo(k))|

To evaluate this integral, we substitute the integration variable k£ with the spatial variable
x corresponding to the stationary point. From the condition k(x) = MK(‘ b the differential
transforms as

_ el (=)
dk = — 3 Ty 4

As k ranges over [1,00), the point x = z(k) ranges precisely over the spatial region R¢ == {x €
R: p(x) < |€]/M}. Substituting k(z) and dk into the integral gives

B Hf“]—'vm 1 ]| ()] do — \/>||f|fy'm/ \/|/i
SV e e Mo s

The total final error is bounded by the sum of the two terms,

‘f(g) - ]E(f)‘ < Ereg + Esin-
This concludes the proof. ]

If we allow the additional variance parameter o, similarly to Corollary we receive the
following.

Corollary 3.7. Let the assumptions from Theorem [3.6 hold but choose o > 0 arbitrarily and
let py denote the standard polynomial probability density function with o = 1. For any fized
frequency & € [, Q], the error of the approximation (2.2)) satisfies the following upper bounds,

using (o) defined in (3.8), if o > 1,

g(a)fnfv,m( L .
M MU (14 y2) 5 (y)™

FO—F©)] < dy + oTdl / W)l dy>.

(4 2) 20 (5)772

Proof. Using the same calculations as for Corollary we have to apply Theorem to the
function o f(oy) with the density pi, at the frequencies £ = ot.

By substituting the norm estimates from Corollary into the regular error term FElg,
combined with the factor v/[€] = \/o|€| in the singular error term Fiy, the assertions follow
immediately. O

Remark 3.8. The introduction of the variance parameter ¢ does not change the fundamental
algebraic convergence rates with respect to the number of samples M. Instead, o acts exclusively
as a multiplicative prefactor that scales the error constants by

e Large variances (o > 1): The regular and the singular error term scale like ™! and
o™t3/2 respectively, so that the singular term o™%3/2 dominates. This reflects the fact
that stretching the function magnifies the magnitude of its higher-order derivatives.

e Small variances (o < 1): The regular and the singular error term scale like 017% and

03/27¢ respectively. Since o < 1, the regular term o'~ dominates. This is governed by
the spatial decay a of the underlying weight function as the density concentrates around
the origin.
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3.2.1 Optimizing the parameter o for minimizing the L,-error rate

The parameter « for the choice of the density function p has to be adapted to the spatial decay
a and the spectral regularity b. We study this relation in the following for the case where the
variance ¢ = 1 is fixed. Theorem states an error bound for f for all £ on the compact
domain [-, Q]. Note that by and by we obtain for the Ly-error E, defined in
the estimate

i, ([ et [ ) + [ e - fopac.

Etail Eniq

For the tail integrals we have in the actual case of polynomial decay,

) Ql— pb
B = I / (1+e)™2ae S I, -
|€]>0

—
For the middle integral we use Theorem [3.6]

Ehid §/42 (Hfzyjiz = ”fo = \/7 7( ))3|/2 dx) d¢.

For the involved integrals in Theorem [3.6] we have

0o U(%)(l + xQ)m/2'u(x)m a/2+m/2—am/2 Cg?l I‘(% + % _ am)
which leads to the condition (3.3)). The other integral in Theorem is

\/Iu Vi]zl(1 + a?)-e/2- ldx_/ I (14 22)-/2ha/2-1/2 g

Re U 3/2 Re (1+x2)a/2 3a/4

Cgfl foo(1+x2)

The domain of this integration is the spatial tail region R¢ = {z € R: pu(x) < |£]/M}. Using
the asymptotic behavior of u(x), this condition implies that the stationary points are restricted

to the region
~ ¢| M\
1+ 22 a/2§—| = |z| 2 — - 1.

