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1 Introduction

The nonequispaced fast Fourier transform (NFFT) is a well-established tool for the
efficient evaluation of trigonometric polynomials at arbitrary nodes [6, 4, 22, 19, 11, 2].
Traditionally, the NFFT is employed once the Fourier coefficients of a trigonometric
polynomial are already known. In many applications, however, the primary quantity of
interest is not the trigonometric polynomial itself but the continuous Fourier transform

:/f(x)e%max, vER, (1.1)
R

This naturally raises the question whether the NFFT can also be used as a numerical
method for computing values of the Fourier transform.

The present paper provides a positive answer to this question. Building upon ideas
developed by M. Ehler, K. Grochenig, and A. Klotz [7], we interpret trigonometric sam-
pling polynomials as approximations of the Fourier transform and derive explicit uniform
error estimates. These results show that the NFFT can be employed not only for the
evaluation of trigonometric polynomials but also for the efficient computation of values
of the continuous Fourier transform. Consequently, the NFFT becomes more than a fast
evaluation scheme for trigonometric polynomials. Combined with the approximation
results developed in this paper, it yields a practical and theoretically justified method
for the computation of continuous Fourier transforms.

More precisely, we consider the computation of the Fourier transform of f , see (1.1),
under certain decay conditions on f, with f € C (R). We restrict f to the spatial domain
[—L/2, L/2] and f to the frequency domain [—P/2, P/2], where L € 2N and P € 2N are
sufficiently large positive integers. We sample f at the equispaced points j/P, j € [LP],
with spatial step size 1/P, where

[LP):={jez:-LL <j< £}

denotes the centered index set. The P-periodic trigonometric sampling polynomial of f
with degree LP/2 is defined by

spr(v Z f( )efzﬂim’/P, veR, (1.2)
nGLP]

which approximates f(v) on the compact frequency interval [—P/2, P/2]. We deter-
mine approximate values of f (%), k € [LP], by evaluating the trigonometric sampling
polynomial spr,(v) at v = k/L, giving

spo(f) = Z f( >e—2”iﬂf/(LP), ke [LP]. (1.3)
JE[LP]

This standard approach to computing the Fourier transform is well documented in the
literature (see, e.g., [5, pp. 17-23], [19, pp. 507-508], or [7]). Note that the values (1.3)



can be computed efficiently via the fast Fourier transform (FFT), provided L and P
are products of powers of the small primes, see [9]. More generally, the trigonometric
sampling polynomial spr(v) can be evaluated at arbitrary points v with |v] < P/2 by
means of the nonequispaced fast Fourier transform (NFFT). Recall that the NFFT is a
fast approximate algorithm to evaluate a 1-periodic trigonometric polynomial

Z cr ¥R e R, (1.4)
ke[M]

with given coefficients ¢, € C, k € [M], at given nonequispaced points z; € [0, 1],
j=1,...,N, where M € 2N. The fundamental idea of the NFFT is to exploit the
FFT to efficiently switch between the spatial and frequency domains, thereby enabling
a computationally efficient approximation at arbitrary nonuniform points. Throughout
this paper, we assume that L, P € 2N are sufficiently large.

In [7], M. Ehler, K. Grochenig, and A. Klotz established error estimates for this
computation of the values f (%) for k € [LP]. Specifically, they studied how the scaled
Euclidean approximation error

1/2

f(3) = spa(F)

:

Bah=—= | 2

ke[LP]

depends on P and L, given known decay behavior of f € C(R) and f € C(R). These
estimates are formulated in terms of norms of Wiener amalgam spaces [8].

In this paper, we address the analogous question for the scaled maximum approxima-
tion error

1

Mp(f) = NI f) —spL(v)

: (1.5)

again under decay conditions on f and f . In particular, we study the discretized version

1 ik k
Mp(f) = 7 mmax |F(z) - sra()| - (1.6)
Obviously, it holds M}, (f) < Mpr(f). Therefore we are interested in practicable,
explicit upper bounds of Mp (f). We discuss the following questions:

1. Under which decay assumptions on f and f can the Fourier transform f be uni-
formly approximated by the trigonometric sampling polynomial sp ;, with explicitly
controllable error?

2. How can the NFFT be employed to compute values of the continuous Fourier
transform f(v) efficiently and with rigorous ¢+, error bounds?

