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Chapter 1
Introduction

Reconstructing multivariate functions from discrete samples is a fundamental
task with numerous applications in signal processing, machine learning, and
approximation theory. Popular approaches include for example support vector
machines, neural networks, and decision trees. However, these methods face
difficulties due to the computational and interpretational challenges caused by
the curse of dimensionality.

In this thesis, we focus on the problem of reconstructing a multivariate function
f : Ω→ C from discrete d-dimensional samplesX = {x1, . . . ,xM} ⊂ Ω ⊆ Rd.
The samples are distributed according to the sampling density µ : Ω → R+.
Beyond accurate recovery of f , we aim to enhance interpretability by under-
standing how individual variables and their interactions influence the target
function. Our approach thus seeks not only to approximate f efficiently but also
to offer insights into the relationships between input variables. This aspect is
essential for applications requiring model interpretability.

To achieve these goals, we develop several efficient hybrid approaches that com-
bine the ANOVAdecomposition, wavelet techniques, and randomFourier feature
(RFF) models. The multi-resolution capabilities of wavelets and the scalability of
RFFs, paired with the interpretability provided by the ANOVA decomposition,
enable a robust framework for high-dimensional function approximation. This
approach addresses both, computational efficiency and transparency.

The ANOVA decomposition (Analysis of variance), initially introduced by Hoeff-
ding [Hoe48] and studied in many contexts and applications, e.g. [ES81, Wah90,
CMO97, JO03, LO06, NW08, Hol11], is a fundamental technique used to break
down high-dimensional functions into a hierarchical sum of lower-dimensional
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CHAPTER 1. INTRODUCTION

components by

f(x) = f∅ +
d∑

i=1

fi(xi) +

d∑

i,j=1

fi,j(xi, xj) + . . .+ f1,...,d(x1, . . . , xd).

Originally introduced to capture the contributions of individual variables and
their interactions, the decomposition provides a clear framework for analyzing
high-dimensional functions. Each term in the ANOVA decomposition repre-
sents the effect of individual variables or their combinations on the function f ,
making it a powerful tool for understanding andmanaging the curse of dimen-
sionality in machine learning and statistical applications. Truncating the ANOVA
decomposition of f to

TUf(x) =
∑

u∈U
fu(xu), U ⊂ P([d]),

reduces the complexity of the recovery task, enabling us to tackle higher di-
mensions without a prohibitive increase in computational cost. In practical
applications with high-dimensional functions, often only the ANOVA terms of
low order up to q play a role in order to describe the function well, see [CMO97,
KSWW09, DPW10, WH11, PS21b].

However, the classical ANOVA decomposition assumes independent input
variables, i.e. product-type sampling densitiesµ, which occur rarely in real-world
data, where dependencies among input variables are common. The generalized
ANOVA decomposition, proposed by Hooker [Hoo07], extends the classical
framework to address dependencies in input variables, offering a more flexible
and practical solution.

Methodology
To address the research questions of approximating a high-dimensional function
f fromsamplesX with cardinality |X | =M , weproceedas follows. Our approach
involves selecting an appropriate function system (ej)

N
j=1, which arises after re-

indexing an index-set I of cardinality |I| = N . During this thesis, we especially
study the following three cases from different perspectives and compare them.

In Section 2.3 we introduce a periodic wavelet system ej(x) = ψper
j,k(x), by

re-indexing a hyperbolic index-set I , see (2.45), for the approximation of a
function on the d-dimensional torus Td.

To transform the good approximation results from the torus to other do-
mains, we introduce in Section 2.4 the transformation R. With this, we
transform the periodic wavelet functions with the hyperbolic index-set I

10



as ej = ψper
j,k ◦ R to other domainsΩ and study under which assumptions

the approximation error rates from the torus remain true.
Random Fourier features ej(x) = ei⟨ωj ,x⟩, where the featuresωj ∈ Rd for
j = 1, . . . , N are drawn at random from the distribution ρ, are introduced
in Section 2.5.

To analyze the approximation error, we study the projection operator

PNf =

N∑

j=1

ajej

onto the linear space spanned by the function system (ej)
N
j=1, where aj are

wavelet coefficients for the wavelet case or connected to the Fourier transform
of f in the RFF setting. Knowledge about the decay of the coefficients |aj | in the
underlying function space is the foundation for the introduction of the corre-
sponding index-set I.
Given a sampling set X , we construct the recovery operator SX

N by the least
squares fit

SX
N f :=

N∑

j=1

a#j ej ,

to the given data (f(x))x∈X . We derive the coefficients a#j by minimizing the
error

∑
x∈X |f(x)− SX

N f(x)|2 by using a least squares algorithm.
We provide approximation error bounds for the following function spaces.

For periodic Sobolev spaces of dominating mixed smoothnessHs
mix(Td),

see (2.15) for the definition, and Besov spacesBs
2,∞(Td), see (2.26), we de-

rive characterizations based on the decay of wavelet coefficients |⟨f, ψper
j,k⟩|.

These results motivate the introduction of the hyperbolic index set I , ulti-
mately leading to error estimates for the operator SX

N , as stated in Corol-
lary 5.6.
We introduce in (4.51) transformed function spaces Hs

mix(Ω, µ), which
allow to transform the given samples on the domainΩ ∈ {Td,Rd, [0, 1]d}
with respect to µ to the torus with respect to the uniform density and retain
the good approximation errors for the periodic case. For the nonperiodic
case on the cube [0, 1]d we additionally apply Fourier extension.
In the random Fourier feature setting, featuresω are drawn from a density
ρ. Then the function spaces F(ρ), see (4.57), impose conditions on the
decay of the Fourier transform of the function f and are necessary for error

11



CHAPTER 1. INTRODUCTION

estimates of random Fourier feature algorithms. These conditions depend
on the choice of the feature distribution ρ. Unlike the spacesHs

mix(Ω, µ),
here the decay conditions on the Fourier transform can be directly related
to smoothness properties of the function f .

Approximation error decomposition
The total approximation error is divided into three components: the ANOVA
truncation error (ATE), the projection onto a subspace error (PSE), and the
regression from samples error (RSE) by

∥f − SX
N f∥ ≤ ∥f − TUf∥︸ ︷︷ ︸

ATE

+ ∥TUf − PNf∥︸ ︷︷ ︸
PSE

+ ∥PNf − SX
N f∥︸ ︷︷ ︸

RSE

. (1.1)

From the Chapters 3 to 5 in this thesis, every chapter is dedicated to one term
in the error splitting. Each chapter studies the three cases of periodic wavelet
approximation, transformed approximation, and random Fourier features sep-
arately in this order. In the following we summarize the main results in every
chapter.
Chapter 3: The ANOVA decomposition and the curse of dimensionality. This
chapter addresses the ANOVA decomposition and the error arising from truncat-
ing the ANOVA decomposition. Therefore, the ANOVA truncation error (ATE)
occurs from the assumption that the function f is of low effective dimension.
We truncate the full ANOVA index set P([d]) to a smaller index set U with terms
of order up to q, depending on the structure of the function f . We give bounds
for the ATE for functions f in spaces with smoothness s in Theorem 3.26 on the
torus and in Theorem 3.28 onRd,

∥f − TUqf∥2L2(Td) ≤ 2−2(q+1)s ∥f∥2Hsmix(Td) ,

∥f − TUqf∥2L2(Td) ≤ 2−2(q+1)s ∥f∥Bs
2,∞(Td) ∥f∥Bs

2,1(Td) ,∥∥f − TUqf
∥∥2
L2(Rd,µ) ≲ c(s)q ∥µ̂∥L1(Rd) ∥f∥2Hsmix(Rd), c(s) < 1.

Here, the index set Uq := {u ⊂ [d] | |u| ≤ q} collects all indices u of order up to
q. The error decays in every case exponentially in q.
The approximation by functions of low effective dimension are also known in
the literature. The advantage in finance and physics was shown in [CMO97].
In [Owe19] the effective dimension for quadrature in weighted pre-Sobolev
spaces with dominating mixed partial derivatives is considered. Furthermore,
the low effective dimension explains that Quasi-Monte-Carlo integration often
succeeds in high dimensions despite the curse of dimensionality. Functions
of low effective dimension also appear in the context of sparse grid methods,
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which aim to approximate high-dimensional integrals, see [BG04]. The disserta-
tion [Sch22] exploits the decomposition of the frequency domain into ANOVA
terms for bounded orthonormal systems.

By choosing a good index set U , adapted to the function f , as described in Sec-
tion 3.6 we can achieve a small truncation error. We suggest different approaches
for finding the index set U iteratively, see Algorithms 3.30, 3.31, and 3.33.

Chapter 4: Characterizations in function spaces. In Chapter 4 we explore and
discuss characterizations of functions in certain function spaces. These charac-
terizations provide good choices for the projection PN onto finite dimensional
spaces. The projection onto a subspace error (PSE) is determined by the choice
of basis functions or ansatz functions ej and the underlying function space. We
start with the approximation of periodic functions by wavelet functions. For the
wavelet approximation on Td we work in a rather general context with a mini-
mal set of assumptions, namely in the context of (semi-)orthogonal compactly
supported wavelets being a Riesz basis on a fixed level and havingm vanishing
moments. This allows for considering two main examples: semi-orthogonal
Chui-Wang wavelets as well as periodic orthogonal Daubechies wavelets.

For periodic functions and Chui-Wang wavelets we give a self-contained and
rather elementary proof for the characterization of Sobolev and Besov-Nikolskij
spacesHs

mix(Td) andBs
2,∞(Td) in terms of wavelet coefficients. Corollary 4.11

summarizes our findings that the wavelet coefficients of functions with mixed
smoothness decay like

∥f∥Hsmix(Td) ∼


∑

j≥−1

22|j|1s
∑

k∈Ij

|⟨f, ψper,∗
j,k ⟩|2




1/2

and

∥f∥Bs
2,∞(Td) ∼ sup

j≥−1
2|j|1s


∑

k∈Ij

|⟨f, ψper,∗
j,k ⟩|2




1/2

,

where ψper,∗
j,k are the dual wavelets. We provide new upper bounds for the first

time with less assumptions on the wavelet function than [DKT98, GOS99, SU09],
for example. We even state all bounds with explicit constants for the Chui-Wang
wavelets for the first time.

The wavelet coefficient decay motivates the finite dimensional hyperbolic cross
type index set I and the projection PN into finite dimensional spaces involving
theses index sets.

As a first result we state in Corollary 4.16 that for s < m the L2(Td)-error is

13



CHAPTER 1. INTRODUCTION

bounded by

∥f − PNf∥L2(Td) ≲
(logN)(s+1/2)(d−1)

Ns
∥f∥Hsmix(Td) . (1.2)

From this bound we infer that the operator PN yields the asymptotic optimal
error among all operators with rankN , see [DTU18, Thm. 4.3.10]. Such problems
belong to the field hyperbolic wavelet approximation and have already been
investigated by several authors in the literature, e.g. [DKT98, GOS99, GK00, SU09,
Boh18]. But the results in the literature require muchmore complex conditions
on the wavelet function or their derivatives. For more details about the literature
we refer to Section 4.1.1. We go even further, we truncate the ANOVA decom-
position using only the terms up to order q. Then, we are able to reduce the
logarithmic factor in the error estimate to (logN)(s+1/2)(q−1) and at the same
time reduce the number of needed wavelet functions N from O(2nnd−1) to
O(2nnq−1), see Lemma 4.15.
Our approach is basedon theperiodic Sobolev andBesov spaceswithdominating
mixed smoothness, which have proven highly effective in tackling multivariate
approximation challenges, as demonstrated in previous works [Yse10, DTU18,
Tem93].
In many real-world machine learning applications, samples may be distributed
according to an unknown density µ on an arbitrary domain Ω. In Section 4.2
we extend the methods from the periodic setting to nonperiodic domains by
transforming samples from a given domain Ω to the torus Td via a carefully
chosen transformationR. This choice gives us the useful connection

d

dy
R(y) = ρ(y),

and allows to leverage the efficient hyperbolic wavelet regression techniques de-
veloped forTd while accommodating nonperiodic boundaries through extension
techniques. Our procedure coincides with transforming the function f to the
function f ◦ R−1, which is a function on the torus. A classic result in approxima-
tion theory is that the error decayprofits fromsmoothness of the function. Wewill
introduce weighted function spaces of mixed Sobolev smoothnessHm

mix(Ω, µ)
in Definition 4.27 and even for nonperiodic functions in Definition 4.32, which
ensure that the transformed function keeps smoothness s, i.e.

∥f ◦ R−1∥Hsmix(T) = ∥f∥Hsmix(Ω,µ)
. (1.3)

These function spaces impose decay conditions on the derivatives of f . With
these function spaces the same approximation rates as in (1.2) are possible, e.g.
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onRd in Corollary 4.30 or on the cube in Theorem 4.35 with an additional factor
determined by the extension parameter η.

In Section 4.3, we study a similar projection operator PN for random Fourier
features onRd. The class ofmodels called randomFourier feature (RFF)models,
originating from [RR07], are closely related to kernel methods, see [LHCS22] for
a survey about random Fourier feature algorithms. The random feature model

PNf(x) =
∑

ω∈I
a⋆ω ei⟨ω,x⟩

is basically the best approximation, once the features ω ∈ I are drawn from
a density ρ. In Lemma 4.39 we generalize the error estimates for this function
in the literature to the ANOVA setting. We develop the q-sparse features even
further by adapting the features to an ANOVA set U . Furthermore, our estimates
improve known results for q-sparse random features,

∥TUf − PNf∥L2(Rd,µ) ≲
1√
N
|||f |||F(ρ),

where |||·|||F(ρ) is defined in (4.60) and is smaller the better the ANOVA index set
U is adapted to the function f , see also Remark 4.38 for details.

Additionally, we show connections of the approximation with random Fourier
features to spaces of almost periodic functions, to the NFFT, and Sobolev spaces.
In the latter case, we show in Lemma 4.41 under which conditions on the param-
eters r and s the function spacesF(ρ), defined in (4.57), are related to Sobolev
spaces, i.e.

F(ρsΠ)where ρsΠ ∼
∏

i∈[d]

(1 + x2i )
−s, is related toHr

mix(Rd).

Chapter 5: Function approximation from samples. The projection of a func-
tion onto the finite dimensional space is a priori not known, if only samples of the
function f are given. For that reason Chapter 5 considers the regression from
samples error (RSE), which appears in the setting of function approximation
from given samplesX . For the periodic case, we study the condition number of
the corresponding wavelet matrixA =

(
ψper
j,k(x)

)
x∈X ,(j,k)∈I

, see Section 5.1.1.
We provide the fast Algorithm 5.9, which recovers an individual function f from
unstructured samples (scattered data), where the error is measured in L2 and
L∞. Assuming that the sample points in X are drawn i.i.d. and uniformly dis-
tributed at randomwith logarithmic oversampling |X | ≳ |I| log |I|, we show in
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Corollary 5.6 for 1/2 < s < m and r > 1 that for fixed ∥f∥Bs
2,∞(Td) ≤ 1,

P
(
∥TUf − SX

N f∥L2(Td) ≲
(log |X |)(q−1)(s+1/2)+s

|X |s
)
≥ 1− 2|X |−r .

For details to the constant seeCorollary 5.6. The proof is based on thewell-known
elementary Bernstein inequality for the deviation of a sum of random variables,
see Theorem 2.9. Working with the ANOVA setting, we reduce the exponent of
the logarithmic term from the dimension d to q, the effective dimension of the
function f . In the sense of [NW12, Chapters 22,23] our recovery operator is a
Monte-Carlo method referring to the randomized setting, since the samples in
X are drawn individually for each function f . In contrast to that, in the worst-
case setting in Section 5.1.3 the samples are supposed to work simultaneously
for the whole class of functions like in [KUV21, Section 9].
It turns out that the error of the least squares approximation asymptotically
coincides with the behavior of the projection operator PN on the wavelet space
with index set I. Such operators as well as the approximation error are also
considered in [CCM+15, CDD13, CM17, KUV21]. However, our results generalize
to semi-orthogonal wavelet functions andwe state a concentration inequality for
the approximation error instead of bounding only the expectation of the error.
The wavelet functions allow us to handle various smoothness levels and to make
probabilistic error estimates for individual functions using randomized samples,
extending previous results from the literature [Boh17, BG17, Boh18].
The weighted function spacesHs

mix(Ω, µ), transforming the smoothness from
the torus to the domainΩ like (1.3), ensure also for the approximation operator
SX
N the same approximation error decay rates as in the periodic setting. Namely,

for fixed ∥f∥Hsmix(Ω,µ)
≤ 1,

P
(
∥TUf − (S

R(X )
N (f ◦ R−1)) ◦ R∥L2(Ω,µ) ≲

(log |X |)(q−1)(s+1/2)+s

|X |s
)

≥ 1− 2 |X |−r,

see Corollary 5.11. In Section 5.2.1 we discuss the arising numerical issues when
transforming the operator SX

N from the torus to the d-dimensional cube with
the extension method. However, also in this case we are able to transform the
approximation rate from the torus in Corollary 5.12.
The drawback of all methods using a (semi-)orthogonal tensor product basis
is that this can only be applied if the input variables are independent. The
advantage of random Fourier features is that they can be used to model the
generalized ANOVA decomposition for possibly dependent input variables.
For that reason, we introduce in Section 5.3 a novel methodology that incorpo-
rates the ANOVA decomposition into random Fourier feature models, providing
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an innovative way to manage high-dimensional tasks while enhancing model
interpretability. We force the hierarchical orthogonality conditions, which de-
scribe the generalized ANOVA decomposition by using a regularization for the
random Fourier features. With this ANOVA-boosting step we are able to identify
the importance of variables, especially in the case where some variables are
merely correlated with others but do not independently influence the output.

In Theorem 5.19 we show that in the random feature setting the RSE decays with
the rate

∥PNf − SX
N f∥ = O(M−1/4 +N−1/2)|||f |||F(ρ),

where the function space norm in F(ρ) heavily depends on the chosen distri-
bution of the random Fourier features, since it involves the decay of the Fourier
transform of the function f in comparison to the decay of ρ. Furthermore, the
error bound is improved if the index-set U is adapted to the function f , see
Remark 4.38. For that reason we propose the ANOVA-boosting as first approxi-
mation step.

Chapter 6: Numerical results and applications. Finally, in Chapter 6 we apply
the algorithms derived in this thesis to examples from synthetic and real-world
data. All algorithms and the numerical examples are implemented in Julia and
can be found at https://github.com/Laura1110/ANOVA_RFF. The numerical
examples underpin our findings in the three main settings:

For the periodic hyperbolic wavelet approximation our numerical results
in Section 6.1.1 match the proposed error decay rates in the theory.

The proposed error decay rate for the transformed approximation is also
shown numerically in Section 6.1.1. Especially the dependence of the
approximation rate from the sampling density is evident for example in
Figure 6.2.

With the random Fourier feature models we are able to detect the ANOVA
index set U also in the setting of dependent input variables as the experi-
ments in Section 6.1.2 show.

The algorithms derived in this thesis are applied to real-world datasets in
Section 6.2. Furthermore, the advantages of the first ANOVA-boosting step
are highlighted.

The successful cooperation with the department of engineering lead to a
publication about the prediction of ground reaction forces from plantar
pressures on a treadmill. There, Algorithm 5.13 was used to perform a
high-dimensional approximation task on time-series data.
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The images at the beginning of each chapter are generated with Microsoft De-
signer from one image taken out of the corresponding chapter.
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Chapter 2
Toolbox for function

approximation

In this chapter we introduce the main tools, which we will use in this thesis
for high-dimensional function approximation. After first fixing notation used
in this thesis, we give in Section 2.1 a brief introduction to machine learning
including the beginning of machine learning models. In Section 2.2 we intro-
duce all function spaces considered in this thesis. These are Sobolev spaces of
dominating mixed smoothness and Besov spaces on different domains. For the
approximation of periodic functions, we introduce in Section 2.3 periodized
wavelet functions. Of particular importance for this thesis are the Chui-Wang
wavelets. One idea to generalize the approximation results from the torus to
other domainsΩ is through a transformation, which we introduce in Section 2.4.
In Section 2.5 we introduce the concept of random Fourier features, which gen-
eralizes the approximation with trigonometrical polynomials on Td to Rd by
drawing real frequencies from Rd instead Zd. Finally, in Section 2.6 we recall
known inequalities, which we will use in this thesis.

Notation and Definitions

Henceforth, we write bold symbols for vectors andmatrices asx = (xi)
d
i=1 ∈ Cd

andA = (ai,j)
d
i,j=1 ∈ Cd×d. For an index set u ⊆ [d] = {1, . . . , d}we introduce

the notation

xu = (xi)i∈u. (2.1)
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CHAPTER 2. TOOLBOX FOR FUNCTION APPROXIMATION

We introduce the p-norm of a vector x ∈ Cd by

∥x∥p :=





(∑d
i=1 |xi|p

)1/p
if 1 ≤ p <∞,

maxi∈[d] |xi| if p =∞.
(2.2)

Whenever the index p is omitted, the usual Euclidean norm ∥·∥2 is meant. Our
aim is to approximate a function f : Ω → C, where Ω ∈ {Td,Rd, [0, 1]d}. In a
first step we have a look at the periodic caseΩ = Td. We will distinguish the two
cases of a tensor product or no tensor product. We introduce the classical Lp
spaces by

Lp(Ω, µ) = {f : Ω→ C | ∥f∥Lp(Ω,µ) <∞}, (2.3)

∥f∥Lp(Ω,µ) =
(∫

Ω

|f(x)|pµ(x) dx
)1/p

, (2.4)

where µ : Ω → R+ is a density We omit the second argument µ in the norm
Lp(Ω, µ), if µ is the uniform density.
During this thesis we will also use a discretized ℓ2-norm,

∥f∥ℓ2(X ) =

(∑

x∈X
|f(x)|2

)1/2

(2.5)

together with the discrete scalar product

⟨f, g⟩X :=
∑

x∈X
f(x)g(x). (2.6)

Some densities with variance γ > 0 andmeanµ = (µi)
d
i=1, µi =

∫
Ωi
µi(xi) dxi,

which we will use frequently in this thesis are the following:

on the domain Td:

µU (x) = 1Td(x), (Uniform distribution) (2.7)

on the domain [0, 1]d:

µU (x) = 1[0,1]d(x), (Uniform distribution) (2.8)

µB,α(x) =
∏

i∈[d]

Γ(2α)

Γ(α)2
xα−1
i (1− xi)α−1, (Beta distribution, α > 0) (2.9)
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on the domainRd:

µG(x) =
∏

i∈[d]

1√
2πγ

e−
1
2 (

xi−µi
γ )

2

, γ > 0, (Gaussian distribution) (2.10)

µC(x) =
∏

i∈[d]

1

πγ

(
1 +

(
xi−µi
γ

)2) , (Cauchy distribution) (2.11)

µL(x) =
∏

i∈[d]

1

2γ
e−

|xi−µi|
γ , (Laplace distribution) (2.12)

µsΠ(ω) := cµsΠ

∏

i∈[d]

1

(1 + ω2
i /γ

2)
s , (d ≥ 2, s > 1

2 ) (2.13)

cµsΠ :=

(
Γ(s)√

π Γ(s− 1
2 )

)d
. (Tensor-product density) (2.14)

Later on, we will tudy distributions on the frequency domain, which will be
denoted by ρ, with the same indices as the density µ onΩ.

2.1 The setting of machine learning
Machine learning is a branch of artificial intelligence focused on developing and
analyzing statistical algorithms that can learn from data, generalize to unseen
data, and perform tasks without explicit instructions. Notably, generative artifi-
cial neural networks have revolutionized several fields in the past few decades;
see [ATY+19] for an overview of recent progress in machine learning.
The earliest machine learning model was introduced in the 1950s when Arthur
Samuel invented a program that calculated the winning chances in checkers
for each side [Sam59]. In the 1960s and 1970s, the focus was primarily on sym-
bolic artificial intelligence and expert systems, where knowledge was explicitly
encoded by human experts. These systems were rule-based and relied heavily
on logical reasoning. However, they struggled to handle uncertainty and lacked
the ability to learn from data. By the 1980s, interest in neural networks, inspired
by the brain’s structure and function, resurged. Pioneering work by researchers
like Geoffrey Hinton, Yann LeCun, and Yoshua Bengio laid the groundwork for
modern deep learning techniques. However, neural networks faced challenges
due to limited computational power and data availability.
Later, theoretical advancements in statistical learning theory, particularly sup-
port vector machines and kernel methods, gained prominence by contributing

25



CHAPTER 2. TOOLBOX FOR FUNCTION APPROXIMATION

to the understanding of the theoretical underpinnings of machine learning al-
gorithms. The explosion of data availability, coupled with advancements in
computational power and algorithms in the late 2000s, led to the rise of deep
learning. Deep neural networks, especially convolutional neural networks and
recurrent neural networks, achieved remarkable success in various domains,
including computer vision [CZLN21], natural language processing [YHPC17],
speech recognition [MMB+23], and medical imaging [LL19]. However, the limi-
tations of relying solely on deep learning are becomingmore apparent. There is a
growing recognition that while neural networks are exceptional at pattern recog-
nition, they lack explicit reasoning. Consequently, challenges such as data depen-
dency, lack of interpretability, and overfitting have emerged [Lip18, ZBH+21].

Modern machine learning has two primary objectives: one is to classify data
based on developed models, and the other is to make predictions for future
outcomes based on these models. Machine learning is usually divided into
two main types. In the supervised learning approach, the goal is to learn a
mapping from inputs x to outputs f(x), given a labeled set of input-output
pairs (xi, fi)Mi=1. Here,M is the number of training samples. In the simplest
setting, each training input xi is a d-dimensional vector of numbers. These are
called features, attributes, or input variables. In general, however, xi could be a
complex structured object, such as an image, a sentence, an email message, a
time series, a molecular shape, a graph, etc.

The secondmain type of machine learning is the descriptive or unsupervised
learning approach. Here, we are only given inputs (xi)Mi=1 and the goal is to find
patterns in the data. This thesis focuses exclusively on supervised learning.

Approximation theory focuses on finding simpler functions or models that
closely mimic more complex, often unknown, functions. It provides tools and
methods for representing, analyzing, andestimating these approximations, allow-
ing us to understand how well we can capture the behavior of complex systems
with simpler mathematical expressions or models. In the context of machine
learning, approximation theory provides insights into the error bounds and con-
vergence properties of learning algorithms. Understanding the approximation
error allows researchers to assess the performance of machine learning models
and evaluate their reliability in practice. Convergence analysis, based on approxi-
mation theory principles, helps to understand how learning algorithms converge
to optimal solutions as more data becomes available or as the model complexity
changes.
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2.2 Function spaces
Function spaces play a crucial role in mathematical analysis, providing a frame-
work for studying the properties of functions and their behavior. In the context
of function approximation, Sobolev spaces and Besov spaces serve as natural
function classes for analyzing the convergence and approximation properties of
numerical methods. These spaces allow us to quantify how well a given approxi-
mation method captures the behavior of a target function, taking into account
its smoothness. In this section, we introduce well-known function spaces on the
torus Td and on the real coordinate d-spaceRd.
Sobolev spaces generalize the concept of differentiability. They are designed
to capture the smoothness of functions by measuring their weak derivatives.
Weak derivatives are defined in a distributional sense, allowing functions with
discontinuities or singularities to be included in the space. We introduce the
Sobolev spaces with dominating mixed derivativesHs

mix(Td) in the usual way:
Definition 2.1 (Sobolev spaces with dominating mixed derivatives). Let s > 0,
then we define the Sobolev spaces with dominating mixed smoothness by

Hs
mix(Td) :=

{
f : Td → C | ∥f∥Hsmix(Td) <∞

}
, (2.15)

where the norm is defined by

∥f∥2Hsmix(Td) =
∑

k∈Zd
|ck(f)|2

d∏

i=1

(1 + |ki|2)s, (2.16)

and
ck(f) =

∫

Td
f(x) e−2πi⟨k,x⟩ dx. (2.17)

are the Fourier coefficients. △
Here, s represents the order of differentiability. We will consider the case where
s > 1

2 , since in this case we have thatHs
mix(Td) ↪→ C(Td), which is necessary

that the function is continuous. The Sobolev norm is for s ∈ N equivalent to the
following norm, see also [KSU14],

∥f∥Hsmix(Td) =
∑

0≤∥k∥∞≤s
∥Dkf∥L2(Td) , (2.18)

with the partial derivativesDkf = ∂k1+...+kd

∂x
k1
1 ···∂xkdd

. Having defined the Fourier coeffi-
cients of the function f ∈ L2(Td), there is the unique representation in terms of
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the Fourier sum,
f(x) =

∑

k∈Zd0

ck(f) e
2πi⟨k,x⟩. (2.19)

In this thesis, we will use a further equivalent norm to the Sobolev norm, which is
based on a decomposition of f in dyadic blocks. We introduce the dyadic blocks

Jj :=

{
{k ∈ Z | 2j−1 ≤ |k| < 2j} if j ≥ 1,

{0} if j = 0.
(2.20)

For j = (jk)
d
k=1 ,∈ Nd0 we define

Jj := Jj1 × ...× Jjd .

Using these dyadic blocks, we decompose the Fourier series of the function
f ∈ L2(Td) into

f(x) =
∑

j∈Zd0

fj(x)with fj(x) =





∑
k∈Jj

ck(f)e
2πi⟨k,x⟩ if j ∈ Nd0,

0 otherwise.
(2.21)

This immediately gives for f ∈ Hs
mix(Td),

∥f∥2Hsmix(Td) ≍
∑

j∈Nd0

22∥j∥1s∥fj∥2L2(Td). (2.22)

For the sake of completeness, we additionally introduce the classical Sobolev
spaces, which demand less differentiability of the function f , for more details
see also [KSU14].
Definition2.2 (Classical Sobolev spaces). Let s > 0. Thenwedefine the classical
Sobolev spaces by

Hs(Td) :=
{
f : Td → C | ∥f∥Hs(Td) <∞

}
, (2.23)

where the norm is defined by

∥f∥2Hs(Td) =
∑

0≤∥k∥1≤s
∥Dkf∥L2(Td) for s ∈ N.

This norm is generalized to fractional smoothness by

∥f∥2Hs(Td) =
∑

k∈Zd
|ck(f)|2(1 + ∥k∥22)s, (2.24)

where in the case of integer smoothness both norms are equivalent. △
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Besov spaces, on the other hand, are function spaces that measure the smooth-
ness and decay properties of functions using localized information. A more
general function class than the spaces in Definition 2.1 are the Besov spaces
(sometimes also called Besov-Nikolskij spaces) of mixed smoothness, which can
be defined via mixed moduli of smoothness. But we will use a Fourier analytic
characterization, for more detail see [DTU18, Chapter 3].

Definition 2.3 (Besov spaces). For 1 ≤ p ≤ ∞ and 1
2 < swe define the Besov-

Nikolskij spaces of mixed smoothness by

Bs
p,q(Td) :=

{
f ∈ Lp(Td) | ∥f∥Bs

p,q(Td) <∞
}
, (2.25)

where the norm is defined by

∥f∥Bs
p,q(Td) =





sup
j∈Nd0

2∥j∥1s∥fj∥Lp(Td) if q =∞,
(∑

j∈Nd0

∣∣2∥j∥1s∥fj∥Lp(Td)
∣∣q
)1/q

otherwise ,
(2.26)

using the decomposition (2.21) of f . △
A typical Besov space is characterized by three parameters. Here, s represents
the smoothness of functions, p controls the integrability, and the index q governs
the decay properties. Besov spaces serve to generalize Sobolev spaces and are
effective at measuring regularity properties of functions.

By utilizing Sobolev and Besov spaces in the context of function approximation,
we will develop efficient numerical algorithms, understand the convergence
behavior of approximation methods and quantify the accuracy of the obtained
approximations. These function spaces provide a rigorous mathematical foun-
dation for analyzing and designing effective approximation techniques that can
capture the intricate details and regularity of functions in a wide range of appli-
cations. Similar to the periodic case we introduce the Sobolev spaces onRd.

Definition 2.4 (Sobolev spaces with dominating mixed derivatives onRd). Let
s > 0, then we define the Sobolev spaces with dominating mixed derivatives
by

Hs
mix(Rd) :=

{
f : Rd → C | ∥f∥Hsmix(Rd) <∞

}
, (2.27)

where the norm is defined by

∥f∥2Hsmix(Rd) =

∫

Rd
|f̂(ω)|2

d∏

i=1

(1 + |ωi|2)sdω,
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and the Fourier transform

f̂(ω) :=

∫

Rd
f(x) e−i⟨ω,x⟩ dx forw ∈ Rd, (2.28)

similar to the periodic case. △
If f ∈ L2(Rd)with f̂ ∈ L1(Rd), the Fourier inversion formula

f(x) =
1

(2π)d

∫

Rd
f̂(ω) ei⟨ω,x⟩ dω (2.29)

holds true for almost all x ∈ Rd. For f /∈ L2(Rd) the Fourier transform can be
generalized to tempered distributions, which are linear continuous functionals
on the Schwartz space S(Rd). The Schwartz space consists of smooth functions,
such that all derivatives exist onRd and go to zero as x→ ±∞ faster than any
reciprocal power of x. If a distribution arises from a slowly increasing function f
in the sense that

⟨Tf , φ⟩ =
∫

Rd
f(x)φ(x) dx, φ ∈ S(Rd), (2.30)

we speak about a regular distribution. The Fourier transform T̂ of a tempered
distribution T ∈ S ′(Rd) is defined by

⟨T̂ , φ⟩ := ⟨T, φ̂⟩ for all φ ∈ S(Rd). (2.31)

Furthermore, for every function f ∈ L1(Rd), we obtain ⟨T̂f , φ⟩ = ⟨Tf , φ̂⟩. The
simplest tempereddistribution,which cannot bedescribed just by integrating the
product of some function with functions from S(Rd), is theDirac distribution
δ, defined by

⟨δ, φ⟩ = φ(0) for all φ ∈ S(Rd), (2.32)
see also [PPST23, Section 4.3] for more information about tempered distribu-
tions.

2.3 Wavelets
Wavelets are a versatile tool with rich mathematical content and great potential
for various applications. A square integrable function f in a Hilbert space can be
represented as a wavelet series with respect to a complete, (semi-)orthonormal
set of basis functions. This wavelet basis consists of functions calledwavelets,
which forma complete orthonormal system. Eachwavelet in the basis is localized
in both space and frequency. Unlike traditional Fourier analysis, which uses
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Figure 2.1 : Cardinal B-splines of orderm = 1, 2, 3, 4.

sinusoidal basis functions that are global in nature, wavelet analysis allows for a
localized representation of functions, capturing both transient and oscillatory
behavior. The wavelet basis provides a multi-resolution analysis, enabling the
representation of functions at different levels of detail, and allowing for the
extraction of both fine-scale and coarse-scale information.

In this section, we recall well-known facts of the theory of wavelets and construct
periodic wavelet functions from wavelets onR, as also used in [LPU23]. In this
thesis, we focus on Chui-Wang wavelets, which are compactly supported, piece-
wise polynomials that provide easy access to function values. The approximation
theory using wavelet basis functions applies similarly to other wavelet types.

Definition 2.5 (Cardinal B-spline). Form ∈ Nwe define the cardinal B-spline
Bm : R→ R of orderm recursively by

B1(x) =

{
1, − 1

2 < x < 1
2 ,

0, otherwise,
and Bm(x) =

∫ x+
1
2

x− 1
2

Bm−1(y) dy, (2.33)

which is a piecewise polynomial function. △

For small ordersm of the cardinal B-Spline see Figure 2.1. The functionBm(x) is
a piecewise polynomial function of orderm − 1. Furthermore, the support of
Bm(x) is (−m2 , m2 ) and they are normalized by

∫ m
2

−m2
Bm(x)dx = 1.

We introduce the well-known wavelet spaces. Define the function spaces Vj by
Vj = span{φ(2j · −k) | k ∈ Z}, where the function φ is some scaling function.
For example one can use here them-th order cardinal B-splineBm(x) as scaling
function φ. Consequently, we have

· · · ⊂ V−1(R) ⊂ V0(R) ⊂ V1(R) ⊂ V2(R) ⊂ · · · .
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Figure 2.2 : Chui-Wang wavelets of orderm = 1, 2, 3.

From the nested sequence of spline subspaces Vj , we build the orthogonal com-
plementary subspacesWj , namely

Vj+1(R) = Vj(R)⊕Wj(R), j ∈ N0.

These subspaces are mutually orthogonal. Hence, we write

L2(R) = V0(R)⊕W0(R)⊕W1(R)⊕ · · · (2.34)

We are interested in awavelet function ψ ∈ W0 that generates the subspaces
Wj in the sense that

Wj = span{ψj,k | k ∈ Z},
where

ψj,k(x) = 2j/2ψ(2jx− k), j ∈ N0, k ∈ Z. (2.35)

Thus, we use a normalization such that ∥ψj,k∥L2(T) = 1.

Example 2.6 (Chui-Wang wavelets). An example for the scaling function is the
cardinal B-spline, φ = Bm of orderm. The corresponding wavelet functions are
the Chui-Wang wavelets [Chu92], which are given by

ψ(x) =
∑

n∈Z
qnBm(2x− n− m

2 ), (2.36)

where
qn =

(−1)n
2m−1

m∑

k=0

(
m

k

)
B2m(n+ 1− k −m),

see Figure 2.2 for Chui-Wang wavelets of order m = 1, 2, 3. For m = 1 the
Chui-Wang wavelets coincide with the well-known Haar wavelets. △
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In order to approximate periodic functions, we use 1-periodized versions of these
wavelets,

ψper
j,k (x) =

∑

ℓ∈Z
ψj,k(x+ ℓ), (2.37)

where we first have to dilate and then periodize. To get a periodic decomposition
of the form (2.34), we have to periodize the scaling function φ ∈ V0 by

φper(x) =
∑

ℓ∈Z
φ(x+ ℓ) = 1,

see [Dau92, Section 9.3], which is the constant function. To simplify notation,
we denote the scaling function φ(· − k) by ψ−1,k and ψper

−1,0 =: φper.
We approximate a function f ∈ L2(T) by some function in Vj . If the wavelets do
not induce an orthonormal basis, but a Riesz basis for every index j, we have to
consider the dual basis ψ∗

j,k, which has the property

⟨ψj,k, ψ∗
i,ℓ⟩ = δi,jδk,ℓ.

The usage of wavelets allow us a decomposition of a nonperiodic f ∈ L2(R) in
terms of ψj,k, using (2.34) by

f =
∑

k∈Z
⟨f, ψ∗

−1,k⟩ψ−1,k +
∑

j≥0

∑

k∈Z
⟨f, ψ∗

j,k⟩ψj,k.

If {ψj,k(x)}k is an orthonormal basis forWj , the dual wavelet and the wavelet
coincide, i.e. ψj,k = ψ∗

j,k. The periodized version of (2.34) is

L2(T) = V0(T)⊕W0(T)⊕W1(T)⊕ · · · . (2.38)

Hence, we decompose every function f ∈ L2(T) as

f = ⟨f, ψper
−1,0⟩ψper

−1,0 +
∑

j≥0

2j−1∑

k=0

⟨f, ψper,∗
j,k ⟩ψ

per
j,k , (2.39)

since the periodization ofψj,k reduces the parameter k to the range {0, . . . 2j−1}
and the periodization of ψ−1 makes the parameter k in the first term obsolete.
The periodization inherits indeed the orthogonality in (2.38), i.e.

⟨ψper
j,k , ψ

per
j′,k′⟩ =





0 if j ̸= j′,

⟨ψj,k, ψj,k′⟩ if j = j′ and 2j > suppψ,∑
ℓ∈Z⟨ψj,k−2jℓ, ψj,k′⟩ if j = j′ and 2j ≤ suppψ.

(2.40)

We require the following properties of the wavelets.
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m 1 2 3 4 5

γm 1 0.14814815 0.03792593 0.01005993 0.00267766
δm 1 0.33333333 0.13386795 0.05938886 0.02785522

Table 2.1 : Riesz constants for the Chui-Wang wavelets from [PT94].

Definition 2.7 (Wavelet properties). We define the following properties of a
wavelet ψ : R→ R.

The wavelet ψ(x) has compact support, i.e.,
suppψ = [0, S]. (2.41)

The periodized wavelets form a Riesz basis for every index j with

γm

2j−1∑

k=0

|dj,k|2 ≤

∥∥∥∥∥∥

2j−1∑

k=0

dj,kψ
per
j,k

∥∥∥∥∥∥

2

L2(T)

≤ δm
2j−1∑

k=0

|dj,k|2. (2.42)

The wavelet has vanishingmoments of orderm, i.e.
∫ ∞

−∞
ψ(x)xβ dx = 0, β = 0, . . . ,m− 1. (2.43)

We will denote these by wavelets of orderm. △
For example, the Chui-Wang wavelets of orderm in Example 2.6 fulfill all three
properties. These wavelets have compact support with suppψ = [0, 2m − 1],
they have vanishing moments of orderm and the periodic Chui-Wang wavelets
represent a Riesz basis for every index j, [PT94, Theorem 3.5.] with the constants
from there, see Table 2.1. Also the Daubechies wavelets, see [Dau92], fulfill these
properties with Riesz constants γm = δm = 1.
To generalize the one-dimensional wavelets to higher dimensions, we use the
following tensor product approach. To this end we define the multi-dimensional
wavelets

ψj,k(x) =

d∏

i=1

ψji,ki(xi), x = (x1, . . . , xd),

where j = (ji)
d
i=1 ∈ Zd and k = (ki)

d
i=1 ∈ Zd are multi-indices. Analogously,

we define the 1-periodized versions

ψper
j,k(x) =

d∏

i=1

ψper
ji,ki

(xi), (2.44)
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(2.35) //
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ψ2,k(x)

(2.37)
��

−0.5
0

0.5−0.5

0
0.5

0

5

x1
x2

ψper
j,k(x)
with

j =
(
2 2

)⊤
,k =

(
3 2

)⊤

(2.44)
oo

−0.4−0.2 0 0.2 0.4

−1

0

1

k = 0
k = 1
k = 2
k = 3

ψper
2,k (x)

Figure 2.3 : The procedure from the wavelet function ψ(x) to multivari-
ate periodic wavelets ψper

j,k(x): The example of Chui-Wang wavelets of
orderm = 2.

where j, ji ∈ {−1, 0, 2, . . .} and k ∈ Ij are multi-indices with

Ij :=
d×
i=1

{
{0, 1, . . . 2ji − 1} if ji ≥ 0,

{0} if ji = −1.
(2.45)

The whole procedure of dilatation, translation, periodization, and tensorization
is summarized in Figure 2.3. In an analogous way we define the multi-variate
dual wavelets and their periodization. With this wavelet construction the space
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L2(Td) is decomposed into

L2(Td) =⊕
j∈J

Wj(Td), with J := {j ∈ Zd | ji ≥ −1 for all i ∈ [d]}, (2.46)

where the spacesWj(Td) = ×i∈[d]Wji(T) and Vj(Td) = ×i∈[d]Vji(T) are the
tensorized versions of the one-dimensional spaces and for the constant functions
we use the notationW−1 := V0(Td). This allows to decompose every function
f ∈ L2(Td) as

f(x) =
∑

j∈J

∑

k∈Ij

⟨f, ψper,∗
j,k ⟩ψ

per
j,k(x). (2.47)

To approximate a function f by a finite number of wavelet coefficients and
wavelet functions, we have to truncate the decomposition (2.47) accordingly.
Hyperbolic cross index sets have proven to be very useful for approximating func-
tions with smoothness s, [DTU18]. We will study in Section 4.1.2 the projection
operator Pn which truncates the wavelet decomposition (2.47) to a hyperbolic
cross index set by

Pnf :=
∑

j∈Jn

∑

k∈Ij

⟨f, ψper,∗
j,k ⟩ψ

per
j,k , (2.48)

in order to approximate a function f ∈ L2(Td). To this end, we define the index
sets

Jn := {j ∈ Zd | j ≥ −1, |j|1 ≤ n} with |j|1 :=
∑

i,ji≥0

ji. (2.49)

The operator Pn is the projection of a function in L2(Td) onto the space

Vn(Td) :=⊕
j∈Jn

Wj(Td). (2.50)

In Figure 2.4 every small square corresponds to onemulti-index k. The opera-
tor P3 chooses those wavelet functions, for which the corresponding square is
colored, i.e. all k in the index set Ij where |j|1 ≤ 3.

2.4 Transformations for tensor products
Approximation theory on the torus is well-understood compared to other do-
mains. For example, the whole theory about Fourier series is about periodic func-
tions, where we do not have to worry about the boundary conditions. There are
several approximation operators for the torus availablewith fast algorithms using
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Figure 2.4 : Illustration of the number of indices k where |j|1 ≤ 3 for
d = 2 (left) and d = 3 (right).

Fourier analysis, wavelet analysis or other methods. The main idea of [PW24]
is to combine a periodization strategy with approximation methods on the d-
dimensional torus Td. Therefore, we use a tensor product transformation to
transform these results also on other tensor product domains, especially [0, 1]d
orRd.

Assuming i.i.d. uniformly samples on Td, error estimates using different basis
functions on Td are possible. We study the wavelet system in this thesis, which is
based on [LPU23]. An analysis for the Fourier system can be found in [PS21a],
but also the application of other algorithms is conceivable.

In practical applications, wehave to take the dataset as it is andhavenouniformly
distributed samples available. Hence, assuming now random samples onΩwith
respect to the density µ, the idea is to transform the samples to the torus Td, see
Figure 2.5. The procedure in this section is applicable for tensor product densities
µ. In this section we will define the transformation R, which was introduced
in [PW24].

The basis of our transformation is the cumulative distribution function

F : Ω→ [0, 1],
d

dx
F (x) = µ(x). (2.51)

Subsequently, we identify [0, 1]with the torus by the bijectivemappingx 7→ x− 1
2 .

Similarly to the cumulative distribution function, we define the transformation
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Figure 2.5 : Transformation of the samples in the two-dimensional case.

R: Ω→ [− 1
2 ,

1
2 ] by

R(x) :=





∫ x

−1/2

µ(t) dt− 1
2 ifΩ = T,

∫ x

−∞
µ(t) dt− 1

2 ifΩ = R,

η + (1− η)
∫ x

0

µ(t) dt− 1
2 ifΩ = [0, 1],

(2.52)

where 0 ≤ η ≪ 1 is the extension parameter. This transformationR provides the
possibility to transfer the function f to a function f ◦R−1, which has its domain
on the torus. Since we require that the density µ is positive, the cumulative
distribution function is strictly monotonically increasing and has a well-defined
inverse functionR−1.

In the case of a nonperiodic function on the domainΩ = [0, 1], we have to use
an extension with parameter η, because otherwise the transformed function
is not even continuous. Our transformationR transforms the function f from
[0, 1] to [−1/2 + η, 1/2], which means we extend the function on the boundary
[−1/2,−1/2 + η] to receive a periodic function f̃ : T→ Cwith

f̃
∣∣
[−1/2+η,1/2]

= f ◦ R−1.

The one-dimensional setting is generalized to higher dimensions only for tensor
product densities (3.2) and tensor product domains Ω = ×di=1Ωi with Ωi ∈
{T,R, [0, 1]} for i ∈ [d]. We build up a d-dimensional transformationR: Ω→ Td
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from one-dimensional transformations (2.52) by

R(x) := (R1(x1), . . . ,Rd(xd))

with d

dxi
Ri(xi) =

{
µi(xi) ifΩi ∈ {T,R},
(1− η)µi(xi) ifΩi = [0, 1].

(2.53)

From time to time we use the notationRu(xu) = (Ri(xi))i∈u, which is similar
to the notation for vectors with index u. The inverse transformation is given by

R−1(x) =
(
R−1

1 (x1), . . . ,R
−1
d (xd)

)

with d

dyj
R−1
i (yi) = δi,j





1
µi(R

−1
i (yi))

ifΩi ∈ {T,R},
1

(1−η)µi(R−1
i (yi))

ifΩi = [0, 1].
(2.54)

The relation that we will use can be seen in this illustration:

samples: x ∈ X y ∈ Y

domain: Ω Td

C

R

R−1

f

R

f◦R−1 or f̃

R−1

By the observation that the Jacobi matrix

(D(R−1)(y))i,j :=
∂

∂yj
R−1
i (y) = δi,j





1
µi(R

−1
i (yi))

ifΩi ∈ {T,R},
1

(1−η)µi(R−1
i (yi))

ifΩi = [0, 1],

is a diagonal matrix because of the product structure (2.53) of our transforma-
tionR, follows that

∥f∥2L2(Ω,µ)
=

∫

Ω

|f(x)|2µ(x) dx

=

∫

Td
|f(R−1(x))|2µ(R−1(x))| det

(
D(R−1)(x)

)
| dx

=

∫

Td
|f(R−1(x))|2 dx =

1

(1− η)d̃
∥f ◦ R−1∥2L2(Td) , (2.55)

where d̃ = |{i ∈ [d] | Ωi = [0, 1]}| is the dimension of the nonperiodic variables
of f . The norm equality (2.55) ensures that the transformationR preserves the
L2-norm of the function f , up to some factor for the nonperiodic setting.

39



CHAPTER 2. TOOLBOX FOR FUNCTION APPROXIMATION

−0.4−0.2 0 0.2 0.4

−1

0

1

ψper
j,k : T→ R

R
//

−10 0 10

−1

0

1

k = 0
k = 1
k = 2
k = 3

ψper
j,k ◦ R: R→ R

Figure 2.6 : The transformation of the one-dimensional periodic Chui-
Wang wavelets of orderm = 2 (and dilatation index j = 2) to the real
axis, exemplary with the transformationR from the Cauchy distribution
µC , defined in (2.11).

One advantage of our transformation approach is that it preserves orthogonality,
i.e. if we have a (semi-) orthogonal basis ej on Td, then we directly receive a
(semi-) orthogonal system onΩwith respect to µ, i.e.,

⟨ej ◦ R, ej′ ◦ R⟩L2(Ω,µ) = δj,j′ ⟨ej , ej′⟩L2(Td).

An example of the transformed basis functions is plotted in Figure 2.6.

Our transformation approach only works for tensor product density µ. For the
transformation of dependent input variables, there exists for example the Rosen-
blatt transform, [Ros52], which entails the mapping of original random variables
onto uniform variables. With known joint cumulative distributions functions or
conditional cumulative distribution functions of the actual randomvariables, the
transformation of the actual random variables to uniform variables is possible.
But practically, such distributions are not available hence the Rosenblatt trans-
formation is considered limiting in practice. Further disadvantages are that the
transformation depends on the order of the input variables and interpretability
gets lost.

2.5 Random Fourier features
Kernel methods are instance-based learners. Instead of learning a fixed set of
parameters representing input features, they retain the memory of each training
example (xi, f(xi)) and assign a corresponding weight to it. When making
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predictions for test data, that are not part of the training set, these methods use
a similarity function κ, known as a kernel, to compare the unlabeled input xtest
with each training input x ∈ X .

In other words, let x,x′ ∈ X be two samples and φ : X → H be a nonlinear
feature map, transforming each element inX into a reproducing kernel Hilbert
space (RKHS)H. Then, the kernel functionκ : Rd×Rd → R as ⟨φ(x), φ(x′)⟩H =
κ(x,x′) computes the inner product between φ(x) and φ(x′). In practice, the
kernel function κ is directly given to obtain the inner product ⟨φ(x), φ(x′)⟩H
instead of finding the explicit expression ofφ, which is known as the kernel trick.
Every f ∈ H is then represented by

f(x) =
∑

x′∈X
a′iκ(x− x′). (2.56)

Kernel methods benefit from this approach and are effective for learning non-
linear structures. However, they often struggle with scalability in large-scale
problems due to high space and time complexities. Kernel-based approaches
have been extensively used in data-based applications, including image classifi-
cation and high-dimensional function approximation since they often perform
well in practice. The random feature model is a popular technique for approxi-
mating the kernel using a randomized basis that can avoid the cost of full kernel
methods. Random Fourier features were proposed by [RR07] and further ana-
lyzed by several others, [Bac17, LTOS21]. See also [LHCS22] for an overview of
random feature algorithms in the literature.

The theoretical foundation of random Fourier features builds on Bochner’s the-
orem [Boc55], which states that any bounded, continuous, and shift-invariant
kernel is the Fourier transform of a bounded positivemeasure. If a shift-invariant
kernel κ is properly scaled with κ(0) = 1, Bochner’s theorem guarantees that its
Fourier transform ρ(ω) is indeed a probability distribution. This implies that

κ(x− x′) =
∫

Rd
ei⟨ω,x−x′⟩ρ(ω) dω = Eω∼ρ

(
ei⟨ω,x⟩e−i⟨ω,x′⟩

)
, (2.57)

see also [PPST23, Chapter 4.4].