1/«
Asymptotically, the integral is dominated by the tails |z| > <‘ £|) . Assuming the integrability
condition a > « + 1/2 holds, the integral evaluates to

1/2

a—a+1/2 _a—
,/ = MM\ M\
‘Iu 3/2 1/ 2 ~ < > N < )
Re U (1‘ ) €] €]

H]
Finally, inserting this evaluation into the error bound from Theorem yields

€ (M e e
a _a—1/2 a—1/2
Ereng<|£|> =M e V2

For the middle integral we finally have

“‘T”Qfl/z)p de

Q Q
. N —m a=1/2
Buia = [ 1F©=Feraes [ (e, M+ 1615,

2 a—1/2 a—1/2 p
S, [ (a2 =) g

pa— p/2 pa— p/2 p

4 2 dg

<712 / MM

v,m

S 1, (Qarmm a2 gt
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We end up with three different error decay rates, which we want to balance by setting (2
dependent of M,
Etail - Ql_pba

pa—p/2 _pa—p/2 p
a0 e a2t

Enigq = QM—P™ Eniga =M~ o
Setting Fiaj = Eiq,1 yields Q = Mm™/b, Setting Friq1 = Emiqa,2 then yields

Ml = -t g (R )

Comparing the exponents, we have

o « 2 Q@ b 2b+3'

m _m—p/%?(m—p/?_pﬂ):m—l?/?(m_l)_m m
o

Solving for « finally means

o Pa—p/2 <T _ 1) ( 2b ) _2(b-m)(pa—p/2) _2(b—m)(a—1/2)

= = 1
pm b 1-2b pm(2b —1) m(20—1) (3.10)

which is independent of the parameter p. Our LP-error analysis reveals that the mapped quadra-
ture scheme operates in two distinct mathematical regimes, governed by the interplay between
the spatial decay a and the spectral regularity b. The choice of the density parameter « dictates
the error rate.

If the target function is sufficiently smooth and decays rapidly, we can perfectly balance all
the error terms. Choosing the optimal parameter a as in yields the global convergence
rate

E,=0 (M*"”%) :

which for p = m = 2 reads (’)(M_“%).

Heavy tails: small parameters a,b. Since u(z) ~ (1 + |z/?)~%/? must remain a valid
probability density, this regime strictly requires a > 1. Solving this inequality for the optimal
parameter dictates that the balanced regime is only accessible if b > m and the spatial
decay satisfies the threshold condition

1 m(2b-1)
>4+ ——F 3.11
St S —m) (3.11)
which for m = 2 reads a > gg—:i. In the following we restrict ourselves to p = m = 2 for

notational simplicity.

For functions with heavier tails or lower regularity, i.e., b < m or a < gg—:i, the optimal pa-
rameter a < 1 would lead to a non-integrable density. In this boundary regime, perfect balancing
of the terms is not possible. To maintain a valid density while maximizing the convergence rate,
« must be chosen close to the integrability limit, i.e., « = 1 4 € for a small ¢ > 0. Choosing in

a—1/2
this case 2 ~ Mo+a-1_and letting ¢ — 0 leads to the error rates

(a—1/2)(1—2b)
Etay = M bra-1

a—1/2 _4
Eniq, 1 = MbFa-1 7,

(a—1/2)(2a—1)
Buia, 2 = M~ G D55

The rates of Fiaj and Eyq, 2 are aligned with the error rates in [4], namely
_(a=1/2)(b—1/2)
Etail(M) =/ Emiq, 2(M) =0(M atb—1 .
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To prove that the error E,,iq, 1 is asymptotically dominated by the truncation error Eq,; for large
M, we directly compare their algebraic decay rates. Since M — oo, the term Ey,q 1 decays at
least as fast as E},j if and only if its exponent is at most the exponent of E\.;. Recall that the
balanced regime requires b > m = 2, so that the following equivalence preserves the direction
of the inequality. It follows directly from the opposite of the threshold condition (with
m = 2) by

50— 4 N a—1/2 _4<(a—1/2)(1—2b).

a < ——
—26—4 b+a—1 - b+a—1

To conclude, in the limit case € — 0, our error rate is the same as the rate established in [4],
_ (a—0.5)(b—0.5)
Eyx(M)=0 (M a+b—1 .

In this case, we have different sampling distributions in the space domain, but get the same
error rate for the approximation of the Fourier f.

Remark 3.9 (On the limit case ¢ — 0). The borderline rate above is attained only in the limit
€ — 0. For fixed € > 0, the density p with a@ = 1 4 € is integrable, but the constants in the error
bounds blow up as € — 0. The normalization constant Cy , in degenerates, the sampling
points spread out over an extremely wide range, and the quadrature weights 1/p(x;) in
become huge, which additionally renders the scheme numerically unstable. In practice, e should
therefore not be chosen too small, and the observed rate is slightly worse than the limiting one.
We emphasize, however, that the situation for equispaced sampling in [4] is completely analogous.