We introduce the so-called decay rate 6(f, L) of f € W(C(R),¢(Z)) with respect to
step size L € 2N, which is defined by (2.2). If f € C(R) has polynomial or exponen-
tial decay (see Example 2.2), then the corresponding decay rate d(f, L) can be easily



estimated (see Lemma 2.9 and Lemma 2.13). Applying the Poisson summation formula
(2.4), we show in Theorem 2.5 that an upper bound of Mp(f) is a linear combination
of the decay rates 6(f, P) and 6(f,L), if f, f € W(C(R),¢*(Z)) and P, L € 2N are
given.

Theorem 2.5 shows that the Fourier transform f can be approximated uniformly by
the trigonometric sampling polynomial sp ;, with an error controlled by the decay rates of
fand f . Since sp, is a trigonometric polynomial, its values can be computed efficiently
by FFT or NFFT techniques. Consequently, the theorem provides a rigorous foundation
for the computation of continuous Fourier transforms by means of the NFFT.

This paper is organized as follows. In Section 2, we recall the Wiener amalgam space
W(C(R),¢*(Z)), introduce the decay rate 6(f, L), and derive uniform error estimates for
the scaled maximum approximation error Mp(f) under polynomial, exponential, and
mixed decay conditions on f and f . Section 3 demonstrates how the theoretical error
bounds translate into practical parameter choices for FFT- and NFFT-based approxi-
mations of the Fourier transform. In particular, the numerical experiments confirm that
the NFFT yields highly accurate evaluations of f (v) throughout the frequency interval
while preserving the expected computational efficiency.

2 Uniform approximation by trigonometric sampling
polynomials

The Wiener amalgam space W(C(R), £1(Z)) is the Banach space consisting of all func-
tions f : R — C which are locally in C(R) and have globally an ¢*(Z) behavior at infinity
in the sense that the uniform norms of f over the intervals [k, k + 1], k € Z, form a
sequence in £}(Z). The norm of W(C(R), /}(Z)) is given by
I lwecr).e@) = max, |f(z+ k).
keZ

The Wiener amalgam space was introduced by N. Wiener [24, p. 73] and was used as
convenient function space in Fourier analysis, cf. [8], [13, pp. 103—-105], and [7]. The
condition f € W(C(R),¢}(Z)) is strong enough to exclude many pathological functions
which play a role in Fourier analysis but are of little practical interest. The Wiener
amalgam space W (C(R), /(Z)) contains all continuous, compactly supported functions
and is therefore a dense subspace of the Lebesgue space L!'(R). This Wiener amalgam
space has the following property:

Lemma 2.1. (see [13, Lemma 6.1.2]) If f € W(C(R),¢}(Z)) and R > 0 are given, then

1
sup 17+ )] < (5-+1) Wlwicma-

zeR LeZ
From Lemma 2.1 with R = %, L € 2N, it follows immediately that
1
Y AP < <R + 1) 1fllwcm).e@) < oo (2.1)
kezZ



such that (f(%)) € (1(Z) for each L € 2N.

keZ

For each f € W(C(R),¢*(Z)) we introduce the decay rate of f with respect to the step
size L € 2N by

0(f,L):= max_ Y |f(x+kL)|. (2.2)

sLI2 oy
From Lemma 2.1 it follows immediately that §(f, L) < oo for arbitrary L € 2N.
Example 2.2. A function f belongs to the Wiener amalgam space W (C(R),(X(Z)) if
and only if f € C(R) can be majorized by the step function s with jumps at integers,

given by s(x) = my for x € [k, k+ 1), k € Z, with my = max,cp p41) |f(7)] and
Zkez my < 0o. Hence it holds

W(C[R), (7)) c C(R)NL'(R).

In particular, each compactly supported function f € C(R) belongs to W (C(R), ((Z)).
If f € C(R) has polynomial decay, i.e.,

sup | f(z)| (1 +|2)* < e < o0, a>1,
zeR

or exponential decay, i.e.,

sup |f(z)] " <d < o0, r,a>0,
z€eR

then f belongs to W(C(R),¢*(Z)). For corresponding proofs see Lemma 2.9 and Lemma
2.15.

2.1 Poisson summation formula

The key tool for estimating the uniform approximation error is the Poisson summation
formula. It allows us to express the error between f and the trigonometric sampling
polynomial sp, in terms of the tails of f and f , which can then be controlled by decay
conditions on these functions.

Lemma 2.3. (see [12)) Let P € 2N be fizred. For each f € W(C(R),(*(Z)) with f
W (C(R),£*(Z)), the Poisson summation formulae

Zz fla+kP) = ]{,ZZ F(5) miner, (2.3)
k%f(v +kP) = ;;ejzf(;) e=2minv/P (2.4)

hold for all x, v € R. All series converge absolutely and uniformly on R.