The pioneering work [RR07] introduced the idea of random feature maps. The
basic idea is using (2.57) to approximate a shift-invariant kernel function by
mapping the input data into a lower-dimensional feature space using random
projections. This allows kernel methods to be applied in linear time relative to
the number of data points. In particular, the random Fourier feature model uses
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standard Monte Carlo sampling scheme for the approximation

κ(x− x′) = Eω∼ρ
(
ei⟨ω,x⟩ · e−i⟨ω,x′⟩

)
≈ 1

N
A(x)A(x′)∗ =

1

N

N∑

k=1

ei⟨ωk,x−x′⟩,

(2.58)
with the explicit feature mapping

A(x) =
(
ei⟨ω1,x⟩, · · · , ei⟨ωN ,x⟩

)
∈ C1×N ,

where {ωk}Nk=1 are sampled from ρ(ω) independently of the training setX . The
uniform convergence of Fourier features was shown in [RR07] for distributions ρ
with finite secondmoment.
The original kernel matrixK = (κ(x− x′))x∈X ,x′∈X is then approximated by

K ≈ 1

N
AA∗, A =

(
ei⟨ωk,x⟩

)
x∈X ,k=1,...,N

∈ C|X |×N ,

which is a low rank approximation of the kernel in the case N ≪ |X |. For a
large amount of samples |X | the approximation is computationally significantly
cheaper in terms of computation and complexity. Inserting this approximation
(2.58) into (2.56) yields

f(x) =
∑

x′∈X
ax′κ(x− x′) ≈

∑

x′∈X

ax′

N

N∑

k=1

ei⟨ωk,x−x′⟩

=
N∑

k=1

ei⟨ωk,x⟩
(

1

N

∑

x′∈X
ax′e−i⟨ωk,x′⟩

)
(2.59)

=

N∑

k=1

ake
i⟨ωk,x⟩ =: f#(x), with ak :=

1

N

∑

x′∈X
ax′e−i⟨ωk,x′⟩.

For a connection to the nonequispaced fast Fourier transform see Section 4.3.3.
In Section 4.3 we will go through the approximation

f⋆(x) =
1

(2π)d

N∑

k=1

f̂(ωk)

Nρ(ωk)
ei⟨ωk,x⟩, (2.60)

which is basically the Monte-Carlo approximation of the inverse Fourier trans-
form (2.29). The function f⋆ fulfills

Eρ (f⋆(x)) =
1

(2π)d

∫

Rd
f̂(ω)ei⟨ω,x⟩ dω = f(x).
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κ(x) ρ(ω)

Gaussian ∼ e−∥x∥2
2 ∼ e−∥ω∥2

2

Laplace ∼ e−∥x∥1 ∼∏d
i=1

1
1+ω2

i

Cauchy ∼∏d
i=1

1
1+x2

i
∼ e−∥ω∥1

Table 2.2 : Most important kernels and corresponding distributions ρ.
According to (2.57), the kernel is the Fourier transformof the distribution
ρ, see also [RR07].

We want to motivate the definition of the function f⋆ here further by

f⋆(x) =
1

N

N∑

k=1

1

ρ(ωk)
ei⟨ωk,x⟩

∫

Rd
f(x′) e−i⟨ω,x′⟩ dx′

=

∫

Rd
f(x′)

1

N

N∑

k=1

1

ρ(ωk)
ei⟨ωk,x−x′⟩ dx′

≈
∫

Rd
f(x′)

∫

Rd
ei⟨ω,x−x′⟩ dω dx′

=

∫

Rd
f(x′)δ(x− x′) dx′ = f(x),

where δ(x− x′) is the Dirac delta distribution.

The function f⋆ depends on theFourier transform f̂ . This function f⋆ is similar to
the projection PNf for periodic functions in the wavelet setting. As suggested by
the error splitting (1.1) we will give bounds for the error ∥f − f⋆∥ in Section 4.3.
Most random feature based algorithms focus on the Gaussian kernel. Important
kernels and corresponding densities ρ are summarized in Table 2.2. Recently,
there were improvements by using Quasi-Monte-Carlo methods for approximat-
ing the integral (2.57), [ASYM16, MKBO18, HSH24].
From the neural network point of view, this is a two-layer network with a ran-
domized but fixed single hidden layer. Given an unknown function f : Rd → C,
the random Fourier feature model takes the form

f#(x) =

N∑

j=1

aje
i⟨ωj ,x⟩,

where x ∈ Rd is the input data, (ωj)Nj=1 are the random weights, and a =
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(aj)
N
j=1 ∈ CN is the final weight layer. As suggested by the error splitting (1.1) we

will give bounds for the error ∥f⋆ − f#∥ in Section 5.3.

Existing algorithms differ in how they select features ωj and weights aj . In
most cases, the featuresωj are independent and identically distributed random
variables generatedby the (user defined) probability density function ρ(ω). Then,
for the randomFourier featuremodel, the output layera is trained (training data-
dependent or independent), while the hidden layer (the weightsωj) are fixed.
In [HN24] it is proposed to optimize the distribution of the drawn randomFourier
featuresω.

In this thesis we will develop and analyze different algorithms for selecting the
weights ωj and the coefficients aj using the data vector f = (f(xi))

M
i=1. The

random feature regression problem thus becomes

min
a∈CN

∥f −Aa∥22 +R(a),

with some penalty function R : CN → R. For example, choosing the ridge
penalty function withR(a) = λ ∥a∥22 leads to the random feature ridge regres-
sion which was studied for example in [RR08, RR17, LTOS21, MMM22].

It has been observed that the global minimizer of the risk in the random fea-
ture ridge regression problem is attained in the very over-parametrized regime
[MM19,MMM22]. However, since a large number of parametersN can pose lim-
itations in many scientific applications, an alternative approach involves using
sparsity-promoting penalties or algorithms to derive sparse or low-complexity
models within this over-parameterized setting.

Sparse random feature models like in [HSS+23, XSSW22, SST23] build on the
random feature models by introducing sparsity in the random frequencies. Spar-
sity is achieved by zeroing out a significant portion of the weights, which reduces
computational costs and can lead to more interpretable models. Sparse random
feature models are particularly useful in scenarios where the input data is sparse,
as the sparse random projections align well with the sparsity in the data, leading
to efficient computations. In this thesis, we take up the idea of sparse random
Fourier features and even go a step further by using the random Fourier features
for sensitivity analysis and adapting them to the ANOVA decomposition of the
function f . One of the key challenges in sparse random feature models is find-
ing the right balance between sparsity and approximation accuracy. Toomuch
sparsity can lead to a loss in model performance, while too little can negate the
computational benefits.
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2.6 Inequalities from probability theory
In this subsection we collect some basic tools from probability theory, which we
will apply later to our concrete settings. Concentration inequalities describe the
deviation between the mean and the expected value. One basic result about the
spectral norm of sums of complex rank-1-matrices from [Tro12, Theorem 1.1] is
the following.
Theorem 2.8 (Matrix Chernoff). Consider a finite sequenceAi ∈ CN×N of inde-
pendent, random, self-adjoint, positive definite matrices, where the eigenvalues
satisfy λmax(Ai) ≤ R almost surely. Define

λ := λmin

(∑

i

E(Ai)

)
and λ̃ := λmax

(∑

i

E(Ai)

)
,

then

P

(
λmin

(∑

i

Ai

)
≤ (1− δ)λ

)
≤ N

(
e−δ

(1− δ)1−δ
)λ/R

,

P

(
λmax

(∑

i

Ai

)
≥ (1 + δ)λ̃

)
≤ N

(
eδ

(1 + δ)1+δ

)λ̃/R
.

Wewill use this theorem inTheorem5.3 toprepare error estimates for the recovery
of individual functions.
Another basic inequality which we will use to estimate the individual function
error in Section 5.1.2 is the Bernstein inequality, see [SC08, Theorem 6.12].
Theorem2.9 (Bernstein). LetP be a probabilitymeasure onTd,B > 0 and σ > 0
be real numbers, andM ≥ 1 be an integer. Furthermore, let ξ1, . . . , ξM : Td → R
be independent random variables satisfying E ξi = 0, ∥ξi∥∞ ≤ B, and E ξ2i ≤ σ2

for all i = 1, . . . ,M . Then we have

P

(
1

M

M∑

i=1

ξi ≥
√

2σ2τ

M
+

2Bτ

3M

)
≤ e−τ , τ > 0.

For the worst-case error estimation in Section 5.1.3 we use the following result
from [MU21, Proposition 3.8].
Proposition 2.10. Let yi, i = 1, . . . ,M be i.i.d. random sequences from ℓ2. Let
furtherM ≥ 3, r > 0, andR > 0, such that ∥yi∥2 ≤ R for all i = 1, . . .M almost
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surely and E(yiy∗
i ) = L for i = 1, . . . ,M . Then

P

(∥∥∥∥∥
1

M

M∑

i=1

yiy
∗
i −L

∥∥∥∥∥
2

≥ F
)
≤ 2

3
4M−r,

where F := max
{

8(r+1) logM
M R2κ2, ∥L∥2

}
and κ = 1+

√
5

2 .

McDiarmid’s inequality is a concentration inequality that bounds the difference
between the sampled value and the expected value of a function when assessed
on independent random variables. This inequality is applicable to functions
satisfying a bounded differences condition, meaning that altering one argument
while keeping all others fixed won’t drastically alter the function’s value.
Theorem 2.11 (Mc Diarmids inequality, [McD89]). Let a function v : X1 ×X2 ×
· · · × XN → R satisfy the bounded differences property, i.e. for all k ∈ [N ], and
all x1 ∈ X1, . . . , xN ∈ XN ,

sup
x′
k∈Xk

|v(x1, . . . , xk−1, xk, xk+1, . . . , xN )− v(x1, . . . , xk−1, x
′
k, xk+1, . . . , xN )| ≤ ∆k.

Consider independent random variablesX1, X2, . . . , XN whereXk ∈ Xk for all
k. Then, for any ε > 0,

P (v(X1, X2, . . . , XN )− E[v(X1, X2, . . . , XN )] > ε) ≤ e

(
− 2ε2∑N

k=1
∆2
k

)

.
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Chapter 3
The ANOVA decomposition

and the curse of
dimensionality

The term curse of dimensionality includes a range of issues that arise when
working with data in high-dimensional spaces, problems that are not present
in lower-dimensional scenarios. These dimension-related challenges occur in
various fields like numerical analysis, sampling, combinatorics, machine learn-
ing, data mining, and databases. The overarching issue in these problems is that
as the number of dimensions increases, the space volume expands so rapidly
that the available data becomes increasingly sparse. To obtain reliable results,
one often needs an exponentially growing amount of data as the dimensionality
increases. The expression curse of dimensionality was coined by Bellman [Bel57]
when considering problems in dynamic programming.

The curse of dimensionality causes problems in the machine learning setting:

Data sparsity:With eachadditional dimensionwe introduce toourdataset,
the volume of the data space grows exponentially, resulting in the data
becoming more sparse.

Increased computation: More dimensions mean more computational
resources and time to process the data.

Overfitting: Using toomany dimensions, models can become too complex
and fitting to the noise rather than the underlying pattern. This reduces
the model’s ability to generalize to new data.
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Visualization challenges: High-dimensional data is hard to visualize,mak-
ing exploratory data analysis more difficult.

Concerning the task of function approximation, the number of ANOVA terms,
see (3.1), of a function is equal to 2d and therefore grows exponentially in the
dimension d. This reflects the curse of dimensionality and poses a problem for
the approximation of a high-dimensional function f .

In this chapter, we present possibilities for introducing weak, but reasonable
assumptions to the function f to deal with the curse of dimensionality. First, we
introduce in Section 3.1 the classical ANOVA decomposition for independent
input variables as well as the generalized ANOVA decomposition for dependent
input variables and give properties for constructing the ANOVA terms fu for
the two different cases. Furthermore, we define in Definition 3.12 the Sobol
indices Su(f), which form the basis for sensitivity analysis. In Section 3.2 we
study the case of periodic functions and calculate the Sobol indices Su(f#) of
a linear combination of periodic wavelet functions f# =

∑
j,k aj,kψ

per
j,k . In

addition we give the connection (3.35) between the classical ANOVA indexu and
the wavelet indices j and k. In Section 3.3 we show that the transformationR
from Section 2.4 preserves the ANOVA structure of the indices, because of the
tensor product structure. For functions defined onRd, we study in Section 3.4
the ANOVA decomposition in connection with random Fourier features. Once
again, we distinguish independent and dependent input variables. In the first
case we state in Lemma 3.18 a connection between the ANOVA terms fu and
the frequency domain T̂f , which is a generalization of the decomposition of
Fourier series from Remark 5.10. For dependent input variables we propose in
Definition 3.22 to adapt random Fourier features to the ANOVA setting.

To mitigate the curse of dimensionality, we show in Section 3.5 error estimates
between theoriginal functionf anda truncationTUq (f), which cuts offall ANOVA
termsof order bigger than q for functionshaving certain smoothness. We state the
results in Theorem 3.26 for the periodic case and in Theorem 3.28 for function
on Rd. Finally, in Section 3.6 we discuss different possibilities for finding an
appropriate ANOVA index set U , which captures the important ANOVA terms of
the function f by iteratively increasing or decreasing the maximal superposition
dimension.

3.1 The ANOVA decomposition
The classical analysis of variance (ANOVA) decomposition has been studied in
many contexts and applications, e.g. [ES81, JO03, Wah90] and appears in the
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literature as far back as Hoeffding [Hoe48]. Often this model is also called high-
dimensional model representation, see also [RA99] for an overview. The ANOVA
decomposition represents a frequently used model in the analysis of dimension
interactions of multivariate, high-dimensional functions. This decomposition
decomposes a d-variate function in 2d ANOVA terms where each term belongs
to a subset u ⊆ [d] of coordinate indices. Each single term only depends on
the variables in the corresponding subset and the number of these variables
is the order of the ANOVA term. The ANOVA decomposition is a valuable tool
for understanding the structure and behavior of functions and enables to focus
on the most significant factors when constructing approximation models. It
has extensively been used for the analysis of quasi-Monte Carlo methods for
integration, see e.g. [CMO97, LO02, LO06, Sob01, GH10] and references therein.
Applications to sparse grids can be found in [BG04, Gri06, Heg03, Hol11].
In general, the ANOVA decomposition (Analysis of variance) is given by

f(x) = f∅ +
d∑

i=1

f{i}(xi) +
d∑

i̸=j=1

f{i,j}(xi, xj) + · · ·+ f[d](x)

=
∑

u∈P([d])

fu(xu). (3.1)

It is common to refer to the terms fu where |u| = q collectively as the order-q
terms. In general, there are many possibilities for a decomposition (3.1). Indeed,
an arbitrary choice of fu for all |u| < d can be accommodated by taking f[d]
to be f minus all the other terms. But with some additional conditions the
decomposition is unique. Typically, one demands orthogonality of the involved
terms with respect to some densitiy µ. In this thesis, this density µwill always
be the density of the samplesX . In this chapter, we study the domainΩ = Rd,
which includes also the following cases considered in this thesis:

In the periodic settingΩ = Td, we choose

suppµ ⊆ [− 1
2 ,

1
2 ]
d.

Especially, for uniformly distributed samples on Td, which is studied in
detail in Sections 3.2, 4.1, and 5.1, we choose

µ(x) =

{
1 if x ∈ [− 1

2 ,
1
2 ]
d,

0 otherwise.

The ANOVA decomposition with respect to this density is considered in
Remark 3.6. The same setting with respect to the wavelet decomposition is
given in Section 3.2.
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For non periodic functions on the cubeΩ = [0, 1]d, we choose the density
µ with suppµ ⊆ [0, 1]d. We will study this case in more detail in Section
4.2.2.

For the approximation of functions on Ω = Rd with suppµ ⊆ Rd, we
will use a transformation from the torus in Section 4.2 or random Fourier
features in Section 3.4.

A discretemeasure on sampling pointsx ∈ X is considered in Remark 3.21.
An ANOVA decomposition with respect to this measure is only possible
with further requirements to the sampling pointsX , i.e. they have to have
a grid structure.

We focus on the classical and the generalized ANOVA decomposition and give
the main well-known characteristics in the following, fully described in [PW24]
for the classical ANOVA decomposition of periodic functions and in [PW25] for
dependent input variables onRd.

Mostly, in the literature the ANOVA decomposition is defined only for indepen-
dent input variables, which means that the density µ is a tensor product

µ(x) =
∏

i∈[d]

µi(xi). (3.2)

However, the classical ANOVA decomposition can be generalized to non tensor
product densities, see for example [LR12, Rah14, Hoo07]. In any case, we define
themarginal probability density functions by

µu(xu) :=

∫

Rd−|u|
µ(x) dxuc , (3.3)

where∅ ̸= u ⊆ [d]. If the density µ is a tensor product, all marginal probability
density functions are also tensor products,

µu(xu) =
∏

i∈u

µi(xi).

By demanding orthogonality, the ANOVA decomposition is unique. For that
reason define for f ∈ L2(Rd, µ) the scalar product

⟨fu, fv⟩µ :=

∫

Rd
fu(xu)fv(xv)µ(x) dx (3.4)

=

∫

R|u∪v|
fu(xu)fv(xv)µu∪v(xu∪v) dxu∪v.
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Fordependent input variables, theuniqueness of theANOVAdecomposition (3.1)
is only possible under mild conditions on µ. For degenerate distributions, for
example a bivariate distribution having x1 = x2, the function f(x1, x2) can be
exactly represented by either f1(x1) = f(x1, x2) or f2(x2) = f(x1, x2), which
definitely has nomeaningful unique decomposition. The regularity condition
that we require is grid closure, see also [Hoo07].
Definition 3.1 (grid-closed). A setΩ ⊆ Rd is grid-closed if for any x ∈ Ω and
u ⊆ [d] there exists y ̸= x ∈ Ω, such that yu = xu. A measure µ is said to be
grid-closed if suppµ is grid-closed. △
Grid-closure is a weak condition implied by most common regularity conditions.
In particular, any open set is grid closed. Following [Hoo07, Theorem 2], every
grid-closed density µ results in the unique decomposition described by the
following.
Definition 3.2 (ANOVA decomposition). Let f ∈ L2(Rd, µ), then the ANOVA
decomposition is the unique decomposition (3.1), which fulfills

for tensor-product density µ, the integral conditions
∫

R
fu(xu)µi(xi) dxi = 0 for all i ∈ u and for all∅ ̸= u ⊆ [d] (3.5)

for all xu\i ∈ R|u|−1.
for grid-closed density µ the integral conditions
∫

R
fu(xu)µu(xu) dxi = 0 for all i ∈ u and for all∅ ̸= u ⊆ [d] (3.6)

for all xu\i ∈ R|u|−1.
The marginal probability density functions µu are defined in (3.3). The first case
is referred to as classical ANOVA decomposition. △
For independent input variables on [0, 1]d see for example [CMO97, LO06,Hol11].
The following lemma is given in [Hoo07, Lemma 1].
Lemma 3.3. The integral conditions from the Definition 3.2 are fulfilled for
f ∈ L2(Rd, µ) if

for tensor-product density µ the orthogonality condition

⟨fu, fv⟩µ = 0 for all v ̸= u ⊆ [d]. (3.7)

is fulfilled.
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for grid-closed density µ the hierarchical orthogonality condition

⟨fu, fv⟩µ = 0 for all v ⊂ u ⊆ [d]. (3.8)

is fulfilled.

The inverse of this lemma is not true: For amean zero function the choice f[d] = f
and all other terms equal to 0 fulfill all orthogonality conditions, but in general
not the integral condition (3.6).
The classical ANOVA decomposition for a tensor product density µ is used more
often in the literature. Indeed, if the densityµ is a tensor product, the hierarchical
orthogonality conditions (3.8) are equivalent to (3.7): If (3.8) is fulfilled, foru ̸= v
there exists an index i ∈ [d]with i ∈ u and i /∈ v. Then,

⟨fu, fv⟩µ =

∫

Rd−1

fv(xv)µic(xic)

(∫

R
fu(xu)µi(xi) dxi

)
dxic = 0, (3.9)

since∅ ⊂ u.
The classical ANOVA terms are calculated iteratively, an alternative coupled
system of equations for the general case was introduced in [Rah14].
Theorem 3.4. Let f be in L2(Rd, µ), then

f∅ =

∫

Rd
f(x)µ(x)dx. (3.10)

For a subset∅ ̸= u ⊆ [d] the ANOVA terms,

if µ is tensor product density, defined recursively by

fu(xu) =

∫

Rd−|u|
f(x)µuc(xuc) dxuc −

∑

v⊂u

fv(xv), (3.11)

fulfill the orthogonality condition (3.7).
if µ is a grid-closed density, defined by the coupled system of equations

fu(xu) =

∫

Rd−|u|
f(x)µuc(xuc) dxuc −

∑

v⊂u

fv(xv)

−
∑

∅̸=v⊆[d]

v∩u̸=∅,v ̸⊆u

∫

R|v∩uc|
fv(xv)µv∩uc(xv∩uc) dxv∩uc (3.12)

fulfill the orthogonality condition (3.8).
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Proof. The main idea is to show the integral conditions (3.6). The first part is
a generalization of [LPU23, Lemma 2.5.]. The proof is by induction on |u|. For
u = {i}, condition (3.5) follows easily from (3.11). Now suppose that

∫

R
fv(xv)µi(xi) dxi = 0

for i ∈ v whenever 1 ≤ |v| ≤ r < d. Choose uwith |u| = r + 1 and pick i ∈ u.
To complete the induction, we calculate

∫

R
fu(xu)µi(xi) dxi

=

∫

R



∫

Rd−|u|
f(x)µuc(xuc) dxuc −

∑

v⊆u

fv(xv)


µi(xi) dxi

=

∫

R

∫

Rd−|u|
f(x)µuc∪i(xuc∪i) dxuc dxi −

∑

v⊆u

∫

R
fv(xv)µj(xj) dxi

= fu\i(xu\i) +
∑

v⊂u

i/∈v

fv(xv)−
∑

v⊆u

i/∈v

fv(xv) = 0.

For the generalizedANOVAdecompositionwe refer to [Rah14, Theorem4.4.].

Note, that the ANOVA terms fu are not in L2(R|u|), but fu ∈ L2(R|u|, µu).

In [LPU23] we studied the caseΩ = Td and uniform µ = 1
[− 1

2 ,
1
2 ]
, which can be

easily extended to a general tensor product domainΩ and tensor product density
µ. Hooker [Hoo07] proposed finding component functions fu by minimizing a
mean-squared error subject to the hierarchical orthogonality (3.8).

The following theorem states the classical ANOVA decomposition for tensor
product densities with respect to an orthonormal system. This connection was
used in [PS21a] with the Fourier basis, in [PS22] with polynomials and will be
used in Section 3.2 for Chui-Wang wavelets.

Theorem 3.5. Let µ(x) =
∏
i∈d µi(xi) be a tensor product with µi = µj for all

i, j ∈ [d] and (ek(x))k∈Z be an one-dimensional orthonormal basis with respect
to µ1 where e0(x) is a constant. Let furthermore the function f ∈ L2(Rd, µ) be
described by

f(x) =
∑

k∈Zd
ak
∏

i∈[d]

eki(xi).
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If furthermore, ∫

R
ek(x) dx = δ0,k,

then the classical ANOVA decomposition of f is

fu(xu) =
∑

k∈Iu

ak(f)eku(xu), where Iu = {k ∈ Zd | suppk = u}. (3.13)

Proof. We show that for the in (3.13) defined terms fu the integral conditions
(3.5) are fulfilled, which are equivalent to (3.8). For i ∈ uwe calculate

∫

R
fu(xu)µu(xu) dxi =

∫

R

∑

k∈Iu

ak(f)eku(xu)
∏

j∈u

µj(xj) dxi

=
∑

k∈Iu

ak(f)
∏

j∈u\i

(
ekj (xj)µkj (xj)

) ∫

R
eki(xi)µki(xi) dxi = 0.

The most important aspect in the previous theorem is the connection

k ∈ Iu ⇔ suppk = u (3.14)

between the index k and the ANOVA index u. This decomposition is illustrated
in Figure 3.1. Note, that the main drawback is that this theory is only applicable
for independent input variables, i.e. tensor product densities.

Remark 3.6 (The trigonometric polynomials and the ANOVA decomposition).
The work [PS21a] is based on a simple connection between the Fourier coeffi-
cients ck(f), defined in (2.17), of a function f on Td and the ANOVA index u
from (3.11). Therefore, the orthonormal basis ek(x) = e2πi⟨k,x⟩ with respect
to the uniform density on Td is used. According to Theorem 3.5 the function
f ∈ L2(Td)with

f(x) =
∑

k∈Zd
ck(f) e

2πi⟨k,x⟩,

is decomposed by

fu(x) =
∑

k∈Iu

ck(f)e
2πi⟨k,x⟩, where Iu = {k ∈ Zd | suppk = u}. (3.15)

This leads to a decomposition of the frequency domain, which is an example of
(3.14) and is illustrated in Figure 3.1. △

54



3.1. THE ANOVA DECOMPOSITION

k ∈ Z3

=

k = 0

+

suppk = {1}

+

suppk = {2}

+

suppk = {3}

+

suppk = {1, 2}

+

suppk = {1, 3}

+

suppk = {2, 3}

+

suppk = {1, 2, 3}

Figure 3.1 : Illustration of the decomposition of the three-dimensional
frequency domain Z3 in (3.14) into the lower dimensional parts with
respect to the ANOVA terms u ∈ P([d]).

In [PS22] the decomposition with respect to polynomial basis is studied. We will
transfer this analysis to the wavelet decomposition in Section 3.2, to transformed
functions in Section 3.3 and additionally we will use the generalized ANOVA
decomposition to study even dependent input variables in Section 3.4. For non
tensor product densities it is not that easy to find an orthonormal basis, such that
there is a connection like (3.14). For the generalized ANOVA decomposition we
have to find for every index set u an orthonormal basis eku(xu) in L2(R|u|, µu),
which fulfills ∫

R
eku(xu)µu(xu) dxi = 0 for all i ∈ u, (3.16)

in order to receive the connection (3.13). Since it is not possible for a general
density µ to find such an orthonormal basis, we will develop in Section (5.3) algo-
rithms to derive the generalized ANOVA decomposition without an orthonormal
system ek. However, in the following we give a rather theoretical example for an
orthonormal basis on an arbitrary density.
Example 3.7. Let the density µ be a weighted convex combination of character-
istic functions on cubes,

µ(x) =
1

ad

(a−1)1∑

i=0

wiχ[ ia ,
i+1
a ],

where χ is the characteristic function. Let the nonnegative weights wi fulfill∑n
i=1 wi = 1 and [ ia ,

i+1
a ] := {x ∈ [0, 1]d | i

a ≤ x ≤ i+1
a } are small cubes
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dividing the cube [0, 1]d into equal parts. Then the marginal distribution func-
tions µu are also piecewise constant on the small cubes. For every index setu an
orthonormal basis eku(xu) is given by the union of the orthonormal basis for
the uniform density on the cube, scaled to the grid χ[ ia ,

i+1
a ] and united for all

smaller cubes with index iwith 0 ≤ i ≤ a−1. For example, one can use wavelet
functions ψper

j,k(x) defined in (2.44) with ju ≥ 0 and jc = 0 like described in
Section 3.2. △
Before showing explicit examples for the ANOVA decomposition, we show in
the following new lemma how the generalized ANOVA decomposition can be
derived analytically at least in some special case for two dimensions. Up to now,
there is no explicit formula known for computing the generalized ANOVA terms
in arbitrary dimension d, due to the dependencies of the variables and resulting
dependencies of the ANOVA terms. In the followingwe state an alternative way to
the coupled system in Theorem 3.4, which shows that even in the simplest case
of a two-dimensional function f it is not possible to calculate the generalized
ANOVA decomposition easily.
Lemma 3.8. In the two-dimensional case, i.e. d = 2, the generalized ANOVA
decomposition for grid-closed density µ can be determined as follows. Denote
by δj,k the Kronecker delta and the integral operators T1, T2 : L1(R)→ L1(R) by

T1k1(x1) :=

∫

R
k1(x̃1)

(
δx1,x̃1

µ1(x̃1)−
∫

R

µ(x̃1, x2)µ(x1, x2)

µ2(x2)
dx2

)
dx̃1,

T2k2(x2) :=

∫

R
k2(x̃2)

(
δx2,x̃2

µ2(x̃2)−
∫

R

µ(x1, x̃2)µ(x1, x2)

µ1(x1)
dx1

)
dx̃2,

which only depend on the density µ. The marginal distribution functions µu are
defined in (3.3). Denote furthermore the functions

h1(x1) :=

∫

R
f(x)µ2(x2) dx2

h2(x2) :=

∫

R
f(x)µ1(x1) dx1

g1(x1) :=

∫

R

∫

R
(−f(x̃1, x2) + h1(x̃1))µ(x̃1, x2) dx̃1

µ(x)

µ2(x2)
dx2

+

∫

R
f(x)µ(x) dx2,

g2(x2) :=

∫

R

∫

R
(−f(x1, x̃2) + h2(x̃2))µ(x1, x̃2) dx̃2

µ(x)

µ1(x1)
dx1

+

∫

R
f(x)µ(x) dx1.

56



3.1. THE ANOVA DECOMPOSITION

If the operators T1 and T2 are invertible, the generalized ANOVA decomposition
is given by

f∅ =

∫

Rd
f(x)µ(x)dx,

f1(x1) =

∫

R
f(x)µ2(x2) dx2 − f∅ − T−1

1 (g1(x̃1))

f2(x2) =

∫

R
f(x)µ2(x2) dx2 − f∅ − T−1

2 (g2(x̃2))

f1,2(x) = f(x)− f1(x1)− f2(x2)− f∅.

Proof. In any case the constant f∅ can be calculated by (3.10). In the two-
dimensional case the coupled system (3.12) reads

f1(x1) =

=:h1(x1)︷ ︸︸ ︷∫

R
f(x)µ2(x2) dx2−f∅ −

=:k1(x1)︷ ︸︸ ︷∫

R
f1,2(x)µ2(x2) dx2, (3.17)

f2(x2) =

=:h2(x2)︷ ︸︸ ︷∫

R
f(x)µ1(x1) dx1−f∅ −

=:k2(x2)︷ ︸︸ ︷∫

R
f1,2(x)µ1(x1) dx1, (3.18)

f1,2(x) = f(x)− f∅ − f1(x1)− f2(x2)
= f(x) + f∅ − h1(x1)− h2(x2) + k1(x1) + k2(x2). (3.19)

The functions h1 and h2 can be determined analytically from the function f
and the density µ. The functions k1 and k2 are the missing ingredients for the
generalized ANOVA decomposition. For our case d = 2, we have µ(x) = µ1,2(x),
so we use the integral condition (3.6) for u = {1, 2}, and obtain for all x2 ∈ R,

0 =

∫

R
f1,2(x)µ(x) dx1

=

∫

R
(f(x) + f∅ − h1(x1)− h2(x2) + k1(x1) + k2(x2))µ(x) dx1

=

∫

R
(f(x)− h1(x1) + k1(x1))µ(x) dx1 + (f∅ + k2(x2)− h2(x2))µ2(x2).

(3.20)

Reordering terms and exploring the analogues equality gives the coupled system

∀x2 ∈ R :

∫

R
k1(x1)µ(x) dx1 + k2(x2)µ2(x2)
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=

∫

R
(−f(x) + h1(x1))µ(x) dx1 + (−f∅ + h2(x2))µ2(x2)

∀x1 ∈ R :

∫

R
k2(x2)µ(x) dx2 + k1(x1)µ1(x1)

=

∫

R
(−f(x) + h2(x2))µ(x) dx2 + (−f∅ + h1(x1))µ1(x1).

Rearranging the first equality to k2(x2) at suppµ2 and inserting in the second
equality leads to

k2(x2) =
1

µ2(x2)

∫

R
(−f(x̃1, x2) + h1(x̃1))µ(x̃1, x2) dx̃1 − f∅ + h2(x2)

− 1

µ2(x2)

∫

R
k1(x̃1)µ(x̃1, x2) dx̃1

∀x1 ∈ R :

∫

R

∫

R
(−f(x̃1, x2) + h1(x̃1))µ(x̃1, x2) dx̃1

µ(x)

µ2(x2)
dx2

−
∫

R

∫

R
k1(x̃1)µ(x̃1, x2) dx̃1

µ(x)

µ2(x2)
dx2 + k1(x1)µ1(x1)

= −
∫

R
f(x)µ(x) dx2 + h1(x1)µ1(x1).

Rearranging terms containing the desired function k1 on one side and all other
terms on the other side gives
∫

R

∫

R
(−f(x̃1, x2) + h1(x̃1))µ(x̃1, x2) dx̃1

µ(x)

µ2(x2)
dx2 +

∫

R
f(x)µ(x) dx2

− h1(x1)µ1(x1)

= −
∫

R
k1(x̃1)

∫

R

µ(x̃1, x2)µ(x1, x2)

µ2(x2)
dx2 dx̃1 + k1(x1)µ1(x1)

=

∫

R
k1(x̃1)

(
δx1,x̃1µ1(x̃1)−

∫

R

µ(x̃1, x2)µ(x1, x2)

µ2(x2)
dx2

)
dx̃1 =: T1k1(x1),

where T1is the integral operator, which maps the function k1(x̃) to a function
depending on x1. By inverting this operator, we receive a solution function k1,
which then has to be substituted in the formula (3.17) for f1. The calculation of
f2 follows analogously.

If the densityµ aswell as the function f have tensor product structure, say f(x) =∏
i∈[d] hi(xi), also the ANOVA terms fu(xu) are constructed from products of

the one-dimensional functions hi and constants. In the generalized case, this
does not have to be the case, as the following example demonstrates.
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Example 3.9. We consider the ANOVA decomposition of the function

f(x1, x2) = x21x
3
2 (3.21)

for the different densities µ:
the two-dimensional examples of the Gaussian sampling density µG from
(2.10),
the uniform distribution on [0, 1]2 from (2.8),
the sum of three tensor product densities,

µ◳(x) = 1

3

(
µB,

1
2

(2x1, 2x2) + µB,
1
2

(2x1 − 1, 2x2) + µB,
1
2

(2x1, 2x2 − 1)

)
,

(3.22)
which is supported on the L-shaped domain

{x ∈ [0, 1]2 | x1 ≤ 1
2 or x2 ≤ 1

2},

and the Beta distribution µB, 12
, which was defined in (2.9).

Figure 3.2 shows random samples from this density and the corresponding
marginal distributions,

µ1(x1) =
2

3
µB, 12

(2x1) +
1

3
µB, 12

(2x1 − 1).

Note, that µG and µU are tensor product densities and µ◳ requires the general-
ization of the ANOVA decomposition.
With respect to the tensor product densities, the ANOVA decomposition can be
easily calculated using equation (3.11). For the decomposition with respect to
the density µ◳ we use Lemma 3.10. The ANOVA decompositions are shown in
Figure 3.3.
Consider augmentingf withanextra termf□ = 10 max{0, x1− 1

2}2 max{0, x2−
1
2}2, which is supported on the setA := {x ∈ [0, 1]2 | x1 > 1

2 , x2 >
1
2}, where

the density µ◳ is zero. That means, that the decomposition with respect to µ◳
can not distinguish between f and f + f□, while the ANOVA decomposition
with respect to µU is clearly influenced by f□ and this discrepancy can be made
arbitrarily large depending on f□. △
In Example 6.1 we will later apply different algorithms to samples drawn from
µ◳ and show the usefulness of the generalized ANVOVA decomposition.
In the following new lemma we calculate the generalized ANOVA decomposition
in some special case.

59



CHAPTER 3. THE ANOVA DECOMPOSITION

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

x1

x
2

0 0.5 1

0.5

1

1.5

2

xi

Figure 3.2 : Left: 100 random samples from distribution µ◳. Right:
marginal distributions µ1 = µ2 of the distribution µ◳.

Lemma 3.10. Let d = 2, the density µ be a sum of three tensor products like µ◳,
which has the form

µ(x) =
1

3





η
(1)
1 (x1)η

(1)
2 (x2) if 0 ≤ x1 < 1

2 , 0 ≤ x2 < 1
2 ,

η
(1)
1 (x1)η

(2)
2 (x2) if 0 ≤ x1 < 1

2 ,
1
2 ≤ x2 < 1,

η
(2)
1 (x1)η

(1)
2 (x2) if 1

2 ≤ x1 < 1, 0 ≤ x2 < 1
2 ,

0 otherwise ,

where the functions η(j)i for i, j ∈ {1, 2} are normalized by 1 in the L1-norm.
Then, the generalized ANOVA decomposition with respect to this density is given
by the explicit relations

f∅ =

∫

[0,1]2
f(x)µ(x) dx,

f1(x1) =

∫ 1

0

f(x)µ2(x2) dx2 − f∅,

f2(x2) =

∫ 1

0

f(x)µ1(x1) dx1 − f∅,

f1,2(x) = f(x)−
∫ 1

0

f(x)µ2(x2) dx2 −
∫

01
f(x)µ1(x1) dx1 + f∅,

which simplify the coupled system of equations (3.12).

This result can be generalized to more complicated densities, but for the simplic-
ity of the notation we restrict ourselves to the mentioned case.

60



3.1. THE ANOVA DECOMPOSITION

−1 0 1
−1

0

1

x1

x
2

−0.4

−0.2

0

0.2

0.4

f(x1, x2) = x21x
3
2

↓

µ µG µU µ◳
f∅ 0 0.125 0.024

f1

−1 0 1

−0.5
0

0.5
1

0 0.5 1
−0.1

0

0.1

0 0.5 1

0

0.1

f2

−1 0 1
−1

0

1

0 0.5 1
−0.1

0
0.1
0.2

0 0.5 1

0

0.1

0.2

f{1,2}

−1 0 1
−1

0

1

0 0.5 1
0

0.5

1

0 0.5 1
0

0.5

1

Figure 3.3 : The ANOVA decomposition of the function (3.21) with re-
spect to the standard Gaussian distribution µG (variance γ = 1, mean
µ = 0), the uniform distribution µU on [0, 1]2, and the density µ◳
from (3.22). All plots of two-dimensional functions have the same color-
bar (cut at±0.5).
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Proof. The marginal distribution functions are, using (3.3),

µ1(x1) =
2
3η

(1)
1 (x1) +

1

3
η
(2)
1 (x1),

µ2(x2) =
2
3η

(1)
2 (x2) +

1

3
η
(2)
2 (x2).

Theorem 3.4 provides the following coupled equations,

f∅ =

∫

[0,1]2
f(x)µ(x) dx,

f1(x1) =

∫ 1

0

f(x)µ2(x2) dx2 − f∅ −
∫

R
f1,2(x)µ2(x2) dx2,

f2(x2) =

∫ 1

0

f(x)µ1(x1) dx1 − f∅ −
∫

R
f1,2(x)µ1(x1) dx1,

f1,2(x) = f − f1 − f2 − f∅

= f −
∫ 1

0

f(x)µ2(x2) dx2 −
∫

R
f(x)µ1(x1) dx1 + f∅

+

∫ 1

0

f1,2(x)µ2(x2) dx2 +

∫ 1

0

f1,2(x)µ1(x1) dx1. (3.23)

Due to the condition (3.6), for all x1 ∈ [0, 1]we have that

0 =

∫

R
f1,2(x)µ(x1, x2) dx2

=
1

3

(
η
(1)
1 (x1) + η

(2)
1 (x1)

)∫ 1
2

0

f1,2(x)η
(1)
2 (x2) dx2

+
1

3
η
(1)
1 (x1)

∫ 1

1
2

f1,2(x)η
(2)
2 (x2) dx2.

For some0 ≤ x1 < 1
2 withη

(2)
1 (x1) ̸= 0, this leads to

∫ 1/2

0
f1,2(x)η

(1)
2 (x2) dx2 = 0

and it follows that also
∫ 1
1/2
f1,2(x)η

(2)
2 (x2) dx2 = 0 . For the integrals in (3.23)

we calculate the following,
∫

R
f1,2(x)µ2(x2) dx2 =

∫

R
f1,2(x)

(
2

3
η
(1)
2 (x2) +

1

3
η
(2)
2 (x2)

)
dx2

=
2

3

∫ 1
2

0

f1,2(x)η
(1)
2 (x2) dx2 +

1

3

∫ 1

1
2

f1,2(x)η
(2)
2 (x2) dx2

= 0.
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Inserting this into (3.23) yields the desired result.

Remark 3.11 (Other knownmethods). In addition to the classical ANOVA de-
composition there is the anchored ANOVA decomposition, [DG14, KNP+17,
KSWW09, GKNW18] for independent input variables, which we will not specif-
ically address in this thesis. This coincides with choosing the Dirac measure,
µ(x) = δ(x − c). The point c, which is often arbitrarily selected, is called the
anchor point.
Besides the ANOVA decomposition, there are other global model-agnostic meth-
ods, which have disadvantages concerning our overall aim of approximating
a function from given samples X . The following summary of these methods
originates from [Mol22].

Partial dependence plots (PDP) show the marginal effect, one or two fea-
tures have on the predicted outcome of a machine learning model, [Fri00].
The partial dependence function is defined as

fu,PDP(xu) = Exuc
f(xu,xuc) =

∫

R|uc|
f(x)µuc(xuc) dxuc ,

where the features xuc are here treated as random variables. The partial
functions fu,PDP are estimated by calculating averages in the training data.
But requirement of the PDP is that the features inu are not correlated with
the features in uc.
Accumulated Local Effect (ALE) plots [AZ20] also provide a functional
decomposition, meaning that adding all ALE plots yields the prediction
function. ALE plots average the changes in the prediction and accumulate
them over a grid,

fu,ALE(xu) =

∫ xu

zu,0

Exuc

[
∂f(xu,xuc)

∂xu
| xu = zu

]
dzu − const.

The change is defined as the partial derivative, and for the actual compu-
tation, replaced by the differences in the predictions over an interval. It
appears an additional integral over z: One accumulates the local partial
derivatives over the range of features in set u, which gives the effect of
the feature on the prediction. For the actual computation, the z’s are re-
placed by a grid of intervals over which one computes the changes in the
prediction. Instead of directly averaging the predictions, the ALEmethod
calculates the prediction differences conditionally on features u and inte-
grates the derivative over features u to estimate the effect. The derivative
(or interval difference) isolates the effect of the featureof interest andblocks
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the effect of correlated features. The subtraction of a constant centers the
ALE plot so that the average effect over the data is zero.

ALE differs from the generalized ANOVA decomposition, as the compo-
nents are not orthogonal, but the authors call it pseudo-orthogonal. This
means, that the ALE effect with respect to the index set u of the ALE effect
fv,ALE is zero for u ̸= v and equals fv,ALE if v = u. △

Sensitivity Analysis
When decomposing a function into ANOVA terms it is of interest to identify the
ANOVA terms that are most relevant and influential in capturing the behavior of
the function. These terms represent the variables that have a substantial impact
on the variation of the function and play a significant role in its approximation.
By focusing on the dominant ANOVA terms and omitting or simplifying the
less significant ones, we can achieve a more efficient and effective function
approximation. This allows us to capture the essential characteristics of the
functionwhileminimizing the computational andmodeling complexity. In order
to get a notion of the importance of single terms compared to the entire function,
we define the variance with respect to µ of a function by

σ2(f) :=

∫

Rd

∣∣∣∣f(x)−
∫

Rd
f(x̃)µ(x̃) dx̃

∣∣∣∣
2

µ(x) dx =

∫

Rd
|f(x)|2µ(x) dx− f2∅.

(3.24)
The idea of the ANOVA decomposition is to analyze, which combinations of the
input variables xj play a role for the approximation of f , i.e. which ANOVA terms
are necessary to approximate the function f and which terms can be omitted.
The variances of the ANOVA terms indicate their importance, i.e. if an ANOVA-
term has high variance, this term contributes much to the variance of f . For
subsets u ⊆ [d]with u ̸= ∅ the Sobol indices, first introduced in [SS95], for the
classical ANOVA decomposition are defined as

Su(f) :=
σ2(fu)

σ2(f)
∈ [0, 1]. (3.25)

The orthogonality of the ANOVA terms (3.7) implies that the variance of f ∈
L2(Rd, µ) is decomposed as

σ2(f) =
∑

u⊆[d]

u̸=∅

σ2(fu)
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and therefore ∑

u⊆[d]

u̸=∅

Su(f) = 1. (3.26)

The global sensitivity index Su(f) represents the proportion of variance of f(x)
explained by the interaction between the variables indexed byu. The knowledge
of the indices is very helpful for understanding the influence of the inputs, the
computation of these relies on the computation of the integrals of equation (3.11).
But, as we will see later in Section 3.2, the coefficients can be approximated
effectively using a (semi-)orthonormal basis.
There exist many methods for calculating the Sobol indices Su from (3.25) of
a function of independent variables, see [CMO97, Hol11, LO06] and references
therein. In contrast, only a few methods, such as those presented in [CGP12,
Hoo07, KTA12, LR12, Rah14] are available for models with dependent or cor-
related input. In all literature, the Sobol indices (3.25) are generalized to the
following.
Definition 3.12 (Sobol indices). The Sobol indices for an ANOVA term fu mea-
suring the contribution of xu into the model, denoted by Su,var, Su,cor and Su
are given by

Su,var(f) :=
σ2(fu)

σ2(f)
,

Su,cor(f) :=
1

σ2(f)

∑

v⊆[d]

v ̸=u

⟨fu, fv⟩µ =
1

σ2(f)

∑

∅̸=v⊆[d]

v ̸⊆u̸⊆v

⟨fu, fv⟩µ,

Su(f) := Su,var(f) + Su,cor(f).

The first two indices Su,var and Su,cor represent the normalized versions of the
variance contributions and covariance contributions from fu to σ2(f). The
third index, Su, referred to as the total global sensitivity index is the sum of
variance and covariance contributions. △
When the random variables are independent, the covariance contributions to
the total sensitivity index Su,cor vanish for allu ⊆ [d], leaving only one sensitivity
index (3.25) for the classical ANOVA decomposition. The sum of the total Sobol
indices is, analogue to (3.26), equal to 1, but the indicesSu,cor(f) can be negative.

Assuming independent input variables

Many algorithms using the classical ANOVA decomposition benefit from the
tensor product structure of the density µ. In the following, we study the error
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between the generalized ANOVA decomposition and the classical ANOVA decom-
position if one assumes that the sampling densityµ is a tensor product of the one-
dimensional marginal distribution functions from (3.3), i.e. µ̃ =

∏
i∈[d] µi(xi).

This ensures that supp µ̃ ⊃ suppµ.
Let us show with the following negative example that the error between the
ANOVA terms f1 with respect to µ and g1 with respect to the tensor-product
density µ̃, i.e. |σ2(f1)− σ2(g1)|, can be arbitrary large, if the density µ and the
function f are sufficiently bad.
Example 3.13. Let f ∈ L2(R2, µ) ∩ L2(R2) and f =

∑
u∈P([d]) fu be the gener-

alized ANOVA decomposition with respect to the arbitrary density µ. Let further-
more f =

∑
u gu be the classical ANOVA decomposition of f with respect to the

tensor product density µ̃(x) =
∏
i∈[d] µi(xi).

Choose the function f as follows,

f∅ = 0, (3.27)
f1,2(x) ∈ L2(R2, µ1,2) fulfilling (3.6), (3.28)

f1(x1) = −C
∫

R
f1,2(x)µ2(x2) dx2 forC > 0. (3.29)

Then, the error between the components of order 1, f1 and g1 is

|σ2(f1)− σ2(g1)| =
∫

R

(
f2
1 (x1)− g21(x1)

)
µ1(x1) dx1

=

∫

R

((∫

R
(f(x)− f1,2(x))µ2(x2) dx2 − f∅

)2

−
(∫

R
f(x)µ2(x2) dx2 − g∅

)2)
µ1(x1) dx1

(3.27)
= −g2∅ + 2g∅

∫

R2

f(x)µ1(x1)µ2(x2) dx

+

∫

R

((∫

R
(f(x)− f1,2(x))µ2(x2) dx2

)2

−
(∫

R
f(x)µ2(x2) dx2

)2
)
µ1(x1) dx1

= g2∅ +

∫

R

(∫

R
f1,2(x)µ2(x2) dx2

)2

µ1(x1) dx1

− 2

∫

R

(∫

R
f(x)µ2(x2) dx2

)
·
(∫

R
f1,2(x)µ2(x2) dx2

)
µ1(x1) dx1,

we insert f(x) = f1(x1) + f2(x2) + f1,2(x),

(3.6)
= g2∅ +

∫

R

(∫

R
f1,2(x)µ2(x2) dx2

)2

µ1(x1) dx1
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− 2

∫

R

(∫

R
f1(x1) + f1,2(x)µ2(x2) dx2

)
·
(∫

R
f1,2(x)µ2(x2) dx2

)
µ1(x1) dx1

(3.29)
= g2∅ −

∫

R

(∫

R
f1,2(x)µ2(x2) dx2

)2

µ1(x1) dx1

+ 2C

∫

R

(∫

R
f1,2(x)µ2(x2) dx2

)2

µ1(x1) dx1

= g2∅ + (2C − 1)

∫

R

(∫

R
f1,2(x)µ2(x2) dx2

)2

µ1(x1) dx1. (3.30)

This expression can be arbitrarily large: In (3.30) the last term becomes large for
largeC, such that the relative error

|σ2(f1)− σ2(g1)|
σ2(f1)

≥ (2C − 1).

Note that this case cannot occur for tensor product density. △

Due to the lack of an iterative formula for calculating the generalized ANOVA
decomposition like (3.11) in the tensor product case, it is not possible to give
general estimates for |σ2(fu)− σ2(gu)|. The following lemma gives estimates
about the error between the Sobol indices of the generalized ANOVA decomposi-
tion and assuming independence of the variables, at least for the constant term.
This is a new result, appearing first in this thesis.

Lemma 3.14. Let f ∈ L2(Rd, µ) ∩ L2(Rd) and f =
∑

u∈P([d]) fu be the gen-
eralized ANOVA decomposition with respect to the arbitrary density µ. Let fur-
thermore, f =

∑
u gu be the classical ANOVA decomposition of f with respect

to the tensor product density µ̃(x) =
∏
i∈[d] µi(xi), where µi are the marginal

distribution functions from (3.3). Then,

|f∅ − g∅| ≤ ∥f∥L2(Rd) ∥µ− µ̃∥L2(Rd) , or

|f∅ − g∅| ≤
∑

u∈P([d])

∥fu∥L2(R|u|,
∏
i∈u µi)

(∫

suppµu

−1 + µ2
u(xu)∏

i∈u µi(xi)
dxu

)1/2

.

In the first case f has to be in L2(Rd) and in the second case the density µ and
the ANOVA terms must satisfy that the occurring terms are finite.
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Proof. We expand f onRd\ suppµ by zero. Then, by Cauchy-Schwarz inequality,

|f∅ − g∅| =

∣∣∣∣∣∣

∫

Rd
f(x)µ(x) dx−

∫

Rd
f(x)

∏

i∈[d]

µi(xi) dx

∣∣∣∣∣∣

≤
(∫

suppµ

|f(x)|2 dx
)1/2



∫

Rd


µ(x)−

∏

i∈[d]

µi(xi)




2

dx




1/2

= ∥f∥L2(Rd) ∥µ− µ̃∥L2(Rd) ,

which is zero ifµ itself is a tensor-product. If, for example, the higher dimensional
ANOVA terms of f are zero, we have that f /∈ L2(Rd), but in this case we show
the second bound in the lemma by

|f∅ − g∅| =

∣∣∣∣∣∣

∫

Rd
f(x)µ(x) dx−

∫

Rd
f(x)

∏

i∈[d]

µi(xi) dx

∣∣∣∣∣∣

=

∣∣∣∣∣∣
∑

u∈P([d])

∫

R|u|
fu(xu)µu(xu) dxu −

∫

R|u|
fu(xu)

∏

i∈u

µi(xi) dxu

∣∣∣∣∣∣

≤
∑

u∈P([d])

∣∣∣∣∣

∫

R|u|
fu(xu)

(
µu(xu)−

∏

i∈u

µi(xi)

)
dxu

∣∣∣∣∣

≤
∑

u∈P([d])

(∫

R|u|
|fu(xu)|2

∏

i∈u

µi(xi) dxu

)1/2

·



∫

R|u|

∏

i∈u

1

µi(xi)

(
µu(xu)−

∏

i∈u

µi(xi)

)2

dxu




1/2

=
∑

u∈P([d])

∥fu∥L2(R|u|,
∏
i∈u µi)

·
(∫

suppµu

−1 + µ2
u(xu)∏

i∈u µi(xi)
dxu

)1/2

.

This finishes the proof.