There, the rate M ~GB/(a+5) is established for all parameters & < a — % and B <b-— %, with
~ (a—1/2)(b—1/2)
constants that blow up as & — a — % and 8 — b— % Hence the borderline rate M~ a+b-1

is in both approaches a supremum over admissible parameters rather than an attained rate, and
the two results are directly comparable in this sense.

3.2.2 Optimizing the variance ¢ for minimizing the L,-error constants

The best error decay rate determined in the last subsection does not depend on the variance
parameter o, however, this parameter can be tuned to reduce the involved constants in the error
bounds.

To determine the theoretical optimal variance parameter within the balanced regime, we
minimize the upper bound of the mid-frequency error component E,,;q. The estimate is
rather pessimistic, so we keep the norm || f(o-)|| in the estimates as

A . ollflo-o)lg,,. [ 1
fo - ol e [y
—oo (L+9%) 2 pa(y)™
P ECATI PR [ DI
M Roe (1+ 424201 (y)3/2
The involved constant here can be calculated directly by
> 1 1 o0 at+m—am
Au,a,m — / — dy = m/ (1 +y2)_( 2 )dy
oo (1412) 5" m(y)m Car J-oo
% T(eL

= @ n F(a—l—m—am)

5 1’*(%) r (a+m—am)

2

L riee L(f <%>>m.ﬁf<“+%ml>.
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Calculating the integral then yields

E i< /Q A'“va,ma Hf(a ’ x)”fu,m + 03/2 ”f(O’ ’ :D)H]-—v,l |§’
mid > o Mm M 0-|£‘

Q .
-/ (Au’a’mauf(a W | 222 - ), 1672 00

_Q Mm

) i

Balancing the o-scaling of the two error contributions above suggests choosing ¢ such that

2 1
Apam [|.f(o- x)”fwn =0 « 2 || f(o- w)”fw .

While this provides a framework for the existence of a minimizer o, solving this relation an-
alytically is unfeasible in practical applications. Computing the exact function-specific norms
1f(o-2)l|7,,, and [|f(o- )|z, as continuous functions of o requires full functional access to
all derivatives up to order m, which is typically unavailable when dealing with black-box or sam-
pled data. Even if the norms are known for specific target functions (e.g., standard analytic test
cases), the non-linear coupling inside the supremum of the norm definitions precludes a closed-
form algebraic solution for . Consequently, rather than evaluating the variance parameter o
analytically, a practical implementation relies on a tuning strategy. We evaluate the quadrature
scheme over a discrete grid of candidate values ¢ € [0pmin, Omax|, choosing the parameter that
numerically minimizes the empirical residual.

3.3 Exponential decay in time and frequency

We now discuss functions with exponential or sub-exponential decay in both domains, i.e.,
f € F,and f € F,, with the weights

v(z) = 'l w(§) = eslel” with r,5,a,b > 0.

For equispaced sampling and @ = b = 1 it is shown in [4] that a suitable coupling of the step
size, the truncation parameter and the number of samples M yields root-exponential error decay
of the form exp(—cv/M) with ¢ > 0 depending on 7 and s. This is in accordance with classical
results on sinc quadrature and the trapezoidal rule for analytic functions, see [15, [18]. It is
therefore natural to ask whether the transformed rule with a density with exponentially
decaying tails can attain comparable rates. Surprisingly, an exponentially decaying density
p does not give good results. The approximation quality depends on the smoothness of the
function ¢g: [0,1] — C, defined in . This means that f has to decay faster to 0 for x — 400
than . This promotes densities p decaying polynomially in comparison to exponential densities
u, since they create non-smoothness at the boundary of [0, 1].
We choose the polynomial distribution from ,

22\ 1 T(%)
=Cao |1 5 Ca0:f72 ,
wle) = Co, < +02> 7T o (5

and the parameters «,c > 0 have to be chosen appropriately. As in the case for polynomial
decay, we first choose o = 1.

Lemma 3.10. Let f be an analytic function on R exhibiting generalized exponential decay.
Assume there exist constants r > 0 and a > 0 satisfying

1l = Slelg |f(@)|v(z) < oo with v(z) = eI,
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Let p be a strictly positive, analytic probability density function with an algebraic decay like (3.1))
with variance o = 1 and let W(x) be its corresponding cumulative distribution function. For a
given & € R, let g be the transformed function defined by .