Proof. From Lemma 2.1 it follows that

fr(x) ::Zf(aj+k‘P), reR,

kEZ

is a continuous, P-periodic function. By the assumption f € W (C(R),¢1(Z)), it follows

from (2.1) that )
S| (5)] <

kEZ

so that the P-periodic Fourier series % Y onez f (%) e2mnz/P converges absolutely and
uniformly on R. Both functions coincide, since fp has the P-periodic Fourier coefficients

1 [P o 1 , 1 ./n
—2rina/P _ —2rinx/P _ 7
P/o fe(x)e dz P/Rf(:v)e dz Pf(P)’ nez.
This completes the proof of (2.3). Replacing f by f yields (24). 1

Remark 2.4. By an example, Y. Katznelson [14] has shouﬂ} that the Poisson summation
formula (2.3) does not hold for all f € C(R)N LY (R) with f € C(R) N LY (R), illustrating
the essential difference between the spaces W(C(R),£*(Z)) and C(R) N L(R).

2.2 The trigonometric sampling polynomial and its fast evaluation

The trigonometric sampling polynomial provides a natural approximation of the Fourier
transform f on a compact frequency interval, and can be evaluated efficiently at arbitrary
points using the NFFT. Now we make this precise.

For f € W(C(R),(*(Z)) with f € W(C(R),¢*(Z)) and sufficiently large L, P € 2N,
we define the P-periodic trigonometric sampling polynomial of f with sampling support
[—L/2,L/2] and degree LP/2 by sp, see (1.2). Under suitable decay conditions on f
and f , the polynomial sp, provides a good uniform approximation of f on the compact
interval [—P/2, P/2], see Theorem 2.5 and the following results.

The values spr(k/L), k € [LP], on the uniform frequency grid can be computed via
the FFT in O(LP log LP) operations, provided L and P are products of powers of small
primes (see [9]). More generally, the trigonometric sampling polynomial sp; can be
evaluated at K arbitrary points vy, ...,vx € [—P/2, P/2] by means of the nonequispaced
fast Fourier transform (NFFT) in only O(LPlog LP + K) operations (see [19]). Hence,
for each v with |v| < P/2, the value sp ,(v) is a computationally efficient approximation

of f(v).
2.3 The uniform approximation error

Let L, P € 2N be given. By convenient decay conditions on f and f , we can show that
spr, is a good uniform approximation of f on the compact interval [—g, g} To this



end, we use the scaled uniform approximation error (1.5). If we form the maximum only
on the grid {% : ke [LP] }, then we obtain the discretized version of the scaled uniform
approximation error (1.6). We derive explicit estimates for Mp (f) and M} (f) under

various decay conditions on f and f . The key decomposition is provided by Theorem 2.5
below, which splits the error into two contributions: one governed by the decay of f and
one by the decay of f. Explicit bounds for each contribution are then given in Lemma 2.9
and Lemma 2.13, covering the cases of polynomial and exponential decay respectively.

Theorem 2.5. Let L, P € 2N be fized. Let f € W(C(R), (X(Z)) with f € W(C(R), (*(Z))
be given.

Then f can be uniformly approzimated on [—P/2,P/2] by the trigonometric sampling
polynomial sp,, and it holds the estimate

Mo (f) < Mps(f) < & 5(f,P)+ VL&(f,L), (2.5)

where 5(f, P) and §(f, L) denote the corresponding decay rates (2.2).

Proof. Splitting both series in the second Poisson summation formula (2.4) into the
principal terms and the remainders, we obtain for all v € R

f) +01(v) = spL(v) + 02(v),
with

o1(v) = Z f(v+kP),

kez\{0}

_ 1 TN\ —orxinv/P

oa(v) = Iz Z f<P>e .

n€Z\[LP]
Hence this provides that
1

MF <M <—max + — max |oa(v)].
Rl < Mpa() < o mae [o1(0)] + = mae [o2(0)

Applying the triangle inequality and (2.2), we obtain

< f P)| =6(f,P).
max |o1(v)] < max, > Ifw+kP)=6(f,P)
keZ\{0}

In the expression o9, the summation indices n € Z \ [LP] can be written in the form
n=m+ kLP with m € [LP] and k € Z \ {0}, such that

Z Z f (— + kL) —2mimo/P —2mikLv

m€ [LP] keZ\{0}



Using triangle inequality and (2.2), this yields

(
LP m
< B2 S (= kL) | < Lo(f.L).
s, 12l < 5 mrgﬁ’%]kez\{o}‘f<13+k )| <Lo(D)

This completes the proof. l

Remark 2.6. For given f, f € W(C(R), 0 (Z)), we can analogously estimate the mazi-
mum approxrimation error

1 £ mine
Lo bz e

n€[LP]

by applying the first Poisson summation formula (2.3). The error (2.6) has the upper
bound

1 .