For summarizing this section, we give in Table 3.1 an overview on the differ-
ences between classical and generalized ANOVA decomposition and how we will
consider them in rest of this thesis.
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Classical ANOVA Generalized ANOVA
Conditions to sampling density µ

independent input variables dependent input variables
tensor product µ grid closed µ, Def. 3.1

Orthogonality conditions
⟨fu, fv⟩µ = 0 ∀v ̸= u, (3.7) ⟨fu, fv⟩µ = 0 ∀v ⊂ u, (3.8)

Possible function system ek
ONB w.r.t. ⟨·, ·⟩µ: overdetermined system:
↪→wavelets, Section 2.3 ↪→ RFF, Section 2.5
↪→ transformed basis, Section 2.4
↪→ trigonometric polynomials, [PS21a]

Decomposition in frequency domain
explicit relation between k and u connection u↔ ω
↪→wavelets: Thm. 3.15 ↪→ RFF: Section 3.4
↪→ trigonometric polynomials: Rem. 3.6

Sesitivity analysis/ Sobol indices
Su(f): (3.25) Su,var(f), Su,cor(f), Su(f):

Def. 3.12
approximated by:
↪→wavelets: Su(f#), (3.34) ↪→ RFF: SXu (f), (5.30) to (5.32)
↪→ RFF: SXu (f#), (5.25)

Table 3.1 : Summary of the differences between the classical and the
generalized ANOVA decomposition and where which setting is studied
in this thesis. Note, that the wavelets have two indices j, k instead of one
index k.
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3.2 ANOVA decomposition for Chui-Wang wavelets
on Td

The curse of dimensionality in the wavelet setting is present if we use 2n wavelet
coefficients for every dimension separately, i.e. in total N = O(2nd) parame-
ters, which possesses the assumption that f ∈ Hs(Td). The slightly stronger
assumption f ∈ Hs

mix(Td) already reduces the rank of the projection operator
Pnf , defined in (2.48), toN = O(2nnd−1), by allowing to use a hyperbolic index
set, see Lemma 4.15.

In this section, we calculate the Sobol indices Su(f#) defined in (3.25) for func-
tions, which are linear combinations of the periodic wavelet functions, i.e. are
of the form f# =

∑
j,k aj,kψ

per
j,k and aiming to approximate f by f#. Know-

ing these indices Su(f#), we reduce the number of parameters by omitting the
ANOVA terms which do not play a role in describing the variance of a function
f ∈ L2(Td).

Using the basis functions ψper
j,k , the coefficient vector a = (aj,k)j∈J ,k∈Ij

, is the
crucial information, which describes the approximant f#. We follow [LPU23],
where the following theorem was shown.

Theorem 3.15. Let µ = 1 be the uniform density on Td and f# ∈ L2(Td) be a
function in the periodic wavelet space written as

f#(x) =
∑

j≥−1

∑

k∈Ij

aj,kψ
per
j,k(x). (3.31)

Furthermore, let f# be decomposed in ANOVA terms f#u , see (3.11). These terms
are

f#u (xu) =
∑

ju≥0

∑

k∈I↑ju

a↑ju,k ψ
per
ju,ku

(xu),

where we define the notion for up-sampling ↑ : R|u| → Rd, given by

(↑ ju)i =
{
ji if i ∈ u,

−1 otherwise.
(3.32)

Define the matrices

Lj :=
(
lj,k−k′

)
k∈Ij ,k′∈Ij

=
d⊗

i=1

circ
(
(lji,ki)ki∈Iji

)
, (3.33)
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where

lj,k :=
d∏

i=1

⟨ψper
ji,0

, ψper
ji,ki
⟩ =

d∏

i=1

∫

T
ψper
ji,0

(xi)ψ
per
ji,ki

(xi) dx

and the circulantmatrices circy ∈ Cr×r are definedby (circy)i,j = yi−j+1 mod r

and⊗ denotes the Kronecker product of matrices. Then the Sobol indices Su(f#)
from (3.25) of the ANOVA terms for∅ ̸= u ⊆ [d] are given by

Su(g) =
σ2(f#u )

σ2(f)
=

∑
ju≥0 a

⊤
↑ju

L↑ju
a↑ju∑

j≥−1 a
⊤
j Ljaj

, (3.34)

where we denote the vectors aj = (aj,k)k∈Ij
.

Proof. We use (3.11) to determine the ANOVA terms. Furthermore, the vanishing
moments of the wavelet function ψmeans in the perioidzed case that

∫

T
ψper
j,k (x) dx = δj,−1 for all k ∈ Ij .

We proceed by induction on |u|, starting with

f#∅ =

∫

Td

∑

j≥−1

∑

k∈Ij

aj,kψ
per
j,k(x) dx = a−1,0.

The induction step is as follows,

f#u (xu) =

∫

Td−|u|

∑

j≥−1

∑

k∈Ij

aj,kψ
per
j,k(x) dxuc −

∑

v⊂u

f#v (xv)

=
∑

ju≥−1

∑

k∈I↑ju

a↑ju,kψ
per
ju,ku

(xu)−
∑

jv≥0

∑

k∈I↑jv

a↑jv,kψ
per
jv,kv

(xv)

=
∑

jv≥0

∑

k∈I↑ju

a↑ju,kψ
per
ju,ku

(xu).

Fordetermining thevariancesof these terms,weuse the fact that ⟨ψper
j1,k1

, ψper
j2,k2
⟩ =

0, if j1 ̸= j2, see (2.40). Hence,

σ2(f#u ) =

∫

T|u|
f#u (xu) dxu =

∫

T|u|




∑

ju≥0

|ju|1≤n

∑

k∈I↑ju

a↑ju,kψ
per
ju,ku

(xu)




2

dxu

=
∑

ju≥0

∫

T|u|


 ∑

k∈I↑ju

a↑ju,kψ
per
ju,ku

(xu)




2

dxu

71



CHAPTER 3. THE ANOVA DECOMPOSITION

=
∑

ju≥0

∑

k∈I↑ju

∑

ℓ∈I↑ju

a↑ju,kua↑ju,ℓu

∫

T|u|
ψper
ju,ku

(xu)ψ
per
ju,ℓu

(xu) dxu

=
∑

ju≥0

a⊤
↑ju

L↑ju
a↑ju

.

This finishes the proof.

This theorem tells us that in the description of a function f# ∈ L2(Td) in terms
of wavelets like in (3.31), there is a connection between the ANOVA-terms f#u
and the indices j,

(aj,kψ
per
j,k ↔ f#u )⇔ ju ∈ N|u|

0 , juc = −1. (3.35)

Note, there are only a few different matrix entries in the matrices Lj . Hence,
these few entries only have to be precomputed and with (3.34) the Sobol indices
Su(f#) can be computed in a fast way.
This motivates to split the index set Jn, see (2.49), into

Jn,u := {j ∈ Zd | j ≥ −1, juc = −1, |ju|1 ≤ n} (3.36)
Jn,U :=

⋃

u∈U
Jn,u. (3.37)

and generalize the projection operator Pnf , defined in (2.48), to

Pn,Uf :=
∑

j∈Jn,U

∑

k∈Ij

⟨f, ψper,∗
j,k ⟩ψ

per
j,k . (3.38)

The corresponding function spaces Vn(Td), defined in (2.50), are decomposed
by

Vn,U (Td) := ⊕
j∈Jn,U

Wj(Td). (3.39)

We illustrate this connection in Figure 3.4.

3.3 ANOVA decomposition and transformations
In (3.11) we defined the ANOVA terms fu(xu) for functions with domainRd. But
we point out again, that this includes also the caseΩ ∈ {Td, [0, 1]d,Rd}, see also
the listing at the beginning of Section 3.1.
In Section 3.2 we showed the relation (3.35) between the ANOVA index u and
the wavelet index set j ∈ Jn. The transformation from [PW24], introduced in
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J3
=

J3,∅
+

J3,{1}

J3,{2}

J3,{3}

+ J3,{1,2}
J3,{1,3}

J3,{2,3}

+ J3,{1,2,3}

Figure 3.4 : Illustration of the ANOVA indices of the projection operator
P3f in d = 3 dimensions: Every cuboid belongs to one index j. The size
represents the number of translation indices k ∈ Ij , which gives this
dyadic structure. All indices inJ3 are decomposed into indices belonging
to the ANOVA terms with index u ⊆ [3].

Section 2.4, transforms a function f from the torus to a tensor product domain
Ωwith tensor product density µ.

The transformationR from (2.52) preserves the ANOVA structure of the function.
We will give details in the following. Denote forΩi ∈ {T,R} for all i ∈ [d],

Ru(xu) = (Ri(xi))i∈u .

The ANOVA decomposition of a periodic functions on the torus is calculated
in Theorem 3.15. Transforming this decomposition back to Ω, we receive the
ANOVAdecomposition (3.11). This is shownby the following Lemma from [PW24,
Lemma 3.1.].

Lemma 3.16. LetΩi ∈ {T,R} for all i ∈ [d]. The ANOVA terms defined in (3.11)
are the same as the transformed terms of the periodic function f ◦ R−1 : Td → C
with the transformation defined in (2.52),

(f ◦ R−1)u(Ru(xu)) = fu(xu).

Proof. We defined the ANOVA terms onΩ as well as the terms on Td recursively,
see (3.11). Hence, we show the assertion by induction over the order |u|with the
help of the substitutionR(x) = y,

(f ◦ R−1)∅ =

∫

Td
f(R−1(y))dy =

∫

Ω

f(x)µ(x) dx = f∅,

(f ◦ R−1)u(Ru(xu)) = (f ◦ R−1)u(yu)

=

∫

T|uc|
f(R−1(y)) dyuc −

∑

v⊂u

(f ◦ R−1)v(yv)
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=

∫

Ωuc

f(y)µuc(xuc) dxuc −
∑

v⊂u

(f ◦ R−1)v(Ru(xv))

=

∫

Ωuc

f(x)µuc(xuc) dxuc −
∑

v⊂u

fv(xv) = fu(xu).

This gives the assertion.

The nonperiodic case on the cube

For the nonperiodic case where Ω = [0, 1]d, the multivariate version of the
transformR from (2.52) is

Ru(xu) = (Ri(xi))i∈u =

(
η + (1− η)

∫ xi

0

µi(t) dt− 1
2

)

i∈u

.

The domain of the transformed function f ◦ R−1 is denoted by

Td□ := [− 1
2 + η, 12 ]

d.

With the corresponding density

µ□(x) :=

{
1

(1−η)d if xu ∈ Td□,
0 otherwise.

(3.40)

The ANOVA decomposition is also in this case transformed from [0, 1]d to Td□.
The following corollary follows with the same arguments as Lemma 3.16.
Corollary 3.17. Let Ω = [0, 1]d and µ : [0, 1]d → R be the sampling density.
The ANOVA terms defined in (3.11) are the same as the transformed terms of the
periodic function f ◦ R−1 with respect to the density µ□, given in (3.40), i.e.

(f ◦ R−1)u(Ru(xu))︸ ︷︷ ︸
on Td

□
w.r.t. µ□

= fu(xu)︸ ︷︷ ︸
on [0,1]d w.r.t. µ

.

Once an index setU is fixed and one approximates f by TUf , the transformation
with respect to U collects all transformationsRu for all u ∈ U . Then, the exten-
sion parameter η is chosen depending on the maximal superposition dimension
q = maxu∈U |u|.
Our procedure uses a transformation R from [0, 1] to T, which transforms the
original function f to Td□ and extends the function on Td\Td□ with the aim to
use approximation methods for periodic functions. In contrast to that, for some

74
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distributions µ on the cube there are orthogonal systems with respect to this
density µ known, which can also be used for the ANOVA decomposition, for
example the following.

The half-period cosine basis

ek(x) = cos(π ⟨k,x⟩) =
∏

i∈[d]

cos(πkixi), k ∈ Zd

for the uniform distribution on the cube [0, 1]d was considered in [PS22].

The tensorized Chebyshev polynomials of first kind,

ek(x) =
∏

i∈[d]

cos(ki arccos(xi)), k ∈ Zd

formanorthonormalbasiswith respect to thedensityµ(x) =
∏
i∈[d]

1√
1−x2

i

on [−1, 1]d, see for example [KUV21, Section 10.3] or [CD22]. This basis
corresponds to our setting by transforming the half-period cosine basis
from [0, 1]d to [−1, 1]d using the cumulative distribution function of the
Chebyshev density.

The tensorized Legendre polynomials form an orthonormal system for
the uniform density on [−1, 1]d.

In these cases one could also use the connection between the index k and the
ANOVA index u, k ∈ Iu ⇔ suppk = u to receive the ANOVA decomposi-
tion (3.11) with respect to the orthonormal basis, see also Theorem 3.5 and
Remark 3.6.

3.4 ANOVA decomposition for random Fourier fea-
tures onRd

In this section, we study the connection between the ANOVA decomposition of
the function f with domainRd and the Fourier transform of the function. This
was first considered in [PW25]. Later on, this connection is used to draw random
Fourier features accordingly.

Wewill use in this section the Fourier transform of the density µ. Formore details
about the generalization of the Fourier transform of measures see [PPST23, Sec.
4.4].
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Independent input variables

If the input variables xi are independent, the sampling density µ is a tensor
product and for f ∈ L2(Rd, µ), the Fourier transform can be easily related to
the ANOVA terms fu recursively defined in (3.11). Based on the discrete relation
of the Fourier index k and the ANOVA index u, k ∈ Iu ⇔ suppk = u, see Re-
mark 3.6, we introduce the following notation, whichwewill use for a continuous
analogue,

E(x,ω, µ,u) :=
∏

i∈u

(
eiωixi − µ̂i(−ωi)

) ∏

i∈uc

µ̂i(−ωi). (3.41)

Lemma 3.18. Let the sampling distribution µ ∈ L1(Rd) have a product struc-
ture (3.2). Then, theANOVAdecomposition (3.11) for a slowly increasing function
f ∈ L2(Rd, µ) ∩ L2(Rd) is given by

fu(xu) =
1

(2π)d

∫

Rd
f̂(ω)E(x,ω, µ,u) dω. (3.42)

Proof. The Fourier transformof the tensor product densityµ can be decomposed
in

µ̂(ω) =
∏

i∈[d]

µ̂i(ωi).

Note, that µ ∈ L1(Rd) implies that µi ∈ L1(R), such that the one-dimensional
Fourier transforms µ̂i exist. Weprove (3.42) inductively over |u|. First, we observe
that

f∅ =

∫

Rd
f(x)µ(x) dx =

∫

Rd

1

(2π)d

∫

Rd
f̂(ω) ei⟨ω,x⟩ dω µ(x) dx

=
1

(2π)d

∫

Rd
f̂(ω)

∫

Rd
ei⟨ω,x⟩µ(x) dx dω =

1

(2π)d

∫

Rd
f̂(ω)µ̂(−ω) dω

=
1

(2π)d

∫

Rd
f̂(ω)E(x,ω, µ,∅) dω,

where E(x,ω, µ,∅) =
∏
i∈[d] µ̂i(−ωi) does not depend on x. The induction

step follows using the recursive definition (3.11),

fu(xu) =

∫

Rd−|u|

1

(2π)d

∫

Rd
f̂(ω) ei⟨ω,x⟩ dωµ(xuc) dxuc −

∑

v⊂u

fv(xv)

=
1

(2π)d

∫

Rd
f̂(ω)ei⟨ωu,xu⟩

∫

Rd−|u|
ei⟨ωuc ,xuc ⟩µ(xuc) dxuc dω
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− 1

(2π)d

∑

v⊂u

∫

Rd
f̂(ω)E(x,ω, µ,v) dω

=
1

(2π)d

∫

Rd
f̂(ω)ei⟨ωu,xu⟩µ̂uc(−ωuc) dω

− 1

(2π)d

∑

v⊂u

∫

Rd
f̂(ω)

∏

i∈v

(
eiωixi − µ̂i(−ωi)

) ∏

i∈vc

µ̂i(−ωi) dω

=
1

(2π)d

∫

Rd
f̂(ω)µ̂uc(−ωuc)

·


ei⟨ωu,xu⟩ −

∑

v⊂u

∏

i∈v

(
eiωixi − µ̂i(−ωi)

) ∏

i∈u\v
µ̂i(−ωi)


 dω

=
1

(2π)d

∫

Rd
f̂(ω)

∏

i∈u

(
eiωixi − µ̂i(−ωi)

) ∏

i∈uc

µ̂i(−ωi) dω

=
1

(2π)d

∫

Rd
f̂(ω)E(x,ω, µ,u) dω.

This shows (3.42).

By the functions E(0,ω, µ,u) appearing in the previous lemma to describe
the ANOVA terms fu, we decompose the frequency domainRd concerning the
different ANOVA indices u ⊆ [d]. These functions fulfill

lim
k→∞

|E(0, kω, µ,u)| =
{
1 if suppω = u,

0 otherwise .

Example 3.19. Consider the standard Gaussian distribution µ = µG , (2.10),
where µ̂G(ω) = e−

∥ω∥2
2 . We plot the two-dimensional example of the terms

|E(0,ω, µ,u)| in Figure 3.5. The decomposition is the analogue of the discrete
decomposition of the Fourier series into ANOVA terms, see [PS21a, Fig.1]. △
Remark 3.20 (Relation to periodic functions onTd). The ANOVA decomposition
in terms of the Fourier transform f̂ investigated in Lemma 3.18 is a generalization
of the periodic case in (3.15). To confirm this, let µi = 1

[− 1
2 ,

1
2 ]
be the density

belonging to the uniform density on the torus. For the Fourier transform of this
density we calculate

µ̂i(ωi) =
2 sin(ωi2 )

ωi
=

{
0 if ωi ∈ 2π · (Z\0),
1 if ωi = 0.

(3.43)
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−5 0 5−5
0
50

0.5

u = ∅

−5 0 5−5
0
50

1

u = {1}

−5 0 5−5
0
50

1

u = {2}

−5 0 5−5
0
50

1

u = {1, 2}

Figure 3.5 : 2-dimensional decomposition of the frequency domain into
ANOVA terms for the Gaussian distribution µG . Plotted are the functions
|E(0,ω, µG ,u)| for u ⊆ {1, 2}.

It is possible to extend the definition (2.28) of the Fourier transform to include
periodic functions by viewing them as tempered distributions. This makes it
possible to see a connection between the Fourier series and the Fourier transform
for periodic functions that have a convergent Fourier series. If f is a periodic
function with period 1, that has convergent Fourier series, then, due to the
definition of the Fourier transform (2.28) and the Fourier coefficients (2.17),

f̂(ω) =
∑

k∈Zd
ck(f)δ (ω − k) ,

where δ is the Dirac delta distribution, defined in (2.32). Applying Lemma 3.18
to this setting, we have

fu(xu) =
1

(2π)d

∫

Rd
f̂(ω)E(x,ω, µ,u) dω

=
1

(2π)d

∑

k∈Zd
ck(f)δ (ω − 2πk)E(x,ω, µ,u)

=
1

(2π)d

∑

k∈Zd
ck(f)E(x, 2πk, µ,u) =

1

(2π)d

∑

k∈Iu

ck(f)e
2πi ⟨ku,xu⟩,

where the index set is Iu = {k ∈ Zd | suppk = u}. The last equality follows
from (3.43) and the definition of the termE in (3.41). This connectionwas shown
in [PS21a] and was starting point for efficient algorithms. △
Remark 3.21 (The discrete sampling measure). Let us consider for a sampling
setX ⊂ Rd with |X | =M the discrete measure

µX (x) =
1

M

∑

y∈X
δy(x).
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This measure is no tensor product and is not even grid-closed, see Definition 3.1,
which is required for a unique generalized ANOVA decomposition. To simplify
notation we denote set of i-th components by

Xi := {xi | x ∈ X}.

Assume that the sampling pointsX fulfill that no components appear more than
once, i.e.

|Xi| =M.

Then, we define the tensorized density

µX (x) :=
1

Md

∏

i∈[d]

∑

yi∈Xi
δyi(xi). (3.44)

This tensorized density µX is a tensor product density µ and is grid-closed in
contrast to a general density µX . For the Fourier transform of the density µX we
calculate

µ̂X i
(ωi) =

1

M

∑

yi∈Xi
e−iωiyi .

Applying Lemma 3.18 to this setting, we receive the decomposition of the fre-
quency domain,

fu(xu) =
1

(2π)d

∫

Rd
f̂(ω)E(x,ω, µ,u) dω

=
1

(2π)d

∫

Rd
f̂(ω)

∏

i∈u


eiωixi − 1

M

∑

yi∈Xi
eiωiyi


 ∏

i∈uc


 1

M

∑

yi∈Xi
eiωiyi


 dω.

This ANOVA decomposition coincides with the decomposition (3.11), if we ap-
proximate the integrals by sums over the samples inXi. But note that this approx-
imation of the ANOVA decomposition with respect to µ by a decomposition with
respect to a discretemeasure is not possible with µX . One has to use a tensorized
discrete density µX , or at least a discrete density which is grid closed. △

Dependent input variables

Let f ∈ L2(Rd)∩L2(Rd, µ) have the generalized ANOVA decomposition f(x) =∑
u∈U fu(xu)with fu given in (3.12).The functions fu depend only on the vari-

ables xu, i.e. for all φ ∈ S(Rd),

⟨T̂f , φ⟩ = ⟨Tf , φ̂⟩ =
∑

u∈U
⟨fu(xu), φ̂⟩ =

∑

u∈U

∫

Rd
fu(xu)φ̂(x) dx
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R3

=

Q∅

+

Q{1}

Q{2}
Q{3}

+

Q{1,2}

Q{1,3} Q{2,3}

+

Q{1,2,3}

Figure 3.6 : Decomposition of the frequency domainR3 into the lower
dimensional parts. The lower dimensional subsetsQv are not part of the
higher-dimensionalQu for v ⊂ u.

=
∑

u∈U

∫

Rd
fu(xu)

∫

Rd
φ(ω) dω dx

=
∑

u∈U

∫

R|u|
fu(xu)

∫

Rd
φ(ω)

∫

R|uc|
e−i⟨xuc ,ωuc ⟩ dxuc e

−i⟨xu,ωu⟩ dω dxu

=
∑

u∈U

∫

R|u|
fu(xu)

∫

Rd
φ(ω)δ(ωuc)e

−i⟨xu,ωu⟩ dω dxu

=
∑

u∈U

∫

R|u|
fu(xu)

∫

Rd
φ(ωu,0)e

−i⟨xu,ωu⟩ dωu dxu

=
∑

u∈U
⟨fu(xu), φ̂u⟩ where φu(ωu) := φ(ωu,0) ∈ S(R|u|)

=
∑

u∈U
⟨T̂fu , φu⟩.

Sinceφ ∈ S(Rd), the functionsφ(ωu,0) ∈ S(R|u|) are also in a Schwarz space of
lower dimension and the notation φ(ωu,0)means that we insert in the function
φ zeros for all ωi with i /∈ u. The previous calculations also decompose the
frequency domainRd into parts which belong to the different ANOVA terms, in
the sense that for the ANOVA term u the corresponding frequenciesω have to
fulfillωuc = 0. For that reason let us define the frequency decomposition fulfill
ωuc = 0. For that reason, let us define the frequency decomposition

Qu := {ω ∈ Rd | ωuc = 0, ωi ̸= 0 for i ∈ u}. (3.45)

An illustration for the three-dimensional case can be found in Figure 3.6.
The algorithms in the literature [HSS+23, SST23, XSSW22] are restricted to index
sets U = {u ⊆ [d] | |u| = q} of random Fourier features of order q. Concerning
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the interpretability of the results this is a disadvantage, since it can happen that
nonimportant input variables gain significance: For example, if we draw features
of order q = 2 and the true function f(x) = f1(x1) is of order one, the detected
important variable interactions would be {{1, i}, i = 2, . . . , d}, since no random
Fourier features supported only on {1} are available. In [PW25] the random
feature setting was for the first time generalized to ANOVA terms with different
order.

Definition 3.22 (ANOVA truncated random Fourier features). LetU ⊂ P([d]) be
a set of ANOVA indices and the chosen functions ρu : R|u| → R be some prob-
ability distributions. A collection ofN =

∑
u∈U nu weight vectorsω1, . . . ,ωN

is called a set of ANOVA-truncated random Fourier features, if it is generated
as follows: For each index u ∈ U draw nu realizations z1, . . . , znu from ρu and
construct |u|-sparse featuresωk by setting supp(ωk) = u and (ωk)u = zk. All
random Fourier features are collected in the index set I = {ω1, . . . ,ωN}, and
define the notation Iu = {ω ∈ I | ω ∈ Qu}, whereQu is defined in (3.45). △
The decomposition of wavelet functions in Theorem 3.15 into ANOVA terms
mainly benefits from the semi-orthogonality of the wavelet functions ψper

j,k on
the domain Td, such that there is the one-to-one connection (3.36) between
the index j and the ANOVA term u. In contrast, the functions e−i⟨ω,x⟩ are not
orthogonal onRd. But nevertheless a trained random feature model

f#(x) = SUf(x) =
∑

u∈U

∑

ω∈Iu

a#ω e
i⟨ωu,xu⟩, (3.46)

where the random Fourier features are drawn with Definition 3.22, comprises all
ANOVA terms of the downward closure,

U := {v ⊆ [d] | ∃u ∈ U such that v ⊆ u}, (3.47)

of the function f ,
f#(x) = SUf ≈

∑

u∈U
fu(xu).

Remark 3.23 (Orthonormal system for dependent input variables). In [LR12]
the authors propose a method to determine the unique ANOVA terms fu based
on utilizing an extended basis. We will explain this idea here. Let

(
e
(i)
ki
(xi)

)
ki∈Z

be an orthonormal basis with respect to the marginal distribution functions µi
fulfilling

∫
R eki(xi)µi(xi) = 0 for ki ̸= 0. With respect to an arbitrary density µ

a connection between the index k and the ANOVA index u like in (3.15) is not
possible. But in [LR12] the authors propose extending the basis for the function
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u = ∅ u = {1} u = {2} u = {3}

u = {1, 2} u = {1, 3} u = {2, 3} u = {1, 2, 3}

Figure 3.7 : Illustration of the idea of basis extension (3.48). The decom-
position of the three-dimensional frequency domain Z3 into the lower
dimensional parts with respect to the ANOVA terms u ∈ P([3]).

fu from

eku(xu) =
∏

i∈u

e
(i)
ki
(xi) with ku ∈ {k ∈ Z|u| | suppk = u}

to
eku(xu) =

∏

i∈u

e
(i)
ki
(xi) with ku ∈ Z|u|, (3.48)

which is illustrated in Figure 3.7. Then we use for the ANOVA terms fu the ansatz

f∅ = a0

fu(xu) =
∑

k∈Z|u|

a
(u)
k eku(xu).

Compare this with Figure 3.1, where the orthonormal basis allows a disjoint
splitting of the frequency domain Zd into the ANOVA terms. The basis functions
of the lower order component functions are always a subset of those for the higher
order ones, and the hierarchical orthogonality (3.8) can be readily achieved. For
example, for the lower order terms one has to demand

0 =

∫

R
fi(xi)µi(xi) dxi =

∑

ki∈Z

a
(i)
ki

∫

R
eki(xi)µi(xi) dxi = a

(i)
0 for i ∈ [d],

0 =

∫

R

∫

R
fi,j(xi, xj)eℓi(xi)µi,j(xi, xj) dxi dxj

=

∫

R

∫

R

∑

ki∈Z

∑

kj∈Z

a
(i,j)
ki,kj

eki(xi)ekj (xj)eℓi(xi)µi,j(xi, xj) dxi dxj
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=
∑

ki∈Z

∑

kj∈Z

a
(i,j)
ki,kj

∫

R
eki(xi)eℓi(xi)

(∫

R
ekj (xj)µi,j(xi, xj) dxj

)
dxi for i ̸= j ∈ [d],

and then fi,j is also orthogonal to every linear combination of eℓi , and conse-
quently, fi. In comparison to the idea in (3.16), where onehas to find anorthonor-
mal system with respect to the non-tensor product density µ, here one has to
adapt the coefficients a(u)

k of the extended basis to the hierarchical orthogonality
conditions (3.8). Similar to (3.16) it is numerically not feasible to construct the
approximation directly calculating all occurring integrals. Instead, one has to
discretize the integrals at given samplesX , as we will do in Section 5.3. △

3.5 Truncating the ANOVA decomposition
Based on the concept of global sensitivity indices, defined in (3.25) we introduce
the notions of effective dimensions as proposed for example in [CMO97, Hol11].

Definition 3.24 (Effective dimension (superposition)). For 0 < ϵ ≤ 1 the effec-
tive dimension of f , in the superposition sense, is the smallest integer q ≤ d,
such that ∑

|u|≤q
σ2(fu) ≥ ϵσ2(f). △

This means, we can describe a function with low effective dimension in the
superposition sense very well by only using a low dimensional approximant. For
that reason, we introduce the set Uq, where we use all ANOVA terms up to the
superposition dimension q, i.e.

Uq := {u ∈ [d] | |u| ≤ q}. (3.49)

In this thesis we will denote themaximal superposition dimension of the index
set U by q with

q := max
u∈U
|u|, (3.50)

where the order |u| is the number of elements in the set u.

It is often the case that not all ANOVA terms contribute significantly to the ap-
proximation of the function f . SomeANOVA termsmay have negligible effects on
the behavior of the function or may introduce unnecessary complexity without
improving the accuracy of the approximation. For that reason, we introduce the
following.
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Definition 3.25 (Effective dimension (truncation)). For 0 < ϵ ≤ 1 the function
f ∈ L2(Ω, µ) is of low effective dimension in the truncation sense, if there
exists an ANOVA index set U ⊂ Uq such that

∑

u∈U
σ2(fu) ≥ ϵσ2(f). △

The concept of effective dimensionsmotivates the idea of considering only a part
of the ANOVA decomposition of a function which may yield some interesting
benefits. It turned out that in many real-world problems the superposition
dimension is low, see [CMO97, DPW10, KSWW09, WH11, PS21b].
In this breath we introduce function spaces corresponding to the previous two
definitions,

L2,U (Ω, µ) :=

{
f ∈ L2(Ω, µ) |

∑

u∈U
σ2(fu) ≥ ϵσ2(f)

}
. (3.51)

For that reason, we truncate the ANOVA decomposition, motivated by Defi-
nitions 3.24 and 3.25. We create sparsity by removing certain terms fu. For
functions in these subspaces ofHs

mix(Ω, µ)∩L2,U (Ω, µ)wewant to benefit from
the structure of f . The main idea is as follows: For an ANOVA index set U , we
approximate f by a function

TUf :=
∑

u∈U
fu(xu). (3.52)

If the function f is of low effective dimension in the truncation sense, we have

∥f − TUf∥2L2(Ω,µ)
=
∑

u/∈U
σ2(fu) ≤ (1− ϵ) ∥f∥2L2(Ω,µ)

.

Thenumberofneededparameters todescribe ahigh-dimensional functionof low
effective dimension is drastically smaller than onewould need for approximating
all ANOVA terms. The main reason for this is the fact that fu has dimension |u|.
This behavior is illustrated in Figure 3.8.
In this thesis we provide the details for approximation with wavelets and hyper-
bolic cross index sets in Chapter 4. For the method of ANOVA truncation with
trigonometrical polynomials and the full index set, see [PS21a, Sch22].
For a general function f ∈ L2(Ω, µ) nothing is known about the truncation error.
But, demanding at least some smoothness to the function, immediately leads to
the following estimates for the periodic case Ω = Td and the uniform density
µ = µU .
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f(x)= f∅+
(
d
1

)
· +

(
d
2

)
· +

(
d
3

)
· fu(x1, x2, x3) + · · ·

full index set:
N = 1+ d · O(n) + O(d2) · O(n2) + O(d3) · O(n3) + · · ·

hyperbolic cross index set:
N = 1+ d · O(n) + O(d2) · O(n lnn)+ O(d3) · O(n2 ln2 n)+ · · ·

Figure 3.8 : Illustration of the dimensionality of the ANOVA terms of a
function f .

Theorem 3.26. Let f ∈ L2(Td), then for the approximation (3.52)withmaximal
superposition dimension q, see (3.49), we obtain

∥f − TUqf∥2L2(Td) ≤ 2−2(q+1)s ∥f∥2Hsmix(Td) , (3.53)

∥f − TUqf∥2L2(Td) ≤
2−2(q+1)s

1− 2−2s

(
d+ q

d− 1

)
∥f∥2Bs

2,∞(Td) , (3.54)

∥f − TUqf∥2L2(Td) ≤ 2−2(q+1)s ∥f∥Bs
2,∞(Td) ∥f∥Bs

2,1(Td) . (3.55)

Proof. The ANOVA decomposition from (3.11) can be written in terms of Fourier
coefficients, stated in (3.15). There, we defined the index sets

Iu = {k ∈ Zd | suppk = u}.

Using Parsevals theoremmeans that

∥fu∥2L2(Td) =
∑

k∈Iu

|ck(f)|2.

The desired error is then bounded by

∥f − TUqf∥2L2(Td) =
∑

|u|>q

∑

k∈Iu

|ck(f)|2 =
∑

|u|>q

∑

k∈Iu

|ck(f)|2
d∏

i=1

(1 + |ki|2)s
(1 + |ki|2)s

≤
(
max
|u|>q

max
k∈Iu

(
1 + |ki|2

)−s
)
∥f∥2Hsmix(Td) ≤ 2−(q+1)s ∥f∥2Hsmix(Td) .

This shows (3.53).
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For the case of f ∈ Bs
2,∞(Td), we use the definition in (2.26) via the decomposi-

tion of f in terms of dyadic blocks of the Fourier series. Then,

∥f − TUqf∥2L2(Td) =
∑

|u|>q

∑

j∈Nd0
supp j=u

∥fj∥2L2(Td) =
∑

|u|>q

∑

j∈Nd0
supp j=u

∥fj∥2L2(Td)
22|j|1s

22|j|1s

≤
(
sup
j∈Nd0

∥fj∥2L2(Td) 2
2|j|1s

) ∑

|u|>q

∑

j∈Nd0
supp j=u

2−2|j|1s

= ∥f∥2Bs
2,∞(Td)

∞∑

i=q+1

2−2is
∣∣{j ∈ Nd0 | | supp j| > q, |j|1 = i}

∣∣

= ∥f∥2Bs
2,∞(Td)

∞∑

i=q+1

2−2is




d∑

Q=q+1

(
i+Q− 1

i

)


= ∥f∥2Bs
2,∞(Td)

∞∑

i=q+1

2−2is

((
i+ d

i+ 1

)
−
(
i+ q

i+ 1

))

= ∥f∥2Bs
2,∞(Td)

∞∑

i=0

2−2(i+q+1)s

((
i+ d+ q + 1

i+ q + 2

)
−
(
i+ 2q + 1

i+ q + 2

))

= ∥f∥2Bs
2,∞(Td) 2

−2(q+1)s
∞∑

i=0

2−2is

(
d+ q + i

d− 1

)

≤ ∥f∥2Bs
2,∞(Td) 2

−2(q+1)s 1

1− 2−2s

(
d+ q

d− 1

)
,

which finishes the proof of the second inequality.
The last estimate follows from

∥f − TUqf∥2L2(Td) =
∑

|u|>q

∑

j∈Nd0
supp j=u

∥fj∥2L2(Td)
2|j|1s

2|j|1s

≤
(
sup
j∈Nd0

∥fj∥L2(Td) 2
|j|1s

) ∑

|u|>q

∑

j∈Nd0
supp j=u

∥fj∥L2(Td) 2
−|j|1s

= ∥f∥Bs
2,∞(Td) 2

−2(q+1)s
∑

|u|>q

∑

j∈Nd0
supp j=u

∥fj∥L2(Td) 2
|j|1s

= 2−2(q+1)s ∥f∥Bs
2,∞(Td) ∥f∥Bs

2,1(Td) .
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The previous theorem shows, that for functions in the spacesHs
mix(Td), for fixed

dimension d and smoothness s, the truncation error decays like∼ 2−(q+1)s. Due
to the definition of the spacesBs

2,∞(Td)with the supremum, the possible small
decay of ∥fj∥L2(Td) leads to the additional binomial factor. But, in the smaller
function spaceBs

2,1(Td) the truncation error (3.55) decays also like∼ 2−(q+1)s,
independent of the dimension d.

Similar estimates to (3.53) for more general settings of Sobolev type spaces in
terms of the Fourier decomposition onTd can be found in [PS21a, Theorem 4.6.].
In [Sch22, Corollary 2.32] the author delivers error estimates for the truncation
error ∥f − TUqf∥L2(Rd,µ) for tensor product density µ for functions f in func-
tion spaces with product and order-dependent weights, which builds on the
transformation of periodic functions. However, the estimates there are related
to the smoothness of the transformed function on the torus. Since the transfor-
mation can destroy the smoothness, in (3.57) in Theorem 3.28 we give a bound
on the truncation error relative to the norm ∥f∥Hsmix(Rd), which was first shown
in [PW25]. Therefore, we first need the following Lemma.

Lemma 3.27. Let f ∈ L2(Rd) ∩ L2(Rd, µ)with f̂ ∈ L1(Rd), then the variances
of the ANOVA terms fu, defined in (3.42), are bounded by

σ2(fu) ≤
1

(2π)2d
∥µ̂∥L1(Rd)

∫

Rd
|f̂(ω)|2|E(0,ω, µ,u)| dω,

where the termE is defined in (3.41).

Proof. Lemma 3.18 describes the ANOVA terms of the function f . In order to
calculate the variance of the ANOVA terms we have

σ2(fu) =

∫

R|u|

∣∣∣∣
1

(2π)d

∫

Rd
f̂(ω)E(x,ω, µ,u) dω

∣∣∣∣
2

µu(xu) dx

=
1

(2π)2d

∫

R|u|

∫

Rd

∫

Rd
f̂(ω)f̂(v)E(x,ω, µ,u)E(x,v, µ,u) dω dvµu(xu) dx

=
1

(2π)2d

∫

Rd

∫

Rd

∫

R|u|
f̂(ω)f̂(−v)E(x,ω, µ,u)E(x,−v, µ,u)µu(xu) dxu dω dv

=
1

(2π)2d

∫

Rd

∫

Rd
f̂(ω)f̂(−v)

∏

i∈u

(µ̂i(−ωi + vi)− µ̂i(−ωi)µ̂i(vi))

∏

i∈uc

µ̂i(−ωi)µ̂i(vi) dω dv.
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According to [Ste04, Chapter 1], the generalization of the Cauchy-Schwarz in-
equality for double integrals yields for a symmetric kernel functionK,
∣∣∣∣
∫

Rd

∫

Rd
g(ω)g(v)K(ω,v) dω dv

∣∣∣∣ ≤
∫

Rd

∫

Rd

∣∣∣g(ω)g(v)K(ω,v)
∣∣∣ dω dv

≤
(∫

Rd

∫

Rd
|g(ω)|2 |K(ω,v)| dω dv

)1/2 (∫

Rd

∫

Rd
|g(v)|2 |K(ω,v)| dω dv

)1/2

=

(∫

Rd
|g(ω)|2

∫

Rd
|K(ω,v)| dv dω

)1/2 (∫

Rd
|g(v)|2

∫

Rd
|K(ω,v)| dω dv

)1/2

.

We choose in the previous lines

K(ω,v) =
∏

i∈u

(µ̂i(−ωi + vi)− µ̂i(−ωi)µ̂i(vi))
∏

i∈uc

µ̂i(−ωi)µ̂i(vi)

and with
∫

Rd

∣∣∣∣∣
∏

i∈u

(µ̂i(−ωi + vi)− µ̂i(−ωi)µ̂i(vi))
∏

i∈uc

µ̂i(−ωi)µ̂i(vi)
∣∣∣∣∣ dv

=
∏

i∈[d]

∥µ̂i∥L1(R)
∏

i∈u

|1− µ̂i(−ωi)|
∏

i∈uc

|µ̂i(−ωi)|

= ∥µ̂∥L1(Rd) |E(0,ω, µ,u)|

follows the assertion.
Theorem3.28. Let the densitiesµi be either symmetric andhavepositive Fourier
transform or fulfill for fixed s > 1

2 the mild condition

|1− µ̂i(−ωi)|+ |µ̂i(−ωi)|
(1 + |ωi|2)s

≤ 1 (3.56)

for all i ∈ [d] and all ωi ∈ R. Define the constant

cµ,s := max
i∈[d]

max
ω∈R

1− µ̂i(−ω)
(1 + |ω|2)s .

Then, the truncation error is bounded by

∥f − TUqf∥2L2(Rd,µ) ≤
cqµ,s

(2π)2d
∥µ̂∥L1(Rd) ∥f∥

2
Hsmix(Rd) . (3.57)

Furthermore, if the Fourier transforms µ̂i are differentiable, we have

cµ,s = max
i∈[d]

max
ω∈R

−µ̂′
i(ω)

2sω (1 + ω2)
s−1 . (3.58)
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Proof. For this proof we introduce the notation

A(ω, d, q) :=


∏

i∈[d]

(1 + |ωi|2)−s
∑

|u|>q
|E(0,ω, µ,u)|


 . (3.59)

First, note that ∥µ̂i∥L∞(R) ≤ ∥µi∥L1(R) = 1 and −1 ≤ µ̂i(−ωi) ≤ 1. We start
with applying Lemma 3.27,

∥f − TUqf∥2L2(Rd,µ) =
∑

|u|>q
σ2(fu)

≤
∥µ̂∥L1(Rd)
(2π)2d

∑

|u|≥q

∫

Rd
|f̂(ω)|2

∏

i∈u

|1− µ̂i(−ωi)|
∏

i∈uc

|µ̂i(−ωi)| dω

=
∥µ̂∥L1(Rd)
(2π)2d

∫

Rd
|f̂(ω)|2

∏

i∈[d]

(1 + |ωi|2)s
(1 + |ωi|2)s

·
∑

|u|>q

∏

i∈u

|1− µ̂i(−ωi)|
∏

i∈uc

|µ̂i(−ωi)| dω

≤
∥µ̂∥L1(Rd)
(2π)2d

∥f∥2Hsmix(Rd) max
ω∈Rd

A(ω, d, q). (3.60)

Let us have a closer look at the involved termA(ω, d, q). Let v be the support of
the ω, which attains the maximum. Since µ̂i(−ωi) = 0 for every i ∈ vc, which
means that |vc| > q and |v| < d− q, we have

max
ω∈Rd

A(ω, d, q) =
∏

i∈[d]

(1 + |ωi|2)−s
∑

|u|>q,vc⊆u

∏

i∈u

|1− µ̂i(−ωi)|
∏

i∈uc

|µ̂i(−ωi)|

≤
∑

u′⊇vc

c|v
c|

µ,s


 ∏

i∈u′\vc

|1− µ̂i(−ωi)|
(1 + |ωi|2)s

∏

i∈u′c

|µ̂i(−ωi)|
(1 + |ωi|2)s




= c|v
c|

µ,s

∑

u′⊆v

(∏

i∈u′

|1− µ̂i(−ωi)|
(1 + |ωi|2)s

∏

i∈u′c

|µ̂i(−ωi)|
(1 + |ωi|2)s

)

= c|v
c|

µ,s

∏

i∈v

|1− µ̂i(−ωi)|+ |µ̂i(−ωi)|
(1 + |ωi|2)s

≤ cq+1
µ,s .

The last inequality follows by either demanding a symmetric density µ with
positive Fourier transform or the condition (3.56).
The equality (3.58) follows by the fact that the maximum of

g(ωi) := (1 + |ωi|2)−s (1− µ̂i(−ωi))
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is attained where g′(ωi) = 0, i.e.

0
!
=

−2ωis
(1 + |ωi|2)s+1

(1− µ̂i(ωi))−
µ̂′
i(ωi)

(1 + |ωi|2)s
,

µ̂i(ωi) = 1 + µ̂′
i(ωi)

1 + ω2
i

2ωis
.

Inserting this into g(ωi) yields

cµ,s = sup
ωi∈R

(1 + |ωi|2)−s
(
−µ̂′

i(ωi)
1 + ω2

i

2ωis

)

= sup
ωi∈R

µ̂′
i(ωi)

2ωis (1 + |ωi|2)s−1
.

In Example 3.13 we showed, that the error between the generalized ANOVA
decomposition and the classical ANOVAdecomposition assuming tensor product
density, can be arbitrarily large even for the terms of order 1. In contrast to that,
if the function f is of lower order, the error is bounded by the following lemma,
which appears for the first time in this thesis.
Lemma3.29. Let f be a functionof order 1, i.e.TU1

f = f , and f =
∑
i∈[d] gi+g∅

the ANOVA decomposition of f with respect to the tensor product density µ̃ =∏
i∈[d] µi(xi). Then, for u = {i},

|σ2(fi)− σ2(gi)| ≤ (f∅ − g∅)2 .

Proof. We expand f onRd\ suppµ by zero. Then,

g1(x1) =

∫

Rd−1

f(x)
∏

j ̸=i
µj(xj) dxic − g∅

=

∫

Rd−1


∑

j∈[d]

fj(xj) + f∅


∏

j ̸=i
µj(xj) dxic − g∅

= f1(x1) + f∅ − g∅.

Using the iterative definition (3.11) yields

|σ2(fi)− σ2(gi)| =
∣∣∣∣
∫

R

(
|f1(x1)|2 − |f1(x1) + f∅ − g∅|2

)
µi(x) dxi

∣∣∣∣

= (f∅ − g∅)2 ,

which is the assertion.
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One remaining question is: How dowe choose or find a good or reasonable index
set U ⊆ Uq, which leads to a small error between f and TUf . We will present
different algorithms for this objective in Section 3.6.

Other approaches for function approximation using the ANOVA decomposi-
tion in the literature

The truncation of the ANOVA decomposition is a suitable tool for the approx-
imation of high-dimensional functions, which reduces the number of needed
parameters to deal with the curse of dimensionality. We will develop several
algorithms for doing so by using different basis functions or random Fourier
features. The following literature also focuses on this topic.

The dissertation [Sch22] and associated papers exploit the decomposition of the
frequency domain into ANOVA terms, see also Remark 3.6. There, only orthonor-
mal systems are considered. In contrast, we study the semi-orthogonal wavelet
basis and random Fourier features, which allow the generalization of the ANOVA
decomposition to possibly dependent input variables.

Art Owen has developed inmany papers efficient and accurate methods for com-
putingANOVAdecompositions andSobol indices, especially inhigh-dimensional
contexts, see [Owe13] and references therein. The introduction of different in-
dices for the importance of variables, as the Sobol indices and Shapley values, has
provided deeper insights into variance components in complexmodels, [Owe14].
Owen’s techniques for handling high-dimensional distributions and effective
dimension have expanded the applicability of the ANOVA decomposition in
various scientific and engineering fields.

Due to the difficult calculation of the ANOVA terms, there is not much litera-
ture about the generalized ANOVA decomposition. However, the papers [Rah14,
LR12] use an extended basis to calculate the generalized ANOVA decomposition.
The regularization idea was first used there, we extend this to random Fourier
features, see Section 5.3.

Sampling inequalities for functions with low effective dimension are derived
in [RW24]. Furthermore, they give explicit advice on the location of good sam-
pling points, and show that such functions do not suffer from the curse of dimen-
sionality. The authors study the error of the kernel interpolantion at Clenshaw-
Curtis points. In [BDNK22] the proposed estimator is based on the use of multi-
variate Jacobi polynomials, truncated to certain ANOVA terms, which they call
ANOVA type polynomial space.

Very recently, the ANOVA decomposition was also used to decompose neural

91



CHAPTER 3. THE ANOVA DECOMPOSITION

networks into glassbox models by fitting the mixed partial derivative to the train-
ing data, [LUO24]. There the authors evaluate and illustrate the decomposed
function and obtain sensitivity indices, but do not adapt the model to the found
index-set U .

3.6 ANOVA-boosting: Approaches for sensitivity anal-
ysis

Sensitivity analysis studies the contribution of various sources of uncertainty to
the overall uncertainty of amathematicalmodel. Inmodels involvingmany input
variables, sensitivity analysis is an essential ingredient of model building and
quality assurance. We build on the concept of approximating the function f by a
function of low order. Knowing nothing about the function and the correlations
of the input variables, we always start with the index set U of indices up to order
q or equal order q. Then, iteratively we adapt the index set U to the function f .
To make the statements in this section consistent with all operators considered
in this thesis, we denote by ej(xu) the components of the function system that
we use, which includes the examples

ej(x) =





ψper
j,k(x) periodic wavelet functions, see (2.44),

ψper
j,k ◦ R(x) transformed functions, see (2.52),

ei⟨j,x⟩ random Fourier features, (3.46).
(3.61)

Note, that the wavelet functions ψper
j,k naturally have two indices for dilation j

and translation k. For better readability we merge these indices in this section to
one index j. Furthermore, the random Fourier features ei⟨ω,·⟩ have the indexω
to suggest that this is a real number and does not has to be an integer, but in this
section this index is renamed as j.
In this section we will propose algorithms for finding in index set U for the
general setting, whereSU is an approximation operator and ej(xu) are functions
depending on the variables xu. For shortening notation, we write,

f#(x) := SUf =
∑

u∈U

∑

j∈Iu

a#j ej(xu), (3.62)

Iu = {j from (3.61) | supp j = u},

where the coefficients a#j are calculated by some algorithm. Explicit examples
for training the coefficients will be given later in (5.4) for wavelet functions or
in (5.27) for random Fourier feature models.
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3.6. ANOVA-BOOSTING: APPROACHES FOR SENSITIVITY ANALYSIS

In sensitivity analysis we approximate the Sobol indices Su(f) by Su(f#), which
are calculated from the coefficientsa#j and customize themodel accordingly. The
accuracy of this estimate depends strongly on the approximation error between f
and f#, which canbe seenby the reverse triangle inequality andCauchy-Schwarz
inequality,

|Su(f)− Su(f#)| =
∣∣∣∣
σ2(fu)

σ2(f)
− σ2(f#u )

σ2(f#)

∣∣∣∣

≤ 1

min{σ2(f#), σ2(f)} |σ
2(fu)− σ2(f#u )|,

where the difference between the variances is bounded by

|σ2(fu)− σ2(f#u )| =
∣∣∣∣
∫

Ωu

(
|fu(xu)|2 − |f#(xu)|2

)
µu(xu) dxu

∣∣∣∣

=

∣∣∣∣
∫

Ωu

(
|fu(xu)| − |f#(xu)|

) (
|fu(xu)|+ |f#(xu)|

)
µu(xu) dxu

∣∣∣∣
≤ ∥fu − f#u ∥L2(Ωu,µu) ∥fu + f#u ∥L2(Ωu,µu)

≤ ∥fu − f#u ∥L2(Ωu,µu) ∥fu∥L2(Ωu,ρu)

(
2 + ∥fu − f#u ∥L2(Ωu,µu)

)
.

Independent of the chosen approximation technique for calculating f#, we will
give in this section different approaches for searching for an index set U , which
summarizes the techniques used in [LPU23] and [PW25].

Simple ANOVA-boosting

The tensor product approach of approximating a function f by functions of
lower order up to order q is based on the iterative definition of the ANOVA terms
in (3.11). The simplest idea to find a good index setU is to do one step of approx-
imation with all terms up to order q, analyze the Sobol indices of the first approx-
imation and omit all ANOVA terms fu with variance below a certain threshold.
This is summarized in Algorithm3.30 andwas used in [PS21b] for the exponential
basis and in [LPU23] for periodic wavelet functions.

ANOVA-boosting by iterative increase

If the dimension d of a function is large compared to the amount of available
training data, Algorithm 3.30may givemisleading results due to the high number
of used ANOVA terms. It is a reasonable assumption that in applications, if
the variance of an higher order term is above the threshold ϵ, then also the
corresponding lower dimensional terms do not vanish. Therefore, we propose to
increase the superposition dimension iteratively by Algorithm 3.31.
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Algorithm 3.30 Simple ANOVA-boosting

Input: SU approximation algorithm
q maximal superposition dimension
ε ANOVA threshold

Stage I: Initialization
1: U = {u ⊆ [d] | |u| ≤ q}.
2: First approximation: f# = SUf .

Stage II: ANOVA boosting
1: For every u ∈ U calculate the variances Su,var(f#) .
2: U ← {u ∈ U | Su,var(f#) ≥ ϵ}.
Output: U

Algorithm 3.31 ANOVA-boosting by Iterative Increase

Input: SU approximation algorithm
q maximal superposition dimension
ε ANOVA threshold

Stage I: Initialization
1: U = {u ⊆ [d] | |u| ≤ 1}.
2: First approximation: f# = SUf .

Stage II: ANOVA boosting
1: for t = 1, . . . , q − 1 do
2: For every u ∈ U calculate the Sobol indices Su,var(f#) .
3: U ← {u ∈ U | Su,var(f#) ≥ ϵ} .
4: Ut = {v ∈ [d] | |v| = t+ 1, ∃u,u′ ∈ U with v = u ∪ u′} .
5: U ← U ∪ Ut.
6: Update the approximation f# = SUf .
7: end for
Output: U

ANOVA-boosting by iterative decrease for random Fourier features

Also the opposite proceeding as the iterative increase is possible. We start with
the q-dimensional approximation and examine for every term of order q if it is
necessary for the approximation or if it can be split into lower dimensional terms.
This is especially useful in the case of random Fourier feature approximation.
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If the used functions ej are not orthogonal as in the random Fourier feature
setting, the decomposition (3.62) is not the unique ANOVA decomposition of
f#. But we notice, that for u ∈ U with {v ∈ U | u ⊂ v} = ∅, the ANOVA
term f#u is completely contained in the sum

∑
ω∈Iu

a#ω e
i⟨ωu,xu⟩. This leads also

to the fact that SUf approximates TUf , with the downward closure U as index
set, see (3.47). We propose to calculate if an ANOVA term has variance above
threshold ϵ or if the indices can be reduced to even lower dimensional sparse
random Fourier features.