Let D > 0 be a sufficiently small, such that f can be analytically continued into a complex

strip {z € C | |Im(z)| < D}. Setting the shift to |yo| = min {D, ‘%'}, the k-th Fourier coefficient

of g is bounded by

le(9)] < <(>/F (1) (14¢*) + 2D> exp (~Conp (190llK) 7= ) [1£11 5,
a3z

1

where Cy, > 0 is the constant of the density p from (3.1)) and Cexp = ((%)a (Q_Q/QWCQ)G) ore

Proof. Recall from (3.4)), that

awlg) = [ Fla)e mOnda,
where we defined the combined phase function Oy ¢(x) = {x + k¥ (z).

Step 1: Change the integration path. By assumption, f and p are analytic. We analyti-
cally continue the integrand into the complex plane, replacing x with z. To exploit the complex
phase damping we employ a piecewise rectangular curve I' = I'ia1 U lvert U Icenter. Let R > 0
be a free parameter and yp = —sgn(k)|yol.

e On the real tails T'y; = (—00, —R]U[R, o0), we integrate on the real axis where the phase
is purely real.

e On the vertical segments ['yert at £ = £ R, we shift into the complex plane up to yo.
e On the center segment Icepter = [—R + iyo, R + iyo|, we integrate parallel to the real axis.

By Cauchy’s Integral Theorem, the integral over I' equals the integral over R.

Step 2: Bounding the components. On the real tails I'y,;, by the spatial decay assumption,
we have

[ @< ifl, [ et =iy, [ e i
|z[>R Y Jiz|>R v

|z|>R

9, e 3 [ e <l e [ e Eel

2 <1> .
=2 () Ifl, e B
a(g)t \a

On the two vertical segments I'yert, the integration paths have a constant length of |yg|. The
integrand is bounded by the decay condition at x = £R, yielding a combined contribution
bounded by 2lyo| ||z, ¢~ < 2D | f] 7, e~

On the center segment I'cepter, the imaginary shift generates damping. Using the Taylor

IA
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expansion of W(z) near the real axis yields

) ] o0 i 2€+1
Oke(z +iyo) = &(x +iyo) + k < (z) +iyop(z) + 2y€0+ ol ($)>
/=1

i (—1)f3" 19 ()

:w i | &yo + kyop(x) + kyopu(x @0+ 1) pulz)

Re(Oy.¢) =1

= R( 7y0)

Im(@k@)

By isolating the leading linear term you(x), we encapsulated the higher-order Taylor terms in the
remainder function R(z,yp). Because p is an analytic density function, its derivatives are well-
behaved, see . We restrict the constant D such that the remainder is uniformly bounded
by [R(z,y0)| < 3 for all |z| < R.

The exponential term now splits into an oscillatory part and a damping part,

‘e—27ri9k’£(z) _ errIm(G)k’g(z)) _ eQﬂ'{yoeQﬂkyou(:c)(l—i-R(x,yo)).

Choosing yp to always have the opposite sign of k, we enforce 2wkyy = —2m|k||yo|. Given
1+R > %, this yields
e2mkyou(z)(1+R(zy0)) < o= lkllyolu(z)

Factoring out the dominant decay at the boundary z = R gives

R R
/ (3 + o) | e Hllvolis@)g2nu0 4y < (2mléllvol —luol(R) / \F(z + o) da.
—R —-R

By our specific choice of the contour shift |yg| = min{D, %}, the frequency-dependent prefactor
is uniformly bounded by €. Thus, by u(R) > C,2~*/?R~* (assuming R > 1)

R R
/ (@ + igo) | e THIBIH@ e < (2memlillolu() | £ / ol g
—-R

-R
< e2me=2/?7lyollk|Ca R~ 1£1 %, Ll/al“ <1) .
a(3) ¢

Step 3: Error balancing. We combine the segments to estimate |cx(g)|. To minimize this
upper bound, we match the dominating exponents by setting

N3

— SR = —m2 | Cu Rk

Ra+a — |k‘ 2_a/2+17‘-|y0‘0a
T

1

2—a/2+1 Ca ato
R= <]k\ :'yo‘ .

Substituting R(k) back into the common exponential bound yields the fractional spectral rate.