——6§(f,P)+VL4(f, L),

= 0(.P) + VE4(f.L)

which can be further estimated under concrete decay conditions on f andf by Lemma 2.9
and Lemma 2.13. For the discretized version of (2.6) we obtain

L £y_1 P g2mine/Lp)| < L ;
a7 (1) -5 2 F(B)e < = 3(£.P)+ VIS L),

n€[LP]

Remark 2.7. The reconstruction in Remark 2.6 presupposes the exact Fourier samples
f(n/P), n € [LP]. In practice, however, only the computed trigonometric sampling poly-
nomial spr,, see (1.2), is available. We therefore sample sp 1, on the finer equispaced grid
{j/M D j € [MP]} of the frequency interval [—P/2, P/2), where M € 2N with M > 2L
denotes a frequency oversampling factor, and form the fully computable approximation

fM,P,L(x) = % Z spr, (]{4) e?7rijﬂc/M7 r€[-L/2, L/2). (2.7)

JEMP]

This is the M -point rectangle-rule discretization of the truncated inverse Fourier integral
1/332 spr(v) €™V dv; on the grid x = (/P, £ € [LP], it can be evaluated by a single
mverse FFT of length M P.
Introducing the truncated cardinal series

P/2 ,
gp.r(x) = / sp.r(v) 2™V dy = Z f( > sinc(Pz — n) , sinc(t) := s1n(;rt) ,
—P/2 ne[LP] i
(2.8)



the approximation error splits into three contributions,

P/2

f(U) e27rifu1’ dv+/ (f- o SP,L) (U) e27riva: dv

—P/2

f(x) = fupr(z) = /

lv|>P/2

band truncation sampling polynomial
+ (9p(x) = fupr(@)) -

frequency discretization

The first term is bounded by the L'-tail n(f,P) := f\u\>P/2‘f(”)|dU’ the second by

P max,<p/2 |f(v) — spr(v)] = PVLMpy(f), see (1.5). For the third term, a direct
evaluation of the geometric sum in (2.7) gives the closed form

sin(mPay,)
f - = f n P 17Tan/M S e LA
M,PL(T) nezL:P} /P) sin(ma, /M)

with oy, :=x —n/P, hence

1 eiﬂan/M
Tan M sin(ray, /M)

gpL(x) — fapL( Z f( )sm mPay,)

nE[LP]

Since | sin(mPay,)| < 1 and, by the elementary inequality 1 — Bcot 8 < 52 for |B] < 7/2,
the bracket is bounded in modulus by M ~1\/1 + 72 /4 whenever |ay,| < M/2 (which holds
for |x| < L/2 as M > 2L), we obtain with Lemma 2.1 (for R =1/P and |x| < L/2)

1+7r2 Z ‘f( )‘ +1) 1+7r2/4”f”W(C(R)€

MP

lgp,L(x)— far,pn(x)] < Y2)) -

Combining the three bounds with Theorem 2.5 and (P + 1)/P < 2 yields the uniform
error estimate

2,/1+ n2/4
—ar Mllwer.om)-
(2.9)
The three terms reflect, respectively, the truncation of the inverse transform to the band
[—P/2, P/2], the approzimation of f by spr on that band, and the rectangle-rule dis-
cretization in the frequency variable. X
If f has polynomial decay sup, |f(v)|(1+ |v))® < ¢ < oo with b > 1, then n(f,P) <
25 (14 P/2)'7°, and with Lemma 2.9 the estimate (2.9) becomes

2 P 1-b
s |f(@) = fupn@)] < 57 <1+2) +2¢(2" = 1)¢(b) P~ + PLO(f, 1)

21+ n2/4

+ = Mlwer.a@)- (2.10)



For compactly supported f, where §(f,L) = 0 for sufficiently large L, the spatial error
therefore decays as O(PY~)+O(M™'), and balancing the two contributions suggests the
choice M > PY~'. We remark that the leading M ~'-coefficient is in fact governed by
lsp.r(P/2)| ~ |F(P/2)|, which is already small at the band edge, so that in practice the
frequency discretization is markedly less critical than the truncation with respect to P.