Definition 3.32 (anti downward closed). A setU is called anti downward closed
if for every u ∈ U there is no index v ∈ U , which is a subset of u. △

We propose to choose an anti downward closed set U when preparing random
Fourier feature algorithms. If we do not have information about the sample
density µ, we do not have the tensor product structure as for independent input
variables. But nevertheless, we construct an approximation operator SU by
adding a regularization term, see (5.27) for details. The main idea is that the
regularization ensures that the sum

∑
ω∈Iu

a#ω e
i⟨ωu,xu⟩ should approximate the

ANOVA term fu for every u ∈ U . In this setting, we start with U = {u ⊆ [d] |
|u| ≤ q}. Then, the solution vector a# separates the ANOVA terms in the sense
that

fu(xu) ≈
∑

ω∈Iu

a#ω e
i⟨ωu,xu⟩.

Variant 1 of Algorithm 3.33 summarizes the ANOVA-boosting used in [PW25].
We provide a brief description delineating the principal concepts relative to the
alternative ANOVA-boosting algorithms. The variances of terms fu of order less
than q are not estimated well enough when using an approximation operator SU
belonging to all |U | =∑q

i=0

(
d
i

)
terms of order smaller or equal q.

In a second variant of Algorithm 3.33, also introduced in [PW25], we propose to
start with q-sparse random Fourier features and customize the random Fourier
features to the ANOVA decomposition of the function f iteratively. This works
as follows. We start with choosing U = {u ∈ P([d]) | |u| = q} and use the
approximation operator f# = SUf . Then, using a variance estimation, the
ANOVA-boosting Algorithm 3.33 decides in Stage II for every u ∈ U , if it keeps
this ANOVA index or not. In the latter case, it uses instead all indices u of order
q − 1 which are contained in u. This procedure is done q times, to reduce the
ANOVA index set U to the really necessary variable interactions. If the function
only has a low amount of nonzero ANOVA terms, this leads to a huge decrease of
non-necessary parameters in the model.

In Figure 3.9 we illustrate the procedure of the second variant of Algorithm 3.33
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Algorithm 3.33 Iterative ANOVA-boosting by iterative decrease

Input: SU approximation algorithm
q maximal superposition dimension
ε ANOVA threshold

Stage I: Initialization
1: Choose index set

U =

{
{u ⊆ [d] | |u| ≤ q} variant 1,
{u ⊆ [d] | |u| = q} variant 2.

2: First approximation: f# = SUf .

Stage II: ANOVA boosting
1: for t = q, . . . , 1 do
2: For every u ∈ U calculate the Sobol indices Su,var(f#) .
3: Truncate index set U :

U ←
{
{u ∈ U | Su,var(f#) ≥ ϵ or |u| < t} variant 1,
{u ∈ U | Su,var(f#) ≥ ϵ} variant 2.

4: Add lower dimensional terms to U :

U ← U ∪ {v ⊂ ([d]) | |v| = t, ∄u ∈ U with v ⊂ u} variant 2.

5: Update the approximation f# = SUf .
6: end for
7: make anti downward closed set U

U ← U\{u ∈ U | ∃v ∈ U with u ⊂ v}.

Output: U
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x1

x2

x3

x4

x5

x6

x7

{1, 2, 3}

{1, 2, 4}

{1, 2, 5}

{4, 5, 6}

{4, 5, 7}

{5, 6, 7}

{1, 2, 3}

{1, 4}

{1, 5}

{1, 6}

{5, 6}

{5, 7}

{6, 7}

{1, 2, 3}

{4}

{5}

{6, 7}

{1, 2, 3}

{5}

{6, 7}

... ...

input
variables

first
approx.

second
approx.

third
approx. found terms

|U | : 35 19 4 3

Figure 3.9 : Example procedure of finding the ANOVA-sparse random
Fourier features in variant 2 of Algorithm 3.33: Consider a 7-dimensional
input function of the form (3.63), starting at q = 3. The terms with
approximated Sobol indices Su,var(f) bigger than the threshold ϵ are
highlighted inmagenta for each approximation step. The result is an anti
downward closed set U . At the bottom we give the number of indices in
the index set U , which is used in the respective step.
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for an example function f : R7 → R, which can be written in the form

f(x) = f{1,2,3}(x1, x2, x3)+ f1(x1)+ f{1,3}(x1, x3)+ f{5}(x5)+ f{6,7}(x6, x7).
(3.63)

We startwith all three-dimensional terms, i.e.U = {u ⊂ [d] | |u| = 3}. A sensitiv-
ity analysis of the first approximation f# shows that only the three-dimensional
term {1, 2, 3} has variance bigger than some threshold ϵ. The other terms of
order three can be replaced by all two-dimensional terms, where the terms {1, 2}
and {2, 3} are not needed, because they are contained in the term {1, 2, 3}. A
second approximation shows that only the variances of f#{1,2,3} and f

#
{6,7} are

bigger than a threshold. In the third approximation only the additional one-
dimensional terms {4}, {5} are needed, since the other ones are contained in
the higher-dimensional terms. After the third approximation only the important
terms in an anti downward closed set U remain for the next approximation step.

3.7 This chapter in a nutshell
The curse of dimensionality is the exponential increase in computational com-
plexity anddata sparsity as the number of dimensionsd in a problem space grows,
leading to challenges in effectively analyzing, approximating, and interpreting
high-dimensional data. In this chapter we introduced the ANOVA decompo-
sition for independent variables, as well as the generalization for dependent
variables. In the first case, the most important connection (3.14) is between the
ANOVA index u and the index k of basis functions or rather in Theorem 3.15 for
the wavelet case. For the generalized ANOVA there is no such easy connection
possible. But in terms of random Fourier features, we decompose, similar to the
periodic case, the frequency domain for functions defined onRd in (3.45) into
lower-dimensional parts.
If f fulfills some rather mild conditions, the ANOVA decomposition is a method
to decrease the influence of the curse of dimensionality for high-dimensional
function approximation. We give error estimates between the function f and the
ANOVA truncated function in Theorems 3.26 and 3.28. In Section 3.6, we listed
some possible procedures for finding a good ANOVA index set U , that can all be
understood as the first step of an approximation procedure. A combination of
several of the algorithms listed here is also conceivable.
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Chapter 4
Characterizations in function

spaces

Characterizations in function spacesprovide insights into the convergencebehav-
ior of approximationmethods. They establish conditions underwhich sequences
of approximating functions converge to the target function in a given space. This
includes understanding convergence rates, stability properties, and the relation-
ship between the complexity of the approximation method and the accuracy of
the approximation. The decomposition of a function using (semi-)orthogonal
basis functions allows the analysis of coefficients with respect to this basis. The
decay of the coefficients is the basis for error bounds of projection operators,
which approximate a function by the coefficients and basis functions from a
chosen index set. Ideally, the index set is selected according to the decay of the
coefficients.

Closely related to the decay of wavelet or Fourier coefficients in Sobolev spaces of
dominating mixed smoothness are the hyperbolic crosses, which play a crucial
role in numerical approximation schemes, such as interpolation, quadrature,
and solution of partial differential equations in high-dimensional spaces. They
provide a systematic way to select a subset of basis functions that capture essen-
tial features of the underlying function or solution while dealing with the curse
of dimensionality. Mixed regularity Sobolev spaces are intrinsically connected to
sparse grids, see [BNR00, BG04].

In the first section of this chapter we characterize periodic Sobolev and Besov
spaces from Definitions 2.1 and 2.3 in terms of the decay of the wavelet coeffi-
cients of the decomposition (2.47). Thereby, a crucial role plays the orderm of
vanishing moments of the wavelet function. We start with the one-dimensional
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results in Lemma 4.2. The weak characterization for the multivariate case,

sup
j≥−1

2|j|1m


∑

k∈Ij

|⟨f, ψper
j,k⟩|2




1/2

≤ C ∥f∥Hmmix(Td) ,

is given in Theorem 4.3. If the numberm of vanishing moments of the wavelets
is bigger than the fractional smoothness parameter s of the function f , the
supremum-norm of the wavelet coefficients can be replaced the stronger ℓ2-
norm (with respect to the dilatation index j),

∥f∥Hsmix(Td) ∼


∑

j≥−1

22|j|1s
∑

k∈Ij

|⟨f, ψper
j,k⟩|2




1/2

,

which is shown in Lemma 4.4 for the one-dimensional case and in Theorem 4.7
and Corollary 4.11 for themultivariate case. Similar, for the Besov spaces we have
the characterization in Theorem 4.10,

∥f∥Bs
2,∞(Td) ∼ sup

j≥−1
2|j|1s


∑

k∈Ij

|⟨f, ψper,∗
j,k ⟩|2




1/2

.

Parts of Section 4.1.1 are contained in [LPU23] in this or a similar form. But in
addition to the results in [LPU23], we show in this thesis the new lower bound in
Lemma 4.5 for the wavelet coefficient decay. This bound exploits the properties
of Chui-Wang wavelets by giving a proof on the Fourier domain with explicit
constants. The main findings for Chui-Wang wavelets are summarized in Corol-
lary 4.11.

Building on these characterizations, we study in Section 4.1.2 projection oper-
ators Pn which project a function f onto a finite dimensional wavelet space.
Corollaries 4.14 and 4.18 provide bounds for the PSE (see error splitting (1.1)) for
periodic functions,

∥TUf − Pn,Uf∥L2(Td) ≲ N−s(logN)s(q−1) ∥f∥Hsmix(Td) ,

andTheorem4.19 states a similar result for theL∞-error. For functions in a Besov
space, similar estimates are given in Corollary 4.20. Note, that these problems
have some history. They belong to the field hyperbolic wavelet approxima-
tion and have already been investigated by several authors in the literature, e.g.
[DKT98, GOS99, GK00, SU09, Boh18].
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The transformation R from (2.52) transforms the samples from the domain Ω
to the torus, to be able to apply periodic function approximation also on other
domains. Section 4.2 relies on [PW24] and shows that this idea is successful. From
the definition of the transformation follows automatically, that the transformed
samples are uniformly distributed. A further assumption in our periodic results is
that the function has to be in a function space of certain smoothness. Therefore,
we construct in Section 4.2.1 suitable weighted norms onΩ such that, the norm
of f onΩ and the norm of the transformed function f ◦ R−1 on Td are equal, i.e.

∥f ◦ R−1∥Hsmix(T) = ∥f∥Hsmix(Ω,µ)

holds true. With the introduction of these norms we are able to bound the PSE
(see (1.1)) onΩ by

∥TUf − Pn,Uf∥L2(Ω,µ)
≲ N−s(logN)s(q−1) ∥f∥Hsmix(Ω,µ)

,

see Corollary 4.30.

In Section 4.2.2 we consider the special case of nonperiodic functions defined on
the cubeΩ = [0, 1]d, where the boundary behavior of the function f affects the
approximation error and also the choice of the transformationR, to guarantee
that the transformed function is periodic and smooth. The key idea here is to
choose the extension parameter η in the transformationR from (2.52) depending
on the wavelet order like Lemma 4.31 suggests.

Section 4.3 deals with the approximation of a function f by random Fourier
features and the projection onto a finite dimensional subspace f⋆. In contrast
to the wavelet spaces, this projection depends on the sampled random Fourier
features ω ∈ I. We give error bounds for this projection, which are based
on [HSS+23, XSSW22, SST23], but we generalize the existing literature to the
draw of ANOVA-sparse random Fourier features. Furthermore, we relate the
random Fourier feature setting to almost periodic functions in Section 4.3.2 and
to the NFFT in Section 4.3.3. In Section 4.2.1 we show a connection between the
spacesF(ρ), which state conditions on the decay of the Fourier transform, and
the Sobolev spacesHs

mix(Rd).

4.1 Wavelet characterizations on Td

By representing a function f using a localized wavelet basis, wavelet analysis of-
fers a detailed and adaptive representation that can reveal important information
about the structure and properties of the analyzed functions.
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For a function f ∈ L2(Td) we explore the relationship between the decay of
wavelet coefficients ⟨f, ψper,∗

j,k ⟩ in the decomposition (2.47) and the regularity of
the function f . In many cases, functions with higher regularity tend to exhibit
faster decay rates, while functions with abrupt transitions or singularities may
lead to slower decay. Understanding this connection helps us tailor the choice of
wavelet basis to the specific characteristics of the function.

The results in this section are mostly known for different assumptions on the
wavelets. But we give new easy proofs which use only some or all of the proper-
ties (2.41) to (2.42) of the wavelets, which was introduced in [LPU23]. Since we
are not interested in the most general results, we concentrate on assumptions
which are easy to verify and cover our applications.

In addition to the results [LPU23], we show in Lemma 4.5 new lower bounds for
the wavelet coefficient decay for Chui-Wang wavelets.

4.1.1 Boundedness of wavelet coefficients formixed regularity
Following [LPU23], the wavelet coefficient characterization in Corollary 4.11 are
the foundation for approximation algorithms. Similar results to the following
appear in several papers in various different settings with different assumptions
to the wavelet functions:

In [DKT98] the authors use for characterizations of functions in Sobolev
spaces on the domain Rd Littlewood–Paley theory, while making an as-
sumption that them-th derivative of the wavelet functions span Lp(Rd),
which is not fulfilled for spline wavelets as Chui-Wang wavelets.

Also for the domainRd, general results for characterizations of functions
in Besov spaces can be found in [SU09], which relies on [KLR95, Part II,
Chapter. 6, Theorem 5].

In [GOS99, Proposition 3] a Jackson type estimate and a Bernstein inequal-
ity are required to show a wavelet characterization for Sobolev spaces. The
thesis [Boh17] uses these results, but considers thewavelets of orderm = 2
only. However, there are boundary wavelets for the cube constructed.

We give a rather simple and elementary proof of the sharp wavelet character-
ization in the periodic setting. We would like to point out that the vanishing
moments of orderm of these wavelets play a crucial role for the characterization
which we have in mind.

We star with the following new Lemma concerning some useful properties of the
Chui-Wang wavelets.
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m 1 2 3 4

pmax 16 256 4096 65536
πm√
pmax

0.7854 0.6185 0.4845 0.3805

Table 4.1 : Constants pmax in Lemma 4.1 for the Chui-Wang wavelets
and additionally the rounded constants used later in Lemma 4.5 for the
lower bound of the wavelet coefficient decay.

Lemma 4.1. Let ψ be the Chui-Wang wavelet of orderm ≥ 2, supported on
[0, 2m − 1], which is a piecewise polynomial of degree m − 1 with points of
discontinuities of them−1-th derivative at the points z2 with z ∈ {0, . . . , 4m−2}.
Let az be the jump differences, of them− 1-th derivative of ψ at points z2 . Since
the wavelet function ψ is a piecewise polynomial of orderm − 1, the Fourier
transform of ψ is

ψ̂ (ω) =
1

(iω)m

4m−2∑

z=0

aze
i
ωz
2 , ω ̸= 0. (4.1)

Then, the term

p(cos(πt)) := |ψ̂(2πt)|2(2πt)2m =

∣∣∣∣∣
4m−2∑

z=0

aze
iπtz

∣∣∣∣∣

2

, 0 ≤ t ≤ 1 (4.2)

is a polynomial of degree 4m− 2 in terms of cos(πt), which can be written as

p(cos(tπ)) =
∞∑

i=2m

(−1)i (πt)
2i

(2i)!

∑

z1 ̸=z2
az1az2 (z2 − z1)2i .

Furthermore, the polynomial p is bounded by

0 = p(1) ≤ p(cos(πt)) ≤ p(cos(π)) =
(

4m−2∑

z=0

|az|
)2

=: pmax. (4.3)

We calculated the constant pmax for different wavelet ordersm in Table 4.1.
Proof. First, we calculate
∣∣∣∣∣
4m−2∑

z=0

aze
iπtz

∣∣∣∣∣

2

=

∣∣∣∣∣
4m−2∑

z=0

az (cos(πtz) + i sin(πtz))

∣∣∣∣∣

2
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=

(
4m−2∑

z=0

az cos(πtz)

)2

+

(
4m−2∑

z=0

az sin(πtz)

)2

=

4m−2∑

z=0

a2z + 2

4m−1∑

z1=0

4m−2∑

z2=z1+1

az1az2 (cos(πtz1) cos(πtz2) + sin(πtz1) sin(πtz2))

=
4m−2∑

z=0

a2z + 2
4m−1∑

z1=0

4m−2∑

z2=z1+1

az1az2 cos(πt(z2 − z1)) (4.4)

=
4m−2∑

z=0

a2z + 2
4m−2∑

z=1

4m−2−z∑

k=0

akaz+kTz(cos(πt)) = p(cos(πt)), (4.5)

where Tk are the Chebyshev polynomials of first kind. This leads to the fact that
the term in the previous calculation can be represented by p(cos(πt)), where p is
a polynomial of degree 4m− 2.
For the second part of the lemma, we first exploit the vanishing moments of the
wavelet function ψ and apply partial integrationm-times, which gives

0 =

∫

R
ψ(x)xkdx, for 0 ≤ k ≤ m− 1,

0 =

∫

R

4m−2∑

z=0

δ z
2 ,x
azx

k+mdx, for 0 ≤ k ≤ m− 1,

0 =
4m−2∑

z=0

azz
k, for 0 ≤ k ≤ 2m− 1. (4.6)

We use the Taylor extension of the cosine function in (4.4) at the point 0,

cos(πt(z2 − z1)) = 1 +

∞∑

i=1

(−1)i (πt(z2 − z1))
2i

(2i)!
,

which yields

p(cos(tπ)) =

4m−2∑

z=0

a2z +
∑

z1 ̸=z2
az1az2

(
1 +

∞∑

i=1

(−1)i (πt(z2 − z1))
2i

(2i)!

)

=
∑

z1 ̸=z2
az1az2

( ∞∑

i=1

(−1)i (πt(z2 − z1))
2i

(2i)!

)

=
∞∑

i=1

(−1)i (πt)
2i

(2i)!

∑

z1 ̸=z2
az1az2 (z2 − z1)2i . (4.7)
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Having a closer look at the last sums, we calculate for 1 ≤ i ≤ 2m− 1,

∑

z1 ̸=z2
az1az2 (z2 − z1)2i =

∑

z1 ̸=z2
az1az2

2i∑

ℓ=0

(−1)2i−ℓ
(
2i

ℓ

)
zℓ2z

2i−ℓ
1

=
i∑

ℓ=0

(−1)2i−ℓ
(
2i

ℓ

) ∑

z1 ̸=z2
az1az2z

ℓ
2z

2i−ℓ
1

+
2i∑

ℓ=i+1

(−1)2i−ℓ
(
2i

ℓ

) ∑

z1 ̸=z2
az1az2z

ℓ
2z

2i−ℓ
1

=
i∑

ℓ=0

(−1)2i−ℓ
(
2i

ℓ

) 4m−2∑

z1=0

az1z
2i−ℓ
1

∑

z2 ̸=z1
az2z

ℓ
2

+

2i∑

ℓ=i+1

(−1)2i−ℓ
(
2i

ℓ

) 4m−2∑

z2=0

az2z
ℓ
2

∑

z1 ̸=z2
az1z

2i−ℓ
1

=
i∑

ℓ=0

(−1)2i−ℓ
(
2i

ℓ

) 4m−2∑

z1=0

az1z
2i−ℓ
1

(
−az1zℓ1

)

+
2i∑

ℓ=i+1

(−1)2i−ℓ
(
2i

ℓ

) 4m−2∑

z2=0

az2z
ℓ
2

(
−az2z2i−ℓ2

)

=
4m−2∑

z2=0

a2z2z
2i
2

2i∑

ℓ=0

(−1)2i−ℓ+1

(
2i

ℓ

)
= 0,

where the last equality follows since the alternating sum of the binomial coeffi-
cients equals zero. Inserting this into (4.7) gives

p(cos(tπ)) =
∞∑

i=2m

(−1)i (πt)
2i

(2i)!

∑

z1 ̸=z2
az1az2 (z2 − z1)2i .

In t = 0 the function p(cos(tπ)) has a zero of order 4m and

p(cos(tπ)) ≤ t4m−1 for t < 1
2 . (4.8)

Finally, the upper bound (4.3) of p follows easily from the definition (4.2) using
that |eix| ≤ 1. Since the numbers az have alternating sign, the maximum of
p(cos(πt)) is attained at t = 1 and leads to the constant pmax in Table 4.1.

We will apply later the previous lemma by using that the Fourier transform of the
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wavelet function (4.1) fulfills
∣∣∣ψ̂(2πt)

∣∣∣ =
√
p (cos(π{t}))(2πt)−m, (4.9)

where {t} is the fractional part of t.
We start with the decay of the coefficients |⟨f, ψper

j,k⟩| in the one-dimensional case.
The following lemma was first stated in [LPU23, Lemma 3.4.].
Lemma 4.2. Let f ∈ Hm(T) and ψ a wavelet, which is compactly supported on
[0, S], see (2.41), and be of orderm, see (2.43). Then,

sup
j≥−1

2jm


∑

k∈Ij
|⟨f, ψper

j,k ⟩|2



1/2

≤ S1/2 ∥f∥Hm(T) . (4.10)

Proof. We define the function

Ψm(x) =

∫ x

−∞

ψ(t)(x− t)m−1

(m− 1)!
dt, where 0! := 1. (4.11)

Note, that this function is defined using the nonperiodic wavelet function ψ,
which has compact support on [0, S]. Because of the moment condition (2.43)
and the fact that (x− t)m−1 is a polynomial of degree at mostm− 1, we have
Ψm(x) → 0 for x → ±∞. Hence,Ψm(x) has also support [0, S]. Furthermore,
m-times differentiation yields

DmΨm(x) = ψ(x).

The periodization ofΨm is

Ψper
m (x) =

∑

ℓ∈Z
Ψm(x+ ℓ) =

∑

ℓ∈Z

∫ x+ℓ

−∞

ψ(t)(x+ ℓ− t)m−1

(m− 1)!
dt.

SinceΨm has compact support, the summation over ℓ is finite and we can in-
terchange differentiation and summation, which yields dm

dxmΨper
m (x) = ψper(x).

Analogously, we confirm that

dm

dxm

(∑

ℓ∈Z

∫ x+ℓ

−∞

ψj,k(t)(x+ ℓ− t)m−1

(m− 1)!
dt

)
= ψper

j,k (x). (4.12)

Now we calculate the inner products by using variable substitutions

|⟨f, ψper
j,k ⟩| =

∣∣∣∣
∫

T
f(x)ψper

j,k (x) dx

∣∣∣∣
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=

∣∣∣∣∣

∫

T
f(x)

dm

dxm

∑

ℓ∈Z

∫ x+ℓ

−∞

ψj,k(t)(x+ ℓ− t)m−1

(m− 1)!
dt dx

∣∣∣∣∣

= 2j/2 2−j
∣∣∣∣∣

∫

T
f (m)(x)

∑

ℓ∈Z

∫ 2jx+2jℓ−k

−∞

ψ(t′)(x+ ℓ− t′+k
2j )m−1

(m− 1)!
dt′ dx

∣∣∣∣∣

= 2j/2 2−jm
∣∣∣∣∣

∫

T
f (m)(x)

∑

ℓ∈Z

∫ 2jx+2jℓ−k

−∞

ψ(t′)(2jx+ 2jℓ− k − t)m−1

(m− 1)!
dt′ dx

∣∣∣∣∣

= 2j/2 2−jm
∣∣∣∣∣

∫

T
f (m)(x)

∑

ℓ∈Z
Ψm(2jx+ 2jℓ− k) dx

∣∣∣∣∣ (4.13)

≤ 2j/2 2−jm
∑

ℓ∈Z

∫

Iℓ,j,k

∣∣∣f (m)(x)Ψm(2jx+ 2jℓ− k)
∣∣∣ dx, (4.14)

where Iℓ,j,k = suppΨ(2j ·+2jℓ−k). SinceΨm is supported on [0, S], the interval
Iℓ,j,k is [2−jk − ℓ, 2−j(S + k)− ℓ] ∩ [− 1

2 ,
1
2 ). We denote the union ∪ℓ∈ZIℓ,j,k by

Ij,k. Note, that in this proof we put points that are in multiple Iℓ,j,k, multiple
times in Ij,k. This is the case if S > 2j , hence |Ij,k| = S 2−j , which can be bigger
than 1.

|⟨f, ψper
j,k ⟩| ≤ 2j/2 2−jm

∫

Ij,k

∣∣∣f (m)(x)Ψm(2jx− k)
∣∣∣ dx

≤ 2j/2 2−jm
(∫

Ij,k

∣∣∣f (m)(x)
∣∣∣
2

dx

)1/2(∫

Ij,k

|Ψm(x)|2 dx

)1/2

≤ 2j/2 2−jm
(∫

Ij,k

∣∣∣f (m)(x)
∣∣∣
2

dx

)1/2

max
x∈R

Ψm(x) |Ij,k|
1
2 ,

≤ 2−jm S1/2 max
x∈R

Ψm(x)
∥∥∥f (m)

∥∥∥
L2(Ij,k)

. (4.15)

Summation over kmeans to merge Ij,k for all k ∈ Ij . The intervals Ij,k for fixed
j overlap for different k, but at most ⌈S⌉-times. Hence, for Ij = ∪2j−1

k=0 Ij,k, we
have

∫
Ij
|g(x)|2 dx ≤ S

∫
T |g(x)|2 dx. All together, this yields

2jm




2j−1∑

k=0

|⟨f, ψper
j,k ⟩|2




1/2

≤ S1/2 ∥f (m)∥L2(T) . (4.16)

For the scaling function we have

|⟨f, 1T⟩| =
∣∣∣∣
∫

T
f(x) dx

∣∣∣∣ ≤ ∥f∥L1(T) ≤ ∥f∥L2(T) . (4.17)
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Now, the assertion follows from (4.16) and (4.17).

We use the one-dimensional Lemma 4.2 to give a characterization for multi-
dimensional functions. The d-times tensorized spaces ofHm(T) are the spaces
Hm

mix(Td). The following theorem was also shown in [LPU23, Theorem 3.5.].
Theorem 4.3. Let f ∈ Hm

mix(Td) and ψ
per
j,k be the periodized, dilated and trans-

lated versions of a wavelet ψ, which is compactly supported, see (2.41), and be
of orderm, see (2.43). Then, there exists a constantC, which depends onm and
dimension d, such that

sup
j≥−1

2|j|1m


∑

k∈Ij

|⟨f, ψper
j,k⟩|2




1/2

≤ C ∥f∥Hmmix(Td) ,

where we define the index norm |j|1 =
∑
i,ji≥0 ji.

Proof. Weuseamulti-variate versionof the functionΨm of theproof of Lemma4.2,
which we get by tensorizing the one-dimensional functions,

Ψm(x) =
d∏

i=1

Ψm(xi).

This function is supported on [0, S]d. Furthermore, we have

D(m·1)Ψm(x) = ψ(x),

where 1 is the d-dimensional vector of ones. We also derive multi-dimensional
identities like in (4.12), wherewe tensorize the functions anddifferentiate in every
dimensionm times. Let the multi-index j be fixed, with u = {i ∈ [d] | ji ≥ 0}.
We apply integration by parts in the dimensions i, where ji ≥ 0, i.e. in the
dimensions u. In these dimensions we use (4.12) with j = ji and x = xi.
Therefore, we get

|⟨f, ψper
j,k⟩| =

∫

T|uc|

∫

T|u|
f(x)ψper

j,k(x) dxu dxuc

=

∫

T|uc|

∫

T|u|
f(x)

|u|∏

i=1

ψper
jui ,kui

(xui) dxu dxuc

≤ 2|ju|1/2−|j|1m

·
∫

T|uc|

∑

ℓu∈Z|u|

∫

Iℓ,j,k

|(D(1(u)m)f(x))Ψm(2ju(xu + lu)− ku)| dxu dxuc ,
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where the vector 1(u) is the vector which is 1 at the indicesu and all other entries
are zero. The intervals for integration are given by the support ofΨm, i.e.

Iℓ,j,k = suppΨm(2juxu + 2julu − ku) = [2juku − lu, 2
−ju(S + ku)− ℓu],

where expressions over multi-indices are always meant component-wise. That
means (2−jk)i = 2−jiki. We denote the union ∪ℓ∈ZdIℓ,j,k by Ij,k. Note, that in
this proof we put points that are in multiple Iℓ,j,k, multiple times in Ij,k. This
is the case if S > 2ji for some i, hence |Ij,k| = S 2−|ju|1 , which can be greater
than 1. Like in (4.15), we use Cauchy-Schwarz inequality and get

|⟨f, ψper
j,k⟩| ≤ C2−|ju|1m ∥D(1(u)m)f∥L2(Iju,ku⊗Td−|u|) ,

where the constant depends onm and |u|. Summation over k ∈ Ij means to
merge Ij,k for all k ∈ Ij . The intervals Ij,k have length 2−|ju|1S|u| and they are
centered at the points 2juku for ku ∈ Iju

. Hence, the intervals overlap at most
⌈S⌉|u|-times, i.e. we have

22|ju|1m
∑

k∈Ij

|⟨f, ψper
j,k⟩|2 ≤ C ∥D(1(u)m)f∥2L2(Td) ≤ C ∥f∥

2
Hmmix(Td) , (4.18)

where the constant depends onm and d. This finishes the proof.

In the previous proof the function f had to have the same smoothness as the
orderm of the vanishingmoments property (2.43). If we require only slightly less
smoothness, we get a much better characterization of functions in Vj , see (2.38),
which uses the sum instead of the supremum of the wavelet coefficients if the
fractional smoothness parameter s satisfies s < m. Again, we prepare the multi-
dimensional result by proving the following one-dimensional result first, see
[LPU23, Lemma 3.6.].

Lemma 4.4. Let f ∈ Hs(T), 0 < s < m andψper
j,k an 1-periodized wavelet, which

is compactly supported on [0, S], see (2.41), be of orderm, see (2.43), and forms a
Riesz basis, see (2.42). Then,



∞∑

j=−1

22|j|1s
∑

k∈Ij
|⟨f, ψper

j,k ⟩|2



1/2

≤
(

1

γ
1/2
m

2s

2s − 1
+

S
1/2

2(m−s) − 1

)
∥f∥Hs(T) ,

where δm is the Riesz constant from (2.42) and where we use |j|1 = j if j ≥ 0 and
0 otherwise.
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Proof. The first summand for j = −1 is |⟨f, 1T⟩|2 = ∥f∥2L1(T) ≤ C ∥f∥2Hs(T).
Now we consider a fixed index j ≥ 0. We will use the equivalent norm given
in (2.22). This yields in particular for the block fq

∥fq∥Hs(T) ≤ 2qs ∥fq∥L2(T) . (4.19)

The decomposition of f in dyadic blocks (2.21) and triangle inequality yields

∑

k∈Ij
|⟨f, ψper

j,k ⟩|2



1/2

≤
∑

ℓ∈Z


∑

k∈Ij
|⟨fj+ℓ, ψper

j,k ⟩|2



1/2

.

Let now ℓ ∈ Z be fixed. We distinguish two cases and we begin with ℓ > 0. Here,
we have

∑

k∈Ij
|⟨fj+ℓ, ψper

j,k ⟩|2 ≤
1

γm
∥fj+ℓ∥2L2(T) . (4.20)

Using this and summation over the weighted wavelet coefficients yields

∑

ℓ>0




∞∑

j=0

22js
∑

k∈Ij
|⟨fj+ℓ, ψper

j,k ⟩|2



1/2

≤ 1

γ
1/2
m

∑

ℓ>0




∞∑

j=0

22(j+ℓ)s 2−2ℓs ∥fj+ℓ∥2L2(T)




1/2

≤ 1

γ
1/2
m

∑

ℓ>0

2−ℓs ∥f∥Hs(T) =
1

γ
1/2
m

2s

2s − 1
∥f∥Hs(T) . (4.21)

For the remaining case ℓ ≤ 0we use Lemma 4.2 and (4.19),
∑

k∈Ij
|⟨fj+ℓ, ψper

j,k ⟩|2 ≤ S2−2jm ∥fj+ℓ∥2Hm(T)

≤ S2−2jm22(j+ℓ)m ∥fj+ℓ∥2L2(T)

= S22ℓm ∥fj+ℓ∥2L2(T) , (4.22)

This yields

∑

ℓ≤0




∞∑

j=0

22js
∑

k∈Ij
|⟨fj+ℓ, ψper

j,k ⟩|2



1/2
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≤ S1/2
∑

ℓ≤0




∞∑

j=0

22(j+ℓ)s 2−2ℓs22ℓm ∥fj+ℓ∥2L2(T)




1/2

= S
1/2
∑

ℓ≤0

2ℓ(m−s)




∞∑

j=0

22(j+ℓ)s ∥fj+ℓ∥2L2(T)




1/2

= S
1/2
∑

ℓ≤0

2ℓ(m−s) ∥f∥Hs(T) =
S

1/2

2(m−s) − 1
∥f∥Hs(T) . (4.23)

The assertion follows from (4.21) and (4.23).

In the following lemma we show the lower bound for Chui-Wang wavelets even
for the case s < m, which is a new result in this thesis in comparison to [LPU23]
and was shown in [Wei25].
Lemma 4.5. Let f ∈ Hs(T), 0 < s < m− 1

2 andψ
per
j,k be the Chui-Wangwavelets

of orderm. Then,

πm

√
pmax

(
1

(1− 2−2s)(1− 2−2m)
+

1

2

1

1− 2−4m+1

1

1− 2(2m−1−2s)

)−1/2

∥f∥Hs(T)

≤

∣∣∣∣∣∣

∞∑

j=−1

22|j|1s
∑

k∈Ij

|⟨f, ψper,∗
j,k ⟩|2

∣∣∣∣∣∣

1/2

,

where the involved constant πm√
pmax

is calculated in Table 4.1.
Proof. Decompose f =

∑
ℓ∈Z Ψq+ℓ(f) into the wavelet decomposition, with

Ψq+ℓ(f) :=

{∑2q+ℓ−1
k=0 ⟨f, ψper,∗

q+ℓ,k⟩ψ
per
q+ℓ,k if q + ℓ ≥ 0,

0 if q + ℓ < 0.
(4.24)

Then, we start with the norm given in (2.22), which is equivalent toHs(T) and
use the dyadic index sets Jq from (2.20),

∥f∥2Hs(T) =
∞∑

q=0

22qs ∥fq∥2L2(T) =
∞∑

q=0

22qs
∑

n∈Jq
|cn(f)|2

= |c0(f)|2 +
∞∑

q=1

22qs
∑

n∈Jq

∣∣∣∣∣∣

∞∑

ℓ=−1+q

cn(Ψq+ℓ(f))

∣∣∣∣∣∣

2

(4.25)

= |c0(f)|2 +
∞∑

q=1

22qs
∑

n∈Jq

∣∣∣∣∣∣

∞∑

ℓ=−1+q

2q+ℓ−1∑

k=0

⟨f, ψper,∗
q+ℓ,k⟩cn(ψ

per
q+ℓ,k)

∣∣∣∣∣∣

2
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For the Fourier coefficients of the wavelet functions ψper
j,k for j ̸= −1we calculate

that

cn(ψ
per
q+ℓ,k) =

∫

T
ψper
q+ℓ,k(x) e

−2πinx dx

= 2−
q+ℓ
2

∫

R
ψ(x) e−2πin(x+k)2−ℓ−q dx

= 2−
q+ℓ
2 e−2πi nk

2ℓ+q ψ̂

(
2πn

2q+ℓ

)
.

Denote the vector aj =
(
⟨f, ψper,∗

j,k ⟩
)
k∈Ij

and the matrixM q,j entry-wise by

(M q,j)n,k = 2−
j/2e−2πink

2j ψ̂

(
2πn

2j

)
.

Then, the vector containing the Fourier coefficients ofΨq+ℓ(f) is

(cn(Ψj(f)))n∈Jq = M q,jaj ,

Inserting this into (4.25) yields

∥f∥2Hs(T) − |c0(f)|2 =
∞∑

q=1

22qs

∥∥∥∥∥∥

∞∑

ℓ=−1−q
M q,q+ℓaq+ℓ

∥∥∥∥∥∥

2

2

≤ 2
∞∑

q=1

22qs




∥∥∥∥∥
∞∑

ℓ=0

M q,q+ℓaq+ℓ

∥∥∥∥∥

2

2︸ ︷︷ ︸
Tq

+

∥∥∥∥∥∥

−1∑

ℓ=−q
M q,q+ℓaq+ℓ

∥∥∥∥∥∥

2

2︸ ︷︷ ︸
T̃q



.

We investigate the two different terms. We start with the case ℓ ≥ 0,

Tq ≤
∞∑

ℓ=0

∥∥2ℓsM q,q+ℓaℓ+q
∥∥2
2

1

1− 2−2s
(4.26)

≤ 1

1− 2−2s

∞∑

ℓ=0

22ℓs ∥M q,q+ℓ∥22 ∥aq+ℓ∥
2
2 ,

where ∥·∥2 for a matrix is the spectral norm. For the matricesM q,j , which are
products of a diagonalmatrix andapart of a Fouriermatrix, wehavewith j = ℓ+q
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and Lemma 4.1,

∥M q,j∥22 ≤ max
n∈Jq

∣∣∣∣ψ̂
(
2πn

2j

)∣∣∣∣
2

= max
n∈Jq

p

(
cos

(
2πn

2j

))(
2πn

2j

)−2m

≤ pmax

(2π2ℓ−1)2m
,

such that
∞∑

q=0

22qs Tq ≤
pmax

(1− 2−2s)π2m

∞∑

q=0

22qs
∞∑

ℓ=0

2−2mℓ22ℓs ∥aℓ+q∥22

=
pmax

(1− 2−2s)(1− 2−2m)π2m

∞∑

j=0

22js ∥aj∥22 .

For the remaining case where ℓ < 0, we denote byFj := 2−j/2
(
e−2πin

′k
2j

)
n′,k∈Ij

the Fourier matrix of size 2j and âj = Fjaj . Then,

M q,jaj = diag

(
ψ̂

(
2πn

2j

))
(12−ℓ−1 ⊗ I2q+ℓ) âj .

We rearrange all terms to one linear system of equations, where the matrices
M q,j are connected horizontally and the vectors âj are connected vertically by

T̃q =

∥∥∥∥∥Λq

(
2ℓ(m− 1

2 )âq+ℓ

)

ℓ=−q,...,−1

∥∥∥∥∥

2

2

.

To show the structure of the matrixΛq , we give an example for q = 3 andm = 2.
For shortened notation, we use [x] := ψ̂(2π x) here, such that

Λ3 =

24.5[ 41 ] 23[ 42 ] 23[ 42 ] 21.5[ 44 ] 23[ 42 ]

24.5[ 51 ] 23[ 52 ] 21.5[ 54 ]

24.5[ 61 ] 23[ 62 ] 21.5[ 64 ]

24.5[ 71 ] 23[ 72 ] 21.5[ 74 ]







ℓ = −3 ℓ = −2 ℓ = −1

.
Every entry of thematrixΛq is either 0 or of the form 2−ℓ(m− 1

2 )ψ̂( 2πn2j ). Using the
relation j = q + ℓ, the spectral norm of this matrix is bounded by Gerschgorins
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circle theorem for the matrixΛqΛ
∗
q by

∥Λq∥22 ≤ max
n∈Jq

∑

n′∈Jq
n′=2jt+n

−1∑

ℓ=−q
2−2ℓm+ℓ

∣∣∣∣ψ̂
(
2πn

2j

)∣∣∣∣
∣∣∣∣ψ̂
(
2πn′

2j

)∣∣∣∣

(4.9)
=

1

(2π)2m
max
n∈Jq

22qm

nm

∑

n′∈Jq
n′=2jt+n

−1∑

ℓ=−q

2ℓ

(n′)m
p
(
cos
(
π
{ n

2ℓ+q

}))

=
1

(2π)2m
max
n∈Jq

22qm

nm

−1∑

ℓ=−q
2ℓ

2−ℓ−1∑

t=0

1

(n+ 2q+ℓt)m
p
(
cos
(
π
{ n

2ℓ+q

}))

and because of the periodicity with k < q,

=
1

(2π)2m
max
n∈Jq
n=2k r

22qm

nm

−1∑

ℓ=−q+k
2ℓp

(
cos

(
π

{
2kr

2ℓ+q

})) 2−ℓ−1∑

t=0

1

(n+ 2q+ℓt)m
,

the last sum is bounded by the number of summands and the maximum,

≤ 1

(2π)2m
max
n∈Jq
n=2k r

22qm

nm

−1∑

ℓ=−q+k
2ℓp

(
cos

(
π

{
2kr

2ℓ+q

}))
2−ℓ−1 1

nm

=
1

2(2π)2m
max
n∈Jq
n=2k r

22qm

n2m

−1∑

ℓ=−q+k
p

(
cos

(
π

{
2kr

2ℓ+q

}))

=
1

2 (2π)2m
max
n∈Jq
n=2k r

22qm

n2m

q−1−k∑

ℓ′=0

p
(
cos
(π r
2ℓ′

))

=
1

2 (2π)2m
max
n∈Jq
n=2k r

22qm

n2m

(
pmax + p(cos

π

2
) + p(cos

π

4
) + · · ·+ p(cos

π

2q−1−k )
)

(4.8)
≤ 1

2 (2π)2m
22m pmax

∞∑

ℓ=0

2−(4m−1)ℓ

=
pmax

2π2m

1

1− 2−4m+1
.
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We conclude the case ℓ < 0with
∞∑

q=0

22qs T̃q ≤
∞∑

q=0

22qs ∥Λq∥22

∥∥∥∥∥

(
2ℓ(m− 1

2
)âq+ℓ

)

ℓ=−q,...,−1

∥∥∥∥∥

2

2

≤
∞∑

q=0

22qs ∥Λq∥22
−1∑

ℓ=−q

2ℓ(2m−1) ∥âq+ℓ∥22

≤ pmax

2π2m

1

1− 2−4m+1

∞∑

j=0

22js ∥âj∥22
−1∑

ℓ=−∞
2ℓ(2m−2s−1)

≤ pmax

2π2m

1

1− 2−4m+1

1

1− 22s+1−2m

∞∑

j=0

22js ∥aj∥22 if s < m− 1
2
.

By adding the inequalities for the two cases we finish the proof.

Remark 4.6 (Connection between the constant pmax and Chui-Wang wavelets).
In the previous lemma we used the Fourier transform of the wavelet function ψ̂
and set it in connection to the polynomial p from Lemma 4.1 which includes the
numbers az , the jump differences, of them− 1-th derivative of ψ. An alternative
would be to construct ψ̂ by using the sum (2.36) of cardinal B-Splines, which
leads to

ψ̂(ω) =
∑

r∈Z
qr
(
Bm(2x− r − m

2 )
)
(̂ω) =

∑

r∈Z
qr

1

2
e−iπ ω2 (r+

m
2 )B̂m

(ω
2

)
,

=
1

2

∑

r∈Z
qre

−iπ ω2 (r+
m
2 ) sin

m(πω2 )

(πω2 )m

=
1

2

(
2

π

)m
ω−m∑

r∈Z
qre

−iπ ω2 (r+
m
2 ) sinm

(πω
2

)
.

Comparing this with (4.1) means that

p(cos(πt)) = (2π)2m
1

4

(
2

π

)2m
∣∣∣∣∣
∑

r∈Z
qr e

−iπ t2 (r+
m
2 ) sin

(
πt

2

)m∣∣∣∣∣

2

≤ (2π)2m
1

4

(
2

π

)2m
(∑

r∈Z
|qr|
)2

= pmax.

This leads to the same constants as reported in Table 4.1. △
The following result represents a multivariate version of Lemma 4.4 and was first
presented in this form in [LPU23, Theorem 3.7.], but in contrast to the paper,
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we give here a detailed proof by a similar and straight-forward direction-wise
analysis as in Theorem 4.3. For the different proof argument based on an abstract
tensor product result see Remark 4.8.

Theorem 4.7. Let f ∈ L2(Td), 0 < s < m and ψ a wavelet, which is com-
pactly supported, see (2.41), be of order m, see (2.43), and forms a Riesz basis,
see (2.42). Then, there exists a constantC, which depends on the wavelet orderm,
the smoothness s and the dimension d, such that


∑

j≥−1

22|j|1s
∑

k∈Ij

|⟨f, ψper
j,k⟩|2




1/2

≤ C ∥f∥Hsmix(Td) , (4.27)

where we use |j|1 =
∑
i,ji≥0 ji.

Proof. Let j be a fixed multi-index and u = {i ∈ [d] | ji ≥ 0}. First, we consider
the summandswhere |u| < d, i.e some indices ji are−1. Then, we have to bound

2|ju|1s
∑

ku∈Iju

|⟨f, ψju,ku⟩|2,

which is the expression on the left hand side of (4.3) of dimension |u|. Since we
already proved the one-dimensional case, an induction argument yields that all
summands with |u| < d are bounded byC ∥f∥2Hsmix(Td). Therefore, in the rest of
the proof we consider only the cases where we sum over all j ≥ 0.

Using the dyadic decomposition (2.21), we get a norm which is equivalent to
∥·∥Hsmix(Td). We use the inequality (2.22) especially for fq , where the sum reduces
to one summand and we have

∥fq∥Hsmix(Td) ≤ 2|q|1s ∥fq∥L2(Td) . (4.28)

The decomposition of f in dyadic hyperrectangles yields by triangle inequality


∑

k∈Ij

|⟨f, ψper
j,k⟩|2




1/2

≤
∑

ℓ∈Zd


∑

k∈Ij

|⟨fj+ℓ, ψ
per
j,k⟩|2




1/2

.

We iterate the one-dimensional estimations, to bound the sum over the weighted
wavelet coefficients for the multi-dimensional case. Therefore, we fix ℓ ∈ Zd and
consider the index sets u = {i ∈ [d] | ℓi > 0} and v = {i ∈ [d] | ℓi ≤ 0}. That
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means u∪̇v = [d]. Using the one-dimensional bound (4.20), we have

Aℓ,j :=
∑

k∈Ij

|⟨fj+ℓ, ψ
per
j,k⟩|2 =

∑

kv∈Ijv

∑

ku∈Iju

|⟨fj+ℓ, ψ
per
jv ,kv

· ψper
ju,ku

⟩|2

=
∑

kv∈Ijv

∑

ku∈Iju

(∫

T

∫

Td−1

fj+ℓ ψ
per
jv ,kv

ψper
juc1

,kuc1

ψper
ju1

,ku1
dxuc1

dxu1

)2

=
∑

kv∈Ijv

∑

ku\u1∈Iju\u1

∑

ku1∈Iju1

|⟨
∫

Td−1

fj+ℓ ψ
per
jv ,kv

ψper
juc1

,kuc1

dxuc1
, ψper

ju1
,ku1

⟩|2

≤ 1

γm

∑

kv∈Ijv

∑

ku\u1∈Iju\u1

∥∥∥∥
∫

Td−1

fj+ℓ ψ
per
jv ,kv

ψper
juc1

,kuc1

dxuc1

∥∥∥∥
2

L2(T)

=
1

γm

∫

T

∑

kv∈Ijv

∑

ku\u1∈Iju\u1

(∫

Td−1

fj+ℓ ψ
per
jv ,kv

ψper
juc1

,kuc1

dxuc1

)2

dxu1 .

We iterate this procedure for all ui ∈ u. If u = ∅, we skip this step. For the
indices v, where l ≤ 0, we use (4.22) and proceed as follows. If v = ∅, we skip
this step.

Aℓ,j ≤ 1

γ
|u|
m

∫

T|u|

∑

kv∈Ijv

(∫

T|v|
fj+ℓ ψ

per
jv ,kv

dxv

)2

dxu

=
1

γ
|u|
m

∫

T|u|

∑

kv∈Ijv

(∫

T

∫

T|v|−1

fj+ℓ ψ
per
jv\v1 ,kv\v1

ψper
jv1

,kv1
dxv\v1 dxv1

)2

dxu

=
1

γ
|u|
m

∫

T|u|

∑

kv∈Ijv

∣∣∣∣⟨
∫

T|v|−1

fj+ℓ ψ
per
jv\v1 ,kv\v1

dxv\v1 , ψ
per
jv1

,kv1
⟩
∣∣∣∣
2

dxu

≤ S

γ
|u|
m

∫

T|u|
2−2jv1m

∑

kv\v1∈Ijv\v1

∥∥∥∥
∫

T|v|−1

fj+ℓ ψ
per
jv\v1 ,kv\v1

dxv\v1

∥∥∥∥
2

Hm(xv1 )

dxu.

Iterating this for all vi ∈ v yields and using (4.28) yields

Aℓ,j ≤
S|v|

γ
|u|
m

2−2|jv|1m
∥∥∥∥∥

∥∥∥∥· · · ∥fj+ℓ∥Hm(xv|v| )
· · ·
∥∥∥∥
2

Hm(xv1 )

∥∥∥∥∥

2

L2(xu)

≤ S|v|

γ
|u|
m

2−2|jv|1m
∥∥∥∥∥

∥∥∥∥· · · 2
(jv|v|+ℓv|v| )m ∥fj+ℓ∥2L2(xv|v| )

· · ·
∥∥∥∥
2

Hm(xv1 )

∥∥∥∥∥

2

L2(xu)

≤ S|v|

γ
|u|
m

2−2|jv|1m2

(∑|v|
i=1 jvi

+ℓvi

)
m
∥∥∥∥fj+ℓ∥2L2(xv)

∥∥∥
2

L2(xu)
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=
S|v|

γ
|u|
m

22
∑|v|
i=1 ℓvim ∥fj+ℓ∥2L2(Td) ,

Note, that we only have to sum over all j ≥ −ℓ, since otherwise fj+ℓ = 0. Hence,
summation over all ℓ ∈ Zd and j big enough, yields

∑

ℓ∈Zd


∑

j≥0

22|j|1s
∑

k∈Ij

|⟨fj+ℓ, ψ
per
j,k⟩|2




1/2

≤
∑

ℓ∈Zd

(
S|v|

γ
|u|
m

)1/2

∑

j≥0

22|j|1s22
∑|v|
i=1 ℓvim ∥fj+ℓ∥L2(Td)




1/2

=
∑

ℓ∈Zd


∑

j≥0

22(|j|1+
∑d
i=1 ℓi)s 2−2(

∑d
i=1 ℓi)s22

∑|v|
i=1 ℓvim ∥fj+ℓ∥L2(Td)




1/2

=
∑

ℓ∈Zd

S|v|

γ
|u|
m

2(
∑|v|
i=1 ℓvi )(m−s) 2−

∑|u|
i=1 ℓuis


∑

j≥0

22|ℓ+j|s ∥fj+ℓ∥L2(Td)




1/2

≤
∑

u⊂[d]

(
1

γ
1/2
m

2s

2s − 1

)|u|(
S

1/2

2m−s − 1

)|v|
∥f∥Hsmix(Td)

=

(
1

γ
1/2
m

2s

2s − 1
+

S
1/2

2m−s − 1

)d
∥f∥Hsmix(Td) ,

which finishes the proof.
Remark 4.8. Let us additionally give a different proof argument for the previous
theorem based on an abstract tensor product result. For this end we need the
sequence space

bs2 :=




(aj,k) ⊂ C

∣∣∣∣∣∣∣




∞∑

j=−1

∑

k∈Ij
22js|aj,k|2




1/2

<∞




.

Corollary 3.6.(i) for the case p = 2 from [SU09] gives us a result of the multivari-
ate versions of these one-dimensional sequence spaces. It was shown that the
multivariate sequence spaces are the tensor products of the one-dimensional
sequence spaces. In our case, we have to consider the sequence spaces of the
wavelet coefficients, where aj,k = ⟨f, ψper,∗

j,k ⟩. In [SU09, Theorem 2.1] it was
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shown that the spacesHs
mix(Td) coincide with the tensor products⊗di=1H

s(T).
Our one-dimensional Lemma 4.4 bounds the operator which maps a function
fromHs(T) to bs2. Hence, the tensor product operator is also bounded between
the tensor product spaces. △
Remark 4.9. For s < m and Chui-Wang wavelets, the lower bound

C ∥f∥Hsmix(Td) ≤


∑

j≥−1

22|j|1s
∑

k∈Ij

|⟨f, ψper,∗
j,k ⟩|2




1/2

follows with the same arguments as the previous theorem from Lemma 4.5. △
For functions in the Besov spaces Bs

2,∞(Td) the following theorem controls
the wavelet coefficient decay. This theorem expands the proofs in [LPU23]. In
contrast to Theorem 4.7 concerning the Sobolev spaces, in the actual case a
counterpart of the mentioned tensor product result is not available. Therefore,
we again need a direct argument. The basic ideas are the same as in the proof of
Theorem 4.7, but we show the technical details in the following proof.

Theorem 4.10. Let f ∈ L2(Td), 0 < s < m and ψ a wavelet, which is compactly
supported, see (2.41), be of orderm, see (2.43), and forms aRiesz basis, see (2.42).
Then, there exists a constant C, which depends on the wavelet order m, the
smoothness s and the dimension d, such that

sup
j≥−1

2|j|1s


∑

k∈Ij

|⟨f, ψper
j,k⟩|2




1/2

≤ C ∥f∥Bs
2,∞(Td) . (4.29)

Proof. We start with showing that

 sup
j≥−1

22js
∑

k∈Ij
|⟨f, ψper

j,k ⟩|2



1/2

≤
(

1

γ
1/2
m

2s

2s − 1
+

S
1/2

2(m−s) − 1

)
∥f∥Bs

2,∞(T) .