—a e 1
Note that §R* = § (\k|2/2+1—7r|y0‘00‘) o= ((5)™ (27/27|yo| Cu|k[)?) “*=. Thus, the exponen-

T
tial term becomes

o (-5t o (~ ((3)" (= ewicu) ) 7).
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Summing the contributions from I'tai1, Icenter, and I'yert, and factoring out the common terms,
yields the assertion. Since e ™" = (e72f"")2, the vertical segment decays twice as fast and is
bounded by the common exponential term. O

With this decay of the Fourier coefficients we are able to state a result about the approxi-
mation error in the next theorem.

Theorem 3.11. Let v(z) = e with r,a > 0 be a weight function and let the assumptions of
Lemma hold. For £ € R choose |yo| = min{D, |¢|7'} and let M be big enough, such that

a+ta
a

M (Cm(f))> ol . (3.12)

Then, the error of the approximation (2.2)) is bounded by

(&) = F© < Clfllz, exp (~Coxplyol M)

C = (a(j)l/“r (i) (1+e°) + 2D> :
oo = ()" (o))

Proof. We use Theorem apply the triangle inequality and insert the bound for the Fourier

where

coefficients derived in Lemma [3.10} Let |yo| := min{ D, %} and define the fractional exponent
vi= .

_ The prefactor from Lemma [3.10] can be uniformly bounded for all { € R by a constant
C = %/GI’ (%) (1 + 62”) + 2D, since |yo| < D. Substituting kM into the exponential decay

a(%)

term yields

1Ii(g) = o)l < D leens(9) < 2C || £ll 5, D exp (—Cexplyol’ (kM)") .
keZ\{0} k=1

To isolate the dominant asymptotic behavior, we factor out the leading term (k = 1) from the
infinite sum,

oo o
Ze—cexpwo\"M"k“ — o Cexplyol”M” (1 + Ze—CWO”M”(’f”—l)) .
k=1 k=2

For the involved sum we calculate, since k¥ —1 > (2 — 1)(k — 1) for 0 < v < 1, and using the
geometric series,

o 0
14 Ze—cexp\yOVMV(kV—l) <1+ Ze—Cexp\yol”M”(2”—1)(k—1)
k=2 k=2

1
< <2,
T 1 —exp (—Cexplyol? MY (2 — 1)) —

if (3.12) is fulfilled. Consequently, the infinite sum is entirely governed by its first mode, pre-
serving the fractional spectral decay rate of the individual Fourier coefficients. This results in
the final error bound

111(9) = o(9)| < 4C |1 7, exD (~Coxplyol T M7 )

which finishes the proof. ]
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The previous theorem shows that the best error decay rate is achieved if the exponent a_%a is
as large as possible, which is the case for & — 1. The boundary case e = 1 does not belong to a
proper density . Especially, in the case of exponential decay a = 1 we receive root-exponential
decay O(e=CorM 1/2), which is up to possible different constants compatible with [I5], [4]. Since
a — 1 also leads to larger constants, in numerical examples we found that a choice which leads
to best results is a = 1.3.

To finally estimate the L, error of our approximation , we use the splitting of the
frequency domain from ([2.4)).

Corollary 3.12. Let v(z) = ¢"*" and w(¢) = EI” with r,s,a,b > 0 be weight functions and
let the assumptions of Lemma hold. Let M be big enough, such that Theorem holds.
Then the Ly-error defined in (2.3)) is bounded by

a

ab ~ 2 ].
a+o a a+o a p p —
Eb < exp <—pCeXpr( Fa)t ) <2Mb( Fo3%a CP || f1I5 + [1f11%, b(sp)l/br (b)) ,

024(@r (%) (Hlezw),
Con=((5) (2ee) )™

Proof. By (2.2) and by ({2.4) we obtain for the Ly-error E, defined in (2.3|) the estimate

i, ([ et [ ) + [ 1@ - fopac.