Remark 2.8. Roughly speaking, smoothness of f implies polynomial decay of f, and
smoothness off implies polynomial decay of f. If each derivative fO, ¢ = 0,...,b,
belongs to L'(R), then the Fourier transform of f© equals (2mvi) f(v) and 1s bounded
on R, so that

sup | f(0)] (1 + |v])? < ¢ < 0.
veER

Conversely, if each derivative f(e), ¢ =0,...,b, belongs to L*(R), then the inverse
Fourier transform of f© equals (—2rix)* f(x) and is bounded on R, so that

sup | f(z)] (1 + [2])" < ¢ < 0.
zeR

Now we estimate the decay rate (2.2) of a function f € C(R) with polynomial decay.

Lemma 2.9. Let L € 2N be given. Assume that f € C(R) has polynomial decay

sup [f(x)|(1+|2))* <ec< oo, a>1.
z€R

Then the decay rate of f with respect step size L can be estimated by
5(f,L) < 20(2" — 1)¢(a) L, (2.11)

where ((a) denotes the Riemann zeta function
¢(a) ::i(n+1)_“<1+i, a>1.
o a—1
Further f belongs to W (C(R),(*(Z)) with the norm
I fllwcmy,ez)) < 2¢C(a) < oo.
Proof. By the polynomial decay of f, for all k € Z\ {0} and |z| < L/2 it holds that
|fl@+kL)| <c(l+|z+kL) " <c(1+(Jkl—5)L)".

Hence it follows that

5(f,L) = max > |f(z+kL)|

lz|<L/2 keZ\ {0}

10



< 9> (1t (k- D) =20l }: RIS
k=1
< ZCL_ai(n—}— %)_a = 2cC(a, %) L=,
n=0
where {( %) Yo O(n + ) ~% denotes the Hurwitz zeta function. By C(a, %) =
203> ,(2n 4 1)~ we obtain
C(a) = i on+ 1)~ +Z on +2)” i(2n+1)*“+2*ai(n+1)*“
n=0 n=0 n=0

= 27 aC( 75)4‘2 a(( )

such that ((a, 3) = (2% — 1) ((a), which gives (2.11). For a € 2N, explicit values of ((a)
are known, namely ((a) = |B"| (2m)® with the Bernoulli number B, (see [1, pp. 266—
267]). The integral test for convergence of series provides that for a > 1,

C(a):Z(n+1)_“<l+/Ooo(x+1) “dx—l—i—%l

n=0

Obviously, we have f € W(C(R),£!(Z)), since it holds by assumption that

Iflwemezy <cd 1+n)"+ed (14 (n—1))""=2¢((a) < 0.
n=0 n=1

This completes the proof. l
Using the corresponding decay rates of f and f which have both polynomial decays,

we can estimate the scaled uniform maximum error Mp,(f):

Theorem 2.10. Let L, P € 2N be given. If both functions f, f € C(R) have polynomial
decays

IN

sup | f(z) (1 + [=)* c<oo, a>1,
zeR

sup [f(0)| (1 + o))’ < d<oo, b>1,
veER
then it holds the error estimate
M} (f) < Mpr(f) <2d(2° = 1) (b)) L™/2 P70 4 2¢(2* — 1) {(a) L7°T/2 . (2.12)

Proof. Using Theorem 2.5, it follows that

Mp o (f) < Mpr(f) < —=6(f,P) + VL(f.L).

NH

11



Then Lemma 2.9 provides that

5(f,P)
S(f.L)

This completes the proof. l

2d (2> — 1) ¢(b) P70,
2¢(2* = 1)¢(a) L.

IN A

Remark 2.11. We compare Theorem 2.10 with the corresponding result of [7, Theo-
rem 2.1]. From [7, Theorem 2.1] it follows that

Mp(f) < Epp(f) <C(L™" + PP

with arbitrary o« € (0, a— %), B e (O, b— %), and some constant C > 0. Our estimate
(2.12) is explicit and more practicable, since all constants are described directly by the
assumptions of Theorem 2.10. Moreover, using Theorem 2.10, the scaled Euclidean
approrimation error can be bounded by

Epp(f) < VIP Mp(f) <2d (20 = 1) ¢(b) L™Y/2 P72 4 2¢(2" — 1) ¢(a) L' PY/2.