(4.30)
This proof is similar to the proof of Lemma 4.4. For j = −1we have |⟨f, 1T⟩|2 =

∥f∥2L1(T) ≤ C ∥f∥
2
Bs

2,∞(T). Now, we consider a fixed index j ≥ 0. The decompo-
sition of f in dyadic blocks and triangle inequality yields


∑

k∈Ij
|⟨f, ψper

j,k ⟩|2



1/2

≤
∑

ℓ∈Z


∑

k∈Ij
|⟨fj+ℓ, ψper

j,k ⟩|2



1/2

.
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Let now ℓ ∈ Z be fixed. We distinguish two cases and we begin with ℓ > 0.
Here, we use (4.20) and summation over the weighted wavelet coefficients yields
similar to (4.21),

∑

ℓ>0


22js

∑

k∈Ij
|⟨fj+ℓ, ψper

j,k ⟩|2



1/2

=
1

γ
1/2
m

2s

2s − 1
∥f∥Bs

2,∞(T) . (4.31)

For the remaining case ℓ ≤ 0, we use (4.22), which yields

∑

ℓ≤0


22js

∑

k∈Ij
|⟨fj+ℓ, ψper

j,k ⟩|2



1/2

≤ S1/2
∑

ℓ≤0

(
22(j+ℓ)s 2−2ℓs22ℓm ∥fj+ℓ∥2L2(T)

)1/2

= S
1/2
∑

ℓ≤0

2ℓ(m−s)
(
2(j+ℓ)s ∥fj+ℓ∥2L2(T)

)1/2

= S
1/2
∑

ℓ≤0

2ℓ(m−s) ∥f∥Bs
2,∞(T)

=
S

1/2

2(m−s) − 1
∥f∥Bs

2,∞(T) . (4.32)

Then, (4.30) follows from (4.31) and (4.32).
Now concerning the multivariate case, the main idea is to fix again the index j
with u = supp j. We use the bound

∑

k∈Ij

|⟨fj+ℓ, ψ
per
j,k⟩|2 ≤

S|v|

γ
|u|
m

22
∑|v|
i=1 ℓvim ∥fj+ℓ∥2L2(Td)

from the proof of Theorem 4.7. Note, that we only have to sum over all−ℓ ≥ j,
since otherwise fj+ℓ = 0. Hence, summation over all ℓ ∈ Zd yields

sup
j≥−1

∑

ℓ∈Zd


22|j|1s

∑

k∈Ij

|⟨fj+ℓ, ψ
per
j,k⟩|2




1/2

≤ sup
j≥−1

∑

ℓ∈Zd

(
S|v|

γ
|u|
m

)1/2 (
22|j|1s22

∑|v|
i=1 ℓvim ∥fj+ℓ∥L2(Td)

)1/2

= sup
j≥−1

∑

ℓ∈Zd

(
S|v|

γ
|u|
m

)1/2 (
22(|j|1+

∑d
i=1 ℓi)s 2−2(

∑d
i=1 ℓi)s22

∑|v|
i=1 ℓvim ∥fj+ℓ∥L2(Td)

)1/2

= sup
j≥−1

∑

ℓ∈Zd

(
S|v|

γ
|u|
m

)1/2

2(
∑|v|
i=1 ℓvi )(m−s) 2−

∑|u|
i=1 ℓuis

(
22|ℓ+j|s ∥fj+ℓ∥L2(Td)

)1/2
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≤
∑

u⊂[d]

(
1

γ
1/2
m

2s

2s − 1

)|u| (
S

1/2

2m−s − 1

)|v|
∥f∥Bs

2,∞(Td)

=

(
1

γ
1/2
m

2s

2s − 1
+

S
1/2

2m−s − 1

)d

∥f∥Bs
2,∞(Td) ,

which finishes the proof.

In the following, we collect all the main findings in this section, which means we
have equivalence between a norm defined by wavelets and a norm defined by
Fourier coefficients.
Corollary 4.11. Let ψper

j,k be the periodized Chui-Wang wavelets of orderm and
1
2 < s < m. Then,

Cl ∥f∥Hsmix(Td) ≤


∑

j≥−1

22|j|1s
∑

k∈Ij

|⟨f, ψper,∗
j,k ⟩|2




1/2

≤ Cu ∥f∥Hsmix(Td) ,

and

Cl ∥f∥Bs
2,∞(Td) ≤ sup

j≥−1
2|j|1s


∑

k∈Ij

|⟨f, ψper,∗
j,k ⟩|2




1/2

≤ Cu ∥f∥Bs
2,∞(Td) ,

with constants

Cl =

√
γd
m

δdm

πdm

p
d/2
max

(
1

(1− 2−2s)(1− 2−2m)
+

1

2

1

1− 2−4m+1

1

1− 2(2m−1−2s)

)−d/2

,

Cu =

√
δdm
γd
m

(
1

γ
1/2
m

2s

2s − 1
+

(2m− 1)
1/2

2(m−s) − 1

)d

.

The lower bound holds for s < m− 1
2 only.

Proof. We use the property (2.42), i.e. that {ψper
j,k}k∈Ij

as well as their duals
{ψper,∗

j,k }k∈Ij
are a Riesz basis for every fixed j. That means

∑

k∈Ij

|⟨f, ψper,∗
j,k ⟩|2 ≤

1

γdm

∥∥∥∥∥∥
∑

k∈Ij

⟨f, ψper,∗
j,k ⟩ψ

per
j,k

∥∥∥∥∥∥

2

L2(Td)

=
1

γdm

∥∥∥∥∥∥
∑

k∈Ij

⟨f, ψper
j,k⟩ψ

per,∗
j,k

∥∥∥∥∥∥

2

L2(Td)

≤ δdm
γdm

∑

k∈Ij

|⟨f, ψper
j,k⟩|2.
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Hence, then the upper bound follows immediately from Theorems 4.7 and 4.10.

The lower bound was shown in Lemma 4.1 for the one-dimensional case and
Remark 4.9 states themulti-variate case for the Sobolev spaces. The lower bound
for the Besov spaces follows with the same arguments as in Lemma 4.1, but with
the supremum over the index q instead of the sum. For the multivariate case one
has to generalize the arguments from Lemma 4.1 with the same techniques as it
was done for the upper bound in Theorem 4.10.

Let us illustrate the previous findings with some example.

Example 4.12. Consider the L2(Td)-normalized kink function,

f : Td → R, f(x) =

d∏

i=1

(√
3645

4
max

(
1

9
− x2, 0

))
∈ B

3/2
2,∞(Td), (4.33)

which has the Fourier coefficients

ck(f) =
d∏

i=1

{
9
√
5 3 sin(2kiπ/3)−2kiπ cos(2kiπ/3)

8π3k3i
for ki ̸= 0,

√
5
3 for ki = 0,

i.e. the Fourier coefficients of this function decay like

|ck(f)| ∼
d∏

i=1

(
1 + |ki|2

)−1
.

Consequently, f ∈ Hs
mix(Td) with s = 1 + 1

2 − ε = 3
2 − ε. In addition it

follows that f ∈ B
3/2
2,∞(Td). Hence, we use wavelets of orderm > 3

2 . The one-
dimensional kink function is plotted in Figure 4.1a. This function is piecewise
polynomial of degree 2, only at the two kink points we have regularity 3

2 . In
Figure 4.1c and 4.1d we approximated the wavelet coefficients ⟨f, ψper,∗

j,k ⟩ by
the solutions of a hyperbolic wavelet regression, for details see Chapter 5. The
plot shows that the wavelet coefficients detect the two local lower regularities.
This is due to the compact support of the wavelets. In Figure 4.1b we plotted
the supremums sup|j|1=n

∑
k∈Ij

|⟨f, ψper,∗
j,k ⟩|2. In Corollary 4.11 we proved that

these terms decay like 2−2ns. So, the numeric confirms that the function (4.33)
is inB

3/2
2,∞(Td). △
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−0.4−0.2 0 0.2 0.4

0

0.5
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1.5

(a) The kink function (4.33) for d = 1.

2 4 6 8

10−8

10−4

100

level n

d = 1
d = 2
d = 3

2−3n

(b) sup|j|1=n

∑
k∈Ij

|⟨f, ψper,∗
j,k ⟩|2,m = 2.

10−17

10−8

101 987j :

(c) |⟨f, ψper,∗
j,k ⟩| for d = 1,m = 2,

j ∈ {1, . . . , 9}, k ∈ Ij .

10−10

100 987j :

(d) |⟨f, ψper,∗
j,k ⟩| for d = 1,m = 3,

j = {1, . . . , 9}, k ∈ Ij .

Figure 4.1 : The kink function (4.33): Plot of the one-dimensional case
of the function, the decay of the sums of wavelet coefficients as well
as the corresponding wavelet coefficients |⟨f, ψper,∗

j,k ⟩| for wavelet order
m ∈ {2, 3}.

Remark 4.13 (Classical Sobolev spaces). For the classical Sobolev spaces, de-
fined in Definition 2.2, one can show a decay of wavelet coefficients which in-
volves | · |∞ instead of | · |1.


∑

j≥−1

22|j|∞s
∑

k∈Ij

|⟨f, ψper,∗
j,k ⟩|2




1/2

≤ C ∥f∥Hs(Td) ,

where

|j|∞ :=




max
i∈[d]

ji if j ̸= −1,

0 if j = −1.
(4.34)
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This follows similar ideas as in the case for the function spacesHs
mix(Td). The key

ingredient is to change the derivatives toαwith |α|1 ≤ m in inequality (4.18),

22(
∑d
i=1 jiαi)


∑

k∈Ij

|⟨f, ψper
j,k⟩|2


 ≤ C ∥Dαf∥2L2(Td) ,

which yields

22(maxi∈[d] jim)


∑

k∈Ij

|⟨f, ψper
j,k⟩|2


 ≤ C ∥Dαf∥2L2(Td) ≤ ∥f∥

2
Hm(Td) . △

4.1.2 Hyperbolic wavelet approximationmeets ANOVA
We follow the outline of [LPU23] and deal with multi-dimensional periodic
waveletsψper

j,k , which are compactly supported, have vanishingmoments of order
m and form a Riesz basis.
To represent a function f well in an finite dimensional subspace of L2(Td), this
subspace has to be chosen properly. The Theorems 4.7 and 4.10 motivate the
definition of the projection operator Pnf defined in (2.48). Even further, if it
is to be expected that the function f has only few nonzero ANOVA terms, the
projection operator is adapted to the index setU , defined in (3.38), since there is
the one-to-one connection (3.35) between the wavelet index j and the ANOVA
index u. Remember that we denote the maximal order of ANOVA indices in U by
q, i.e.

q = max
u∈U
|u|.

Using Corollary 4.11, we estimate the approximation error by the following.
Corollary 4.14. Let f ∈ Hs

mix(Td). For s < m, we estimate for the projection
operator Pn, defined in (2.48), and the truncation operator TU , defined in (3.52),
that

∥f − Pnf∥L2(Td) ≲ 2−sn ∥f∥Hsmix(Td) ,

∥TUf − Pn,Uf∥L2(Td) ≲ 2−sn ∥f∥Hsmix(Td) .

Proof. Due to the wavelet decomposition of f , we have

∥f − Pnf∥2L2(Td) =
∑

j≥−1

|j|1>n

∑

k∈Ij

2−2|j|1s22|j|1s|⟨f, ψper,∗
j,k ⟩|2 ≲ 2−2ns ∥f∥2Hsmix(Td) .
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Taking the square root gives the assertion. The second inequality follows with
the same arguments, because of the orthogonality of the ANOVA terms.

We also give a relation between the number of necessary parameters (degrees of
freedom) and the order of approximation. The case of the projection operator
Pn was also shown for example in [BG04, Lem. 3.6]. We generalize this to the
following.
Lemma 4.15. LetN := rankPn,U , see (3.38), be the number of parameters used
for the projection with q = maxu∈U |u|. Then,

N = 2n
(

nq−1

(q − 1)!
+O(nq−2)

)
= O(2n nq−1).

Proof. The number of parameters is

N =
∑

j∈Jn,U
|Ij | =

∑

u∈U

∑

j∈Jn,u
2|j|1 =

∑

u∈U

∑

ju≥0

|ju|1≤n

2|ju|1 . (4.35)

We consider each summand separately:

∑

ju≥0

|j|1≤n

2|j|1 =

|u|+n∑

i=|u|
2i−|u| ∑

|j|1=i
1 =

|u|+n∑

i=|u|
2i−|u|

(
i− 1

|u| − 1

)

=
n∑

i=0

2i
(
i+ |u| − 1

|u| − 1

)
,

since there are
(
i−1

|u|−1

)
partitions of i into nonzero natural numbers. This sum is

n∑

i=0

2i
(
i+ |u| − 1

|u| − 1

)
= 2n

(
n|u|−1

(|u| − 1)!
+O(n|u|−2)

)
.

Summing over all u ∈ U finally gives

N =
∑

u∈U
2n
(

n|u|−1

(|u| − 1)!
+O(n|u|−2)

)
= O(2n nq−1).

Corollary 4.16. Let f ∈ Hs
mix(Td). For 0 < s < m we have for the projection

operator Pn, defined in (2.48), withN := rankPn, that

∥f − Pnf∥L2(Td) ≲ N−s(logN)s(d−1) ∥f∥Hsmix(Td) .
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This result can be easily generalized for the projection operator Pn,U , defined
in (3.38), withN := rankPn,U onto the ANOVA index set U , where we decrease
the exponent of the logarithmic term from the dimension d to the smaller effective
dimension q,

∥TUf − Pn,Uf∥L2(Td) ≲ N−s(logN)s(q−1) ∥f∥Hsmix(Td) .

Proof. This follows from Corollary 4.14 together with Lemma 4.15.

Note, that in the previous corollary the change from the projection Pn to Pn,U
reduces the exponent of the logarithmic term from dimension d to the maximal
superposition dimension q. This is also the case for all further error estimates
in this section. Since the estimates for ∥f − Pnf∥ are contained by choosing
U = P([d]), we will state the following results only in the ANOVA setting for the
projection operatorPn,U , having inmind that the restriction to terms up to order
q reduces the number of needed parameters significantly.

Remark 4.17 (Comparison to trigonometric polynomials). Using instead of
wavelet function ψper

j,k trigonometrical polynomials e−2πi⟨k,·⟩, a hyperbolic index
set

Ihc,n = {k ∈ Zd |
d∏

i=1

(
1 + |ki|2

)
≤ 2n},

and a similar projection operatorPnf =
∑

k∈Ihc,n
ck(f) e

−2πi⟨k,x⟩, one can easily
show the same error estimate as in Corollary 4.14. Together with the asymptotic
estimate |Ihc,n| ∼ O(2nnd−1), see for example [DTU18], one receives the same
error bound as in the previous corollary, since the wavelet projection operator
also uses the hyperbolic cross type index set In. Furthermore, also in this case
one can reduce the exponent in the logarithmic term from d to the effective
dimension q, like in Corollary 4.16. △
Note, that the Corollary 4.16 deals with the case s < m, i.e. the smoothness s
is smaller than the orderm of vanishing moments of the wavelet. For the case
s = m we can only prove the following worse bound, which is based on the
bound in Theorem 4.3.

Corollary 4.18. Let f ∈ Hm
mix(Td) and Pn,U the projection operator defined

in (3.38) onto the ANOVA index set U . Then,

∥TUf − Pn,Uf∥L2(Td) ≲ 2−mn n(q−1)/2 ∥f∥Hmmix(Td)

≲ N−m(logN)(m+ 1
2 )(q−1) ∥f∥Hmmix(Td) .
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Proof. Like in Corollary 4.14 we have

∥TUf − Pn,Uf∥2L2(Td) ≲
∑

u∈U

∑

ju≥0

|j|1>n

∑

k∈Ij

2−2|ju|1m22|ju|1m|⟨f, ψper,∗
j,k ⟩|2

≲ ∥f∥2Hmmix(Td)
∑

u∈U

∑

ju≥0

|ju|1>n

2−2|ju|1m.

In contrast to Corollary 4.14 we have to sum over the indices j instead of taking
the supremum. By [BG04, Lemma 3.7] it follows

∑

ju≥0

|ju|1>n

2−2|ju|1m ≤ 2−2nm
(
n|u|−1

(|u|−1)! +O(n|u|−2)
)
.

Taking the scaling functions into account, which are constant, i.e. ψ−1,0 = 1, we
have

∑

u∈U

∑

ju≥0

|ju|1>n

2−2|ju|1m ≲ 2−2nm

q∑

ℓ=0

(
nℓ−1

(ℓ−1)! +O(nℓ−1)
)

= 2−2nm
(
nq−1

(q−1)! +O(nq−1)
)
.

The estimation regarding the numberN of parameters follows analogously as in
Lemma 4.15.

The characterizations of our wavelet spaces also allow a bound on the L∞-error.
Theorem 4.19. For 1/2 < s < m we have for the projection operator Pn,U ,
defined in (3.38),

∥TUf − Pn,Uf∥L∞(Td) ≲ 2−n(s−
1/2)n(q−1)/2 ∥f∥Hsmix(Td) ,

whereas for s = mwe have

∥TUf − Pn,Uf∥L∞(Td) ≲ 2−n(m−1/2)nq−1 ∥f∥Hmmix(Td) .

Proof. Using triangle inequality we obtain in case of 1/2 < s < m,

∥TUf − Pn,Uf∥L∞(Td) = sup
x∈Td

∣∣∣∣∣∣
∑

u∈U

∑

|ju|1>n

∑

k∈Ij

⟨f, ψper,∗
j,k ⟩ψ

per
j,k(x)

∣∣∣∣∣∣
(4.36)

≤ sup
x∈Td

∣∣∣∣∣∣
∑

u∈U

∑

|ju|1>n

∥∥∥∥
(
⟨f, ψper,∗

j,k ⟩ψ
per
j,k(x)

)
k∈Ij

∥∥∥∥
ℓ1

∣∣∣∣∣∣
.
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Applying Cauchy-Schwarz inequality yields

(4.36) ≤ sup
x∈Td

∣∣∣∣∣∣
∑

u∈U

∑

|ju|1>n
∥(⟨f, ψper,∗

j,k ⟩)k∈Ij
∥ℓ2 ∥(ψ

per
j,k(x))k∈Ij

∥ℓ2

∣∣∣∣∣∣

≤
∑

u∈U

∑

|ju|1>n
2−|ju|1s2|ju|1s

∣∣∣∣∣∣
∑

k∈Ij

|⟨f, ψper,∗
j,k ⟩|2

∣∣∣∣∣∣

1/2 ∣∣∣∣∣∣
sup
x∈Td

∑

k∈Ij

|ψj,k(x)|2
∣∣∣∣∣∣

1/2

.

Incorporating |ψj,k(x)| ≲ 2j/2 implies

(4.36) ≲

∣∣∣∣∣∣∣

∑

u∈U

∑

|ju|1>n
2−|ju|1(s−1/2)2|ju|1s


∑

k∈Ij

|⟨f, ψper,∗
j,k ⟩|2




1/2
∣∣∣∣∣∣∣
,

and finally, with Hölder’s inequality and Corollary 4.11,

(4.36) ≤


∑

u∈U

∑

|ju|1>n
2−2|ju|1(s−1/2)




1/2

∥f∥Hsmix(Td)

≤ 2−n(s−
1/2)n(q−1)/2 ∥f∥Hsmix(Td) .

Note, that the last estimate boils down to estimate the sum, which has been
already done in Corollary 4.18.
In the remaining case, where s = m, we only have the weak characterization
in Theorem 4.3. This gives a slightly worse bound for the L∞-error. Like in the
previous estimates, we have

∥TUf − Pn,Uf∥L∞(Td) ≲
∑

u∈U

∑

|ju|1>n
2−|ju|1(s−1/2)2|ju|1s

∣∣∣∣∣∣
∑

k∈Ij

|⟨f, ψper,∗
j,k ⟩|2

∣∣∣∣∣∣

1/2

,

we extract the supremum in every summand,

≤


∑

u∈U

∑

|ju|1>n
2−|ju|1(s−1/2)





 sup

u∈U
|ju|1>n

2|ju|1s


∑

k∈Ij

|⟨f, ψper,∗
j,k ⟩|2




1/2



≲ 2−n(s−
1/2)nd−1 ∥f∥Hsmix(Td) ,

where we bounded the last sum again by using [BG04, Lemma 3.7].
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Note, that using Lemma 4.15 this theorem can also be written in terms of the
number of degrees of freedomN , which gives for s < m

∥TUf − Pn,Uf∥L∞(Td) ≲ N−s+1/2 (logN)
s(q−1) ∥f∥Hsmix(Td),

and for s = m

∥TUf − Pn,Uf∥L∞(Td) ≲ N−m+1/2 (logN)
(m+1/2)(q−1) ∥f∥Hmmix(Td).

With the same arguments we obtain an analogous L2-bound for f ∈ Bs
2,∞(Td),

if s < m. This is a direct consequence of Corollary 4.11.
Corollary 4.20. Let f ∈ Bs

2,∞(Td) and Pn,U being the approximation operator
defined in (3.38). Form > swe have

∥TUf − Pn,Uf∥L2(Td) ≲ 2−sn n(q−1)/2 ∥f∥Bs
2,∞(Td)

≲ N−s(logN)(s+
1
2 )(q−1) ∥f∥Bs

2,∞(Td) ,

∥TUf − Pn,Uf∥L∞(Td) ≲ 2−n(s−1/2)nq−1 ∥f∥Bs
2,∞(Td)

≲ N−s+1/2 (logN)
(s+

1
2 )(q−1) ∥f∥Bs

2,∞(Td) .

Remark 4.21. Remember the classical Sobolev spaces from Remark 4.13, where
we have less smoothness assumptions on the function f . In this case the pro-
jection operator Pn,U would use the full index set with |j|∞ ≤ n and have
rank N = O(2nq) to get the same approximation rates in terms of the norm
Hs(Td). △
To summarize this section, we introduced the wavelet projection operator Pn in
(2.48) for periodic functions, which uses a hyperbolic cross type index set, bene-
fiting from the decay of the wavelet coefficients in spaces of mixed smoothness.
Our results can be compared with [Boh17, Theorem 3.25] form = 2. But we get a
better approximation rate, since we proved the characterization in Corollary 4.11,
whereas in [Boh17] only a characterization similar to Theorem 4.3 was proven.
Related results also appeared in [DKT98, Theorem 3.2], [GOS99, Proposition 6],
[SU09, Theorem 2.11], but with less transparent requirements on the wavelets.
The big advantage of the ANOVA truncation to the index set U from Pn to Pn,U
is not only that we reduce the exponent of the logarithmic term in Corollar-
ies 4.14, 4.16, 4.18, 4.20 and Theorem 4.19. But that also reduces the numberN
of needed basis functions fromO(2nnd−1) toO(2nnq−1), which was shown in
Lemma 4.15.
A similar approximation approach is by trigonometric polynomials on a hyper-
bolic cross index set, see for example [DTU18] and references therein. There,
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the decay of the Fourier coefficients for functions in a function class, described
by the smoothness, also plays a crucial role for constructing approximation op-
erators. The advantage of choosing wavelets is the compact support, which
leads to fast algorithms. For spline wavelets, it can be also beneficially to have
small approximation errors, if the function f is likely to be a piecewise polyno-
mial. Approximation of high-dimensional functions by sparse polynomials, also
including hyperbolic index sets, was done in [ABW22].

4.2 Transformedhyperbolicwavelet approximation

The main idea of the transformation approach introduced in Section 2.4 is to
transform the samplesX ⊂ Ω to the transformed samples Y = R(X ) and then
use an approximation operator onTd. Thismeans, we change the function f and
approximate the transformed function f ◦ R−1, which is a function on Td. For
the approximation operator on Td it is known that, the smoother the function,
the better the approximation. We present in this section the main results of the
paper [PW24].

The error estimates between TUf and the projection Pn,Uf in Corollaries 4.14,
4.16 and 4.18 and 4.20 require that the function f has certain smoothness. Indeed,
it is not clear whether the transformed function f ◦R−1 inherits the smoothness
of the function f itself, if the density is smooth enough. So far, we do not know
which regularity the transformed function f ◦ R−1 has. In the following, we
will show that, if we request more regularity from the sampling density µ, the
regularity in the Sobolev and Besov norm is preserved under the transformation,
i.e. our aim in this section is to introduce suitable weighted norms onΩ, namely
∥f∥Hsmix(Ω,µ)

, such that

∥f ◦ R−1∥Hsmix(T) = ∥f∥Hsmix(Ω,µ)
. (4.37)

We restrict this thesis to the case of Sobolev spaces of dominating mixed deriva-
tives. Similar procedures can be done for Besov spaces, for details see [PW24].

In the following, we introduce weighted function spaces onRd, which general-
ize smoothness from periodic functions to functions defined on Rd using the
transformation R and fulfilling (4.37) to finally state in Corollary 4.30 that the
PSE in the error splitting (1.1) is the same as for the periodic case. The slight
modification for non-periodic functions is described in Section 4.2.2.
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4.2.1 Weighted Sobolev spaces
For measuring the smoothness of the transformed function f ◦ R−1, we have to
calculate the derivatives of the concatenation f ◦ R−1.
The univariate setting
We use Faá di Bruno’s formula, which generalizes the chain rule for α ≥ 1 to

dα

dyα
f(R−1(y)) =

α∑

i=1

f (i)(x)Bα,i((R
−1)(1)(y), (R−1)(2)(y), . . . , (R−1)(α−i+1)(y)),

whereBα,i are the Bell polynomials

Bα,i(y1, . . . , yα−i+1) =
∑ α!

j1!j2 · · · jα−i+1!

α−i+1∏

k=1

(yk
k!

)jk
,

where the sum is taken over all sequences j1, j2, . . . , jα−i+1 of non-negative
integers, such that these two conditions are satisfied:

α−i+1∑

k=1

jk = i,
α−i+1∑

k=1

k · jk = α.

We use the substitutionR(x) = y. Note, that for the differentials of the inverse
transformationR−1 holds

(R−1)(1)(y) =
1

µ(x)
, (R−1)(2)(y) =

−µ(1)(x)

µ3(x)
,

(R−1)(3)(y) =
µ(2)(x)

µ4(x)
+

3 (µ(1)(x))2

µ5(x)
,

d

dy

(
1

µ(x)

)k
= k

(
1

µ(x)

)k−1 (
− 1

µ2(x)

)
µ(1)(x)

µ(x)
= −k

(
1

µ(x)

)k+2

µ(1)(x).

Thus, every derivative of (R−1)(k)(y) can be expressed by a term containing only
derivatives of µ(x) up to order k − 1 as well as power of 1

µ(x) up to order 2k − 1.
This allows us to shorten the notation for α ∈ N and i = 1, . . . , α by

Bα,i(x) := Bα,i((R
−1)(1)(y), (R−1)(2)(y), . . . , (R−1)(α−i+1)(y)). (4.38)

With this notation Faá di Bruno’s formula reads as

dα

dyα
f(R−1(y)) =

α∑

i=1

Bα,i(x) f
(i)(x).
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The Bell polynomialBα,i can be expressed in terms of derivatives of µ(x) up to
order α− 1 and powers of µ up to order 4α− 2i− 1. We have for small indices,
B1,1(x) =

1
µ(x) ,

B2,1(x) = − µ′(x)
µ3(x) , B2,2(x) =

1
µ2(x) , (4.39)

B3,1(x) = −µ
(2)(x)
µ4(x) + 3(µ′(x))2

µ5(x) , B3,2(x) =
−3µ′(x)
µ4(x) , B3,3(x) =

1
µ3(x) .

The L2(T)-norm of the derivatives of f ◦ R−1 can thus be expressed as
∥∥∥∥
dα

dyα
f ◦ R−1(y)

∥∥∥∥
2

L2(T)
=

∫

T

∣∣∣∣∣
α∑

k=1

Bα,k(x)D
kf(x)

∣∣∣∣∣

2

dy

≤
α∑

k=1

∫

Ω

∣∣Bα,k(x)Dkf(x)
∣∣2 µ(x) dx =

α∑

k=1

∥∥Dkf(x)
∥∥2
L2(Ω,|Bα,k(x)|2µ(x)) .

For the Sobolev norm we have to sum over α and interchange the sums, which
yields

∥f ◦ R−1∥2Hm(T) = ∥f∥
2
L2(Ω,µ)

+
m∑

α=1

∥∥∥∥
dα

dyα
f ◦ R−1(y)

∥∥∥∥
2

L2(T)

= ∥f∥2L2(Ω,µ)
+

m∑

α=1

α∑

k=1

∥∥Dkf(x)
∥∥2
L2(Ω,|Bα,k(x)|2µ(x))

= ∥f∥2L2(Ω,µ)
+

m∑

k=1

m∑

α=k

∥∥Dkf(x)
∥∥2
L2(Ω,|Bα,k(x)|2µ(x)) .

This motivates to generalize the Sobolev norm to functions defined onΩ by the
following definition.
Definition 4.22 (Weighted Sobolev spaces, one dimensional). Form ∈ N define
the densityΥm,k by

Υm,k(x) :=

{∑m
α=k |Bα,k(x)|2µ(x) if 1 ≤ k ≤ m,

µ(x) if k = 0.
(4.40)

Then forΩ ∈ {T,R}we define the function space

Hm(Ω, µ) :=
{
f : Ω→ C | ∥f∥Hm(Ω,µ) <∞

}
,

where the norm is defined by

∥f∥2Hm(Ω,µ) :=
m∑

k=0

∥∥Dkf
∥∥2
L2(Ω,Υm,k)

. (4.41)
△
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Note, that we have form ≥ 2 the useful recursion formula,

Υm,k(x) = Υm−1,k(x) + |Bm,k(x)|2µ(x).

We state the previous definition for the cases 1 ≤ m ≤ 3 explicitly:

∥f∥2H1(Ω,µ) = ∥f∥
2
L2(Ω,µ)

+ ∥f ′∥2L2(Ω,1/µ)
(4.42)

∥f∥2H2(Ω,µ) = ∥f∥
2
L2(Ω,µ)

+ ∥f ′∥2L2(Ω,1/µ+(µ′)2/µ5) + ∥f ′′∥
2
L2(Ω,1/µ3) (4.43)

∥f∥2H3(Ω,µ) = ∥f∥
2
L2(Ω,µ)

+ ∥f ′∥2L2(Ω,1/µ+(µ′)2/µ5+(µ′′)2/µ7−6µ′′(µ′)2/µ8+9(µ′)4/µ9)

+ ∥f ′′∥2L2(Ω,1/µ3+9(µ′)2/µ7) + ∥f ′′′∥
2
L2(Ω,1/µ5) . (4.44)

This can also be interpreted as: the function f cannot have a large L2-norm of
its derivatives up to orderm in areas where µ is small. One can not expect to
capture such functions, since where the density is low, we can not approximate
derivatives of the function f well. Note, that only in special cases, where the
derivatives of the density µ and the density itself are bounded from below and
above, this defined norm is equivalent to a norm defined using the derivatives of
a function, weighted with the density µ.
Lemma 4.23. Letm ∈ N be positive and the density µ fulfill

0 < c1 ≤ ∥µ(i)∥L∞(Ω) ≤ c2 <∞ for i = 0, . . . ,m− 1.

Then, the norm in (4.41) is equivalent to the norm

∥f∥Hm(Ω,µ) =

m∑

k=0

∥∥Dkf
∥∥
L2(Ω,µ)

.

Proof. Since every derivativeDkR−1 can be expressed in terms of derivatives of
µ up to order k − 1 and we also assume that µ itself is bounded from above and
below, the termsΥm,k(x) can be bounded by

0 < Cµ(x) ≤ Υm,k(x) ≤ C ′µ(x) <∞,

with some constants 0 < C,C ′ <∞. This yields the assertion.

Example 4.24. We give three examples for distributions onΩ = Rwith variance
γ andmean µ. We plotted the density function, the transformationR as well as
the densitiesΥm,k(x) from (4.40) in Figures 4.2, 4.3 and 4.4.

i) Standard Gaussian distribution onR
The Gaussian density µG from (2.10) is a very smooth density, such that we
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expect that this transformation passes the smoothness of f to the smooth-
ness of f ◦ R−1. The corresponding transformation is

RG(x) =
1

2
erf

(
x− µ√

2γ

)
, where erf(x) = 2√

π

∫ ∞

x

e−t
2

dt (4.45)

is the error function.

ii) Cauchy distribution onR
The transformation for the Cauchy distribution (2.11) is

RC(x) =
1

π
arctan

(
x− µ
γ

)
. (4.46)

iii) Laplace distribution onR
The transformation for the Laplace distribution (2.12) is

RL(x) =
1

2
sgn(x− µ)

(
1− e−

|x−µ|
γ

)
. △

So far, we characterized for natural numbersm function spaces where the trans-
formationR preserves the smoothness. The definition of the Sobolev normusing
the decay of the Fourier coefficients in (2.16) allows us to study functions of
fractional smoothness. Hence, we define fractional smoothness for functions
defined onΩ.

Definition 4.25 (Transformed Sobolev spaces, fractional smoothness). LetΩ ∈
{R,T} and s > 1/2. Then, we define

Hs(Ω, µ) :=
{
f : Ω→ C | ∥f∥Hs(Ω,µ) <∞

}
,

where the norm is defined by

∥f∥2Hs(Ω,µ) :=
∑

k∈Z
|cµk(f)|2(1 + |k|2)s

with the Fourier coefficients cµk(f) of the transformed function

cµk(f) := ck(f ◦ R−1)

and the Fourier coefficients for periodic functions being defined in (2.17). △
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Figure 4.2 : The Gaussian distribution µG on R with mean µ = 0 and
variance γ = 1.
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Figure 4.3 : The Cauchy distribution µC on R with mean µ = 0 and
variance γ = 1.
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Figure 4.4 : The Laplace distribution µL onRwith variance γ = 4 and
mean µ = 2.
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Remark 4.26. The norm in the previous definition is form = s ∈ N0 equivalent
to the norm from Definition 4.22, since the termsΥm,k(x) are chosen such that

m∑

k=1

∥Dk(f ◦ R−1)∥2L2(T) =
m∑

k=1

∥∥Dkf
∥∥2
L2(Ω,Υm,k)

,

because of the norm equality of the norms (2.18) and (2.16), see [KSU14]. △
Themultivariate setting
The theory from the one-dimensional case is transferred to the d-dimensional
setting. Again, we have to use (2.18) and have to estimate norms of derivatives of
the transformed function f ◦ R−1. Using the equations (2.54), we have that

Dα(f ◦ R−1)(y) =

α∑

k=1

Bα,k(x)D
kf(x), (4.47)

where we define the multivariate analogon to (4.38) by

Bα,k(x) :=
d∏

i=1

Bαi,ki(xki). (4.48)

This motivates to generalize Definition 4.22 to multi-variate Sobolev spaces of
mixed dominating smoothness. This was done first in [PW24, Definition 4.6].
Definition 4.27 (Transformed Sobolev spaces). Define the densityΥm,k(x) by

Υm,k(x) :=
d∏

i=1

Υm,ki(xki), (4.49)

where the one-dimensional functions Υm,ki are defined in (4.40). Form ∈ N
andΩi ∈ {T,R}we define the function space

Hm
mix(Ω, µ) :=

{
f : Ω→ C | ∥f∥Hmmix(Ω,µ)

<∞
}
,

where the norm is defined by

∥f∥2Hmmix(Ω,µ)
=

∑

0≤∥k∥∞≤m

∥∥Dkf(x)
∥∥2
L2(Ω,Υm,k)

. △

To describe the norm Hm
mix(Ω, µ) in terms of Fourier coefficients, the Fourier

coefficients of the transformed function

cµk(f) := ck(f ◦ R−1) =

∫

Td
f ◦ R−1(y)e−2πi⟨k,y⟩ dy (4.50)

=

∫

Ω

f(x)e−2πi⟨k,R(x)⟩µ(x) dx

136



4.2. TRANSFORMEDHYPERBOLICWAVELET APPROXIMATION

are needed. The generalization to the case of fractional smoothness is then

Hs
mix(Ω, µ) :=

{
f : Ω→ C | ∥f∥Hsmix(Ω,µ)

<∞
}
, (4.51)

where the norm is defined by

∥f∥2Hsmix(Ω,µ)
=
∑

k∈Zd
|cµk(f)|2

d∏

i=1

(1 + |ki|2)s. (4.52)

The function spacesHs
mix(Ω, µ) are defined such that the transformed function

f ◦ R−1 inherits the smoothness of the function f , i.e.

∥f∥Hsmix(Ω,µ)
≲ ∥f ◦ R−1∥Hsmix(Td) . (4.53)

The one-dimensional Definition 4.22 as well as the generalization to higher di-
mensions in Definition 4.27, for Ω = Rd are equivalent to conditions on the
decay of the derivatives of f . Let us highlight this with an example. The Gaussian
distribution µG and the corresponding transformationR is very smooth, but nev-
ertheless, this fast decay of the density requests very restrictive decay conditions
to the derivatives of the function f .
Remark 4.28 (Decay conditions on the derivatives). Let us assume that the
density µ as well as the function f is continuous. In the one-dimensional case,
necessary conditions that (4.42) to (4.44) are finite, are summarized in Table 4.2.

△

−4 −2 0 2 4
0

0.1

0.2

0.3

f : R→ R from (4.54).
−0.4−0.2 0 0.2 0.4

0

0.1

0.2

0.3

Gaussian distribution:
f ◦ R−1

G : T→ R.

−0.4−0.2 0 0.2 0.4
0

0.1

0.2

0.3

Cauchy distribution:
f ◦ R−1

C : T→ R.

Figure 4.5 : The transformation approach applied to the function (4.54) .

Example 4.29 (Transformation of smooth function). Let us have a look at the
smooth example function

f(x) =
x2

(1 + x2)2
, f ∈ C∞(R). (4.54)
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µ H0(R, µ) H1(R, µ) H2(R, µ)

µG |f(x)| < x−1/2ex
2/γ2 |f ′(x)| < x−1/2e−x

2/4γ2 |f ′(x)| < x−3/2e−3x2/4γ2

|f ′′(x)| < x−1/2e−3x2/4γ2

µC |f(x)| < x−1/2γ−1/2 |f ′(x)| < x−3/2γ
1/2 |f ′(x)| < x−5/2γ

3/2

|f ′′(x)| < x−2γ
3/2

µL |f(x)| < x−1/2e
|x|/2γ |f ′(x)| < x−1/2e−|x|/2γ |f ′(x)| < x−1/2e−3|x|/2γ

|f ′′(x)| < x−1/2e−3|x|/2γ

Table 4.2 : The case Ω = R: Necessary conditions of the decay of the
derivatives of the function f for different distributions µ, such that f is
inHm(R, µ). All inequalities are asymptotic, meaning they should hold
for all x with |x| bigger than some finite threshold. Furthermore, the
conditions are successive, meaning for f being in Hm(R, µ), also the
condition for f ∈ Hm−1(R, µ) has to be fulfilled.

The choice of the density µ with corresponding transformations R affects the
smoothness of the transformed function f ◦R−1 on the torus. The transformed
functions are plotted in Figure 4.5. Despite being smooth itself, the Gaussian
distribution µG somehow destroys the smoothness of the function f at the point
x = 1/2 in contrast to the Cauchy distribution µC . △
Finally, after introducing the functions spacesHm

mix(Ω, µ) in Definition 4.27 and
using the periodic results in Corollary 4.16 the same error decay as in the periodic
case follows easily for functions onΩ ∈ {Td,Rd}.
Corollary 4.30. LetΩ = ×di=1ΩiwithΩi ∈ {T,R}, the densityµi be inCm−1(Ωi)
for i ∈ [d] and letm ∈ N be the order of vanishing moments of the wavelet ψ. Let
the function f fulfill for all i ∈ [d]whereΩi = R that

lim
xi→∞

f(x) = lim
xi→−∞

f(x).

Let f ∈ C(Ω) be a continuous function. In the case where 1/2 < s < m, we have

∥TUf − (Pn,U (TUf ◦ R−1)) ◦ R∥L2(Ω,µ)
≲ 2−ns ∥f∥Hsmix(Ω,µ)

and in the case s = m, we have

∥TUf − (Pn,U (TUf ◦ R−1)) ◦ R∥L2(Ω,µ)
≲ 2−nsn(q−1)/2 ∥f∥Hsmix(Ω,µ)

.
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Proof. This easily follows from

∥TUf − (Pn,U (TUf ◦ R−1)) ◦ R∥L2(Ω,µ)

(2.55)
= ∥TUf ◦ R−1 − (Pn,U (TUf ◦ R−1))∥L2(Td)

Cor. 4.16
≲ 2−ns ∥f∥Hsmix(Td)

(2.55)
= 2−ns ∥f∥Hsmix(Ω,µ)

,

and similar for the case s < m.

4.2.2 Transformedhyperbolicwavelet approximationon [0, 1]d

A key difficulty in the approximation of non-periodic functions, e.g. onΩ = [0, 1],
is the behavior at the boundary. No matter how the sampling density µ looks
like, a transformation which equals the cumulative distribution function can not
ensure that the function f ◦ R−1 is periodic. Therefore, we introduced in the
transformation (2.52) the extension parameter η. In the following, we summarize
the results of [PW24] for the approximation of functions on the unit cube.

Of course, one could interpret a function on [0, 1]d as (possibly non-continuous)
function on the torus by gluing the endpoints together. This coincides with the
transformation (2.52) with no extension η = 0. Since the function f ◦ R−1 can
be non-continuous, Corollary 5.11 does not give us a reasonable error decay.
For that reason the aim of this section is to show that the transformation idea
also works for non-periodic functions with a reasonable choice of the extension
parameter η in the transformation (2.52).

For Fourier approximation there is the approach of Fourier extension [AH20,
Boy10, Huy10], where the function is continued outside of the interval [0, 1] to
a smooth function. See also [AH19] for a nice overview and the connection to
the frame approach. We use a similar approach by introducing the extension
parameter η, which allows us to extend f̃ on the boundary [−1/2,−1/2 + η] in an
appropriate way.

In the definition of the transformation for the non-periodic case in (2.52) we
introduced the extension parameter η. Then, the samplesX ⊂ [0, 1]d are trans-
formed withR to the torus Td by Y = R(X ). The extension leads to the fact that
the transformed samples are uniformly distributed in the box

Td□ := [−1/2 + η, 1/2]d.

This procedure transforms and compresses the original function f into the box
Td□ and allows to extend this function f ◦ R−1 : Td□ → R to a function f̃ defined
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on whole Td. Figure 4.6 shows an illustration of the two-dimensional domains.
On the boundary

Td◳ := Td\Td□
we extend the function f to f̃ with f̃

∣∣
□
= f ◦R−1. Since we have approximation

0 1

0

1

SamplesX ⊂ [0, 1]2,

f : [0, 1]d → C.

R

−0.5 0.5

−0.5

0.5

η

ηT2◳
Transformed samples Y ⊂ T2

□,

f ◦ R−1 : Td□ → C,

f̃ : Td → C.

Figure 4.6 : Illustration of the two-dimensional extension.

results for periodic function in a Sobolev space, we aim that the transformation
has Sobolev smoothness. We introduce thenotationof restricting function spaces
V ⊂ L2(Td) to some smaller domain by

V
∣∣
Ω̃
:=
{
g
∣∣
Ω̃
: g ∈ V

}

for a domain Ω̃ ⊂ Td. The following result was shown in [PW24, Lemma 5.2.],
we state it here in a slightly more general context of ANOVA terms.
Lemma 4.31. Letm be the order of the Chui-Wang wavelets and n the maximal
wavelet level. Use the notation from (3.39) for hyperbolic function spaces. Let the
ANOVA term gu : T|u|

□ → C of a function g fulfill the boundary conditions

gu
∣∣
xi=

1
2
∈ Vn(T(|u|−1)), gu

∣∣
xi=− 1

2+η
∈ Vn(T(|u|−1)) for all i ∈ u,

|g(αei)u (xu)| <∞, for all xwith xi ∈ {− 1
2 + η, 12} for all α = 0, . . . ,m− 2,

where ei denotes the unit vector (ei)j = δi,j . Let furthermore the extension
parameter fulfill

η ≥ m− 1

2

⌈
n
|u|

⌉
+1
, (4.55)
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where ⌈a⌉ denotes the smallest integer, which is bigger than or equal a. Then, there
exists an extension g̃u : T|u| → R, which is on the domain◳ continuous and
m− 1 times differentiable, such that

g̃u
∣∣◳ ∈ Vn(T|u|)

∣∣◳.
Proof. Let us begin with the one-dimensional case. The function space Vn(T) is
the space of all spline functions, which are piecewise polynomials of degreem
with discontinuities of the (m− 1)-th derivative only at the grid points { k

2n+1 |
−2n ≤ k ≤ 2n}. These grid points divide the domain T naturally in pieces
of length 2−(n+1). The function g1 is defined on 2n+1 − (m − 1) of them. The
extension part of the function g̃1 has to be a piecewise polynomial of degree
m − 1 withm − 1 pieces. To construct the coefficients of the function g̃1, one
has to solve a system of linear equations, which are independent. In fact, we
havem (m− 1) coefficients and (2 + (m− 2)) (m− 1) = m (m− 1) constraints
(at the boundary and the conditions for piecewise polynomials). This system
always has a solution. Form = 2 a simple linear interpolation between g1(− 1

2 )
and g1(− 1

2 + η) does the job.

For the multivariate case, we have to observe that we use the index set Jn,u,
see (3.36), of hyperbolic structure for the function gu. That means we need an
index j with |j|1 ≤ n, such that η ≥ m−1

2(ji+1) for all i ∈ u. Since all indices ji are
natural numbers, multiplication and taking the d-th root of these inequalities
leads to the condition (4.55).

To state results for the approximation of the transformation, we introduce the
following definition for the smoothness of functions on [0, 1]d.

Definition 4.32 (Sobolev spaces on the cube). Form ∈ N let the extension of f̃
be the extension of f ◦ R−1 to the boundary.

Hm
mix([0, 1]

d, µ) :=
{
f : [0, 1]d → C | ∥f∥Hmmix([0,1]

d,µ) <∞
}
,

where the norm is defined by

∥f∥2Hmmix([0,1]
d,µ) =

1

(1− η)d
∑

0≤∥k∥∞≤m

∥∥Dkf(y)
∥∥2
L2([0,1]d,Υm,k)

+
∑

v⊆u∈U
max

x∈∂[0,1]d

∣∣∣f ((m−1)1v)(x)
∣∣∣
2
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Figure 4.7 : The beta distribution µB,α on the interval [0, 1] for α ∈
{1/2, 2, 3}.

and the densityΥm,k(y) is defined in (4.49). For fractional smoothness s > 1
2

we use the transformed Fourier coefficients cµk from (4.50) to define

∥f∥2Hsmix([0,1]
d,µ) =

∑

k∈Zd
|cµk(f)|2

∏

i∈[d]

(
1 + |ki|2

)2
+
∑

v⊆u∈U
max

x∈∂[0,1]d

∣∣∣f (⌊s⌋1v)(x)
∣∣∣
2

,

where the second term contains the boundary behavior. △
Let us study an example for a non-periodic distribution µ.
Example 4.33 (Beta distribution on the cube). LetΩ = [0, 1] be the unit interval.
The Beta distribution µB,α from (2.9) has the shape parameter α, for α = 1 this
is the uniform distribution. For α > 1 the cumulative distribution function is the
regularized incomplete beta function, so the transformation in the case η = 0
reads

RB,α(x) =
Γ(2α)

Γ(α)2

∫ x

0

(t2 − t)α−1 dt− 1
2 ,

which can be computed analytically for fixed α. These functions are plotted in
Figure 4.7 for different parameters α. △
Remark 4.34. The beta distribution µB,1/2 coincides with the Chebychev dis-
tribution, which is defined on [−1, 1]. In this case [KUV21, Section 10.3] and
[CD22] propose the Chebyshev polynomials as basis in L2([−1, 1]d, µB,1/2). This
coincides with using our transformationR and the half-period cosine basis on
Td. △
Motivated by the previous lemma, we make the reasonable choice

η =
m− 1

2

⌈
n
q

⌉
+1
. (4.56)

In alignment with [PW24], the following theorem shows that the projection op-
erator Pn,U from (3.38) applied to the extended function f̃ indeed inherits the
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approximation rate set by the order of the wavelets if the non-periodic function f
is smooth enough on [0, 1]d. Comparedwith the periodic setting inCorollary 4.14,
the only difference here is the term 1

(1−η)q/2 . We generalize the following theorem
to the multivariate case in contrast to the one-dimensional result from [PW24,
Theorem 5.5.].

Theorem 4.35. Let s < m− 1
2 and choose U ⊂ P([d]). Let the maximal wavelet

level be n ∈ N. We choose the extension parameter η as in (4.56) and the trans-
formation (2.52). Then, we have for the approximation error of the projection
operator Pn,U defined in (3.38) for functions f ∈ Hs

mix([0, 1]
d, µ) that

∥TUf − (Pn,U f̃) ◦ R∥L2([0,1],µ)
≲

2−ns

(1− η)q/2 ∥f∥Hsmix([0,1]
d,µ) .

Proof. Exploiting the orthogonality of the ANOVA terms, we have

∥TUf − (Pn,U (f̃)) ◦ R∥2L2([0,1]d,µ)

=
∑

u∈U
∥fu − (Pn,u(f̃u)) ◦ Ru∥2L2([0,1]|u|,µu)

=
∑

u∈U

1

(1− η)|u| ∥fu ◦ R
−1
u − (Pn,u(f̃u))∥2L2(T|u|

□
)

=
∑

u∈U

1

(1− η)|u| ∥f̃u − (Pn,u(f̃u))∥2L2(T|u|)

≤ 2−2ns

(1− η)q
∑

u∈U
∥f̃u∥2Hsmix(T|u|) .

The last inequality follows from Corollary 4.14 and f̃u is the extension from
Lemma 4.31 of fu ◦ R−1

u . Decompose f̃u by f̃u = f̃u,□ + f̃u,◳, which fulfills
supp f̃u,□ = T|u|

□ ,

f̃
(α)
u,□(∂T

|u|
□ ) = 0 for αi ∈ {0,m},

where ∂T|u|
□ denotes the boundary of the square T|u|

□ . A simple consequence
is that f̃u,◳ ∈ Vn(T|u|). The Sobolev norm of the function f̃u is split into the
Sobolev norm of the function fu,□ and of the extension fu,◳ by the following,

∥f̃u∥2Hsmix(T|u|) =
∑

k∈Z|u|

|ck(f̃u,□ + f̃u,◳)|2∏
i∈u

(
1 + |ki|2

)s
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≤ 2




∑

k∈Z|u|

|ck(f̃u,□)|2
∏

i∈u

(
1 + |ki|2

)s

︸ ︷︷ ︸
A□

+
∑

k∈Z|u|

|ck(f̃◳)|2∏
i∈u

(
1 + |ki|2

)s

︸ ︷︷ ︸
A◳



.

This splitting coincides with the splitting of the Sobolev norm of the function f̃
to the partA□ belonging to theHs

mix-norm of the interior of f̃ and the partA◳
belonging to the boundary of f̃ . For the first part, we use that f̃□ equals fu ◦R−1

u ,

A□ ≤
∑

k∈Z|u|

|ck(fu ◦ R−1
u )|2

∏

i∈u

(
1 + |ki|2

)s

=
∑

k∈Zd
suppk=u

|cµk(fu)|2
∏

i∈u

(
1 + |ki|2

)s

=
∑

k∈Zd
suppk=u

|cµk(f)|2
∏

i∈[d]

(
1 + |ki|2

)s
.

Summing over all u ∈ U yields the upper bound

A□ ≤
∑

k∈Zd
|cµk(f)|2

∏

i∈[d]

(
1 + |ki|2

)2
.

For the second termA◳, we do the following. Due to the fact that f̃◳ ∈ Vn(T|u|),
which means that f̃◳ is a piecewise polynomial of degreem− 1, them-th weak
derivatives of f◳ are only nonzero at the grid-points of the space f̃◳ ∈ Vn(T|u|).
Furthermore, the Fourier coefficients of them-th derivative are bounded by the
maximum of the (m− 1)-th derivative by

A◳ =
∑

k∈Z|u|

|ck(f̃◳)|2∏
i∈u

(
1 + |ki|2

)s

=
∑

v⊆u

∑

k∈Z|u|
suppk=v

|ck(f̃ (m(1v))◳ )|2
∏

i∈v

(
1 + |ki|2

)s

|ki|2m

≲
∑

v⊆u

∑

k∈Z|u|
suppk=v

max
x∈∂[0,1]d

∣∣∣f ((m−1)1u)(x)
∣∣∣
2∏

i∈v

(
1 + |ki|2

)s

|ki|2m

≤
∑

v⊆u

max
x∈∂[0,1]d

∣∣∣f ((m−1)1v)(x)
∣∣∣
2 ∑

k∈Z|u|
suppk=v

∏

i∈v

(
1 + |ki|2

)s

|ki|2m
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≤
∑

v⊆u

max
x∈∂[0,1]d

∣∣∣f ((m−1)1v)(x)
∣∣∣
2

2

(
22|u|s +

(∫ ∞

1

(1 + x2)s

x2m

)|u|)

≲
∑

v⊆u

max
x∈∂[0,1]d

∣∣∣f ((m−1)1v)(x)
∣∣∣
2

,

the last inequality follows since 2s − 2m < 1. Summing the terms A◳ for all
u ∈ U gives the boundary term in the definition of the normHs

mix([0, 1]
d, µ).