Etail Emiq

where

For the tail integrals we have in the case of (sub-)exponential decay,

Bun = 115, [
[€1>0

—_ £1|P —spr 2 T 1)
171l © b(sp)t/b <p '

For the middle integral we use Theorem |3.11

e—splflb d¢ = HJEHZ}w e—spr / e—splf\b de
R

Q
Buia < C 1%, [ exp (~Compplunl 57 1757) e

To find the optimal truncation parameter € in terms of the number of quadrature nodes M,
we balance the exponential decay of Eiu; and Eyiq.
For the middle integral, recall that the contour shift depends on the frequency via |yg| =

min {D, I?l\} Assuming M is sufficiently large such that the optimal Q satisfies Q > 1/v/D,

the minimum damping in the interval [—Q, Q] occurs at the boundaries £ = +). Defining the
fractional exponent v := %~ we can bound the integral by its maximum integrand multiplied
by the domain size,

Q 1 v
Fuia < O 115, [ exp (~Cogpmin{ D, b 2 ) e
el
<2QCP HfHI}U exp (—Cexpr*”M”) )
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To equilibrate the two error contributions E}.; and El,;q, we match their dominant exponential
decay rates,
spQb = Cexpp Q" M".

Solving for 2 yields the optimal asymptotic scaling for the frequency truncation,

1
QM) = (C‘”‘I’MV) " _o (MW) .
sp
Substituting this optimal choice of Q (M) back into the exponential bound of Ei,j; (or equivalently
Emiq) yields the final asymptotic rate for the total Ly-error,

ab a ~ 2 1
Ep < e (i C /'\4 b(a+a)+a) 2 /\4 b(a+a)+a C’p p + p 71—‘ _ .
p > XP PClexp ( ||f|| v ||f||fw b(Sp)l/b P

We bound the chosen constant D from Theorem by 1 and receive the assertion. O

As in Section the previous theorem shows error decay results for the case where we use
variance ¢ = 1 for the density pu. The additional variance parameter ¢ does not change the
error decay rate, but gives the opportunity to decrease the involved preasymptotic constants
and therefore also the approximation error.

Comparison with equispaced sampling Corollary states that with our non-equispaced
sampling, according to a polynomial distribution u with parameter o, we receive error decay rates

ab
for the error of the approximation of the Fourier transform of E, = O <exp (—CexpM blata)+ta ) )

This notation is hiding some polynomial factor in M, but the exponential factor decreases much
faster. Additionally the exponent b(a—figé—&-a might be slightly smaller than the exponent in [4], but
with the parameters o and o we are abie to tune the constants to receive smaller approximation
errors numerically. While in [4] the results focus on the discrete La-error, our estimates are

applicable to more general error measures.

Optimizing the variance o The best error decay rate for exponential decay in the last
subsection does not depend on the variance parameter o, however, this parameter can be tuned
to reduce the involved constants in the error bounds.

As in the polynomial case in Section [3.2.2] the parameter o changes the norms [ fll 7, and
171l 7, in Corollary Again, it is not possible to optimize the parameter o directly. Instead
we again tune this parameter in numerical application to reduce the pre-asymptotic constant
and to receive a small approximation error.

4 Numerical simulations

In this section, we present numerical experiments to validate the theoretical error bounds and the
asymptotic convergence rates derived in the preceding sections. Specifically, we aim to confirm
the optimal error decay rate for polynomial function decay.

To ensure a rigorous evaluation and to facilitate a direct comparison with recent developments
in numerical harmonic analysis [4], we adopt the experimental framework and the specific family
of test functions introduced by them. In all subsequent experiments, we compute the following
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errors to compare the performance,

Ew = sup |f(&)~ (&),

£e[—0,9]
1/2
1 R ~
RMSE = i) — )| )
|XteSt‘ &'EZX;est ‘f(g ) f(f )’
1 R ~
MAE = i &g{;est 1f (&) — f(&)l,

as a function of the grid size M, where Xiesy C [—£2, €] is a fine test grid. Note that the root-
mean-square error (RMSE) and the mean absolute error (MAE) are discretized versions of the
Lo- and Lq-error, respectively.

For the implementation of our method we use the polynomial density . Its cumulative
distribution function is, up to rescaling, that of a Student-t¢ distribution with @ — 1 degrees of
freedom. Hence the inverse ¥~ which is needed to generate the sampling nodes z; in ,
is available through standard routines. For o = 2 it reduces to the scaled Cauchy quantile

Ul (y) =otan (7 (y — 3)).

The equispaced benchmark. The estimates in [4] concern the approximation of f at the
equispaced frequencies % by the scaled DFT . In order to compare both methods at ar-
bitrary frequencies &, they extend these values by interpolation. The authors in [4] use the
sinc-function for interpolation, which arises naturally in Fourier approximation. We also choose
this interpolation here for comparison to our results.