As known, a nontrivial function cannot be bandlimited and space-limited (see [19,
pp. 103-104]). If f is space-limited or bandlimited, then we obtain simpler error esti-
mates:

Corollary 2.12. Let L, P € 2N be given. If f, f € C(R) satisfy

sup |f(x)[ (1 + [z[)* < ec<oo, a>1,
zeR

Suppf g [_%7 %]7 O<M§P7
then it holds the error estimate

Mp(f) < Mpy(f) < 2¢(2° — 1) ((a) V270

Iff, fe C(R) satisfy

supp f

C
sup [f(v)](1+v])) < d<oo, b>1,
veER

then it holds the error estimate
M} (f) < Mpr(f) < 2d(2° —1)¢(b) L™V2 P70,

Proof. This result follows immediately from Theorem 2.10. If supp f C [—%, %] and
M < P, then f(v+kP) =0 for all k € Z\ {0} and |v| < P/2, so that §(f, P) =
supp f C [—%, %] and M < L, then all samples f(%) vanish for n € Z \ [LP], so
5(f,L)=0.m

Now we estimate the decay rate (2.2) of a function with exponential decay.

12



Lemma 2.13. Let L € 2N be given. Let f € C(R) be a function with exponential decay

sup |f(z)] " <c< oo, ra>0.
zeR

Assume that in the case 0 < a < 1 it holds v (L/2)* > % —1.
Then the decay rate of f with respect to step size L can be estimated by

5(f, L) < 20’7(7“,0171,) e—r(L/Q)a (2‘13)
with )
1+ L(ar(Lr/Q)a_1+a) O<a<l,
'Y(T,Oé7L);: 1+i ()[:].7
1+ 2(T(L/2)a+4b£)1/a_rl/aL ool

For a > 1, it holds b :=T'(1 + 1)a/(1_a). Further f belongs to W(C(R), (}(Z)) and has
the norm
I flwicm.e@) <26+ %7 T(3) < oo.

Proof. By the exponential decay of f, for all k € Z \ {0} and |z| < L/2 it holds that
‘f(:l,‘ + kL)‘ < ce TIEHELY < oo (L/2)7 (2KI-1)T
Hence it follows that

0(f,L) = max Z |f($+kjL)’ < QCZe—r(L/Q)a (2k—1)>
=L oy ot

= 2c) e (B D)
n=0

Setting u := r (L/2)“ for shortness, the integral test for convergence of series yields

o) oo 1
2 < ; 2%, a’ )

where
1 (o ¢]
I‘(—,u) ::/ /a1l o=t gt
« u
denotes the upper incomplete gamma function. A simple check shows that

1 _
U UaF(é,t“ u)

—ut®

is a primitive of e and therefore

«

& o 1
/ e ut dt:—ufl/af‘(é,u).
1

13



By [18, Theorem 1.1 and Proposition 2.7], an upper bound of the upper incomplete
gamma function F(é, u) is given by

ul/ —u

me D<a< 1,
Py < (e ast.
YO Y

This implies the estimate (2.13). Obviously, we have f € W (C(R), ¢(Z)), since it holds
by assumption and [10, Formula 3.478] that

I fllwemy,en@)y < c Z e " e Z e T (DY = 9c Z e "
n=0 n=1 n=0

o0
< 2c+2c/ e*”adt:2c+%rfl/al“( )<oo.
0

1
a
This completes the proof. l

Using the decay rates of f and f which have both exponential decays, we can estimate
the scaled uniform maximum error Mp 1 (f):

Theorem 2.14. Let L, P € 2N be given. Let f, f € C(R) be functions with exponential
decay

sup |f(z)] e < c<oo0, ra>0,
zeR
sup\f(v)|es‘”‘ﬂ < d<oo, s, 08>0.
veR

Assume that v (L/2)* > L —1 in the case 0 < a < 1 and that s (P/2)? > % — 1 in the
case 0 < B < 1.
Then it holds the error estimate

Mpr(f) <2d~(s, B, P) LV2=s(P/2)P 2¢y(r,a, L) LY2 e r (/2% (2.14)
where the constants (s, B, P) and v(r,«, L) are defined in Lemma 2.13.

Proof. Using Theorem 2.5, it follows that

1

ﬁé(f,P)Jr\/Zé(f,L).