We also state a bound on the L∞-error, which generalizes the one-dimensional
result from [PW24, Theorem 5.6].

Theorem 4.36. Let s < m− 1
2 and choose U ⊂ P([d]). Let the maximal wavelet

level be n ∈ N. We choose the extension parameter η as in (4.56) and the trans-
formation (2.52). Then we have for the L∞ approximation error of the projection
operator Pn,U defined in (3.38) for functions f ∈ Hs

mix([0, 1]
d, µ) that

∥TUf − (Pn,U f̃) ◦ R∥L∞([0,1]d) ≲ 2−n(s−
1/2)n(q−1)/2 ∥f∥Hsmix([0,1]

d,µ) .

Proof. Similar to the proof of the previous theorem we consider

∥TUf − (Pn,U f̃) ◦ R−1∥L∞([0,1]) = sup
x∈[0,1]d

∣∣∣∣∣
∑

u∈U
(fu(xu)− (Pn,uf̃) ◦ Ru(xu))

∣∣∣∣∣

= sup
x∈Td

□

∣∣∣∣∣
∑

u∈U
(f̃u(xu)− (Pn,uf̃))

∣∣∣∣∣ = sup
x∈Td

∣∣∣TU f̃ − (Pn,U f̃)
∣∣∣

≲ 2−n(s−
1/2)n(q−1)/2 ∥TU f̃∥Hsmix(Td) .

The last inequality follows from the periodic result in Theorem 4.19. With the esti-
mates in the previous theorem, we bound f̃Hsmix(Td) from above by ∥f∥Hs([0,1],µ),
which gives the assertion.

4.3 Random Fourier features meets ANOVA
In Section 2.5 we gave a short introduction to the concepts of random Fourier
features. In this chapter, we study characterizations of functions. Despite not
being a basis, here we analyze the function choice ej(x) = ei⟨ωj ,x⟩ for function
approximation. Similar to the projections Pn and Pn,U onto the wavelet space,
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we study the possible approximation error between the function f and a random
Fourier feature model

f⋆(x) =
∑

ω∈I
a⋆ω ei⟨ω,x⟩, a⋆ω =

f̂(ω)

Nρ(ω)

which is basically a sum of coefficients a⋆ω ∈ C and functions ei⟨ω,·⟩ with random
drawn features ω ∈ Rd. Here, one can choose a density ρ to draw the features
ω. We give relations between the choice of the density ρ and Sobolev spaces of
dominating mixed smoothnessHs

mix(Rd) later in Section 4.2.1.
Let us recall the definition for boundedF(ρ)-norm functions, see also [HSS+23,
XSSW22, SST23].
Definition 4.37. Let ρ : Rd → R be a density function. A function f : Rd → C
has finiteF(ρ)-norm with respect to ei⟨ω,·⟩ if it belongs to the class

F(ρ) :=
{
f(x) =

1

(2π)d

∫

Rd
f̂(ω)ei⟨ω,x⟩ dω

∣∣∣∣∥f∥F(ρ) <∞
}

(4.57)

with the norm

∥f∥F(ρ) := sup
ω∈Rd

∣∣∣∣∣
f̂(ω)

ρ(ω)

∣∣∣∣∣ . △

Choosing a Gaussian distribution ρ like in [XSSW22, HSS+23] is a very restrictive
condition to the function spaceF(ρ), since the Fourier transform f̂ has to decay
faster than exponentially. In contrast to that, in Sobolev spaces the decay of the
Fourier transform is polynomially.
When more information is known about the target function f , the rates and
complexity bounds improve (especially with respect to the dimension d). This
helps mitigating issues with the approximation of functions in high dimensions.
Especially, if the function is of low order, see also Definition 3.24. If the function f
is of low effective dimension in superposition sense q, the Fourier transform f̂ is
not defined as a function, but only in distributional sense, whichmakes the norm
in Definition 4.37 infinite. This also concerns the F(ρ)-norm for functions of
lower dimension, defined in [HSS+23], if the effective dimension of the function
f does not equal the sparsity of the drawn random Fourier features. For that
reason, we generalize the theory from [HSS+23] and papers building on this, to
the ANOVA setting by drawing random Fourier features with respect to some
ANOVA index U .
Here, we summarize the results from [PW25], where we improve the analysis for
the approximation errors of sparse random Fourier features. Let in the following
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the function f fulfill the Fourier inverse formula

fu(xu) =
1

(2π)d

∫

Rd
T̂fu(ωu)e

i⟨ωu,xu⟩δ(ωuc) dω (4.58)

pointwise. Following [HSS+23, XSSW22, SST23], similar to the projection Pn,U
for wavelet spaces, we draw for every u in some index set U , exactly nu features
from ρu and go through the finite sum approximation

f⋆(x) =
∑

u∈U
f⋆u(xu) =

∑

u∈U

∑

ω∈Iu

a⋆ω ei⟨ωu,xu⟩,where a⋆ω =
T̂fu(ωu)

nu (2π)dρu(ωu)
,

(4.59)
where the Fourier transform T̂f is defined in (2.31). This is motivated by the
Monte-Carlo approximation of the integral in (4.58). Note, that f⋆ is not known
in practice, because the Fourier transform T̂f is not known. Furthermore, we
have that Eω [f⋆u(xu)] = fu(xu) for fixed x, since we assume that (4.58) holds
pointwise. Then, we also have that Eω⟨f⋆u, f⋆v⟩X = ⟨fu, fv⟩X .
Let us expand the norm in (4.57) norm to

|||f |||2F(ρ) :=
∑

u∈U

N

nu (2π)d
sup

ωu∈Qu

∣∣∣∣∣
T̂fu(ωu)

ρu(ωu)

∣∣∣∣∣

2

, (4.60)

whereweuse thedecompositionQu, which is defined in (3.45), see alsoFigure 3.6.
This choice gives that ∥a⋆∥2 ≤ 1

N |||f |||
2
F(ρ).

Remark4.38 (Notes concerning the choiceUand thenorm |||f |||2F(ρ)). Thechoice
of the correct index setU is important for a small norm |||f |||2F(ρ). This can be seen
by the following. The randomFourier features supported onu already include all
terms in v ⊂ u, which means for the construction of f⋆ it is possible to combine
several terms to one of highest dimension. After choosing for every u ∈ U the
sets Vu from Vu ⊆ P(u), an alternative definition of f⋆ would be

f⋆(x) =
∑

u∈U

∑

ω∈Iu

a⋆ω ei⟨ωu,xu⟩,where a⋆ω =
T̂∑

v∈Vu fv
(ωu)

nu (2π)dρu(ωu)
, (4.61)

as long as T̂∑
v∈Vu fv

(ωu) is not only defined in distributional sense. This then
leads to Eω [f⋆u(xu)] =

∑
v∈Vu

fv(xv).
Let us explain the behavior of f⋆ and the norm |||f |||F(ρ) when drawing random
Fourier features for several terms for a two-dimensional function f with f∅ = 0
for simplicity, which can be analogously used for higher dimensional examples.
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Let us compare the drawing of random Fourier features with q = 1 versus q = 2.
For simplicity let all densities ρu be tensor product densities. The following cases
are possible.

Only q = 1 dimensional random Fourier features:

f⋆(x) = (2π)−d


 ∑

ω1∈I{1}

T̂f1(ω1)

n1ρ1(ω1)
eiω1x1 +

∑

ω2∈I{2}

T̂f2(ω1)

n2ρ2(ω2)
eiω2x2


 .

Only q = 2 dimensional random Fourier features:

f⋆(x) =
1

(2π)dn1,2

∑

ω∈I{1,2}

(
T̂f1,2+f1+f2(ω)

ρ1,2(ω)

)
ei⟨ω,x⟩.

Drawing both, one and two-dimensional random Fourier features:

f⋆(x) = (2π)−d
( ∑

ω∈I{1,2}

T̂f1,2(ω)

n1,2ρ1,2(ω)
ei⟨ω,x⟩ +

∑

ω1∈I{1}

T̂f1(ω1)

n1ρ1(ω1)
eiω1x1

+
∑

ω2∈I{2}

T̂f2(ω2)

n2ρ2(ω2)
eiω2x2

)
. (4.62)

The better the set U is adapted to the function f , the smaller is |||f |||2F(ρ). Let us
make this clear by the following aspects.

If the two-dimensional term f1,2 is nonzero and we choose q = 1, the error
∥f − TUf∥ is large, since the ANOVA truncation step was not good.

If the two-dimensional term f1,2 is zero and we choose q = 2, the Fourier
transform T̂f (ω) is only defined in distributional sense and can not be
evaluated pointwise. However, defining a⋆ω by a⋆ω =

T̂f1 (ω1)+T̂f2 (ω2)

nu (2π)dρu(ωu)
leads

in this case only to

Eωf
⋆(x1, x2) = f1(x1)δ(x2) + f2(x2)δ(x1),

and the approximation f⋆ is bad for x far away from the axes. In this
two-dimensional case, the norm |||f |||F(ρ) decreases if we instead use only
one-dimensional random Fourier features if ρi(0) is small enough, such
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that

1

n1,2
sup
ω∈R2

∣∣∣∣∣
T̂f (ω)

ρ1,2(ω)

∣∣∣∣∣

2

=
1

n1,2
max

{
sup

ω∈Q1

∣∣∣∣∣
T̂f1(ω1)

ρ1(ω1)ρ2(0)

∣∣∣∣∣

2

, sup
ω∈Q2

∣∣∣∣∣
T̂f2(ω2)

ρ2(ω2)ρ1(0)

∣∣∣∣∣

2}

≥ 1

n1
sup

ω∈Q1

∣∣∣∣∣
T̂f1(ω1)

ρ1(ω1)

∣∣∣∣∣

2

+
1

n2
sup

ω∈Q2

∣∣∣∣∣
T̂f2(ω2)

ρ2(ω2)

∣∣∣∣∣

2

.

But for higher dimensions, there are d(d−1)
2 two-dimensional terms and

only d one-dimensional terms. This means that the one-dimensional ran-
dom Fourier feature lead to a lower norm if all the supremums scale all
equal and ρi(0) ≤ d−1

2 . For a bigger difference between the actual effective
dimension q of the function f and the effective dimension of the drawn ran-
dom features q̃, the factors in the denominator even scale like |ρi(0)|2(q̃−q).
This means that if ρ̃ belongs to q̃-sparse random features, the norms scale
like

|||f |||2F(ρ) ∼
(
q
d

)
(
d
q̃

)ρi(0)2(q̃−q)|||f |||2F(ρ̃).

Similar considerations were made in [HSS+23, Remark 7].
We propose to reduce the set U after the ANOVA-boosting step to an anti
downward closed set U , since the lower order terms are already included.
This reduces the the norm if the following inequality is true,

1

N
sup
ω∈R2

∣∣∣∣∣
T̂f (ω)

ρ1,2(ω)

∣∣∣∣∣

2

=
1

N
max

{
sup

ω∈Q1

∣∣∣∣∣
T̂f1(ω1) + T̂f1,2(ω1, 0)

ρ1(ω1)ρ2(0)

∣∣∣∣∣

2

, sup
ω∈Q2

∣∣∣∣∣
T̂f2(ω2) + T̂f1,2(0, ω2)

ρ2(ω2)ρ1(0)

∣∣∣∣∣

2

,

sup
ω∈Q1,2

∣∣∣∣∣
T̂f1,2(ω)

ρ1,2(ω)

∣∣∣∣∣

2}

≤ 1

n1
sup

ω∈Q1

∣∣∣∣∣
T̂f1(ω1)

ρ1(ω1)

∣∣∣∣∣

2

+
1

n2
sup

ω∈Q2

∣∣∣∣∣
T̂f2(ω2)

ρ2(ω2)

∣∣∣∣∣

2

+
1

n1,2
sup

ω∈Q1,2

∣∣∣∣∣
T̂f1,2(ω)

ρ1,2(ω)

∣∣∣∣∣

2

.

This inequality is true if either the maximum is attained for the last term
(which corresponds to the case where the two-dimensional term is big
compared to the one-dimensional terms) or ρi(0) big enough (which cor-
responds to a smaller variance of the feature distribution ρ).
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We use the draw of random Fourier features of the form (4.62) for the
sensitivity analysis for the generalized ANOVA decomposition, see Algo-
rithm 5.18. Only with this setting it is possible to model the hierarchical
orthogonality.

Note, that the constant term f∅ can be included in every index u. Of course
the exact behavior of the norm |||f |||F(ρ) strongly depends on the actual ANOVA
decomposition of the function f and the chosen feature density ρ. △
In Lemma 4.39 we will estimate the error ∥TUf − f⋆∥L2(Rd,µ) by using ANOVA-
sparse random Fourier features, which follows [PW25].
Lemma 4.39. Fix δ, ϵ > 0. Consider the random Fourier feature approximation
f⋆ from (4.59). If the total number of featuresN =

∑
u∈U nu satisfies the bound

N ≥ 1

ϵ2 (2π)d

(
1 +

√
2 log(1/δ)

)2
,

then with probability at least 1− δ with respect to the draw of weightsωj from
distribution ρ, it holds

∥TUf − f⋆∥L2(Rd,µ) ≤ ϵ|||f |||F(ρ).

Proof. The proof follows similar arguments like [HSS+23, Lemma 1], but applied
to our setting of ANOVA truncated random Fourier features. The coefficients a⋆ω ,
defined in (4.59) are bounded by

|a⋆ω| ≤
1

nu (2π)d
sup

ω∈Qu

|T̂fu(ωu)|
ρu(ωu)

, (4.63)

and for fixed x, Eω [f⋆u(xu)] = fu(xu). Define the random variable

v(ω1, . . . ,ωN ) = ∥f − f⋆∥L2(Rd,µ) =

(∫

Rd
|Eω(f

⋆(x))− f⋆(x)|2µ(x) dx
)1/2

.

To apply McDiarmid’s inequality from Theorem 2.11, we show that v is stable
to perturbation. In particular, let f⋆ be the random Fourier feature approxi-
mation using randomweights (ω1, . . . ,ωk, . . . ,ωN ) and let f̃⋆ be the random
Fourier feature approximation using randomweights (ω1, . . . , ω̃k, . . . ,ωN )with
suppωk = u, then

|v(ω1, . . . ,ωk, . . . ,ωN )− v(ω1, . . . , ω̃k, . . . ,ωN )| ≤ ∥f⋆ − f̃⋆∥L2(Rd,µ)

= ∥a⋆ωkei⟨(ωk)u,xv⟩ − a⋆ω̃kei⟨(ω̃k)u,xu⟩∥L2(Rd,µ)
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≤ 2

nu (2π)d

(
sup

ω∈Qu

|T̂fu(ωu)|
ρu(ωu)

)
=: ∆k.

Summing over the∆k yields,

N∑

k=1

∆2
k ≤

∑

u∈U

4

(2π)2dnu

(
sup

ω∈Qu

|T̂fu(ωu)|
ρu(ωu)

)2

≤
4|||f |||2F(ρ)

(2π)dN
.

Toestimate the expectationof v, webound the expectationof the secondmoment.
By noting that the variance of an average of i.i.d. random variables is the average
of the variances of each variable and by using the relation between the variance
and the uncentered secondmoment, we have that

Eω(v2) = Eω ∥Eω(f⋆)− f⋆∥2L2(Rd,µ)

= Eω

∥∥∥∥∥
∑

u∈U

∑

ω∈Iu

a⋆ωei⟨ωv ,xv⟩
∥∥∥∥∥

2

L2(Rd,µ)

−
∥∥∥∥∥Eω

(∑

u∈U

a⋆ωei⟨ωv ,xv⟩
)∥∥∥∥∥

2

L2(Rd,µ)

≤
∑

u∈U

1

nu (2π)2d

(
sup

ω∈Qu

|T̂fu(ωu)|
ρu(ωu)

)2

≤
|||f |||2F(ρ)

(2π)dN
.

By Jensen’s inequality, the expectation of v is bounded by

Eω(v) ≤
(
Eω(v

2)
)1/2 ≤

|||f |||F(ρ)√
(2π)dN

.

Applying McDiarmids inequality from Theorem 2.11, yields

P

(
v ≥

|||f |||F(ρ)√
(2π)dN

+ t

)
≤ e

− 2t2∑
k∆2

k = e
− 2t2(2π)dN

4|||f |||2F(ρ) .

Setting t andN to

t = |||f |||F(ρ)

√
2

(2π)dN
log(1/δ), andN ≥ 1

ϵ2 (2π)d

(
1 +

√
2 log(1/δ)

)2

enforces that v ≤ ϵ|||f |||F(ρ) with probability at least 1− δ. This completes the
proof.

Additionally to the L2-error between f and f⋆, we state in the following Lemma
an error bound for the ℓ2(X )-error on the training samplesX , the discrete norm
was defined in (2.5). This result is needed later in Theorem 5.19 for stating
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bounds about the regression error. For a result of the L∞-error on a bounded
box, see[HSS+23, Lemma 9]. Note, in contrast to the result in [HSS+23], we do
not need the finite second moment condition of the density ρ, but rather the
following lemma can be applied also to Cauchy distributed features.

Lemma4.40. LetX = {xi}Mi=1 bedrawn fromµ andI = (ωj)
N
j=1 forU ⊂ P([d])

be drawn like in Definition 3.22, where we choose by nu = N
|U | the same amount

of all random Fourier features for all ANVOA terms in U , which should be big
enough such that N

|U | > log(2/δ). Define f⋆ as in (4.59). Then with probability
at least 1− δ with respect to the drawn random Fourier featuresω,

1

M
∥f⋆ − f∥2ℓ2(X ) ≤

12|U |2
(2π)dN

|||f |||2F(ρ) log(2/δ).

Proof. This Lemma is motivated by the result of [LN24, Lemma D.2].
First, note that in the case of identically distributed features to the ANOVA terms
in U , i.e. nu = N/|U |, we have

|||f |||2F(ρ) =
|U |

(2π)d

∑

u∈U

(
sup

ω∈Qu

|T̂fu(ωu)|
ρu(ωu)

)2

, (4.64)

see also the definition (4.60). Define for ω ∈ Qu drawn from ρu the random
function

v(·) :=
∑

u∈U

T̂fu(ωu)

(2π)d ρu(ωu)
ei⟨ωu,·⟩.

Then, we have for every x ∈ Rd, Eω[v(x)] = TUf(x), since we assume that
the Fourier inverse formula (4.58) holds point-wise. For every index j draw |U |
random Fourier features, i.e. oneωj for every u ∈ U at random according to ρu
and define the corresponding random functions

vj :=
∑

u∈U

T̂fu((ωj)u)

(2π)d ρu((ωj)u)
ei⟨(ωj)u,·⟩.

By evaluating these functions at the sample pointsX , this is a random vector of
lengthM . By Cauchy-Schwarz inequality we have the upper bound

∥vj∥2ℓ2(X ) ≤
M

(2π)2d

(∑

u∈U

(
sup

ω∈Qu

|T̂fu(ωu)|
|ρu(ωu)|

))2

≤ M |U |
(2π)2d

∑

u∈U

(
sup

ω∈Qu

|T̂fu(ωu)|2
|ρu(ωu)|2

)
(4.64)
≤ M

(2π)d
|||TUf |||2F(ρ)
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for each j. Furthermore, due to the definition of the function f⋆ in (4.59),

f⋆(x) =
|U |
N

N/|U|∑

j=1

vj(x).

By using the relation between the variance and the uncentered second moment,
the variance of v is bounded from above by

Eω ∥v − Eω[v]∥2ℓ2(X ) ≤ Eω ∥v∥2ℓ2(X ) ≤
M

(2π)d
|||TUf |||2F(ρ).

By [LN24, Lemma A.2 and Theorem A.1] it holds with probability at least 1− δ
that

∥f⋆ − TUf∥ℓ2(X ) =

∥∥∥∥∥∥
|U |
N

N∑

j=1

vj − Eω[v]

∥∥∥∥∥∥
ℓ2(X )

≤
2
√
M |U ||||f |||F(ρ) log(2/δ)

(2π)d/2N
+

√
2M |U | ∥f∥2F(ρ) log(2/δ)

(2π)dN

=

√
M

(2π)d
|U ||||f |||F(ρ)

(
2|U | log(2/δ)

N
+

√
2|U | log(2/δ)

N

)

Squaring both sides and the assumption N
|U | > log(2/δ) leads to

∥f⋆ − TUf∥2ℓ2(X ) ≤
M

(2π)d
|||f |||2F(ρ)

(
6 + 4

√
2
) |U | log(2/δ)

N
.

Then, 6 + 4
√
2 < 12 finishes the proof.

The previous lemma can be generalized to different amounts nu of random
Fourier features for the termsu ∈ U , but even the choice of a single small nu can
make the error for this term fu and so for the whole function worse. By choosing
an anti downward closed set U , one can summarize for every u ∈ U all subsets
of u to approximate TUf for the downward closure U , which reduces the factor
|U | in the error estimate andmotivates Definition 3.32, see also Remark 4.38.

4.3.1 Connection to Sobolev spaces
Here we describe how the distribution of the random Fourier featuresω should
relate to the smoothness of the function f . Note, that in this section we use the
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same notation as in (2.10) and the following densities, but with ρ instead of µ,
since we study distributions in the frequency domain.
When drawing the random Fourier features according to the tensor product
density (2.13), there is a relation between F(ρsΠ) to the well-known Sobolev
spaces of mixed dominating smoothnessHr

mix(Rd), which are tensor product
spaces. Note, that if the Fourier transform of a function f ∈ L2(Rd) decays
like |f̂(ω)| ≲∏d

i=1 |ωi|−α, then the function f is inHs
mix(Rd)with smoothness

s < α− 1
2 , since

∫∞
1
xn dx is finite only if n < −1.

Lemma 4.41. Let s > 1
2 and f ∈ Hr

mix(Rd) ∩ L1(Rd). Then,

∥f∥Hrmix(Rd) ≲ ∥f∥F(ρsΠ) if r < 2s− 1
2 ,

∥f∥F(ρsΠ) ≲ ∥f∥Hrmix(Rd) if r > 2s.

Proof. The first inequality follows from

∥f∥2Hrmix(Rd) =

∫

Rd
|f̂(ω)|2

∏

i∈[d]

(1 + |wi|2)r dω

≤ sup
ω∈Rd


|f̂(ω)|2

∏

i∈[d]

(1 + |wi|2)2s


∫

Rd

∏

i∈[d]

(1 + |wi|2)r−2s dω

≲ ∥f∥2F(ρΠ)

∫

Rd

∏

i∈[d]

(1 + |wi|2)r−2s dω

= ∥f∥2F(ρsΠ)

(∫

R
(1 + |ω|2)r−2s dω

)d
,

where the condition r < 2s− 1
2 ensures that the last integral is finite.

For the second inequality letf ∈ F(ρsΠ). Sincef ∈ L1(Rd), theFourier transform
of f is in L∞(Rd). We have two cases: Either the supremum in theF(ρsΠ)-norm
is attained or the Fourier transform has the same decay like ρsΠ at infinity. In the
fist case we use v ∈ argmaxω∈Rd{|f̂(ω)|2∏i∈[d](1 + |wi|2)2s} and due to the
continuity of the Fourier transform, there is an ϵ > 0, such that |f̂(ω)| ≥ 1

2 |f̂(v)|
for allω ∈ [v − ϵ1,v + ϵ1] and

∥f∥2Hrmix(Rd) =

∫

Rd
|f̂(ω)|2

∏

i∈[d]

(1 + |wi|2)r dω

≥
∫ v+ϵ1

v−ϵ1
|f̂(ω)|2

∏

i∈[d]

(1 + |wi|2)r dω
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≥
∫ v+ϵ1

v−ϵ1
1
4 |f̂(v)|2

∏

i∈[d]

(1 + |wi|2)r dω

≥ ∥f∥2F(ρsΠ)

∫ v+ϵ1

v−ϵ1
1
4

∏

i∈[d]

(1 + |wi|2)r−2s dω

≥ ∥f∥2F(ρsΠ)
1
4

∫ v+ϵ1

v−ϵ1
1 dω ≳ ∥f∥2F(ρsΠ) ,

where we use the condition that r − 2s > 0. In the second case, as ω tends to
infinity that |f̂(ω)| ∼ ∏i∈[d](1 + |wi|2)−2s. Then, there are ϵ > 0,v ∈ Rd with
|f̂(ω)|
ρsΠ(ω) ≥ 1

2 ∥f∥F(ρsΠ) for allω ≥ v and

∥f∥2F(ρsΠ) ≤
∫ v+1

v

(1− ϵ)−1 |f̂(ω)|2
|ρsΠ(ω)|2 dω

≤ 2

∫

Rd
|f̂(ω)|2

∏

i∈[d]

(1 + |wi|2)2s dω

≤ 2

∫

Rd
|f̂(ω)|2

∏

i∈[d]

(1 + |wi|2)r dω
(
sup
ω∈R

(1 + |ω|2)2s−r
)

≤ 2 ∥f∥2Hrmix(Rd) ,

where the last inequality follows if 2s− r < 0.

The previous lemma shows that the norms ∥f∥Hrmix(Rd) and ∥f∥F(ρsΠ) are not
equivalent, but with certain assumptions on the smoothness parameters r and
s they are related. The assumption f ∈ L1(Rd) has the drawback, that it is not
fulfilled for functions of lower effective dimension. But, applying the previous
lemma to the truncated functionsTUf , leads directly to a connectionbetween the
norm ∥TUf∥Hrmix(Rd) and the norm |||TUf |||F(ρsΠ), for drawing ANOVA truncated
random Fourier features from Definition 3.22.
Corollary 4.42. Let s > 1

2 and f ∈ Hr
mix(Rd) ∩ L1(Rd)with. Then,

∥TUf∥Hrmix(Rd) ≲ |||TUf |||F(ρsΠ) if r < 2s− 1
2 ,

|||TUf |||F(ρsΠ) ≲ ∥TUf∥Hrmix(Rd) if r > 2s.

Proof. For arbitrary subsets v ⊊ u and suppω = u it is true that
∫

R|u|
fv(xv) e

i⟨ωu,xu⟩ dxu = 0. (4.65)
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If f =
∑

u⊆[d] fu is the ANOVA decomposition (3.12), then there exist functions
f̃u(xu), such that f̃u ∈ L1(R|u|) and f̃u − fu =

∑
v⊊u gu is a sum of terms of

order lower than |u|. For the Fourier transform atω ∈ Rd with suppω = u, we
then calculate

|T̂fu(ωu)| =
∫

R|u|
fu(xv) e

i⟨ωu,xu⟩ dxu
(4.65)
=

∫

R|u|
f̃u(xv) e

i⟨ωu,xu⟩ dxu

≤ ∥f̃∥L1(Rd) .

The same split into two cases as in the previous Lemma 4.41 for every term fu
separately leads to the desired result.

This corollary shows thatwhen choosing the tensor product density ρsΠ in Lemma
4.39, the norm |||f |||F(ρsΠ) can be bounded from above by ∥f∥Hrmix(Rd), if r > 2s

and
∥TUf − f⋆∥L2(Rd,µ) ≤ ϵ ∥f∥Hrmix(Rd)

with high probability if the assumptions of Lemma 4.39 are fulfilled.

4.3.2 Connection to almost periodic functions
In contrast to using the Fourier transform of a function f , another possible
approach are almost periodic functions. The theory of almost periodic functions
deals with the problem, which functions f are representable by a trigonometric
series of the form

∑
ω∈Λ aωe

i⟨ω,x⟩. The concept was first studied by Harald Bohr
[Boh33], and later generalized by many others.
In the classical case where only harmonic vibrations are considered, the cor-
responding question leads to the theory of ordinary trigonometric series, any
periodic function can be developed into a Fourier series: The essential difference
between the cases is that Fourier series deal only with a denumerable amount of
frequencies, whereas for almost periodic functions the set of frequencies, which
occur is nondenumerable. See for example [Cor09, DKP21] for more details on
the theory about almost periodic functions. We state here the main properties,
which are relevant in connection to random Fourier features.
Definition 4.43 (Almost periodic functions). A function f is called almost peri-
odic if and only if for each ϵ > 0, there exists ℓ > 0, such that for each x0 ∈ Rd,
there exists τ ∈ {x ∈ Rd | ∥x0 − x∥2 < ℓ} such that

|f(x+ τ )− f(x)| < ϵ, x ∈ Rd.

We denote this function space byAP(Rd). △
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Any trigonometric polynomial
∑N
k=1 aωke

i⟨ωk,·⟩ is almost periodic. Furthermore,
the function f is almost periodic if and only if there exists a sequence of trigono-
metric polynomials inRd which converges uniformly to f , see [Boh33] or [Cor09,
Chapter 4] for more information.
Any almost periodic function f is bounded, themean value

M(f) := lim
T→∞

1

|KT |

∫

s+KT

f(x) dx (4.66)

exists anddoesnotdependons ∈ Rd. Here,KT := {x ∈ Rd | |xi| ≤ T for all i ∈
[d]} and |KT | is the volume of this cube. TheBohr-Fourier coefficient is defined
by

aω(f) :=M
(
e−i⟨ω,x⟩f(x)

)
.

Note, that there is a difference compared to thedefinitionof theFourier transform
f̂(ω) in (2.28). The Bohr spectrum of f is defined by

Λ(f) = {ω ∈ Rd | aω(f) ̸= 0}.

The approximation of a function f with a finite random Fourier feature sum

f#(x) =
∑

ω∈I
aω(f)e

i⟨ω,x⟩

basically approximates f by a function f# ∈ AP(Rd). In the approximation
task from samples inX , nothing is given about the function outside of the sam-
ples, such that the approximant can expand the function f there to an almost
periodic function. Nevertheless, it is not feasible to calculate the Bohr spectrum
of a function directly. For that reason, the random Fourier feature approach of
drawing the frequenciesω ∈ I at random can be interpreted as approximating
the extension of f by a a function f# ∈ AP(Rd).
Assuming that for some T > 0 all given samplesX are contained inKT . Then,
for calculating the Fourier transform f̂ of the function, the function has to be
extended by zero outside ofKT and for the calculation of aω(f), the function f
is extended to an almost periodic function,

f̂(ω) =

∫

Rd
f(x)ei⟨ω,x⟩ dx ≈

∫

KT

f(x)ei⟨ω,x⟩ dx = |KT |aω(f).

This means, that the sum of random drawn Fourier features,
∑

ω∈I aωe
i⟨ω,x⟩,

approximates the sum

f(x) =
∑

ω∈Λ

aω(f)e
i⟨ω,x⟩ for x ∈ KT . (4.67)
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Since the Bohr spectrum of a function is not known, the aim of approximating a
function f by a sum of the form (4.67) is also a generalization of the nonlinear
approximation of a Fourier series by a truncated sum, as it was done for example
in [KPT23].

4.3.3 Connection to the NFFT
Denote the d-dimensional cubes of indices by

In = {k ∈ Zd | −n
2
1d < k ≤ n

2
1d}.

For nonequispaced fast Fourier transforms (NFFT) we are interested in the fast
evaluation of the d-variate periodic trigonometric polynomial

p(x) =
∑

k∈In
p̂ke

2πi⟨k,x⟩, where p̂k ∈ C,x ∈ Td (4.68)

at arbitrary samples x ∈ X ⊂ Td for arbitrary coefficients p̂k ∈ C. The main
idea is to approximate p(x) by a linear combination of translates of a periodic
window function, see also [PPST23, Section 7.1] for more details about the NFFT.
In comparison to the kernel approximation (2.59), a periodic function f would
be approximated by using a periodic kernel function. Starting with a window
function φ ∈ L2(Rd) ∩ L1(Rd), which is well localized in space and frequency,
we define the periodic function

φ̃(x) :=
∑

r∈Zd
φ(x+ r),

which has the uniformly convergent Fourier series

φ̃(x) =
∑

k∈Zd
ck(φ̃)e

2πi⟨k,x⟩, where ck(φ̃) =
∫

Td
φ̃(x)e−2πi⟨k,x⟩dx.

This Fourier series is truncated by

φ̃(x) ≈
∑

k∈In
ck(φ̃)e

2πi⟨k,x⟩.

There is a close relation between the Fourier coefficients ck(φ̃) and the Fourier
transform φ̂(k), namely

φ̂(2πk) =

∫

Rd
φ(x)e−2πi⟨k,x⟩dx = ck(φ̃),
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which is known from the Poisson summation formula. Then, in style of (2.59)
with the kernel matrixK, the periodic function f is,

f(x) =
∑

x′∈X
ax′ φ̃(x− x′) =

∑

x′∈X
ax′

∑

k∈Zd
ck(φ̃)e

2πi⟨k,x−x′⟩

=
∑

k∈Zd
ei⟨k,x⟩

∑

x′∈X
ax′ck(φ̃)e

−2πi⟨k,x′⟩

≈
∑

k∈In
ake

2πi⟨k,x⟩, where ak :=
∑

x′∈X
ax′ck(φ̃)e

−2πi⟨k,x′⟩. (4.69)

This coincides with approximating the kernel matrix φ̃ by

(φ̃(x− x′))x∈X ,x′∈X ≈ A diag(ck(φ̃))A
∗,

whereA =
(
e2πi⟨k,x⟩

)
x∈X ,k∈In . The NFFT performs for k ∈ In the approxima-

tion,
e2πi⟨k,x

′⟩ ≈ 1

Ldφ̂(2πk)

∑

ℓ∈IL
e2πi⟨k,

ℓ
L ⟩φ̃(x′ − ℓ

L ), (4.70)

where L determines the oversampling factor. Inserting this into (4.69) leads to

ak =
∑

x′∈X
ax′ck(φ̃)e

−2πi⟨k,x′⟩

≈
∑

x′∈X
ax′ck(φ̃)

1

Ldφ̂(2πk)

∑

ℓ∈IL
e2πi⟨k,

ℓ
L ⟩φ̃(−x′ − ℓ

L )

=
1

Ld

∑

ℓ∈IL
e2πi⟨k,

ℓ
L ⟩ ∑

x′∈X
ax′ φ̃(x′ − ℓ

L )

=
1

Ld

∑

ℓ∈IL
e2πi⟨k,

ℓ
L ⟩ f

(
− ℓ

L

)
,

which is basically the discrete Fourier transform of the function f on the index-
set IL. Then, the nonequispaced fast Fourier transform transposed NFFT⊤

would calculate from given function evaluations f(x), x ∈ X the coefficients
ak. The random Fourier features then represent a generalization of the NFFT
from periodic trigonometrical polynomials to nonperiodic sums of exponential
functions with frequenciesω ∈ Rd instead of integer frequencies k ∈ Zd.

4.4 This chapter in a nutshell
The smoothness of a function is related to the decay of the Fourier coefficients of a
periodic function. This behavior is the foundationof thedefinitionof Sobolev and
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Besov spaces. We studied the decay of wavelet coefficients for periodic functions.
Themain result for periodic Chui-Wang wavelets is Corollary 4.11, where we give
a characterization for functions in a Sobolev or Besov space in terms of the decay
of the wavelet coefficients on the torus. New in comparison to other literature
is that we have simple conditions on the wavelet function and that we are able
to give explicit constants for all inequalities. This characterization in terms of
wavelets motivated to introduce the truncation operator Pn, which truncates
the wavelet decomposition and projects into a finite subspace of L2(Td). We
gave estimates about the error between a function f and the projectionPnf with
respect to L2 as well as L∞-setting.
In terms of complexity, the biggest savings can bemade by truncating the projec-
tion operator fromPn to the ANOVA-truncated operator Pn,U , which reduces the
number of needed parameters fromN = O(2nnd−1) toN = O(2nnq−1) and
the exponent of the logarithmic terms in all error estimates are reduced from
dimension d to maximal superposition dimension q.
Because of the randomness of random Fourier features it is not possible to give a
similar characterization of functions in L2(Rd), but nevertheless we studied the
projection f⋆ in Section 4.3. This is, similar to the projection Pnf , a function in a
finite dimensional subspace, which is constructed after drawing random Fourier
features ω ∈ I. We also gave in this case error estimates between f and the
projection f⋆. Furthermore, we generalized the theory in the existing literature
about q-sparse random Fourier features to the ANOVA setting, where we draw
Fourier features according to the ANOVA decomposition.
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Chapter 5
Function approximation from

samples

Function approximation from given samples involves estimating the underlying
function f from a finite set of sample points x ∈ X ⊂ Ω and the function values
f = (f(x))x∈X , aiming to generalize the function’s behavior across the entire
input space based on the given samples.
Remember the main error splitting (1.1) in this thesis. In this chapter, we study
the error ∥PN,Uf − SX

N,Uf∥ between the projection PN,Uf given in (3.38) of the
function f onto a finite dimensional subspace and the approximation SX

N,Uf
from sampling points, which we will define in this chapter for different settings.
The method of least squares is a parameter estimation method in regression
analysis based onminimizing the sum of the squares of the residuals. First, we
choose a set of functions ej : Rd → C. Thereby, we are interested in the concrete
choices (3.61). Then, solving a least squares problem of the form

min
a∈CN

∥Aa− f∥2 , whereA = (ej(x))x∈X ,j∈I ∈ CM×N (5.1)

aims to minimize the L2(Ω, µ)-error between the original function f and the
approximation

SX
N f(x) =

∑

j∈I
a#j ej(x). (5.2)

In the noiseless and underdetermined setting (M > N ) and if the matrixA has
full rank, the unique solution of the least squares problem is

a# = (A∗A)
−1

A∗f =: A+f .
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The systemmatrixA plays a crucial role, since approximating the function at
the given sample points is equivalent to

Aa ≈ f ,

with coefficient vector a, which is the solution to the optimization problem (5.1).
For simplifying notation, we collect in I all index sets of the parameter-set,
which could consist of more than one parameter, e.g. dilatation parameter j and
translation parameter k for the approximation with wavelets. The total number
of parameters will always be denoted byN = |I|.

In the under-determined case whereN < M , we analyze the conditioning of the
matrixA∗A ∈ CN×N , we begin in Section 5.1 with the periodic case where we
build on Section 4.1 and analyze the approximation using periodized wavelets. A
good conditioning of the systemmatrixA is important, that is why we bound the
eigenvalues ofA∗A in Theorem 5.3. The most important result in this section
are Theorems 5.4 and 5.5, which relate the L2- and L∞-regression error to the
L2- and L∞-projection error. Corollary 5.6 then combines these results with
the matrix conditioning and states error bounds for functions inHs

mix(Td) and
Bs

2,∞(Td).

Even for the worst-case setting, where we draw the sample pointsX once and ask
for the supremum error over the whole function class, we state in Theorem 5.8
an error decay with high probability, which expands the results from [LPU23].
Finally, Algorithm 5.9 is the main result for periodic function approximation in
this thesis. The key finding is that, at the end we, receive for the approximation
operator SX

N,U the same error rates as for the projection operator PN,U from
Chapter 4 with high probability.

The aim of the transformationR from (2.52) is to apply the approximation oper-
ator SX

n,U from the torus also to other domainsΩ. With the weighted function
spaces defined in Definition 4.27, an according error bound for the approxima-
tion error is stated inCorollary 5.11. For the extension on the cube in Section 5.2.1
the condition number of the systemmatrix gets slightly worse due to the exten-
sion, but still approximation results like in Corollary 5.12 are possible. Here, we
generalize the one-dimensional results from [PW24] to the multivariate setting,
adapted to the ANOVA index set U .

When dealingwith real-world data, the underlying sampling densityµ(x) is often
unknown a priori, and we are provided only with the random sample pointsX .
Section 5.2.2 studies a first step of kernel density estimation, which enables the
construction of a transformationR, even in the case where the density µ is not
known.

162
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In Section 5.3 we describe sensitivity analysis for random Fourier feature algo-
rithms. The approximation (5.2) in this setting can be chosen as the solution of
the over-parametrized problemAa ≈ f . We distinguish the two cases of inde-
pendent and dependent input variables. In every case we give approximations
SXu (f#) to the Sobol indices Su(f) to be able to find the nonzero terms u ∈ U .
Using random Fourier features, it is even possible to model the generalized
ANOVA decomposition. To incorporate the hierarchical orthogonality condi-
tions (3.8), we use the regularization in (5.27). In Theorem 5.19 we state that the
squared RSE in the random Fourier feature setting decays likeO(N−1 +M−1/2),
whereM is the number of samples andN is the number of drawn features.
Finally, Section5.4 containsdetails about the implementationandcomputational
costs of the function approximation algorithms derived in this chapter.

5.1 Hyperbolic wavelet regression on Td

In this section, we state results which were first shown in [LPU23]. Here, we
generalize these results to the index set U , which of course includes the case
U = P([d]). Furthermore, in this sectionweonly consider the case of the classical
ANOVA decomposition, where all ANOVA terms fu are orthogonal to each other.
Let us consider the case where we choose as basis on Td the periodic wavelets
ψper
j,k , see (2.44). In this section, we always consider the case where the samples

x ∈ X are drawn i.i.d. at random according to the uniform Lebesgue measure.
For that reason, we introduce the d-dimensional probability measure dP =
⊗di=1 dxi.
Let us consider the periodic hyperbolic wavelet matrix corresponding to an
ANOVA index set U ⊆ P([d]),

AU :=
(
ψper
j,k(x)

)

x∈X ,
j∈JUn
k∈Ij

, (5.3)

where theM samples x ∈ X are drawn i.i.d. from the uniform density µ on the
torus and the index set J Un is defined in (3.37). Furthermore, since the number
of parametersN depends on the maximal wavelet level n, the approximation
operator SX

N is described by

SX
n,Uf :=

∑

j∈JU
n

∑

k∈Ij
aj,kψ

per
j,k . (5.4)

Using the orthogonality of ψper
j,k and ψ

per
i,ℓ for j ̸= i, we have

∥TUf − SX
n,Uf∥2L2(Td) = ∥TUf − Pn,Uf∥

2
L2(Td) + ∥Pn,Uf − S

X
n,Uf∥2L2(Td)
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= ∥TUf − Pn,Uf∥2L2(Td) + ∥S
X
n,U (Pn,Uf − TUf)∥2L2(Td)

≤ ∥TUf − Pn,Uf∥2L2(Td) + ∥S
X
n,U∥22 ∥Pn,Uf − TUf∥

2
ℓ2(X )

= ∥TUf − Pn,Uf∥2L2(Td) + ∥A
+
U∥

2 ∥Pn,Uf − TUf∥2ℓ2(X ) , (5.5)

where the projection operatorPn,U was defined in (3.38). At this point it becomes
clear why the conditioning of the Moore-Penrose inverseA+

U is necessary. The
result in [KUV21, Proposition 3.1] shows that the norm of the Moore-Penrose-
inverse ∥A+

U∥2 = ∥(A∗
UAU )

−1A∗
U∥2 is boundedby the reciprocal of theminimal

singular value of the matrixAU .

5.1.1 The wavelet matrix on Td

There is a general interest inmatriceswith small conditionnumbers. For example,
the condition number of the matrixA associated with the linear equationAa =
f gives a bound on how inaccurate the solution awill be after approximation.
Conditioning is a property of the matrix, not the algorithm or floating-point
accuracy of the computer used to solve the corresponding system. In particular,
one should think of the condition number as being (very roughly) the rate at
which the solution awill change with respect to a change in f .
There are several results for the conditioning of randommatrices. Our aim is to
apply the matrix Chernoff Theorem 2.8. Since we do use an orthonormal basis,
we first consider the mass matrix

LU :=
1

M
E(A∗

UAU ), (5.6)

The matrixLU has entries ⟨ψper
j,k , ψ

per
i,ℓ ⟩, that are zero for j ̸= i because of the or-

thogonality of the one-dimensionalwavelets for different scales j and i, see (2.40).
Having a closer look at these entries, we see that there are only at most ⌈2S − 1⌉
nonzero entries in the matrix for every one-dimensional index j. Additionally,
these nonzero entries are the same for every index j. Furthermore, the matrixL
is symmetric. The matrixLU has a block structure and every block is dedicated
to one index j. The partial matricesLj were already defined in (3.33) to calcu-
late the Sobol indices Su(g), defined in (3.34), for a linear combination g of the
periodic wavelets.
Figure 5.1 shows the structure of the matrix LU for d = 1 and U = {∅, {1}}
and the Chui-Wang wavelets of orderm = 2, which means, in every column of
every block there are at most 4m− 1 nonzero entries, only 2m− 1 of them are
different. In higher dimensions, we have one block for every index j, which is
the Kronecker product of the one-dimensional circulant matrices. The following
bounds for the eigenvalues ofLU can also be found in [LPU23, Lemma 3.18.].
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Figure 5.1 : Illustration of the nonzero entries of the matrixLU for di-
mension d = 1 and the Chui-Wang wavelets of orderm = 2.

Lemma 5.1. For j ∈ J let u = {i ∈ [d] | ji ≥ 0}, then for the partial matrixLj

from (3.33) it holds

λmin(Lj) ≥ γ|u|
m , λmax(Lj) ≤ δ|u|

m , (5.7)

where the constants γm and δm are the Riesz bounds from (2.42).

Proof. As usual, we begin with the one-dimensional case. For the case j = −1
the matrixLj is only 1, which is also the eigenvalue. For j ≥ 0, we use [PPST23,
Theorem 3.16] and we write a circulant matrix as

Lj = circ(lj) = F−1
2j diag(F 2j (lj))F 2j , lj :=

(
⟨ψper
j,0 , ψ

per
j,k ⟩

)
k∈Ij

,

whereF 2j =
(
wkℓ2j
)2j
k,ℓ=0

is the Fourier matrix of dimension 2j with the primitive
2j-th roots of unityw2j := e−2πi2−j . Since the Fourier matrices are orthogonal,
we have

λmin(circ(lj)) = min |F 2j (λj)|,

and analog for the maximum. To bound this term, we calculate the Fourier
coefficients of the wavelets ψj,k(x) using substitution in the integral by

cℓ(ψj,k) = 2−
j
2wℓk2j c ℓ

2j
(ψ).

We begin with the case where j is big enough, such that 2j > S. In this case,
we do not have overlap in the periodized wavelets and lj = (⟨ψj,0, ψj,k⟩)k∈Ij .
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Therefore, we get, using Parsevals’ equality,

⟨ψj,0, ψj,k⟩ =
∑

ℓ∈Z
cℓ(ψj,0)c−ℓ(ψj,k) =

∑

ℓ∈Z
w−ℓk

2j 2−jc ℓ
2j
(ψ)c−ℓ

2j
(ψ)

=

2j−1∑

r=0

w−rk
2j 2−j

∑

s∈Z

∣∣∣c r
2j +s

(ψ)
∣∣∣
2

.

We denote
E(wr2j ) :=

∑

s∈Z

∣∣∣c r
2j +s

(ψ)
∣∣∣
2

.

Hence,

(F 2j (lj))i =
2j−1∑

k=0

wik2j ⟨ψj,0, ψj,k⟩ =
2j−1∑

k=0

2j−1∑

r=0

wik2jw
−rk
2j 2−jE(wr2j ) = E(wi2j ).

For the other case, where 2j ≤ S, we get the same estimates in a similar way.
Therefore, the eigenvalues of the desired matrixLj are bounded by

min
r
E(wr2j ) ≤ λmin(Lj) ≤ λmax(Lj) ≤ max

r
E(wr2j ).

These extreme values coincide with the Riesz constants, which can be seen as
follows

∥∥∥∥∥∥

2j−1∑

k=0

dkψj,k

∥∥∥∥∥∥

2

L2(T)

=
∑

ℓ∈Z

2j−1∑

k1,k2=0

dk1 dk2cℓ(ψj,k1)c−ℓ(ψj,k2)

=
∑

ℓ∈Z

2j−1∑

k1,k2=0

dk1 dk2w
ℓ(k1−k2)2−j |c ℓ

2j
(ψ)|2

=

2j−1∑

r=0

2j−1∑

k1,k2=0

dk1 dk2w
r(k1−k2)2−j

∑

s∈Z
|c r

2j +s
(ψ)|2

=

2j−1∑

r=0

∣∣∣d̂r
∣∣∣
2

2−j E(wr2j ),

where d̂r is the r-th component of d̂ = F 2jd = F 2j (dj,k)k∈Ij . Taking into
account that ∥d̂∥22 = 2j ∥d∥22, the one-dimensional assertion follows.
In the multivariate case we use the Kronecker product structure (3.33) of the
matrixLj . Since the eigenvalues of the Kronecker product of a matrix are the
products of the eigenvalues of the matrices, the assertion follows.
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Let us again consider the example of the Chui-Wang wavelets from Example 2.6.
The functionE in the previous proof is in this case the Euler-Frobenius polyno-
mial Ψ2m from [PT94]. From there, we also get the Riesz constants which are
summarized in Table 2.1.

An easy corollary from the previous lemma, by taking into account that the
eigenvalues of a block diagonal matrix are bounded by the eigenvalues of the
blocks, is the following:

Corollary 5.2. For an index set U ⊆ P([d]) let q = maxu∈U |u|, then the eigen-
values of the matrixLU , defined in (5.6), are bounded by

λmin(LU ) ≥ γqm, λmax(LU ) ≤ δqm, (5.8)

where the constants γm and δm are the Riesz bounds from (2.42).

The previous corollary gives us one constant in Theorem 2.8. For the other
constantR let us introduce the spectral function

Ξ(n,U) := sup
x∈Td

∑

u∈U

∑

j∈Ju
n

∑

k∈Ij

|ψper
j,k(x)|2. (5.9)

For this function we calculate,

Ξ(n,U) = sup
x∈Td

∑

u∈U

∑

j∈Ju
n

∑

k∈Ij

2|ju|1

∥∥∥∥∥∥
∑

ℓu∈Z|u|

ψ(2ju(xu + ℓu)− ku)

∥∥∥∥∥∥

2

≤
∑

u∈U

∑

j∈Ju
n

2|j|1 sup
x∈Td

∑

ku∈Z|u|

∣∣ψ(2juxu − ku)
∣∣2

=
∑

u∈U

∑

j∈Ju
n

2|j|1
∏

i∈u

(
sup
xi∈T

∑

ki∈Z
|ψ(2jixi − ki)|2

)

=
∑

u∈U

∑

j∈Ju
n

2|j|1
∏

i∈u

(
sup

yi∈[−2ji−1,2ji−1)

∑

ki∈Z
|ψ(yi − ki)|2

)

≤ N
(
sup
x∈R

∑

k∈Z
|ψ(x− k)|2

)d
:= Ncqψ, (5.10)

where we use (4.35) and q = maxu∈U |u|. The supremum of
∑
k∈Z |ψ(x− k)|2

is a constant, since the wavelet ψ is compactly supported on [0, S]. In Table 5.1,
we collect these constants for the Chui-Wang wavelets of different orders.
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m 1 2 3 4 5

cψ 1 0.7083 0.1479 0.0662 0.0252

Table 5.1 : Constants in (5.10) for the Chui-Wang wavelets.

Now, we are in the position to apply Theorem 2.8 for our setting. Define for
i = 1, . . . ,M and xi ∈ X the matrices

Ai =
1

M

((
ψper
j,k(xi)

)
j,k)∈I

)((
ψper
j,k(xi)

)
(j,k)∈I

)⊤
.

Hence, we have
∑M
i=1 Ai = 1

MA∗A. Additionally, these matrices fulfill the
conditions in Theorem 2.8.

Theorem 5.3. Let x ∈ X drawn i.i.d. and uniformly at random, the wavelet
functionψ having vanishingmoments of orderm, r > 1 and γm the Riesz constant
from (2.42). Then, the matrix 1

MA∗
UAU , where AU is the hyperbolic wavelet

matrix (5.3) with q = maxu∈U |u|, only has eigenvalues greater than γqm
2 with

probability at least 1−M−r if

Ξ(n,U) ≤ cm,dM

(r + 1) logM
, (5.11)

with them- and d-dependent constant

cm,q = γqm log
(√

e
2

)
≈ 0.153 γqm. (5.12)

Proof. We have that

λmax(Ai) =
1

M

∥∥∥∥
(
ψper
j,k(xi)

)
(j,k)∈I

∥∥∥∥
2

2

≤ Ξ(n,U)

M
, for all i = 1, . . . ,M.

Hence, we use R = Ξ(n,U)
M , λmin = γqm and δ = 1

2 in Theorem 2.8. Using the
bound in (5.11) andN ≤M , we confirm

Ξ(n,U) ≤ γqmM log
(√

e
2

)

(r + 1) logM
= cm,q

M

(r + 1) logM

Ξ(n,U) ≤
−γqmM log

(√
2
e

)

r logM + logN
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logN +
γqmM

Ξ(n,U)
log

(√
2
e

)
≤ −r logM

N

(
e−δ

(1− δ)1−δ
) γqmM

Ξ(n,U)

≤ 1

Mr
.