Summary of the numerical results. In summary, the numerical experiments confirm the
theoretical picture developed in this paper. For functions with polynomial decay in space and fre-
quency, non-equispaced sampling driven by the optimized density attains the same asymp-
totic rates as equispaced sampling with considerably smaller pre-asymptotic errors. For (sub-
)Jexponentially decay we use also a polynomial distribution p and receive also (sub-)exponential
decay rates, possibly with a slightly worse decay rate. But the numerical results show that in
practice we are able to reduce the approximation error due to the additional tuning parameter,
the variance o. Our transformation approach thus complements the equispaced theory of [4].

4.1 Polynomial decay in time and frequency domain

We use the family f®® of functions with exact polynomial decay a in time and b in frequency,
which were introduced in [4]. We use infinite linear combinations of shifts of the cardinal B-
splines defined by By = 1[ ) and

11
272
Byi1:=By+xB1, b=12,....

Each By is a piecewise polynomial function of degree b — 1 that is b — 2-times continuously
differentiable with support [—5, %], and its Fourier transform is By(¢) = (%)b = sinc®(¢),
see [9), Section 9.1].

Consider (cx)gez € C given by its nonzero entries

, ck:ﬁ, for ke 2Z +1,

N[

co =
so that cop = 0. For integer parameters a,b € N we study the family of functions

() = Zc% By(x — k), a,b=1,2,.... (4.1)
kEZ
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Every f®? is a locally finite sum, therefore its point evaluations can be computed accurately in
numerical experiments, and they satisfy sup,cg [f®?(x)|(1 + 22)%/? < oo, such that f** € F,, o
with v, = (14 22)%2. Furthermore, since each By is b — 2-times continuously differentiable, we
also have f“’b € Fu,r forall r € N with r <b— 2.

To compute the Fourier transform of f*°, we define the Fourier series uq(§) = 3,y che™2mkE
and obtain

—

Fob(€) = sinc(€)? Y e = sinc(£) ua(S) .

keZ

The estimate |sinc?(€)| < (1 + £2)7%2 implies supgeg [f20(€)](1 + )02 < o, thus f@b € F,
with w = (1 4 €2)/2,

Following [4], the functions u, are periodic functions with period 1 whose values on [—1/2,1/2)
fora=1,...,5 are given by

ur(€) = 1(_1.0)(€) + 51(_1.)(6)

us(€) = rs|

us(€) = —sign(e)E + 26+ 3,

ua(€) = 21¢[*/3 — €2/2+ 1/12,

us(§) = —sign(§)&!/3 4+ €7/3 — ¢/24 +1/32.

Thus, we can compute the point evaluations of f%* and fa exactly, both analytically and
numerically, and the d/ec\ay parameters are precisely a and b. For the numerical simulations we
compute the samples f*?(¢;) and compare them with our approximation f (&)

In Figure |3| we plot the approximation error for our transformation method and compare
against the results from [4]. Note that instead of the guarantees for the discrete error at equi-
spaced frequencies as in [4], our results cover the approximation error in the frequency domain
in L,. For that reason we show the numerical approximation error on a fine test grid of size
|Xiest| = 10*. Both methods exhibit the same asymptotic decay rates, in accordance with the
analysis in Section but over the whole range of M our non-equispaced method achieves no-
ticeably smaller errors than the equispaced benchmark, confirming the improved pre-asymptotic
constants.
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Figure 3: Approximation of the Fourier transform of the function (4.1)): Comparison of our
method with equispaced sampling from [4].
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4.2 Optimality of the density parameters o and o

We now confirm numerically the two parameter choices derived in Section [3:2] The optimal tail
exponent « from discussed in Section and the Variance o discussed in Section
In both experiments we use the test function f*° from with a = 7, b = 3, so that we can
choose m = 2 in Theorem [3.6] The correspondlng results are shown in Flgureﬁ

For these parameters the optimal exponent (3.10)) equals o % = 1.3. The left
plot of Figure [4] shows the RMSE as a function Of M for several values of a. In agreement with
the analysis, the error decay rate is the largest if the optimal parameter o = «o* is chosen.

The right plot illustrates the effect of the variance o at the fixed exponent oo = «o*. As
predicted, o does not change the asymptotic rate but acts as a multiplicative prefactor on the
error constant. Tuning o reduces the RMSE, the optimal variance may depend on M, but
seems to be not far from o = 1. Although the optimal ¢ is function-dependent and not available
in closed form, a simple one-dimensional search over ¢ yields a substantial reduction of the
pre-asymptotic constants.