Mp(f) <
Then Lemma 2.13 provides that

2d7(s, B, P)e* 72",
2¢y(r,a, L) e (/127

5(f,P)
3(f,L)

This completes the proof. l

IN A
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Remark 2.15. We compare Theorem 2.14 with the corresponding result in [7, Theorem
2.8]. Then from [T, Theorem 2.3] it follows immediately that

My (f) < Epp(f) < C (e ED 4o (P/2)7)

with arbitrary ' € (0, r), ' € (0, s), and certain constant C > 0. Note that in [7,
Theorem 2.3] it is considered only the case 0 < o, B < 1. Thus we see that our estimate
(2.14) is more general, explicit, and more practicable, since all constants in (2.14) are
known from the decay conditions of Theorem 2.14.

Using the decay rates of f and f which have mixed decays, we can estimate the scaled
uniform maximum error Mp ,(f):
Theorem 2.16. Let L, P € 2N be given. Let f, f € C(R) be functions with mized decay

sup [f(z)] (14 |z))* < c¢<oo, a>1,
rER

sup\f(v)\e‘g'”‘ﬁ < d<oo, s, [>0.
vER

Assume that s (P/2)° > % — 1 in the case 0 < B < 1. Then it holds the error estimate
Mpr(f) < 2d~y(s, B, P) L7227 4 9¢ (2% — 1) ((a) L™H1/2.
Alternatively, let f, f € C(R) be functions with mized decay

sup | f(z)]e"1" < c<oo, ra>0,
zeR
sup [f(v)| (1 +v])’ < d<oo, b>1.
vER

Assume that v (L/2)* > é — 1 in the case 0 < o < 1. Then it holds the error estimate
Mpr(f) <2d(2° —1)¢(b) L™Y2 P70 4 2¢(r, o, L) LY? 77 (1727 (2.15)
Proof. In both cases, Theorem 2.5 yields

Mpa(f) € 7= 6(F.P)+ VES(L.L).

Then the assertion follows immediately from Lemma 2.9 and Lemma 2.13. B

In practice, L, P € 2N are sufficiently large, so that the exponential error terms
in the estimates of Theorem 2.16 are negligible. Thus Mp(f) is dominated by the
corresponding polynomial error term.

Remark 2.17. We compare the second case of Theorem 2.16 with the corresponding
result in [7, Theorem 2.4]. Then from [7, Theorem 2.4 and (4.21)] it follows immediately
that

Mp(f) < Ep(f) < C (e 4 p7)

with arbitrary ' € (0, 1), B € (0,b— 1), and certain constant C > 0. Note that in [7,
Theorem 2.4] it is considered only the case 0 < a < 1. Thus we see that our estimate
(2.15) is more general, explicit, and more practicable, since all constants in (2.15) are
known from the decay conditions of Theorem 2.16.
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3 Numerical examples

In the previous section, we derived explicit error estimates for the uniform approximation
error Mp r(f) under polynomial, exponential, and mixed decay conditions on f and f :
We now illustrate these theoretical bounds by means of concrete examples. For each
example, we specify the relevant decay parameters and state the resulting error estimate

from Section 2 explicitly before comparing it numerically with the true approximation
error Mp r(f).

Example 3.1. Let My be the centered linear B-spline given by

_ 1=z ze[-1,1],
Ma(x) ‘—{ 0 reR\[-1,1].

Then f = My has the Fourier transform

1
flv) = / (1 — |x|) cos(2mvz)dx = (sinc(wv))z, velR.
—1

Since supp f = [—1, 1], the function f € C(R) is space-limited with M =2, and fe
C(R) has polynomial decay with b = 2. If we estimate the even function f(v) (1 + |v])?
separately on the intervals [0, %] and [%, 0), we see that d = % is a possible choice. By
Corollary 2.12, for any L > 2 it holds

2

Mpr(f) <2d(2* = 1)¢2) L/ P7? = i dpP—2.

Hence the error decays like P72 as P — oo, which is confirmed by the numerical results
in Figure 3.1a (left). More generally, for the B-spline Ma, of even order 2m, the Fourier

transform Moy, has polynomial decay with b = 2m, and Corollary 2.12 yields the estimate
Mpr(f) <2d (2% —1)¢(2m) L~Y2 p~2m,

This P~>™ decay 1is illustrated in Figure 3.1b (right, m = 2) and Figure 3.2a (m = 3).
Alternatively, consider the bandlimited function

M M ?
g(x) = (sinc<27rsc>> , Tz€eR,

whose Fourier transform is g(v) = Mg(% v) with suppg C |
polynomial decay with a =2, Corollary 2.12 gives, for P > M,