Therefore, it follows that P
(
λmin (A

∗
UAU ) ≤ M γqm

2

)
≤ 1

Mr . Hence, AU has

singular values at least
√

2 γqm
M with high probability.

It remains to estimate the number of samplesM , such that (5.11) is fulfilled. In
(5.10) we estimated the complexity of the spectral function Ξ(n,U). We have to
requireN ≤ cm,qM

cqψ (r+1) logM
, which finally yields that

M ≥
cqψ (r + 1)

cm,q
N logN, (5.13)

where cm,q is the constant from (5.12).

5.1.2 Individual function recovery: Error decay
In the following, we consider the recovery of individual functions. That means,
we draw the sample setX once for each function. We additionally assume that f
is continuous. The following results are a generalization to the ANOVA setting
of [LPU23]. For a better readability we define for the projection operator Pn,U ,
defined in (3.38),

e2 := ∥TUf − Pn,Uf∥L2(Td) and e∞ := ∥TUf − Pn,Uf∥L∞(Td) .

Theorem 5.4. LetM be the number of samples satisfying (5.13), (xi)Mi=1 drawn
i.i.d. and uniformly at random, r > 1 and f ∈ C(Td) a continuous function.
Then,

P
(
∥TUf − SX

n,Uf∥2L2(Td) ≤ e
2
2 +

2
γqm

(
e22 + e2e∞

√
r logM
M + e2∞

r logM
M

))

≥ 1− 2M−r.

That means, the L2(Td)-error of our approximation can be bounded with high
probability by rates of the L2(Td)- and the L∞(Td)-error of the projection Pn,U .
Proof. In (5.5) it remains to bound the norm ∥TUf − Pn,Uf∥ℓ2(X ), i.e. the error
of the projection at the sample points. We give a bound with high probability by
using Bernstein inequality. Therefore, we introduce the random variables

ξi = |TUf(xi)− Pn,Uf(xi)|2 − e22 = ηi − E(ηi),
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where ηi = |TUf(xi)− Pn,Uf(xi)|2. These random variables are centered, i.e.
E(ξi) = 0. The variances of these random variables can be bounded by

E(ξ2i ) = E(η2i )− E(ηi)2 =

∫
|TUf(xi)− Pn,Uf(xi)|4 dP− e42

≤ e2∞e22 − e42 ≤
(
e2∞ − e22

)
e22 ≤ e22 e2∞.

Furthermore, we have

∥ξi∥∞ = ∥ηi − EP(ηi)∥∞
≤ sup

x∈Td

∣∣∣|TUf(x)− Pn,Uf(x)|2 − ∥TUf − Pn,Uf∥2L2(Td)

∣∣∣ ≤ e2∞.

For the last estimation we used that for positive y1, y2 it holds |y1 − y2| ≤
max{y1, y2}.
Now, we are in the position to merge all inequalities in order to apply Bernstein’s
inequality from Theorem 2.9. Using τ = r logM , this yields

P

(
1
M

M∑

i=1

ξi ≥
√

2 e2∞e22r logM
M +

2 e2∞r logM
3M

)
≤M−r.

Because of our choice for the random variables ξi, we have that
M∑

i=1

ξi + e22 =
M∑

i=1

ηi = ∥TUf(xi)− Pn,Uf(xi)∥2ℓ2(X ) .

Hence, we add the mean e22 and get

P
(
∥Pn,Uf − TUf∥2ℓ2(X ) ≤M

(
e22 +

√
2 e2∞e22r logM

M
+

2 e2∞r logM

3M

))
≥ 1−M−r.

(5.14)
The terms in (5.5) are bounded with high probability. Let us define the events

A :=

{
X
∣∣∣∣∥TUf − Pn,Uf∥

2
ℓ2(X ) ≤M

(
e22 +

√
2 e2∞e22r logM

M +
2 e2∞r logM

3M

)}
,

B :=
{
X
∣∣∣∥SX

n,U∥2 ≤
√

2
Mγqm

}
.

Due to (5.14) and Theorem 5.3 we know that

P(A) > 1−M−r and P(B) > 1−M−r,

which implies that

P(A ∩B) ≥ 1− P(Ac)− P(Bc) ≥ 1− 2M−r.

This gives us the assertion.
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In a similar way we give an estimate for the L∞-error.
Theorem 5.5. LetM be the number of samples satisfying (5.13), (xi)Mi=1 drawn
i.i.d. and uniformly at random, r > 1 and f ∈ C(Td) a continuous function.
Then,

P
(
∥TUf − SX

n,Uf∥L∞(Td) ≤ e∞

+
(

2cm,dδ
q
m

(r+1) γqm

)1/2 (
e22

M
logM + e2e∞

√
rM
logM + r e2∞

)1/2)
≥ 1− 2M−r.

Proof. This proof is similar to the proof of the previous theorem. The triangle
inequality states

∥TUf − SX
n,Uf∥L∞(Td) = e∞ + ∥Pn,Uf − SX

n,Uf∥L∞(Td) .

We denote the function g = Pn,Uf − SX
n,Uf =

∑
j∈JU

n

∑
k∈Ij
⟨g, ψper,∗

j,k ⟩ψ
per
j,k ,

which gives

|g(x)| ≤


 ∑

j∈JU
n

∑

k∈Ij

|⟨g, ψper,∗
j,k ⟩|2




1/2
 ∑

j∈JU
n

∑

k∈Ij

|ψj,k(x)|2



1/2

≤ δq/2m ∥Pn,Uf − SX
n,Uf∥L2(Td)

√
Ξ(n,U).

The condition (5.11) gives a bound for Ξ(n,U) and the estimation of the re-
maining norm ∥Pn,Uf − SX

n,Uf∥L2(Td) follows the same lines as the proof of
Theorem 5.4.

We use the general Theorem 5.4 to give a bound for the approximation error
with high probability for our settings, where s = m and where s < m, using our
estimates for the errors of e2 and e∞.
Corollary 5.6. Let the assumptions be like in Theorem 5.4. Letm be the order of
the wavelets, the number of samples satisfying (5.13), and γm the Riesz constant
from (2.42). In the case where 1/2 < s < m, we have

P
(
∥TUf − SX

n,Uf∥2L2(Td) ≲ (1 + 2
γqm

(r +
√
r + 1)) 2−2nsnq−1 ∥f∥2Bs

2,∞(Td)

)

≥ 1− 2M−r, (5.15)

and in the case where s = m, we have

P
(
∥TUf − SX

n,Uf∥2L2(Td) ≲ (1 + 2
γqm

(r +
√
r + 1)) 2−2nmnq−1 ∥f∥2Hmmix(Td)

)

≥ 1− 2M−r. (5.16)
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Proof. In order to apply the previous theorem, let us collect bounds for the oc-
curring terms. We have for the number of samples logM

M ≲ 2−nn−q+1, see (5.13).
The L2-error is bounded in Corollaries 4.14 and 4.18. Theorem 4.19 gives us a
bound for the L∞-error. Hence, we have in the case s < m,

e∞e2

√
r logM
M ≲

√
r 2−2nsnq−1 ∥f∥2Bs

2(Td) ,

e2∞
r logM
M ≲ r 2−2nsnq−1 ∥f∥2Bs

2,∞(Td) ,

and for s = m

e∞e2

√
r logM
M ≲

√
r 2−2nmnq−1 ∥f∥2Hmmix(Td) ,

e2∞
r logM
M ≲ r 2−2nmnq−1 ∥f∥2Hmmix(Td) .

Theorem 5.4 then gives the assertion.

In Section 6.1, we present numerical examples in Figure 6.1 that demonstrate
the proposed error decay rate to support our findings.
Remark 5.7. Note, that Corollary 5.6 establishes a bound for the error of the least
squares approximation with high probability, which has the same rate as the best
approximation with the projection operator Pn,U in Corollaries 4.14 and 4.18.
The projection operator Pn,U is the optimal approximation in the wavelet spaces
with respect to the ANOVA index set U . Hence, with high probability we also
get this optimal rate using the operator SX

n,U . Furthermore, also the L∞-error
of SX

n,U allows such an optimal bound by applying Theorem 5.5. Choosing the
sampling numberM according to logarithmic oversampling (5.13), gives that

logM

M
sup

∥f∥≤1

∥TUf − Pn,Uf∥2∞ ≍
1

N
sup

∥f∥≤1

∥TUf − Pn,Uf∥2∞

≍ sup
∥f∥≤1

∥TUf − Pn,Uf∥22,

where ∥f∥means either ∥f∥Hsmix(Td) or ∥f∥Bs
2(Td). △

Comparison to other work

Error estimates with piecewise linear wavelet functions, i.e. the case m = 2
are considered in [Boh17], where the wavelets are called “prewavelets” and the
non-periodic setting is treated. To compare, in [Boh17, p. 117] an approximation
rate 2−nsn(d−1)/2 was proven for s ≤ m in case ofHs

mix(Td)-functions. This is
due to the sub-optimal analysis of the projection operator. We obtain the same
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bound for the larger spaceBs
2,∞(Td) additionally with high probability. In the

case s = m our results match the results in [Boh17]. Furthermore, we consider
quasi-optimal L∞(Td)-error bounds with high probability.

In [CM17], the authors also studied the approximation error of a least squares
operator like SX

n . But they used an orthonormal system of basis functions and
bounded the expectation of the approximation error ∥f − SX

n f∥L2(Td). An im-
provement was done in [CD22], where the authors draw the sampling points
according to some specific random distribution and the approximation is com-
puted by a weighted least squares method. In contrast to that, we give in Corol-
lary 5.6 a concentration inequality for the approximation error based on the
probabilistic Bernstein inequality. In [Bar23], this idea was used to also control
the approximation error from noisy samples.

5.1.3 The worst case error
In the current case of worst-case recovery for least squares regression we may
draw the node set X once for the entire function class, which is an important
difference to the previous Section 5.1.2. The results for this case are new, but
see also [KUV21] for similar results for orthonormal basis functions. The crucial
point in the current case is, that we additionally need a concentration result
for sums of operators from ℓ2 to ℓ2. As a tool we use Proposition 2.10 to give
worst-case error estimates with high probability. Thatmeans, we bound the error
∥TUf − SX

n,Uf∥L2(Td) of all f ∈ Hs
mix(Td). To this end, we apply Proposition 2.10

to our setting, to get the following estimation.

Theorem 5.8. Let r > 1,m be the order of vanishing moments of the wavelets,
m > s, γm, δm be the Riesz constants from (2.42) and X ⊂ Td be a finite, i.i.d.
uniformly distributed sampling set with |X | =M ≳ (r + 1) 2nnq. Then, for the
operator SX

u,U we have

P


 sup

∥f∥
Hsmix(Td)≤1

∥TUf − SX
n,Uf∥L2(Td) ≤ 2−ns

(
1 +

2δqm
γ
q
m

(
max{8κ2, δdm}+ δqm

))1/2




≥ 1− cM−r,

where c = 1 + 2
3/4.

Proof. Like in (5.5), we make the splitting

∥TUf − SX
n,Uf∥2L2(Td) ≤ 2−2sn ∥f∥2Hsmix(Td)

+
2δqm
γ
q
mM

∑

u∈U

∥Pn,uf − fu∥2ℓ2(X ) . (5.17)
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Following [KUV21] and taking the definition of the projection Pn,U in (3.38) into
account, for the second term on the right hand side we have

∑

u∈U
∥Pn,uf − fu∥2ℓ2(X ) =

M∑

i=1

∑

u∈U




∑

|j|1>n
supp j=u

∑

k∈Ij

⟨f, ψper,∗
j,k ⟩ψ

per
j,k(xi)




2

=

M∑

i=1

∑

u∈U




∑

|j|1>n
supp j=u

∑

k∈Ij

∑

k′∈Ij

⟨f, ψper,∗
j,k ⟩⟨f, ψ

per,∗
j′,k′ ⟩ψper

j,k(xi)ψ
per
j′,k′(xi)




=
∑

u∈U

∑

|j|1>n
supp j=u

∑

|j′|1>n
supp j′=u

∑

k∈Ij

∑

k′∈Ij

2|j|1s2|j
′|1s⟨f, ψper,∗

j,k ⟩⟨f, ψ
per,∗
j′,k′ ⟩

M∑

i=1

2−|j|1s2−|j′|1sψper
j,k(xi)ψ

per
j′,k′(xi)

≤ ∥
(
2|j|1s⟨f, ψper,∗

j,k ⟩
)

|j|1>n
k∈Ij

∥2ℓ2 ∥L̃n,u∥
2
2

≲ ∥f∥2Hsmix(Td) max
u∈U
∥L̃n,u∥22 ,

where we define the operator L̃n,u : ℓ2 → CM as

L̃n,u :=




(2−|j|1sψper
j,k(x1))

⊤
supp j=u,|j|1>n

k∈Ij

...
(2−|j|1sψper

j,k(xM ))⊤supp j=u,|j|1>n
k∈Ij



, (5.18)

and the norm ∥L̃n,u∥2 means the operator norm. Consequently, it remains
to bound ∥L̃n,u∥22. Therefore, we apply Proposition 2.10. We consider the se-
quences

yi =
(
2−|j|1sψper

j,k(xi)
)⊤

supp j=u,|j|1>n
k∈Ij

.

Note, that L̃⊤
n,uL̃n,u =

∑M
i=1 yiy

⊤
i and denote

Ln,u := E
(

1
M L̃

⊤
n,uL̃n,u

)
= E(yiy⊤

i ).

This gives

∥L̃n,u∥22 = ∥L̃⊤
n,uL̃n,u∥2 ≤ ∥L̃

⊤
n,uL̃n,u −MLn,u∥2 +M ∥Ln,u∥2 . (5.19)
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The second summand is bounded by using Lemma 5.1 by
∥Ln,u∥ ≤ 2−2nsδ|u|

m .

Note, that the factor 2−2ns comes from the different normalization in (5.18) and
(5.1.1). In contrast to Lemma 5.1 here we are concerned with an infinite matrix
Ln,u, i.e. an operator from ℓ2 to ℓ2. But this is the infinite analogon of the matrix
in Lemma 5.1, where we have a block structure with one block belonging to one
index j. That is why we can use the argumentation of the proof of Lemma 5.1 to
bound also the operator norm ∥Ln,u∥2. For the first summand in (5.19) we use
Proposition 2.10, where we have to determine the boundR by

R2 = sup
x∈Td

∑

supp j=u

|j|1>n

∑

k∈Ij

2−2|j|1s|ψper
j,k(x)|2 ≲

∑

supp j=u

|j|1>n

2|j|1(1−2s)

≤ 2n(1−2s)nq−1.

This is becauseψ is supportedon [0, S]and there are forfixedxand j atmost ⌈S⌉q
summands k, where ψper

j,k is nonzero. Furthermore, the sum can be estimated
with [BG04, Lemma 3.7.]. Hence,

∥L̃n,u∥22 ≲M
(
F + 2−2nsδqm

)

=M

(
max

{
8(r + 1) logM

M
R2κ2, 2−2nsδqm

}
+ 2−2nsδqm

)

≲M 2−2ns
(
max

{
8κ2, δqm

}
+ δqm

)
,

where we use F from Proposition 2.10 and we use that we choose the number
of samplesM , such that M

logM ≥ (r + 1) 2n nq−1, see also (5.13). Inserting all in
(5.17) yields

sup
∥f∥

Hsmix(Td)≤1

∥TUf − SX
n,Uf∥L2(Td) ≲ 2−ns

(
1 +

2δqm
γ
q
m

(
max

{
8κ2, δqm

}
+ δqm

))1/2

.

The last thing to do is to bound the probability for that error bound. Therefore
let us define the events

A :=

{
X
∣∣∣∣max
u∈U
∥L̃n,u∥22 ≤M (F + 2−2ns)

}
,

B :=

{
X
∣∣∣∣∥(A

∗A)−1A∗∥2 ≤
√

2

Mγqm

}
.

Using Theorem 5.3, we know that P(Bc) ≤M−r. Furthermore, we showed that
P(Ac) ≤ 2

3/4M−r.We have
P(A ∩B) = 1− P(Ac ∪Bc) ≥ 1− P(Ac)− P(Bc) ≥ 1− 2

3/4M−r −M−r

= 1− cM−r.
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regression type N M

full grid O(2nd) O(2ndnd)
hyberbolic O(2nnd−1) O(2nnd)

truncated hyperbolic O(
(
d
q

)
2nnq−1) O(

(
d
q

)
2nnq)

ANOVA-hyperbolic O(2n |U |nq−1) O(2n |U |nq)

Table 5.2 : Number of needed wavelet functionsN and needed cardinal-
ityM of samples in different settings.

It is also possible to estimate the worst-case error for the L∞-error, see [PU22,
KPUU23].

In Algorithm 5.9, we summarize our findings in this section about the hyper-
bolic wavelet regression, which we boost by a first ANOVA step. In Table 5.2,
we summarize the asymptotic behavior of full grid approximation, hyperbolic
wavelet approximation as well as approximation of functions with low effective
dimensions using ANOVA ideas. For the comparisonwith the full grid see [Boh17,
Section 3.5]. The hyperbolic wavelet regression coincides with Algorithm 5.9 if
we choose q = d. The truncated hyperbolic regression coincides with stage I of
Algorithm 5.9. Finally, the ANOVA-hyperbolic wavelet regression coincides with
the final approximation in stage III of Algorithm 5.9. In all cases, we end up with
the approximation error from Corollary 5.6.

Remark 5.10. To compare our theory with the results in [PS21a], in the Fourier
setting a full grid approximation with polynomial degree at most 2n has the same
approximation rate, number of parametersN and number of needed samples
M as the full grid approximation in the wavelet case. Choosing hyperbolic cross
index sets in the frequency domain gives a similar cardinality of the index set as
the hyperbolic wavelet regression. However, in [PS21a] they use full index sets of
dimension q, see alsoRemark 3.6, which give theworse estimatesN = O(

(
d
q

)
2nq)

in comparison to the third line of Table 5.2. △

5.2 Transformedhyperbolicwavelet approximation
Here, we pursue the ideas from Section 4.2. The error estimates in Section 5.1 for
the approximationoperatorSX

n,U of periodic functions dohave two requirements:
That the samplesX are uniformly distributed on Td and that the function f is
smooth. The transformation (2.52) using the cumulative distribution function
ensures that the transformed samples Y are uniformly distributed on Td.
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Algorithm 5.9 ANOVA truncated - hyperbolic wavelet regression on Td

Input: d dimension
q superposition dimension
X = {xi}Mi=1,xi ∈ Td sampling nodes
y = (f(xi))

M
i=1 ∈ RM function values at sampling nodes

0 < ε < 1 threshold parameter
Stage I: Construct approximation operator SU
1: For an index set U, choose n such that forN =

∑
u∈U

∑
j∈Jn,u |Ij | holds

M > N logN .
2: Construct the sparse matrix

AU = (ψper
j,k(x))

x∈X ,
j∈J
k∈Ij

∈ CM×N .

3: Solve the overdetermined linear system AU (aj,k)j,k = y via an LSQR-
algorithm. This gives us the approximation

SUf = SX
n,Uf :=

∑

j∈Jn,Uq

∑

k∈Ij
aj,kψ

per
j,k .

Stage II: Find index set U
1: Find the index set U using an ANOVA-boosting algorithm, i.e. one of the
Algorithms 3.30, 3.31 or 3.33 with the hyperbolic wavelet approximation
operator SU = SX

n,Uf .

Stage III: Final approximation
1: Choose n such that forN =

⋃
j∈JU

n
|Ij | holdsM > N logN .

2: Construct the sparse matrix

AU = (ψper
j,k(x))

x∈X ,
j∈Jn,U
k∈Ij

∈ CM×N .

3: Solve the overdetermined linear system AU (aj,k)j,k = y via an LSQR-
algorithm.

Output: (aj,k)j,k ∈ CN coefficients of the approximant
SX
n,Uf =

∑
j∈Jn,U

∑
k∈Ij aj,kψ

per
j,k .
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With the introduction of the weighted norms in Definition 4.27, the same error
decay as for periodic setting in Corollary 5.6 follows easily for functions on Ω.
The proof follows from the same ideas as the proof of Corollary 4.30.

Corollary 5.11. Let Ωi ∈ {T,R}, the density µi be in Cm−1(Ωi) for i ∈ [d] and
letm ∈ N be the order of vanishing moments of the wavelet ψ. Let the function
fulfill for all i ∈ [d], whereΩi = R that

lim
xi→∞

f(x) = lim
xi→−∞

f(x).

Let furthermoreM be the number of samples satisfyingM ≳ rN logN , whereN
is the number of wavelet functions and r > 1. Let X = (xj)

M
j=1 ⊂ Ω be drawn

i.i.d. at random according to µ, f ∈ C(Ω) a continuous function and the samples
X transformed toY = R(X ) using (3.2). In the case where 1/2 < s < m, we have

P
(
∥TUf − (SY

n,U (TUf ◦ R−1)) ◦ R∥L2(Ω,µ)
≲ 2−ns ∥f∥Hsmix(Ω,µ)

)
≥ 1−2M−r.

and in the case s = m, we have

P
(
∥TUf − (SY

n,U (TUf ◦ R−1)) ◦ R∥L2(Ω,µ)
≲ 2−nsn(q−1)/2 ∥f∥Hsmix(Ω,µ)

)

≥ 1− 2M−r.

5.2.1 Transformed hyperbolic wavelet regression on the [0, 1]d

To continue the estimates from Section 4.2.2 from the projection operator Pn,U
to the approximation operator SX

n,U , remember the transformationRwith ex-
tension parameter η and Figure 4.6, which shows an illustration of the two-
dimensional domains.

To apply the results from Section 5.1, we first have a look at the condition number
of the approximation matrixAU . On one hand, the extension with parameter η
gives better approximation rates, but on the other hand the stability gets worse.

To circumvent this, in the mentioned literature the authors use for instance the
truncated singular value decomposition. We do not want to set up the whole
matrixAU , but rather use a least squares algorithm which gets only the result
of a matrix vector multiplication with AU and A∗

U . We will see later that an
appropriate choice of the extension parameter ensures stability.

In the following, we discuss the numerical properties, that arise when using such
an extension. Similar to Lemma 5.1, the expectation matrix is a block diagonal
matrix with a block belonging to every index j. The transformationR changes
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the expectation matrix to

L̃j =

(∫

Td
□

ψper
j,k(x)ψ

per
j,k′(x) dx

)

(k,k′)

.

If we choose the extension parameter η like (4.56), it turns out, that the eigen-
values of L̃j do not differ much from the eigenvalues of the initial expectation
matrixLj . We show this numerically: For different wavelet levels j, we construct
the one-dimensional matrix L̃j and calculate the extremal eigenvalues λmin(L̃j)

and λmax(L̃j). The results are summarized in Table 5.3. The multivariate result
is the product of the one-dimensional results.

m j 2 3 4 5 6 7 L

2 λmin(L̃j) 0.0896 0.0903 0.0879 0.0859 0.0848 0.0843 0.1481

λmax(L̃j) 0.8990 0.9497 0.9748 0.9873 0.9937 0.9968 1

3 λmin(L̃j) 0.0032 0.0025 0.0024 0.0024 0.0024 0.0025 0.0379

λmax(L̃j) 0.7735 0.8854 0.9426 0.9714 0.9857 0.9928 1

Table 5.3 : Extremal eigenvalues of the expectationmatrix L̃ for different
maximal level n and orderm of the wavelets.

For comparison, we also give the extremal eigenvalues of the matrixLj , which
are the lower Riesz constant γm and 1. The numeric indicates that λmin(L̃) >
c > 0 for a constant c. In fact, the choice of η must be a balance between an
ill-conditioned matrix for big η and a large approximation error for small η. The
choice (4.56) does this job. The following corollary for the approximation error
using a transformation and the ANOVA-truncated hyperbolic wavelet regression
Algorithm 5.9 was shown in [PW24, Corollary 5.7.], we give here a generalization
to the multivariate case. Note, that the only difference to the periodic result in
Corollary 5.6 is the term 1

(1−η)q/2 and the condition number of the expectation
matrix L̃.

Corollary 5.12. Let s < m− 1
2 and chooseU ⊂ P([d]). Let µ ∈ Cm−1([0, 1]) be a

density and n be the maximal level of the wavelets. We choose the transformation
R from (2.52) with the extension parameter η in (4.56). Let furthermore X =
(xi)

M
i=1 ⊂ [0, 1]d be drawn i.i.d. at random according to µ andM ≳ rN logN ,

where N is the number of wavelet functions and r > 1. Then, we denote by
Y = R(X ) the transformed samples. Let furthermore λmin(L̃) ≥ C > 0 and f̃ be
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the extension of the transformed function f ◦ R−1. Then, we have

P
(
∥TUf − (SY

n,U f̃) ◦ R−1∥L2([0,1]d,µ) ≲
2−ns

(1− η)q/2
∥f∥Hsmix([0,1]

d,µ)

)
≥ 1− 2M−r.

Proof. First, we denote the following errors and collect the upper bounds from
Theorems 4.35 and 4.36,

e2 := ∥TU f̃ − Pn,U f̃∥L2(Td) ≤ 2−ns ∥f∥Hsmix([0,1]
d,µ) (5.20)

e∞ := ∥TU f̃ − Pn,U f̃∥L∞(Td) ≤ 2−n(s−
1/2)n(q−1)/2 ∥f∥Hsmix([0,1]

d,µ) . (5.21)

By using the extension we loose the orthogonality of the wavelet functions even
for different levels, since the L2-norm is then defined on Ω̃ and not on the whole
torus. Therefore, we have

∥TUf − (SY
n,U f̃) ◦ R∥L2([0,1]d,µ)

=
1

(1− η)q/2
∥∥∥TU f̃ − SY

n,U f̃
∥∥∥
L2(Td□)

=
1

(1− η)q/2
∥∥∥TU f̃ − SY

n,U f̃
∥∥∥
L2(Td)

.

Then, we use the periodic result from Theorem 5.4 to get

P

(
∥TU f̃ − SY

n,U f̃∥L2(Td) ≤ e2 +
√

2
C

(
e22
M + e2e∞

√
r logM
M + e2∞

r logM
M

)1/2
)

≥ 1− 2M−r,

taking the event into account that

∥SY
n,U∥2 ≤

√
2

Mλmin(L̃)
<

√
2

C

with high probability. Collecting the bounds from the occurring terms (5.20) and
(5.21) as well as logarithmic oversampling, we end up with

∥TUf − (SY
n,U f̃) ◦ R∥L2([0,1]d,µ)

=
1

(1− η)q/2
∥∥∥TU f̃ − SY

n,U f̃
∥∥∥
L2(Td)

≲
1

(1− η)q/2 (1 +
2
C (r +

√
r + 1)) 2−ns ∥f̃∥Hs(Td)

≤ 1

(1− η)q/2 (1 +
2
C (r +

√
r + 1)) 2−ns ∥f∥Hs([0,1]d,µ)

with high probability.

Numerical results for this approximation procedure and a comparison to random
Fourier features can be found in Section 6.1.
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5.2.2 Unknown sampling density µ
Whileworkingwith real-world data, theunderlyingdensity samplingdensityµ(x)
is possibly a priori not known, we only have the given random sample points
X . The transformation R from (2.52) builds on the cumulative distribution
function of the sampling density µ. A frequently used tool for the approximation
of densities is kernel density estimation, see [Gra18] for a detailed description.
In this section, we want to generalize our transformation strategy to the setting
of an unknown density. We will restrict our analysis to the one-dimensional case,
which will be applied to high-dimensional functions using the tensor product
approach and the ANOVA truncation ideas of Chapter 3. A transformation of the
given data X is also in this case a useful tool to approximate a function f well.
Instead of using the transformationR (2.52) belonging to the underlying density
µ, we first approximate the underlying density µ by a kernel density estimation,

µ̃(x) =
∑

x′∈X

1

σM
k

(
x− x′
σ

)
, (5.22)

where k is a non-negative kernel function k : Ω→ Rwhich is normed by
∫

Ω

k(x) dx = 1,

and σ is a smoothing parameter.

The cumulative distribution function R̃ of the estimated density function is used
for transforming the underlying dataset X to the samples X̃ = R̃(X ) on the
torus. This function is

R̃(x) =





∫ x
0
µ̃(t) dt− 1

2 ifΩ = [0, 1],∫ x
−∞ µ̃(t) dt− 1

2 ifΩ = R,∫ x
−1/2

µ̃(t) dt− 1
2 ifΩ = T.

=
1

M

∑

x′∈X
K(x− x′)− 1

2 , (5.23)

whereK is the antiderivative

K(x) =





∫ x
0
k(t) dt ifΩ = [0, 1],∫ x

−∞ k(t) dt ifΩ = R,∫ x
−1/2

k(t) dt ifΩ = T.

Frequently used kernels are the standard Gaussian distribution µG , (2.10), or B-
Splines, (2.33). The integralK of the kernelk has tobe calculatedonce in advance.
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Then, the calculation of the integral of µ̃ is only the evaluation ofK at different
points. Using this transformation, we get our transformed sample points by X̃ =

R̃(X ). If µ̃ is a good approximation to µ, these samples X̃ are nearly uniformly
distributed on T, which allows us to approximate the function f ◦ R̃−1 using an
approximation operator on Td, for instance SX̃

n,U from (5.4). Our procedure to
get an approximation of f from the samplesX and the corresponding function
values f is summarized in Algorithm 5.13.

Algorithm 5.13 Transformed - ANOVA- Approximation

Input: d dimension
X = (xi)

M
i=1 ∈ Ω sampling nodes

f = (f(xi))
M
i=1 function values

1: Estimate the density µ by µ̃ in every dimension separately via (5.22)
2: Calculate the transformation R̃ using (5.23)
3: Transform the samples X̃ = R̃(X ).
4: Apply an approximation operator SX̃

n,U on Td, for example the ANOVA-
truncated hyperbolic wavelet regression from (5.4) and Algorithm 5.9,

f̃# = SX̃
n,U (f ◦ R̃−1).

5: Transform back to the domainΩ:

f# =
(
SX̃
n,U (f ◦ R̃−1)

)
◦ R̃.

Output: Approximant f#.

Smoothing parameter selection
The choice of the smoothing parameterσ has to be a good trade-off between over-
andunder-fitting. There are somevery simple and easy to computemathematical
formulas for estimating the smoothing parameter σ. They are often called the
rules-of-thumb (ROT). One possibility is

σROT = 1.06 min

{
std(X ), IQR(X )

1.34

}
M−1/5, (5.24)

where std is the standard deviation and IQR is the inter-quartile range, see
[Gra18, Section 4.2.1]. The assumption for that rule is that the unknown den-
sity belongs to the family of the Gaussian distribution. In practice, we do not
know, whether µ is a Gaussian distribution. If it is, then σROT gives the optimal
smoothing parameter. If not, then σROT will give a parameter not too far from
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the optimum, if the distribution of the samplesX is not too different from the
Gaussian distribution.

Another approach, which is more general and performs better than the ROT are
Direct Plug-In-Selectors (DPI). The methods are based on plugging in estimates
of some unknown quantities that appear in formulas for the asymptotically
optimal bandwidth. A detailed description how to choose the parameter σDPI
can be found in [Gra18, Section 4.2.2]. The basic idea is to choose σDPI, such that
asymptotic mean integrated squared error is minimized.

Non-periodic data
A general problem with kernel density estimation is that certain difficulties can
arise at the boundaries andnear them. Inmanypractical situations the values of a
random variable are bounded. For example, the age of a person obviously cannot
be a negative number. On the other hand, the Gaussian kernel has unlimited
support. Even if a kernel with finite support is used, the estimated density can
usually go beyond the permissible domain.

For that reason we use on the domainΩ = [0, 1] compactly supported kernels
k, but we allow the approximated density µ̃ to be nonzero outside the interval
[0, 1]. Especially, we receive a nonzero density in the interval Ω̃ = [ω1, ω2]with
−| supp k| σ2 ≤ ω1 ≤ 0 and 1 ≤ ω2 ≤ 1 + | supp k| σ2 . This allows to create a
function f̃ , which smoothly extends the function f to a function on whole Ω̃,
such that the transformed function f ◦ R̃−1 becomes a periodic function. This
idea of an extension of the function is similar to the studies in Section 4.2.2. The
choice of the extension parameter η is nowhidden in the choice of the smoothing
parameter selection σ, which determines the interval Ω̃. This is illustrated in
Figure 5.2.

The kernel density estimation of µ can be seen as a periodization of the function
f , such that we can use approximation operators for functions on T. In contrast
to the tent transformation, see [Nas21], which passes trough the function forth
and back, we have here no need to double the number of sample points.

5.3 Algorithms with random Fourier features

In the literature there are several algorithms for approximating high-dimensional
functions using random Fourier features available. Here, we will summarize two
of them. Since we assume limited data availability, we wish to have a sparse
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ω1 0 1ω2

f

f̃

(a) Function f and extended function f̃ .

ω1 0 1ω2

µ

µ̃

(b) Density µ and estimated density µ̃.

Figure 5.2 : Periodization of f using the estimated density µ̃ instead of
the real density µ.

representation of the function

f#(x) =
∑

ω∈I
a#ω e

i⟨ω,x⟩

by learning the coefficient vector a# =
(
a#ω
)
ω∈I with a sparsity constraint.

In [XSSW22] thenonlinearSHRIMPalgorithmwasproposed. There, the au-
thors propose to use q-sparse frequencies, which means that | suppω| = q
for all random feature weights, where the nonzero components are sam-
pled from the Gaussian distributionN (0, 1√

q ). The algorithm begins with
a strong over-parametrization N ≫ M . The first solution vector a is
calculated by

a = (A∗A+ λIN )−1A∗f .

Then, using iterative magnitude pruning (IMP) and selecting the best
model via a validation set, the algorithm output is the solution vector
a#.

Iterative Magnitude Pruning is used for compressing over-parametrized
neural networks. The IMP procedure prunes features on their magnitude
and then retrains the pruned sub-network in each pruning iteration. In
every iteration the pruning rate is p < 1. After calculating the MSE error
of a validation set in every iteration one can choose the final model by
choosing the smallest validation error.

In [SST23], the authors solve the sparse random feature regression prob-
lem by a greedy algorithm named hard-ridge random feature expansion
(HARFE), which uses a hard thresholding pursuit (HTP) like algorithm to
solve the random feature ridge regression problem. Specifically, they learn
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the vector a from the following minimization problem

min
a
∥Aa− f∥22 + λ ∥a∥22 sucht that a is s-sparse.

The idea is to solve for the coefficients using a much smaller number of
model terms. The subset S, given by the indices of the s largest entries
of one gradient descent step applied on the vector a, is a good candidate
for the support set of a. The HTP algorithm iterates between these two
steps and leads to a stable and robust reconstruction of sparse vectors
depending on the restricted isometry property constant of the matrixA,
which characterizes matrices which are nearly orthonormal, at least when
operating on sparse vectors.

We generalize these algorithms to ANOVA-sparse random Fourier features as
defined in Definition 3.22. In fact, this is a generalization of choosing a q-sparse
density to a density ρ, which can have an arbitrary ANOVA decomposition.

As the numerical tests in the literature for the random Fourier feature suggest,
choosing the sparsity q of the ANOVA terms equal to effective dimension of the
function f , gives the lowest approximation errors, see also Remark 4.38. We
suggest to first calculate a good ANOVA index set U for the function f with
Algorithm 3.33 or 3.31, use this to draw ANOVA-sparse random Fourier features
adapted to the function f and apply afterwards an algorithm for sparse random
Fourier features, for example SHRIMP or HARFE.

The algorithms proposed in [PW25] require the calculation of the Sobol indices
Su(f#) of a random Fourier feature model f#. We will describe our proceeding
in the following, where we distinguish the two cases that the input variables are
independent, which leads to the classical ANOVA decomposition and the case of
dependent input variables, which leads to the generalized ANOVA decomposi-
tion.

5.3.1 Sensitivity analysis for independent input variables
To derive the ANOVA decomposition of a trained random Fourier feature model,

f#(x) =
∑

ω∈I
a#ω e

i⟨ω,x,⟩,

instead of calculating the integrals for the ANOVA decomposition (3.11), we
derive advantage from the fact that the sampling points x ∈ X are sampled
from the density µ. We propose the following procedure. Note, that the following
decomposition is not the ANOVA decomposition with respect to the density
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µX (x) =
∑

y∈X δy(x), because that is not possible for arbitrary sampling sets
X .
Definition 5.14. Let f# from (3.46) be the output of a trained random feature
model. Then, we define

f#∅,X :=
1

M

∑

ω∈I
a#
ω

∑

y∈X
ei⟨ω,y⟩,

f#u,X (xu) :=
1

M

∑

ω∈I
a#
ω

∑

y∈X

∏

i∈u

(
eixiωi − eiyiωi

)
ei⟨yuc ,ωuc ⟩. △

The decomposition from the previous definition is derived by using the iter-
ative formula (3.11), which decomposes f =

∑
u⊆[d] fu, but replacing every

integral by a Monte-Carlo approximation on the sample pointsX , i.e. for a |v|-
dimensional integral with respect to µv this means, we approximate

∫

R|v|
g(xv,xvc)µv(xv) dxv ≈

1

M

∑

y∈X
g(yv,xvc).

Then, the definition of f#∅,X follows and by induction over |u|,

f#
u (xu) =

∫

Rd−|u|
f#(xu)µ(xvc) dxvc −

∑

v⊂u

f#
v (xv)

≈ 1

M

∑

y∈X
f#(xu,yuc)−

∑

v⊂u

f#
v,X (xv)

=
1

M

∑

ω∈I
a#wei⟨ωu,xu⟩ ∑

y∈X
ei⟨ωuc ,yuc ⟩

− 1

M

∑

v⊂u

∑

ω∈I
a#w

∑

y∈X

∏

i∈v

(
eixiωi − eiyiωi

)
ei⟨ωvc ,yvc ,⟩

=
1

M

∑

ω∈I
a#w

∑

y∈X
ei⟨ωuc ,yuc ⟩

(
ei⟨ωu,xu⟩ −

∑

v⊂u

ei⟨ωvc ,yvc ⟩
∏

i∈v

(
eixiωi − eiyiωi

))

=
1

M

∑

ω∈I
a#w

∑

y∈X
ei⟨ωuc ,yuc ⟩

(∏

i∈u

(
eixiωi − eiyiωi

))

= f#
u,X (xu).

Note, that the decomposition fromDefinition 5.14 differs from the ANOVA de-
composition from Remark 3.21 with respect to the tensorized sampling density
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µX in the sense that we do not have here orthogonality with respect to ameasure.
We just approximate the true decomposition of f# into ANOVA terms f#u by the
terms f#u,X . But both decompositions have the property, that the expected value
with respect to the sampling setX equals the ANOVAdecompositionwith respect
to the sampling density µ, namely the decomposition (3.42). This follows easily
from the facts that for independent random variables Yi = eiωyi and Yj = eiω̃yj ,

EYiYj = (EYi) (EYj) ,

and T̂f#(ω) =
∑

ω̃∈I δω̃(ω).
Let the random Fourier features ω in the random Fourier feature model be
ANOVA-sparse features according to Definition 3.22 with ANOVA index set U ,
then for all indices u ∈ U with∅ = {v ∈ U | v ⊃ u}, the ANOVA terms f#u,X
from Definition 5.14 simplify to

(
f#u (xu)

)
x∈X ≈

1

M

∑

ω∈Iu

a#w
∑

y∈X

(∏

i∈u

(
eixiωi − eiyiωi

)
)

and we do the approximation

Su(f#) =
σ2(f#u (xu))

σ2(f#)
≈
σ2(f#u,X (xu))

σ2(f#)
=
∥f#u (xu)∥2ℓ2(X )

σ2(f)
=: SXu (f#).

(5.25)
Introducing three-dimensional tensors eiyiωi − eiỹiωi ∈ CM×M×nu this is calcu-
lated numerically by a tensor-vector multiplication, followed by a summation,
point-wise squaring and a summation. We approximate the variance of f by
the variance of the given data vector f . The algorithm for calculating SXu (f#)
is summarized in Algorithm 5.15 and numerical experiments can be found in
Section 6.1.1. The index calculated in (5.25) is used for the ANOVA-boosting
Algorithm 3.33.

5.3.2 Sensitivity analysis for dependent input variables
In typical applications the input variables may be dependent, which forces us
to use the generalized ANOVA decomposition. To decompose the function f
into its ANOVA terms, we minimize the squared error at the sample points under
the hierarchical orthogonality condition (3.8), similar to [LR12]. We follow the
ideas of [PW25]. For a set U ⊆ P([d]) and ANOVA-truncated random Fourier
features ω ∈ I drawn according to Definition 3.22, we construct the random
feature matrix

A = (Au)u∈U with Au =
(
ei⟨ωu,xu⟩

)
x∈X ,ωu∈Iu

. (5.26)
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Algorithm 5.15 Calculating Sobol-indices for RFF - independent input

Input: d dimension
q maximal superposition dimension
X = (xi)

M
i=1 ∈ Ω sampling nodes

f = (f(xi))
M
i=1 function values

λ regularization parameter

1: Draw ANOVA-truncated RFF with Definition 3.22 of dimension at most q, i.e.
U = Uq .

2: Construct the randommatrixAUq from (5.26).
3: Solve the minimization problem

min
a
∥AUqa− f∥22 + λ ∥a∥22

to get a solution vector a# and the approximant f#(x) =
∑

ω∈I a
#
ω e

i⟨ω,x⟩.
4: Calculate the Sobol indices by (5.25).
Output: Approximated Sobol indices SXu,(f#).

Making use of the generalized ANOVA decomposition, every ANOVA term fu is
described by a sum

fu(xu) ≈
∑

ωu∈Iu

aωe
i⟨ωu,xu⟩,

where the related random Fourier featuresω are inQu. To find a suitable vector
a = (aω)ω∈I , we use a regularization, which is similar to defining the cost
function like the D-MORPH algorithm [LR12] does: A solution vector a should
fulfill simultaneously ∥Aa− f∥2 = 0 and the hierarchical orthogonality (3.8).
Since the regularization by forcing the integrals (3.6) to be zero is not numerically
feasible, we use a discretization of the integrals ⟨fu, fv⟩µ instead,

⟨fu, fv⟩X :=
1

M

∑

x∈X
fu(xu)fv(xv),

which was also introduced in (2.6). In contrast to [LR12], we do not want to
enforce the hierarchical orthogonality (3.8) by calculating an SVD, but rather by
penalizing using a regularization. The solution vector a# can then be obtained
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by minimizing

a# = argmin
a
∥Aa− f∥2 + λ ∥a∥2Ŵ ,

= argmin
a

∥∥∥∥∥

(
A√
λŴ

)
a−

(
f
0

)∥∥∥∥∥

2

2

, (5.27)

where ∥a∥2Ŵ = a∗Ŵa =
∑

u∈U
auŴuau, (5.28)

Therefore, we introduce the weight matrix Ŵ by

Ŵ := diag
(
Ŵu

)
u∈U

,

Ŵu =
1

M2
A∗

u

(
Av1

Av2
· · ·
)


A∗

v1

A∗
v2

. . .


Au

=
1

M2
A∗

u

(∑

v⊂u

AvA
∗
v

)
Au ∈ Cnu×nu , (5.29)

where vi runs through all subsets v ⊂ u and ∅ is also a subset v of u. The
following lemma shows that this regularization coincides with the hierarchical
orthogonality (3.8).
Lemma 5.16. The regularization term a∗

uŴuau in (5.27)with the weight ma-
trices Ŵu, defined in (5.29) penalizes the non-orthogonality of the terms fu and
fv where v ⊂ uwith the discrete scalar product (2.6) in the sense that

a∗
uŴuau ≥

∑

v⊂u

1

∥av∥2
|⟨fu, fv⟩X |2.

Proof. The Cauchy-Schwarz inequality gives for all vectors b, c and matrix A
with suitable size that

|⟨Ab, c⟩|2 ≤ ∥Ab∥2 ∥c∥2 .
Applying this to our setting yields

|⟨fu, fv⟩X |2 =
1

M2
|⟨Auau,Avav⟩|2 =

1

M2
|⟨A∗

vAuau,av⟩|2

≤ 1

M2
∥A∗

vAuau∥2 ∥av∥2 =
∥av∥2
M2

|⟨A∗
vAuau,A

∗
vAuau⟩|

=
∥av∥2
M2

a∗
uA

∗
uAvA

∗
vAuau.
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Hence, the regularization term auŴuau has the following connection to the
discrete orthogonality of the terms fu and fv , if av ̸= 0,

a∗
uŴuau = a∗

u

(
1

M2
A∗

u

(∑

v⊂u

AvA
∗
v

)
Au

)
au ≥

∑

v⊂u

1

∥av∥2
|⟨fu, fv⟩X |2.

This finishes the proof.

For the one-dimensional terms u = {i} we obtain equality in the previous
lemma, the weight matrix Ŵu contains onlyA∅ and is in this case equal to

Ŵ {i} = A∗
{i}1M×MA{i}

and

a∗
{i}Ŵ {i}a{i} =

1

M2
a∗
{i}A

∗
{i}



1 · · · 1

...
1 · · · 1


A{i}a{i}

=

∣∣∣∣∣
1

M

∑

x∈X
fi(xi)

∣∣∣∣∣

2

=
1

f2∅
|⟨fi, f∅⟩X |2 =

∣∣∣∣∣
∑

x∈X
fi(xi)

∣∣∣∣∣

2

.

For the two-dimensional case u = {i, j}, we have

Ŵ {i,j} = A∗
{i,j}

(
1M×M +A{i}A

∗
{i} +A{j}A

∗
{j}
)
A{i,j}.

To solve the regularized least squares problem (5.27), we have to construct the
matrixA and the matrix Ŵ , which is a block diagonal matrix, with blocks be-
longing to every u ∈ U , so the square root has to only be calculated for every
block separately. The actual minimization problem is then solved by an iterative
least squares algorithm.

Remark 5.17. The regularization in the minimization problem (5.27) aims to
fulfill the orthogonality conditions (3.8). One further possibility would be to add
a regularization, whichminimizes the number of nonzero ANOVA terms to find a
solution, which is sparse in the ANOVA terms. This was done in [BSP22, Section
4.2.] for the classical ANOVA decomposition and orthonormal basis by adding
a term, which reads in our setting

∑
u∈U ∥Auau∥2. By not squaring this term

but rather using the first potency of the L2-norm, one enforces sparsity in the
ANOVA terms. △
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If we do not have information about the sample density µ, we do not have
the tensor product structure as for independent input variables. We want to
come back to the regularized least squares (5.27). As shown in Lemma 5.16,
this regularization ensures the hierarchical orthogonality (3.8) of the ANOVA
terms. In this setting, we demand that the sum

∑
ω∈Iu

a#ω e
i⟨ωu,xu⟩ should

approximate the ANOVA term fu for every u ∈ U . Therefore, we start with
U = {u ⊆ [d] | |u| ≤ q}. Then, the solution vector a# of (5.27) separates the
ANOVA terms in the sense that

fu(xu) ≈
∑

ω∈Iu

a#ω e
i⟨ωu,xu⟩.

Let the random Fourier feature matrixA be split like in (5.26) and denote the
vectors au = (aω)ω∈Iu

. Then, we approximate the Sobol indices, see Defini-
tion 3.12, by

SX
u,var(f

#) =
∥Aua

#
u ∥22

σ2(f)
, (5.30)

SX
u,cor(f

#) =
1

σ2(f)

∑

∅̸=v⊆[d]

v∩u̸=∅,v ̸⊆u

⟨Ava
#
v ,Aua

#
u ⟩, (5.31)

SX
u (f#) = SX

u,var + SX
u,cor. (5.32)

Algorithm 5.18 Calculating Sobol-indices for RFF - dependent input

Input: d dimension
q maximal superposition dimension
X = (xi)

M
i=1 ∈ Ω sampling nodes

f = (f(xi))
M
i=1 function values

λ regularization parameter

1: Draw ANOVA-truncated RFF with Definition 3.22 of dimension at most q, i.e.
U = Uq .

2: Construct the randommatrixAUq from (5.26) as well as the weight matrices
Ŵu from (5.29).

3: Solve the minimization problem (5.27) to get a solution vector a#.
4: Calculate the Sobol indices by (5.30) to (5.32).
Output: Approximated Sobol indices SXu,var(f#), SXu,cor(f#) and SXu (f#).

The procedure of sensitivity analysis for random Fourier features is summarized
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in Algorithm 5.18 and in Section 6.1.2 we give numerical results. The regulariza-
tion problem (5.27) can also be applied to independent input variables, since
in the case of a tensor product density the generalized and classical ANOVA
decomposition are equivalent, see also (3.9).

Related work
The authors from [MY20] propose the notion of neural decomposition, which
integrates the classical ANOVA and deep neural networks for dimensionality
reduction and variance decomposition. Similar to our approach for dependent
input variables, they show that identifiability for independent input variables can
be achieved by training models subject to constraints on themarginal properties
of the decoder networks.
The D-MORPH algorithm [LR12] uses an orthogonal basis with respect to sam-
pling density µ, which requires knowledge about the sampling density. Our
approach is applicable independent of the sampling density µ. Furthermore,
instead of calculating the solution of the minimization problem directly by using
an SVD, we solve the problem by an iterative algorithm. This work was followed,
among others, by [BLB+22], where the procedure was generalized to sampling
from mixture densities, but also in this case an orthogonal basis is necessary.
In [Rah14], the generalized ANOVA decomposition is constructed by a construc-
tive method by employing multivariate orthogonal polynomials as bases and
calculating the expansion coefficients involved from the solution of linear alge-
braic equations.
The authors in [CGP12] also study indicesmeasuring the sensitivity of the output
with respect to dependent input variables, but they are restricted to independent
pairs of dependent input variables.

5.3.3 The approximation error for random Fourier features
In the error splitting (1.1) there is the RSE, which describes basically the error
between f#, which is derived from the samplesX , and the best-approximation
f⋆. In the literature about randomFourier features the squared error is also called
generalization error. We generalize the error estimates to our ANOVA setting.
There are two cases possible, the over-parametrized regime, whereN > M and
the under-parametrized regime, whereN < M .
One of the original random Fourier features papers, [RR08], provides learning
bounds for a general class of loss functions. These results show thatO(M) ran-
dom Fourier features are needed for anO(M−1/2) error bound on the general-
ization error and choosing less random Fourier features leads to worse bounds.
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The random Fourier feature algorithms SHRIMP [XSSW22] and HARFE [SST23]
start with the over-parametrized settingN > M and search for a sparse solution
vector a#, which then is a solution in the under-parametrized regime. For esti-
mates of the generalization error in this setting, bounds of the restricted isometry
property or the condition of the random Fourier matrix is necessary. However, er-
ror estimates from these papers can be generalized to the ANOVA-sparse random
Fourier features as well.

The conditioning of random Fourier matricesAwas done for example in [CS24,
CSW22, XSSW22, AKM+17, LN24] for different choices of the feature and sam-
pling distribution. Butmost of the literature considers for both only the Gaussian
distribution, which restricts the application. Since in practice a regularization
is used, we state in the following theorem a result for the generalization error if
the vector a# is given by the solution of a regularized least squares problem. In
contrast to the least squares solution, the regularization decreases the condition
number of the matrixA∗A, where the matrixA is defined in (5.26). However, it
may also be the case that regularization improves generalization in the presence
of noise and outliers.

Theorem 5.19. Let δ and δµ be positive. Suppose the training samples X =
{x1, · · · ,xM} are drawn i.i.d. from the densityµ. LetU be anti downward closed
and the ANOVA terms fu of the function f have the form (4.58). Draw ANOVA-
sparse random Fourier features {ω1, · · · ,ωN} i.i.d. from ρwith Definition 3.22
with nu = N

|U | features for every term. SupposeN big enough, such that N
|U | >

log(2/δ) and let f = (f(xi))
M
i=1 ∈ RM be the samples of f . Define

a# = argmin
a∈CN

∥Aa− f∥22 + λ ∥a∥22 , f#(x) =
N∑

k=1

a#k e
i⟨ωk,x⟩. (5.33)

Suppose λmax be the maximal eigenvalue of the matrix 1
MA∗Awith probability

exceeding 1 − δ with respect to the draw of ω’s. Define f⋆ as the finite sum
approximation in (4.59). Then, with probability exceeding 1− δ with respect to
the draw ofω’s, and with probability 1− δµ with respect to µ,

∥f# − f⋆∥2L2(Rd,µ)

|||TUf |||2F(ρ)

≤
(
λmax

N
+

√
2√
M

√
log

(
1

δµ

))
·
(
|U |
√

12 log

(
2

δ

)
+ 1

)2

= O(N−1 +M−1/2)

Proof. This proof is similar to the proof for the generalization error in [HSS+23,
CS24]. We will use McDiarmid’s inequality from Theorem 2.11. In this proof we
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shorten notation byA = AU . Draw i.i.d. random variablesZ = (zk)
M
k=1 from

the density µ, and define the random variable

v(z1, . . . , zM ) := ∥f⋆ − f#∥2L2(Rd,µ) −
1

M
∥f⋆ − f#∥2ℓ2(Z)

=
1

M
EZ
[
∥f⋆ − f#∥2ℓ2(Z)

]
− 1

M
∥f⋆ − f#∥2ℓ2(Z) .