Optimality of a Variance tuning at a”
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10-114

107124
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Figure 4: Confirmation of the parameter choices of Section for the test function (4.1) with
a ="Tb=3. Left: RMSE versus M for several tail exponents a. Right: RMSE versus the
variance o at o = o* for several values of M.

4.3 Exponential decay in time and polynomial in frequency

To numerically evaluate the robustness of the proposed density mapping approach against clas-
sical equispaced grids, we consider the following test function,

fo(z) = e Vo with e = 1072 (4.2)

Its exact Fourier transform is given analytically in terms of the modified Bessel function of the

second kind, K1,
P 2
fe(§) = \/ﬁfﬁ (8\/ 1+ 4%252).

Asymptotically, the function exhibits purely exponential decay in both the spatial and fre-
quency domains. In terms of exponential decay we calculate the parameters

a=1, r=1, b=1, s=2ne.

The numerical results are shown in Figure We choose the polynomial density p from ((3.1)
with parameter o = 1.3. For different numbers of samples M we plot the RMSE, MAE and
maximal error over 1000 equispaced test samples in [—100, 100]. We tune the variance parameter
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o for every M separately. For comparison with [4] we use the parameters proposed there for the
equispaced approximation. Our approach achieves lower errors.

Geometrically, the small parameter ¢ induces a sharp peak (a near-singularity) at the origin,
while preserving the heavy exponential tails O(e~*l) for |z| — oo. This structural property
exposes a weakness of the optimal equispaced grid. The sharp gradient near the origin forces
the optimal theoretical step size h to be small. Consequently, the truncated spatial interval
remains extremely small for a moderate number of quadrature points M.

In contrast, our proposed non-equispaced approach using a polynomial density mapping
overcomes this bottleneck. The density function naturally clusters quadrature nodes at the
origin to resolve the near-singularity, while simultaneously stretching the grid sufficiently wide
to capture the exponential tails.

L.-error Ly-error Ly-error

—o— non-equi —e— non-equi 102 4 —e— non-equi
—— equi —— equi —— equi

E.
RMSE
MAE

Figure 5: Approximation of the Fourier transform of the function (4.2): Comparison of our
method (non-equi) with equispaced sampling (equi) from [4].
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A Appendix

A.1 Detailed calculations of frequently used integrals

The following classical integral is used repeatedly throughout the paper. The following result is
used for the polynomial case.

Lemma A.1. For s > % it holds
: rs- Y
1+ %) de = 22,
[ aratyrae vt
Proof. The substitution z = tan @ with dz = (1 + tan® ) df gives
0o /2 T 1 r 1
/ (1+2%)*de = / (cos0)*72df = B (s — 3,3) = —(8 3) (2),
—7/2 P(S)

where we used the trigonometric representation of the beta function

—00

/2
B(z,y) = 2/ (sin 0)2*~1(cos 0)%~1 d,
0
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see e.g. [1, Chapter 1]. The assertion follows from I'(1) = /7. O

Lemma, with s = § and the substitution = = oy yields

/_Z <1+j§>_w dx:aﬁrr(g;),

which proves the formula for the normalization constant Cy , in (3.1 and shows that o > 1 is

necessary for the integrability of the density. Moreover, applying Lemma with s = ‘”rm%am

gives the constant A, . in Section . The requirement s > 1 is exactly the admissibility

2
condition (3.3), o < %=1 + 1.
For the theory of the (sub) exponential decay we frequently use the following integral.

Lemma A.2. Fora,r > 0 we have

/OO e dp = gr*% (1) )
—oo a a

where T'(s) = [~ t*"1e~" dt denotes the standard Gamma function.

Proof. Due to the symmetry of the integrand, we can write the integral over R as twice the
integral over the positive half-axis:

o0 a o0 a
/ el 4z = 2/ e " dax.
—00 0

Using the substitution u = rz® (hence z = (u/r)"/* and dz = %r‘l/“ué_l du) yields

o0 1 1 1 2 1 o0 1
2 e " Zr aya Tdu="r"a we e % du.
0 a a 0
13

Recognizing the integral representation of the Gamma function I’ (%) = fOOOUa e “du, we
obtain the desired result. O
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