—%, %] Since g has

M (g) < 20(2% — 1) ¢(2) LV22 = Jz Lt

Hence the error decays like L=3/% as L — oc.
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A - - - estimate ) A - - - estimate
10~ —o— Mp,L(f) 070 s —— Mp.L(f) |
S S 1 -5 | |
2 107 | 1 2
A a"
= =
1075 | | 1079 |- m
1077 | | | | | ] 10713 L | | | | [
2! 23 2° 27 29 2! 28 2° 27 29
P P
(a) B-Spline Ms, order 2 (L = 2) (b) B-Spline My, order 4 (L = 4)

Figure 3.1: Estimate (2.12) (Corollary 2.12) and simulated error Mp 1,(f) for Example 3.1: the
B-spline My of order 2 with L = 2 (left, decay P~2) and My of order 4 with L = 4
(right, decay P~%).

Example 3.2. The Gaussian function

has exponential decay with v = m and a = 2, and its Fourier transform f(v) —mv?

=e
has the same exponential decay with s = © and = 2. Provided w(L/2)?> > 1 and
7 (P/2)? > 1, Theorem 2.14 yields

1 1 1
Mp(f) < N7 (2 <1 + 8) e (P2 4o <1 + 8> Le™™ <L/2>2> (3.1)

9 —mP?/4 —nL?/4
=—— e + Le . 3.2
4L ( ) (3:2)

For fixed L = P we obtain

9(L + 1) e*TI'LQ/4
4L '

In Figure 3.2b we plot the error Mp p as well as the analytical estimate for P =1,...8.

My (f) <

Example 3.3. Let
f(z) :=e 27le=0l gz eR,

with shift parameter § € R. Its Fourier transform is

. e—27ri6v
S R.
fO) =iy vE

17
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2t 22 23 9t 25 9f 1 2 3 4 5 6
P L=P
(a) B-Spline Mg, order 6 (L = 6) (b) Gaussian 6_7“”2 (L = P)

Figure 3.2: Estimate and simulated error Mp 1 (f): the B-spline Mg of order 6 with L = 6 for
Example 3.1 (left, estimate (2.12), decay P~%) and the Gaussian e " with L = P

bt ostimate 9D o w4
for Example 3.2 (right, estimate = T e ).

Hence f has exponential decay with r = 2w and a = 1, and f has polynomial decay with
b =2 and constant d = 1/m. This is the mized-decay case of Theorem 2.16. Provided
27 (L/2) > 1, i.e., L > 1/, we obtain

1 2 1 1 27
M <——=(Z2@-1)¢@P 2 (142 )Le WD) = (5 4 3L ™).
ralh < o= (2@ -ne@ren (145) Lo (5oL
For sufficiently large L, the exponential term is negligible, and the error is dominated

by the polynomial term \/%7;32. A good parameter choice is L = 8 and P = 2, t > 6;
for these values the exponential contribution is below machine precision and the estimate

reduces to Mpr(f) ~ \/%7},2, confirming the observed P~2 decay in Figure 3.3a.

Example 3.4. For fixed parameter § € N we consider the function

=22 pel-1,1],
f(x)‘_{o reR\[—1,1].

Using [17, p. 8], we determine the corresponding Fourier transform

1 1
flv) = / (1 —2?)f~ 127 2mvr g — 9 / (1 —22)P~ Y2 cos(2m va) d
-1 0

T(28)! [ (7v) P Js(2mv) v e R\ {0},
W b —0 (3.3)
ﬁ_ il v=2~0.
and obtain the estimate [20, Section 5.3]
; 3(2p)! —B-1/2
|f(v)] < 23/2 4B Bl pb—-1/2 il /2. (3.4)

For B = 2 we observe by Corollary 2.12 with M = 1 and b = 2 the decay P~%°, see
Figure 3.30.
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o[ T ]
10 s - - - estimate ~ - - - estimate
—— Mp,L(f) 1o-1 . —— Mpr(f) |
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9 9 -3 4
a A 10
S w0 1=
107° | 1
107% | 8
! ! ! ! ! 1077 b ! ! ! =
2! 23 2° 27 29 2! 23 2% 27
P P

(a) mixed decay: f(z) =e 271l (L =8) (b) algebraic decay: f(x) = (1 — x2)3/2 for

xe€[-1,1] (L =2)

Figure 3.3: Estimate and simulated error Mp 1 (f) for Example 3.3 with L = 8 (left, decay P~2)
and Example 3.4 with L = 2 (right, decay P~2?).
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