Thus, Ev = 0. The points zk inZ are i.i.d. random samples and independent of
the samples inX as well as independent of the coefficient vectors a# = (ak)

N
k=1

and a⋆ = (a⋆k)
N
k=1, which are defined in terms of X and the feature weights

{ωk}Nk=1. To apply McDiarmid’s inequality, we first show that v is stable under a
perturbation of any one of its coordinates. Perturbing just the k-th coordinate
leads to

|v(zk)− v(z̃k)| =
1

M

∣∣|f#(zk)− f⋆(zk)|2 − |f#(z̃k)− f⋆(z̃k)|2
∣∣

≤ 2N

M
∥a# − a⋆∥22 =: △v,

where the inequality follows by Cauchy-Schwarz inequality and

|f#(z)− f⋆(z)|2 =

∣∣∣∣∣
N∑

k=1

ei⟨z,ωk⟩(a#k − a⋆k)
∣∣∣∣∣

2

≤ N ∥a# − a⋆∥22 .

Applying McDiarmids inequality P(E[v] − v ≥ t) ≤ e
− 2t2

M△2
v and setting the

right-hand side equal to δµ, yields

t = △v

√
M

2
log

(
1

δµ

)
=

√
2N√
M
∥a# − a⋆∥22

√
log

(
1

δµ

)
.

Thus, with probability exceeding 1− δµ to the draw of theZ ,

∥f# − f⋆∥2L2(Rd,µ) ≤
1

M
∥f# − f⋆∥2ℓ2(Z) + t

=
1

M
∥f# − f⋆∥2ℓ2(Z) +

√
2N√
M

∥a⋆ − a#∥22

√
log

(
1

δµ

)
. (5.34)

Defining the matrixAZ :=
(
ei⟨ωk,zj⟩

)M,N

j=1,k=1
, we have

1

M
∥f# − f⋆∥2ℓ2(Z) =

1

M
∥AZ

(
a⋆ − a#

)
∥22

≤ 1

M
∥AZ∥22 ∥a⋆ − a#∥22

≤ λmax

(
1

M
A∗

ZAZ

)
∥a⋆ − a#∥22 , ≤ λmax ∥a⋆ − a#∥22 .
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Note, that the solution vector a# is given by

a# = (A∗A+ λIN )−1A∗f . (5.35)

For the condition number of this matrix, we denote by λj(A∗A) the eigenvalues
and calculate that

∥(A∗A+ λIN )−1A∗∥2 = max
j=1,...,N

√
λj(A

∗A)

λj(A
∗A) + λ

= max
j=1,...,N

√
M λj(

1
MA∗A)

Mλj(
1
MA∗A) + λ

=
1√
M

max
j=1,...,N

√
λj(

1
MA∗A)

λj(
1
MA∗A) + λ

M

.

By choosing λ
M =

√
λmax, this yields

∥(A∗A+ λIN )−1A∗∥2 =
1√
M

max
j=1,...,N

√
λj(

1
M
A∗A)

λj(
1
M
A∗A) +

√
λmax

≤ 1√
M

max
j=1,...,N

√
λj(

1
M
A∗A)

λj(
1
M
A∗A) +

√
λj(

1
M
A∗A)

≤ 1√
M
.

Furthermore, the spectral norm of the inverse is bounded by

∥(A∗A+ λIN )−1∥2 =
1

λmin(A
∗A) + λ

≤ 1

λ
.

To estimate ∥a⋆ − a#∥2, we then apply triangle inequality,

∥a# − a⋆∥2 = ∥(A∗A+ λIN )−1A∗f − (A∗A+ λIN )−1(A∗A+ λIN )a⋆∥2
= ∥(A∗A+ λIN )−1A∗ (f −Aa⋆)− λ(A∗A+ λIN )−1a⋆∥2
≤ ∥(A∗A+ λIN )−1A∗∥2 ∥f −Aa⋆∥2 + λ ∥(A∗A+ λIN )−1∥2 ∥a⋆∥2
≤ 1√

M
∥f −Aa⋆∥2 + ∥a⋆∥2 .

For the second term we use the norm definition (4.64),

∥a⋆∥22 =
∑

u∈U

∑

ω∈Iu

∣∣∣∣∣
T̂fu(ωu)

nu (2π)dρu(ωu)

∣∣∣∣∣

2

≤
∑

u∈U

|U |
N

sup
ω∈Qu

∣∣∣∣∣
T̂fu(ωu)

(2π)dρu(ωu)

∣∣∣∣∣

2

=
1

N
|||TUf |||2F(ρ).
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Furthermore, for the first term,

∥Aa⋆ − f∥22 =
M∑

i=1

|f(xi)− f⋆(xi)|2 = ∥f − f⋆∥2ℓ2(X )

≤M |||TUf |||2F(ρ)

(
12|U |2 log(2/δ)

N

)
,

where the last inequality follows from Lemma 4.40. Inserting everything into
(5.34), yields

∥f# − f⋆∥2L2(Rd,µ)

|||TUf |||2F(ρ)

≤
(
λmax +

√
2N√
M

√
log

(
1

δµ

))( |U |
√

12 log(2/δ)√
N

+
1√
N

)2

= O(N−1 +M−1/2)

=

{
O(M−1/2) ifN > M,

O(N−1) ifN <
√
M.

This finishes the proof.

The motivation to use the eigenvalues of the matrix 1
MA∗A in the previous

theorem comes from the fact that the matrixA∗A scales like

Ex∼µ

(
1

M
A∗A

)

j,k

= µ̂(ωj − ωk).

Furthermore, in [CS24], it was shown that the eigenvalues of the matrixA∗A
scale with the factorM , at least in the case of Gaussian features and samples.

The error rates in Theorem 5.19 coincide with already proven rates in the lit-
erature about random Fourier features. In [RR17], it was shown that using
N = O(M 1/2 logM) random Fourier features is enough to achieve a gener-
alization error of O(M−1/2). In [HSS+23, CS24] an ℓ1 basis pursuit denoising
problemwas used to train random Fourier feature models from limitedmeasure-
ments. Similarly, it was shown that when the sparsity s = N and the number
of samplesM = O(N logN), the error is bounded by O(N−1 +M−1/2). The
generalization error bounds from [CS24] include the under-parametrized setting
using the least squares problem and the over-parametrized setting, where using
either theminimumnorm interpolation problem or a sparse regression problem.

The advantage of ourmethods is, that the first ANOVA-boosting step with finding
a good index-setU decreases the norm |||f |||F(ρ) as described also in Remark 4.38.
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5.4 Implementation and computational cost
The ANOVA approximation method with periodic wavelet functions has been
implemented in the publicly available Julia package ANOVAapprox.jl, [BLNS22].
In this section, we will go into more detail for the approximation of periodic
functions using wavelet functions in an ANOVA-truncated hyperbolic index set.
However, there are also other basis functions implemented.
In order to determine the complexity of our algorithms, we first calculate the
complexity of one matrix multiplication with the hyperbolic wavelet matrix.
For fixed j ∈ Jn, there are at most ⌈2m − 1⌉d nonzero entries in every block
of columns in every row. Since

∑
u∈U

∑
|ju|≤n 1 =

∑
uO(n|u|), every matrix

multiplication with the hyperbolic wavelet matrixAU has complexity

O(M
∑

u

O(n|u|)) = O(2n|U |nq) = O(M(logM)q).

Note, that in contrast to the Fourier setting, see [PS21a], our index set has a lower
cardinalityN , which gives a better complexity of the algorithm.
The second factor which plays a role is the number of iterations r∗. The whole
algorithm has a complexity of

O(r∗M(logM)q).

Theorem 5.3 gives us an estimation on the minimal eigenvalues of the matrix
A∗
UAU . In order to bound the maximal eigenvalues of the matrixA∗

UAU , we
can use the same argumentation as in the proof of Theorem 5.3 together with
the bound for the maximal eigenvalues in Theorem 2.8. This gives us for r > 1

P
(
λmax (A

∗
UAU ) ≥ 3M

2

)
≤ 1

Mr ,

if we are in the setting of logarithmic oversampling. Hence, with high probability
we bound the condition number of the matrixA∗

UAU by

λmax(A
∗
UAU )

λmin(A
∗
UAU )

≤ 3

γqm
,

where γm is the lower Riesz constant of the wavelet functions. Following [Axe96,
Example 13.1], the maximal number of iteration r∗, to achieve an accuracy of ε,
can be bounded by

r∗ ≤ log

(
2

ε

) (
log

(
1 + (γqm/3)

1/4

1− (γqm/3)1/4

))−1

.
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As an example, if we want to achieve an accuracy of ε = 10−4 and we choose as
parameters the order of vanishing momentsm = 3 and the dimension q = 2,
this bound gives us r∗ ≤ 85with high probability.
The calculation of the Sobol indices for the hyperbolic wavelet regression, us-
ing (3.34), does not play a role compared to the least squares algorithm, since
this can be done in a fast way. There are only few different matrix entries in
the matricesLj in (3.34), so these few entries can be precomputed. Also, these
matrices are sparse circulant matrices of size smaller than 2nq .
The ANOVA-boosting for random Fourier feature algorithms is implemented
in https://github.com/Laura1110/ANOVA_RFF. The implementation of the
ANOVA setting follows a similar data structure as the package ANOVAapprox.jl.
After the ANOVA-boosting step, described in Section 5.3, one can apply any ran-
dom Fourier feature algorithm with the ANOVA-sparse random Fourier feature,
where SHRIMP and HARFE are already implemented.

5.5 This chapter in a nutshell
This chapter summarizes all the results for approximating the function f from
samplesX by constructing f#(x) = SX

N,Uf(x). An overview of all results in this
chapter is depicted in Figure 5.3.
For periodic functions we used the hyperbolic wavelet regression Algorithm 5.9,
we gave error estimates for theL2- andL∞-error for functions in Sobolev spaces
and Besov spaces. The key advantage of truncating the ANOVA decomposition is
that the number of needed parameters is drastically reduced and the exponent
of the logarithmic term in all error estimates is reduced from the dimension d to
maximal superposition dimension q. The key finding is that at the endwe receive
for the approximation operator SX

N,U the same error rates as for the projection
operator PN from Chapter 4.
We studied the transformation of periodic algorithms to other domainsΩ, which
leads to Algorithm 5.13. That the transformed function satisfies certain smooth-
ness properties, the function f must belong to a weighted function space, which
we define here.
The big advantage of random Fourier features in the ANOVA setting is that we are
able to model the generalized ANOVA to do sensitivity analysis for dependent
input variables.
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Chapter 6
Numerical results and

applications

In this chapter, we summarize numerical results from testing the algorithms
proposed in this thesis, some of the results are also included in [LPU23, PW24,
PW25], for more numerical results see these papers. The implementation of
the following results can be found at https://github.com/Laura1110/ANOVA_
RFF.
Denote by f# an approximant of the function f , then we define the following
expressions for accessing model performance,

Mean squared error:

MSE :=
1

|Xtest|
∑

x∈Xtest

∣∣f(x)− f#(x)
∣∣2 , (6.1)

Root mean squared error:

RMSE :=
√
MSE, (6.2)

Normalized root mean squared error:

NRMSE :=
1

|f |
√
MSE, f :=

∑

x∈Xtest

f(x) (6.3)

Pearsons correlation coefficient:

PCC :=
∑

x∈Xtest

(
f(x)− f

) (
f#(x)− f#

)

√∑
x∈Xtest

|f(x)− f |2 ·
√∑

x∈Xtest
|f#(x)− f#|2

. (6.4)
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(a) Function (4.33) andwavelet orderm = 2.
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b 2−5/2nn

(b) Function (6.5).

Figure 6.1 : Decay of the RMSE of Algorithm 5.9 for different test func-
tions.

6.1 Numerical examples with synthetic data

We present a series of numerical examples utilizing synthetic data to illustrate
and validate the proposed algorithms and their practical implications. We start
with the case of independent input variables and in Section 6.1.2 we study the
case of dependent input variables. Finally, in Sections 6.2 and 6.3 we apply our
algorithms to datasets from applications.

6.1.1 Numerical examples with independent input variables

Error decay for periodic functions

First, we exploit numerically the error decay rates from Corollary 5.6 for periodic
functions. Remember the kink function from Example 4.12, which is included
inB

3/2
2,∞(Td). Using Chui-Wang wavelets with different maximal wavelet levels

n, while always ensuring logarithmic oversampling with constant 3, we apply
Algorithm5.9withuniformlydistributed samples onTd. Thedecayof theRMSE is
depicted in Figure 6.1a. Itmatches the proposed error decay 2−3/2nn(d−1)/2 from
Corollary 5.6. For the RMSE, we use random pointsXtest ⊂ Td with |Xtest| = 106

as test samples.
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As a second example for showing the approximation rates, we consider the fol-
lowing test function

f : T3 → R, f(x) =
3∏

i=1

B3(4xi − 1
π ), x ∈ [− 1

2 ,
1
2 )

3, (6.5)

where B3 is the B-spline from (2.33). This function is in H5/2−ε
mix (T3) and in

B
5/2
2,∞(Td). We do an approximation using Algorithm 5.9, where we use Chui-

Wang wavelets of orderm = 2 andm = 3. While always ensuring logarithmic
oversampling, we use |Xtest| = 3M samples for the calculation of the RMSE.
The results can be seen in Figure 6.1b. This confirms our proposed error decay
from Corollary 5.6. Form = 2we are in the setting where s = m and the error
decays a bit faster than 2−2nn but slower than 2−2n (recall that d = 3). If we
use wavelets of higher regularity, i.e.m = 3, we reduce the error as well as the
decay rate compared tom = 2. We are in the case of s < m and since the test
function is inB

5/2
2,∞(Td), we proved that the error decays like 2−5/2nn, which is

confirmed by the numerical experiments. This shows that it is necessary to study
wavelet coefficients of functions in the Besov spacesBs

2,∞(Td) to describe the
exact error decay rate and Sobolev spaces are not enough.
An example involving the transformation R of samples is the following. Con-
sider the beta distribution µB,α from (2.9), but shifted by −1/2 to the torus
T = [−1/2, 1/2), for all one-dimensional densities µi(xi), which also includes the
uniformly distribution on T for α = 1. We choose as test function

f : Td → R, f(x) =
d∏

i=1

(xi − 1
2 )

3(xi +
1
2 )

3, (6.6)

which is the tensor product of a polynomial of degree 6 and has triple zeros
at 1/2 and is inH3

mix(Td). Depending on the choice of the parameter α of the
beta distribution, the transformed function has different regularity. First, we
consider the one-dimensional case. The crucial points to decide whether the
norm ∥f∥L2(T,µB,α)

is finite are at the points with lower regularity 1/2 ∼= −1/2.
Because of the symmetry of the function f as well as the density µ, it is sufficient
to have a look at the pointx = 1/2. There, wehave the behavior f (i) ∼ (x−1/2)3−i

for i = 0, 1, 2, 3. With the same arguments we have that µ(i)
B,α ∼ (x− 1/2)α−1−i

for α ̸= 1, 2 and i = 0, 1, 2. Furthermore, the integral
∫ 1

0
xk dx is finite for k ∈ R

and k > −1. Hence, Definition 4.22 requires the following:

f ∈ H1(T, µB,α)⇒ f ′ ∈ L2(T,Υ1,1)

⇒ α < 6,
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Figure6.2 : Decayof theRMSE for the approximationonTd ford ∈ {1, 2}
of the test function (6.6) and samples distributed with respect to the beta
distribution µB,α for dimensions d = 1 (left) and d = 2 (right).

f ∈ H2(T, µB,α)⇒ f ′′ ∈ L2(T,Υ2,2), f
′ ∈ L2([0, 1],Υ1,2)

⇒ α < 2,

f ∈ H3(T, µB,α)⇒ f ′′′ ∈ L2(T,Υ3,3), f
′′ ∈ L2([0, 1],Υ2,3), f

′ ∈ L2([0, 1],Υ1,3)

⇒ α < 6/5.

Since the function f is a tensor product, we have the same estimates for the
multivariate cases. Indeed, we used the order of vanishing momentsm = 3 of
thewavelets, which limits themaximal error decay rate. In Figure 6.2 the resulting
numerical error decay for different parameters α and d is shown. If we are below
the critical values 6/5, 2 and 6 for α, we get the desired approximation rates of
2−3n, 2−2n and 2−n given in Corollary 5.11.
Even dense samples at the boundary, which coincides with small α, can not
increase the error decay rate of 3.

Error decay for functions onRd

To verify the results of Corollary 5.11, we begin with the Gaussian distribution
ρG from (2.10) for all one-dimensional densities µi. As test function we use the
Gaussian

f : Rd → R, f(x) = e−∥x∥2
2 , (6.7)
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which is smooth. But in the sense of (4.51), we have to note that in the one-
dimensional-case

∥f∥2H1(R,µG) =
1√
5
+ 8π

3
√
3
≈ 5.28 <∞,

∥f∥2H2(R,µG) =
1√
5
+ ( 8π

3
√
3
+ 48π2) + 144π2 ≈ 1900 <∞,

∥f∥2H3(R,µG) =∞.

Due to the embeddingH2(T) ⊂ B2
2,∞(T), we also have f ◦ R−1 ∈ B2

2,∞(T).
To investigate the smoothness further, we even have

f ◦ R−1 ∈ B
5/2
2,∞(Td).

For further details about this calculation and the introduction of weighted spaces
onBs

2,∞(R, µ), see [PW24].
We did the approximation with Algorithm 5.13 for d ∈ {1, 2, 3} and for the order
m = {2, 3} of vanishing moments of the wavelet. In Figure 6.3, we plot the
results. This shows the proposed error decay rates from Corollary 5.11. If the
wavelet orderm = 2, we get the proposed error decay rate of 2−2n n(d−1)/2. If
we increase the order of vanishing moments of the wavelets tom = 3, we are in
the case where the smoothness s of the function is smaller than the orderm of
the wavelets, see (5.15). We receive also numerically the proposed error decay of
2−5/2n n(d−1)/2. The numerical results are even slightly better in some cases.
Note, that a different density µ can lead to a different smoothness of f ◦ R−1

even for the same function f .
For a tensor product of the one-dimensional Cauchy distribution ρC , (2.11), or
the Laplace distribution ρL, (2.12), we even have f ◦ R−1 ∈ Hs

mix(Ω, ρ) for all
s ∈ N. That follows from Dαf(x) = p(x)e−x

2/2 for a polynomial p(x) and the
fact that all differentials of the Cauchy as well as the Laplace distribution are
polynomials or polynomials with a factor of the behavior ek|x−2|. Furthermore,
all integrals of the form

∫
R e−x

2+k|x−2|p(x) dx are finite. In Figure 6.4 and 6.5,
we plot the approximation results. In this case, the order of vanishing moments
determines the error decay. In dimension d = 3, with Laplace distribution, we
are still in the preasymptotic case.

Comparison between transformed hyperbolic wavelet regression and ran-
dom Fourier features

To further test the performance of the algorithms proposed in this thesis, we use
the following synthetic functions:

fT1(x) = x24 + x2x3 + x1x2 + x4, (6.8)
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Figure 6.3 : RMSE of the approximation of the function (6.7) onRd for
d ∈ {1, 2, 3} and samples from the normal distribution µG , with wavelet
orderm = 2 (left) andm = 3 (right).
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Figure 6.4 : RMSE of the approximation of the function (6.7) onRd for
d ∈ {1, 2, 3} with the samples from the Cauchy distribution µC , with
wavelet orderm = 2 (left) andm = 3 (right).
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Ishigami:

fT2(x) = sin(x1) + 7 sin2(x2) + 0.1x43 sin(x1), [IH90] (6.9)

Friedmann:

fT3(x) = 10(sin(πx1x2) + 2
(
x3 − 1

2

)2
+ x4) + 5x5, [Fri91] (6.10)

fT4(x) = 2
√
6

3∑

i=1

(
1
3 −max{|x2i−1|, |x2i|}

)
. [LPU23] (6.11)

We randomly drawM points uniformly on [0, 1]d for the functions fT1 and fT3,
on [−π, π]d for the function fT2 or on Td for the functionfT4. We additionally
drawM test samples from the same distribution to validate the approximation
error using the MSE. We choose these test functions because these are functions
of low effective dimension, studied also in other literature. The function fT4 is a
pyramid-like function, having diagonal kinks on the one hand and a coupling
of only two variables in each summand on the other hand. This function has
a mixed Besov regularity of s = 1/2 + 1/(2p) in the sense of Bs

p,∞(T6), see
Definition 2.26, where pmay vary in [1,∞].
We compare the transformed hyperbolic wavelet regression with the random
Fourier feature algorithms. We proceed as follows.

We use Algorithm 5.13 with small maximal wavelet parameter n ∈ {2, 3}
and Chui-Wang wavelets of orderm = 2. For the non-periodic functions
fT1 and fT3, we use the extension from Section 4.2.2. After the ANOVA-
boosting Algorithm 3.31 or 3.33, we increase the maximal wavelet level n,
such that logarithmic oversampling is fulfilled.
We useN = 5M random Fourier features in the initialization step. The
random Fourier features are distributed i.i.d. according to the Gaussian
distribution ρ = ρG with variance 1/q or according to the Cauchy distribu-
tion ρ = ρC with variance 1/q. We use the ANOVA-boosting Algorithm 3.31
or 3.33 together with calculating the Sobol indices using (5.25) and the
random Fourier feature algorithm SHRIMP, [XSSW22]. In every case, we
have chosen the regularization parameter λ = 10−6.

In every case we choose maximal superposition dimension q = 2. Further
information about chosen parameter and the code can be found at https:
//github.com/Laura1110/ANOVA_RFF. We summarize the results in Table 6.1.
Our ANOVA-boosting algorithms detect the important ANOVA terms. The ran-
dom feature algorithms benefit from the first ANOVA-boosting in Algorithm 3.33,
where we could improve the accuracy by factor about 10 and up to 103 in com-
parison to the SHRIMP algorithm. The function fT1 is very smooth, therefore
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Gaussian random Fourier features perform better. In contrast, the function fT4

has some kinks and Cauchy distributed random Fourier features perform better.
Algorithm 5.13 is able to detect the the ANOVA index set U , even if we do not use
logarithmic oversampling in the first approximation step. In all cases the correct
index set is used in the second approximation procedure. Since the function fT2

is periodic, Algorithm 5.9 performs better. The results are of comparable order
to the approximation error of the random Fourier feature algorithms.

function d M ρ SHRIMP ANOVA-S Alg. 5.13
fT1 20 500 ρG 1.720 · 10−6 2.814 · 10−9 2.634 · 10−3

ρC 2.924 · 10−5 2.472 · 10−7

1000 ρG 4.611 · 10−7 2.589 · 10−9 5.039 · 10−4
ρC 2.002 · 10−6 3.180 · 10−7

fT2 5 500 ρG 1.924 · 10−1 2.058 · 10−2 2.155 · 10−3
ρC 2.627 · 10−2 1.151 · 10−2

1000 ρG 7.184 · 10−2 2.897 · 10−3 9.879 · 10−4
ρC 6.824 · 10−3 1.205 · 10−3

fT3 10 500 ρG 6.656 · 10−2 1.566 · 10−2 2.536 · 10−3
ρC 2.827 · 10−2 5.344 · 10−2

1000 ρG 1.145 · 10−2 6.529 · 10−3 7.878 · 10−4
ρC 4.377 · 10−3 7.693 · 10−4

fT4 10 500 ρG 6.333 · 10−3 1.420 · 10−3 9.035 · 10−2
ρC 3.185 · 10−3 9.787 · 10−4

1000 ρG 4.889 · 10−3 1.426 · 10−3 4.639 · 10−2
ρC 2.681 · 10−3 5.143 · 10−4

Table 6.1 : Approximation results: MSE on test data for different
functions. We compare the performance of the SHRIMP algorithm
in [XSSW22] with the ANOVA-boosted SHRIMP using Algorithm 3.31
and the transformed hyperbolic wavelet regression in Algorithm 5.13.
The best performance for every setting is highlighted.

Very recently, in [HN24], the authors proposed an algorithmwhich optimizes the
distribution of the drawn random Fourier featuresω, which clearly improves the
accuracy of the random feature algorithms. However, there was also shown that
the random feature algorithms obtain smaller errors than neural networks. Our
approach is interpretable, if the function f is of low effective dimension, even
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for dependent input variables, which the following section shows.

6.1.2 Numerical results for dependent input variables

In this section, we illustrate that even for dependent input variables, it is possible
to find the nonzero ANOVA terms of the unknown function f and present the
numerical results from [PW25]. Let us start with an introduction example, where
the difference between the classical ANOVA decomposition and the generalized
ANOVA decomposition is shown.

Example 6.1. We introduce the function

f : R6 → R, f(x) = x31x
2
2 + x23 + x25 + x26, (6.12)

and draw pairwise dependent samplesX . That means, we drawM = 100 pairs
(x1, x2), (x3, x4) and (x5, x6) from the two-dimensional distribution µ◳ defined
in (3.22). The structure of the function f indicates that the ANOVA terms are zero
for allu except foru ∈ U = {∅, {1}, {2}, {3}, {5}, {6}, {1, 2}}. In Figure 6.6, we
approximate the Sobol indices Su,var by SXu,var(f#), using either (3.34) with the
classical ANOVA decomposition or (5.30) with the generalized ANOVA decom-
position. In both cases, we use a model of maximal superposition dimension
q = 2. The classical ANOVA decomposition does not capture the structure of the
function well. Instead, the dependence of the variables leads to many nonzero
variances of terms which do not influence the variance of the function f . In
contrast, the generalized ANOVA decomposition is able to detect the correct set
of nonzero ANOVA terms fu. △

Next, the ANOVA-boosting methods are tested on a slightly modified Friedmann
function, which is used as benchmark example for certain approximation tech-
niques,

f(x1, . . . , x9) = 10 sin(0.1π x1x2) + 20 (x3 − 1
2 )

2 + 10x4 + 5x5. (6.13)

In contrast to the literature, we do not use uniform samples on [0, 1]d, but we
use (partly) dependent Gaussian samples. Due to this sampling, we changed the
original function slightly to have comparable variances of the nonzero ANOVA
terms. Based on the example in [Rah14], the samples x ∈ X are Gaussian
random vectors with mean Ex = 0 and with the covariance matrix being one of

209



CHAPTER 6. NUMERICAL RESULTS AND APPLICATIONS

0

0.12

{1},{2},{5},
{6, 4},{3},{4}

u

S
X u
,v
ar
(f

#
)

0

0.2

correct U

u

S
X u
,v
ar
(f

#
)

Figure 6.6 : Approximated Sobol indices SXu,var(f#) of function (6.12)
with classical ANOVA decomposition and Chui-Wang wavelets of order
m = 2 calculated by (3.34) (left) and the generalized ANOVA decomposi-
tion and random Fourier features calculated by (5.30) (right).

the following,

Σ1 = I9, uncorrelated
Σ2 = 4

5I9 +
1
519×9, equally correlated (6.14)

Σ3 = I3 ⊗




1 − 1
5

2
5

− 1
5 1 − 4

5
2
5 − 4

5 1


 , mixed correlated (6.15)

whereM = 500. Independent of the drawn samples x ∈ X , the function (6.13)
has nonzero ANOVA terms for the index set

U = {∅, {1}, {2}, {3}, {4}, {5}, {1, 2}} (6.16)

only. Furthermore, for independent input variables,Σ = I9, the Sobol indices
can be easily calculated analytically, which gives

S{3},var ≈ 0.2788 S{4},var ≈ 0.3718

S{5},var ≈ 0.0929 S{1,2},var ≈ 0.2564.

We use Algorithm 5.18 to calculate the indices SXu,var(f#)with (5.30), where we
draw in total N = 5000 ANOVA-sparse random Fourier features with q = 2
and variance 1

2 , and choose the regularization parameter λ = 1. The results
are plotted in Figure 6.7. Note, that the Sobol indices SXu,var(f#) can be bigger
than one, since for dependent input variables the variances of the ANOVA terms
σ2(fu) do not sum up to the variance of the function σ2(f). In Figure 6.7, we
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normalized the indices SXu,var(f#) by the sum

∑

u∈{u∈P([d])||u|≤2}
SXu,var(f#),

which has in total
(
9
1

)
+
(
9
2

)
= 45 summands. It can be clearly seen, that in

every case only the terms with nonzero variance in the index set U from (6.16)
are significant. The terms f1 and f2 are nonzero, which Algorithm 3.33 finds.
Furthermore, the Sobol indices depend on the sampling distribution µ, but the
nonzeroANOVA termsare the sameas thenonzeroANOVA terms for independent
input variables for the same function f .

Example 6.1 showed that assuming independent input variables can detect false
terms. Similarly, using only 2-sparse random Fourier features and the HARFE
algorithm as proposed in [SST23], leads to results shown in their Fig. 4, which
clearly blur the importance of the variables x1 to x5 in comparison to the other
not necessary variables. Furthermore, they only study the simpler case of inde-
pendent input variables.

0.27
0.38

0.08
0.23

Σ = Σ1

0.27

0.34

0.10
0.24

Σ = Σ2

0.37

0.50

0.13
0.27

Σ = Σ3

u = {1} u = {2} u = {3} u = {4} u = {5} u = {1, 2}

Figure 6.7 : The indices SXu,var(f#) for Gaussian input samples with
different covarianceΣ. The pie charts are normalized to the sum of all
indices SXu,var(f#) for |u| ≤ 2, but the numbers represent the actual
indices.

We compare approximation results of random feature algorithms with and with-
out ANOVA boosting from Algorithm 3.31. We study the same test functions
(6.8) to (6.10) as for the case of independent random variables. To define the
dependence among random variables, it is common to use copula functions,
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[JDHR09, Nel06]. Denote the cumulative distribution function of the samples by

RX (x) =

∫ x

−∞
µ(t) dt,

andR1, . . . , Rd are the marginal cumulative distribution functions of x1, . . . , xd,
i.e.,

Ri(xi) =

∫ xi

−∞
µi(t) dt.

Sklar’s theorem [Skl59] is the building block of the theory of copulas. It states,
that for continuous functionsR1, . . . , Rd there exists a d-dimensional copulaC,
such that for all x ∈ Rd,

RX (x) = C(R1(x1), · · · , Rd(xd)).

The copula C contains all information on the dependence structure between
components of (x1, . . . , xd), whereas the cumulative distribution functionsRi
containall informationon themarginal distributionofxi. EspeciallyArchimedean
copulas are an important class of multivariate dependence models, since it is
very easy to generate random numbers from them. Every Archimedean copula
has the simple algebraic form

C(y1, . . . , yd) = ψ
(
ψ−1(y1) + . . .+ ψ−1(yd)

)
,

where ψ is the generator function of the copula. We test our algorithm for the
following well-known copulas with parameter θ:

ψ(t) =
1

θ

(
t−θ − 1

)
θ > 0 Clayton copula,

ψ(t) = (− ln t)
θ

θ ≥ 1 Gumbel copula,

ψ(t) = − ln

(
e−θt − 1

e−θ − 1

)
θ > 0 Frank copula.

We use these copulas on the marginal distributions N (0, 1) for function fT1,
uniform on [−π, π] for function fT2 or uniform on [0, 1] for function fT3.
We apply the ANOVA-boosting Algorithm 3.31 in combination with the regular-
ized least squares minimization (5.27), for the random Fourier feature setting
for different settings of d,M, q with fixed parameter N = 5M and Gaussian
random Fourier features drawn fromN (0, 1qId). The used input parameters for
our algorithm are summarized in Table 6.2 for the different settings. We solved
the system (5.27) with an iterative solver. For a better comparison we use the
same regularization parameter λ = 10−6 for the SHRIMP steps in both cases.
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f d q M C θ λ ϵ SHRIMP ANOVA-S
fT1 10 3 500 1 3 100 0.01 4.479 · 10−5 1.047 · 10−6

2 2 100 0.01 8.551 · 10−5 1.156 · 10−6
3 4 100 0.01 2.828 · 10−4 7.445 · 10−7

20 2 500 1 2 100 0.01 5.043 · 10−3 1.804 · 10−6
2 1 100 0.01 6.341 · 10−3 1.152 · 10−6
3 4 100 0.01 3.999 · 10−3 8.277 · 10−7

fT2 5 2 500 1 2 200 0.05 2.287 · 10−2 3.375 · 10−4
2 2 100 0.05 2.825 · 10−3 4.994 · 10−4
3 5 200 0.05 1.732 · 10−2 3.406 · 10−3

10 2 500 1 2 200 0.05 3.127 · 10−1 7.512 · 10−4
2 2 100 0.05 4.044 · 10−1 7.466 · 10−4
3 5 200 0.05 4.800 · 10−1 5.906 · 10−3

fT3 10 3 200 1 5 100 0.01 1.345 · 10−1 9.521 · 10−3
2 2 100 0.01 4.155 · 10−1 1.573 · 10−2
3 4 100 0.01 2.136 · 10−1 3.427 · 10−2

20 2 500 1 3 100 0.01 2.844 · 10−2 1.603 · 10−2
2 3 100 0.01 2.651 · 10−2 4.939 · 10−3
3 3 100 0.01 2.870 · 10−2 7.092 · 10−4

Table 6.2 : Approximation results: MSE on test data for different settings.
The column C belongs to the copula: 1, 2, 3 corresponds to Clayton,
Gumbel and Frank copula, respectively. We compare the performance of
the SHRIMP and the ANOVAboosted SHRIMPusing (5.27) for dependent
input variables. The random Fourier features were distributed according
to ρG = N (0, 1qId). In every case, we did the approximation 10 times
and show the mean.

The resulting MSE on test data are summarized in Table 6.2, we did the proce-
dure 10 times and show the mean. In any case, the ANOVA-boost leads to a clear
improvement of the approximation results of a factor up to 10−3.

During thenumerical experiments, we found that themore the input variables are
related, the bigger the regularization parameter λ should be in the minimization
problem (5.27). Notice, that depending on the type of dependence, we do not
obtain the same variances for the ANOVA terms, but the nonzero terms are in
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any case a subset of

UT1 = {∅, {1}, {2}, {3}, {4}, {1, 2}, {2, 3}}, (6.17)
UT2 = {∅, {1}, {2}, {3}, {1, 3}}, (6.18)
UT3 = {∅, {1}, {2}, {3}, {4}, {5}, {1, 2}}, (6.19)

for the three functions respectively. The variances of the terms f{3} and f{5} are
relatively small for function fT3. For that reason, we set ϵ = 0.01 in this case.
The numerical results in Table 6.2 show that our algorithm has much smaller
approximation errors, compared to the plain SHRIMP algorithm [XSSW22] with
fixed effective dimension q. Hence, even for a small amount of samples in high
dimensions our procedure is able to find the correct nonzero terms.

6.2 Numerical examples with real data
In the following, we compare the performance of algorithms studied in this
thesis with other state-of-the-art algorithms when applied to real-world datasets
from theUCI repository (http://archive.ics.uci.edu), where also a detailed
description of the datasets and the input variables can be found. For comparison
we test against Random Forest Regression (RF) and Gaussian Processes (GP),
both implemented in ScikitLearn.jl, which implements the popular scikit-learn
interface and algorithms in Julia. Furthermore, we compare with sparse additive
models [KY16, SST23, XSSW22].
Remark 6.2 (The interpretability). We want to show some interpretation of the
approximation results from the algorithms derived in this thesis. In applications
the user can use this to derive conclusions. We analyze the dataset airfoil inmore
detail here. In this dataset only the first five variables impact the output, the other
36 input variables are drawn at random. First, we present the estimated variances
Su(SU1

f) of an approximation with maximal superposition dimension q = 1
from the transformed hyperbolic wavelet approximation with parametersm = 2,
λ = 0 and n = 2 or random Fourier feature model with feature distribution
ρ(ω) = ρG(ω) with variance σ = 1 and regularization parameter λ = 1000 in
Figure 6.8. This corresponds to the first approximation in the ANOVA-boosting
Algorithm 3.31.
In Figure 6.9, we illustrate some two-dimensional projections of the training
samples X , which shows that the marginal distribution functions µu are no
tensor products. For illustrating the difference between the generalized ANOVA
decomposition and the classical ANOVA decomposition, we plot in Figures 6.10
and 6.11 the corresponding two-dimensional ANOVA terms that arise during
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Figure 6.8 : Approximated variances Su,var(f#) from transformed hy-
perbolic wavelet regression (ψtrafo) or a random Fourier feature model
(RFF) for the dataset airfoil. Left: First approximation with q = 1, in
both cases clearly recognizable that only the first five input variables are
important. Right: Final approximation with q = 2 and a reduced ANOVA
index set U . The values 1-5 belong to the one-dimensional terms and
the remaining ones to the two-dimensional terms. Missing points mean,
that the respective ANOVA terms are not used for the approximation.

training themodels. In the case of the random Fourier features, we use instead of
the L2(Rd, µ)-orthogonality the discrete orthogonality at the sample points. For
that reason, we only plot the function values of the ANOVA terms at the sample
pointsX in this case.

Figure 6.10 shows what typically happens, when approximating the multivariate
term fu on a density, which is not a tensor product. In the domain of the samples
the approximation is good. But on domains, where there are no samples, but
the tensor product density is nonzero, the approximation can be oscillating or at
least nonzero, which can result inmisleading variance estimates. For that reason,
we additionally show in Figure 6.8 the approximated Sobol indices of the final
approximation with q = 2 and a reduced ANOVA index set U . △

We follow the experimental setup in [KY16], where the training data is normalized
so that the input and output values have zeromean and unit variance along each
dimension. Each dataset is divided in half to form the training and testing sets,
we use exactly the same splitting as in [KY16] for the datasets used there and do
the same procedure for the additional datasets. Note, that in [KY16] they test only
one single random splitting. We adopt this procedure for a better comparability
of the results, since the results heavily depend on the test/train splitting of the
datasets.
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Figure 6.9 : Illustration of the samplesx ∈ X . The coloring is accordingly
to the function values f(x).
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Figure 6.10 : Illustration of ANOVA terms, using the transformation and
Chui-Wangwavelets of orderm = 2 and ANOVA terms up to order q = 2.
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Figure 6.11 : Illustration of ANOVA terms, using random Fourier features
from Gaussian distribution of order q = 2.

In our experiments, we use a cross-validation of the original training data-set as
training data and 20% as validation data to select the best input parameters. An
overview of the datasets is presented in Table 6.3.

For the transformationR, weuse theDPI described in Section 5.2.2, applied to the
Gaussian kernel. The implementation and further information about the chosen
parameters can be found at https://github.com/Laura1110/ANOVA_RFF.
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Dataset d Mtrain Mtest

Propulsion 15 200 200
Galaxy 20 2000 2000
Airfoil 41 750 750
Boston Housing 12 256 250
Protein 9 22685 22685
Elevators 17 8300 8399

Table 6.3 : Overview of seven datasets: Dimension d and number of dat-
apoints in training and testing set. The experimental setup and datasets
for each test follows [KY16].

The approximation results and comparisons are shown in Table 6.4. Since the
results for the random algorithms depend on the draw of the random Fourier
features, in contrast to the given results for SHRIMP, HARFE and SALSA in the
corresponding papers [KY16, XSSW22, SST23], we did the approximation vali-
dation 10 times and present the mean in Table 6.4. Furthermore, compared to
the results shown in the corresponding paper, we used for the HARFE algorithm
also Fourier features and not the function tanh as activation function. In every
case, we used the ANOVA-boosting Algorithm 3.31 for constructing the ANOVA
index set U . Furthermore, we show on Table 6.4 the used maximal superposition
dimension and the mean numberN of features used for the final model.

ANOVA truncated random Fourier features are beneficial compared to q-sparse
random Fourier features. Especially for datasets, where many input variables
are not needed for predicting the function values, like for example airfoil, our
algorithms using the ANOVAdecomposition filter out the random input variables.
For all the datasets a maximal superposition dimension q ∈ {1, 2, 3} is enough
to get reasonably small errors.

Further optimization of the parameters could lead to even better numerical
results. The following items are the results of numerical tests.

For the difference between transformation of wavelets and transformation of
exponential basis: There are more possibilities in bandwidth selection. Increas-
ing the maximal wavelet level n for ANOVA term fu increases the number of
parameters byO(2nn|u|−1), where the increase for the exponential functions is
only in the order of magnitudeO(2|u|).

Especially for datasets, where the underlying function can be approximated
by a function of order one, the transformation procedure works well, despite

217



CHAPTER 6. NUMERICAL RESULTS AND APPLICATIONS

Propulsion
Galaxy

Airfoil
Housing

Protein
Elevators

Trafo
ψ

1.532
·10

−5
1.290·10 −2

1.526·10 −1
3.723·10 −1

4.839·10 −1
1.797·10 −1

(q,N
)

(2
,171)

(1
,190)

(2
,355)

(2
,247)

(3
,2992)

(2
,5804)

Trafo
ex
p

2.865·10 −4
2.225·10 −2

1.142
·10

−1
3.774·10 −1

4.638·10 −1
3.029·10 −1

(q ,N
)

(2
,168)

(1
,76)

(2
,346)

(2
,207)

(2
,1972)

(2
,3599)

AN
OVA-S

2.185·10 −5
1.747·10 −4

2.367·10 −1
4.494·10 −1

-
-

(q,N
)

(1
,316)

(2
,280)

(2
,133)

(1
,18)

AN
OVA-H

3.515·10 −5
1.699·10 −4

1.568·10 −1
3.236·10 −1

5.851·10 −1
2.153·10 −1

(q ,N
)

(1
,300)

(2
,500)

(2
,5000)

(2
,100)

(2
,400)

(2
,80)

co
s

9.485·10 −4
5.667·10 −3

2.710·10 −1
3.169

·10
−1

5.424·10 −1
1.037

·10
−1

(q,N
)

(2
,388)

(1
,64)

(2
,221)

(2
,76)

(2
,1022)

(2
,1121)

SH
RIM

P
3.790·10 −5

8.744
·10

−5
3.879·10 −1

4.723·10 −1
-

-
(q,N

)
(1
,297)

(2
,587)

(2
,34)

(7
,6)

H
ARFE

2.993·10 −5
1.091·10 −4

8.256·10 −1
3.423·10 −1

6.166·10 −1
1.895·10 −1

(q,N
)

(1
,300)

(2
,1000)

(2
,5000)

(2
,100)

(2
,200)

(2
,80)

SALSA
9.180·10 −3

1.350·10 −4
5.470·10 −1

3.607·10 −1
-

-
SRFE

1.540·10 −2
1.200·10 −3

5.702·10 −1
6.395·10 −1

-
-

RF
5.928·10 −3

1.092·10 −1
6.358·10 −1

3.339·10 −1
4.225

·10
−1

2.908·10 −1
GP

9.031·10 −3
2.765·10 −2

1.009
4.231·10 −1

4.414·10 −1
4.324·10 −1

Table
6.4

:M
ean

M
SE

on
realdatasetsusingvariousapproxim

ation
techniquesof

10runs.W
ecom

parealgorithm
s

described
in
thisthesiswith

otherstate-of-the-artalgorithm
s.Detailsto

thecorrespondingalgorithm
scan

befound
in

[SST23](H
ARFE),[XSSW

22](SH
RIM

P),[KY16](SALSA),[H
SS

+23](SRFE),[PS22](cosBasis,w
ith

m
in-m

axscalingand
AN

OVA-boostingalgorithm
3.31)orareavailableviaScikitLearn.jl.Thebestresultforeverydatasetishighlighted.

218



6.3. PREDICTING GROUND REACTION FORCES

assuming that the input variables are possibly dependent. For higher order
terms there can be a difference between the generalized ANOVA terms and the
ANOVA terms with respect to a tensor product density, see also Lemma 3.14 and
Example 3.13.

The SHRIMP algorithm can not handle datasets with many datapoints due to
the needed oversampling. The HARFE algorithm also gives numerically good
results when using less random Fourier features than available, such that even
in the cases for many samples, the algorithm is applicable by choosing N ≪
M . Furthermore, the ANOVA-boosting seems to be beneficial for the SHRIMP
algorithm, whereas the ANOVA-boosting for the HARFE algorithmmay lead to
poor approximation results.

Some datasets, e.g. galaxy, might not be compatible with the assumption that
the function f does not depend on all input variables. For example, the SHRIMP
solution in this case uses all 20 input dimensions.

6.3 Predicting ground reaction forces
The successful application of Algorithm 5.13 to a dataset in sports engineering
was published in [WKPO24]. We briefly summarize the setting and the results
here.

The generation of sport-specific load-time profiles is often based on themeasure-
ment of ground reaction forces (GRFs) and their time profile. Force plates are
often used to record these GRFs because they are considered the gold standard.
Force plates contain three to four interconnected force sensors for measuring
GRFs and ground reaction moments in all three spatial directions. These force
plates have many disadvantages. The development of treadmills with integrated
force plates and mobile force plates mitigated some challenges, but these devel-
opments are not perfect either. The literature questions whether GRFs can be
recorded accurately and there is an increasing need for continuous recording of
GRFs under field conditions. One approach to recordGRFs in the field is based on
systems with pressure measurement insoles. These systems do not record GRFs
directly. Rather, they are calculated by functions depending on the measured
plantar pressures.

Details about the performed study with 16 persons and the data collection pro-
cess can be found in [WKPO24]. The persons performed a running task on the
treadmill at the different speed v = 3, 6, 9 and 12 kmh−1. The GRF data in verti-
cal direction Fv(t), measured in the treadmills integrated force plates, is a time
series. At the same time stamps, wemeasured data from 8 pressure sensors in the
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pressure insoles, which we denote by p1(t), . . . , p8(t). We aimed for searching
the correlation between the pressure data pi(t) and the vertical forcesFv(t). This
can be modeled by the 8-dimensional function f := [0, 1]8 → R, where

Fv(t) ≈ f(p1(t), . . . , p8(t)).

After some preprocessing steps, the input values for the approximation algorithm
are

the 8-dimensional samples X are the pressure measurements pi(t), i ∈
{1, . . . , 8} for all training data t ∈ Ttrain
the function values f = (f(xi))

M
i=1 are the corresponding measured verti-

cal GRF Fv(t) for all training data t ∈ Ttrain.
In average, we used about 3.6 · 104 time stamps per foot for every person, which
are aboutM = 1.2 · 106 in total. We used the transformation idea together with
the ANOVA truncated hyperbolic wavelet regression, which is summarized in
Algorithm 5.13, where we chose q = 2.
Our prediction of the vertical GRF Fv(t) at time t only depends on the pressure
measurements of the sensors at time t , i.e. pi(t) and not on the whole gait cycle.
In the dataset considered here, a large oversampling also serves as regularization.
To assess model accuracy, we performed a series of estimations on withheld
data and calculated the mean performance measures across intra-person and
inter-person groupings. We used the normalized root mean square error, (6.3)
and Pearson’ correlation coefficient, (6.4), as measure of model performance.
We considered different data splitting techniques. In the case considered here,
learning a model should be performed person-specific owing to individual dif-
ferences in the sizes of feet and gait. The first evaluation (E1) used the data from
every person separately, i.e. a person-specific model was constructed. For the
split into training and testing data, it is important to split with respect to the
different velocities in order to avoid local information and to improve the bias
properties of the predictors. Each of the four parts belonging to the different
velocities was split into five parts. The testing data consisted of one part from
every velocity respectively, i.e. 80/20-splitting intoXtrain andXtest. These parts
were chosen randomly.
For comparison, we also trainedmodels using data from all persons. To compare
the data from different persons, Fv(t)were normalized to the body-weight. The
second evaluation (E2) used the testing and training data received from the
previous procedure for all persons together. And in the third evaluation (E3) the
data from three randomly chosen persons were used as testing data.
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We performed the model learning and evaluation five times for each evaluation
case for left and right foot respectively, and presented the mean of the NRMSE
and PCC. To access the model performance, we analyzed the prediction error in
the testing data with respect to the different velocities v.

NRMSE PCC
v (kmh−1) 3 4 6 9 3 4 6 9
E1 0.112 0.106 0.137 0.244 0.946 0.948 0.934 0.918
E2 0.201 0.195 0.232 0.359 0.843 0.846 0.826 0.838
E3 0.318 0.341 0.394 0.529 0.715 0.675 0.639 0.659

Table 6.5 : Results of the different evaluation approaches. The results
for E1 are averaged over all persons. A detailed list for the approxima-
tion errors for the different persons can be found in the supplementary
of [WKPO24].

Table 6.5 summarizes the results of the different evaluation approaches. The
results for E1 are averagedover all persons. Theperson-specificmodel E1 is better
than the other strategies E2 and E3, since the NRMSE are smaller. Furthermore,
in general (with one exception) the lower the speed of the person, the smaller is
the NRMSE.
The prediction model proposed in this study may be poor if the target data is far
outside the scope of training data, such as running at much higher velocity than
9 kmh−1, but for running at a velocity intermediate to the training data velocity,
we expect good results, since this data would be similar to the measured data.
The usage of our model instead of black box predictions has the advantage that
it is possible to analyze and interpret the learned model. There are different gait
styles depending on the person, which is reflected in different ANOVA terms in
our trained models. This leads to very different results for different persons. The
walking behavior of some persons fits more into our approximation setting than
that of others. The individuality is one reason why the evaluation techniques
E2 and E3 give clearly bigger NRMSE and smaller PCC as the individual models.
Especially the prediction of data from completely different test persons than the
persons for the training data in E3, which is particularly desirable, does not yet
work with our approach. Furthermore, it is possible to cluster persons by their
gait style using the ANOVA terms, which should be verified by a further study
with more participants.
The Julia package ANOVAapproxwas used for themodel learning. Therefore, only
the denoised pressuremeasurements and the vertical GRFFv have to be inserted
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in the algorithm, which could in principle be integrated in a data collection
system. The model learning phase took about 30 s. Afterwards, the prediction of
Fv from field or laboratory pressure data measurements pi(t) basically consists
of one matrix-vector multiplication with the learned coefficient vector. It is also
possible to do this evaluation in time, i.e. do the multiplication for every time
stamp separately.
Themain differences of our approach to other approaches in the literature is that
we do not normalize the time with respect to the gait cycles. Furthermore, for
our analysis we omit the data (also in the test data), where all pressure sensors
are zero, which belongs to f(0) = 0. Our approximation predicts Fv(t) to 0
during this time. Note, that this can lead to a higher NRMSE in comparison to
testing on the whole gait cycles, which was done inmost other studies. Therefore,
comparing only the resulting NRMSE can be misleading.

Comparison to the literature

In [HHB+22], linear models were compared with recurrent neural networks for
the accuracy of predicting the GRFs. For the recurrent neural network, they addi-
tionally used the pressure features at the time stamps directly before t and after t
for the prediction. They did not train person-specific models, but validated with
a leave one out cross-validation. Overall, the accuracy of our trained model is
slightly worse than the recurrent network, but better than the linear model. Nev-
ertheless, [HHB+22] also found that a person-specific model training increases
the accuracy.
In [EYFT20], a machine learning-based estimation of the vertical GRF was done.
They used a linear least squares regression that fits the insole measurements
during single leg stance to body-weight to learn amodel. In addition, they added
constraints to the regression, so that the estimates of the vertical GRF during
walking have proper magnitude. In comparison to this study, we have a much
larger dataset from a treadmill available, which also includes data from running
trials. Therefore, it is complicated to compare the results. But especially for the
lower velocity our method gives lower NRMSEs.
[SKO+15] predicted the GRF using a wavelet neural network. The insole there
consists of 99 plantar sensors, where some principle components were selected.
The wavelet neural network is similar to our approach, using only ANOVA terms
up to order 1, but they used different wavelet functions and learned additional
shift and scale parameters. However, the results are similar even though our
pressure insole has only eight pressure sensors. Apart from that, and based
on our own experience with both measurement systems, we can say that the
pressure measurement insole used here seems to be muchmore robust.

222



6.4. THIS CHAPTER IN A NUTSHELL

6.4 This chapter in a nutshell
The algorithms presented in this thesis achieve good results for function approx-
imation tasks. The ANOVA-boosting algorithms as a preliminary step reduce the
approximation error of already existing algorithms and gives an interpretable
function approximation model.
Due to the randomness of random Fourier feature algorithms, the results can
fluctuate for different draw of random Fourier features. But nevertheless, the
ANOVA-boosting step finds the important ANOVA terms in most cases.
The assumption of low effective dimension is clearly not fulfilled for all con-
ceivable datasets. However, our numerical results show that in most datasets in
applications, it is enough to approximate an underlying function model f by a
function of maximal superposition dimension q = 2 or q = 3. For the prediction
of ground reaction forces, a model of maximal superposition dimension q = 2
provides sufficiently good results.
In general, the sample distribution µ is not a tensor product in applications. That
is why we analyzed the generalized ANOVA decomposition. The classical ANOVA
decomposition can lead to higher Sobol indices SXu,var due to the dependence of
input variables, although the term fu is zero.
The big advantage of the algorithms proposed in this thesis in comparison to
most machine learning algorithms is the interpretability. The interpretation of
the results for special datasets in the applications is the responsibility of the user
or the expert who recorded the data.
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