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The fast Fourier transform (FFT) and its real counterparts, the fast algorithms
of the discrete cosine transform (DCT) and the discrete sine transform (DST), are
frequently employed for the numerical evaluation of the Fourier cosine and Fourier
sine transform, thereby acting as parametric quadrature rules based on finitely
many samples of a given continuous function. But how accurate are the obtained
results? In this paper we study the error occurring if the DCT of type I (DCT-
I) and the DST of type I (DST-I) are applied to compute [;° f(z) cos(2rav) da
and [ f(z)sin(2rzv)dz for f € L'(Ry) N C(Ry) and v € Ry, as well as the
error occurring if the Chebyshev coefficients 2 [ h(cos6) cos(nf) df, n € Ny, of a
function h € C(I) on I := [—1, 1] are computed by the DCT-I.

We present practicable, explicit error estimates under polynomial, exponential,
and mixed decay conditions. For the Fourier cosine and sine transform, rational
functions lead to a geometric decay in the frequency parameter P combined with
an algebraic plateau of order L=3/2 in the sampling parameter L, while for mero-
morphic functions such as sech(r -) the critical geometric rate is attained in both
parameters. For Chebyshev approximation of a rational function with simple poles
in C\ I, the quadrature error has the critical geometric rate p; P with an explicit
constant, where pg > 1 is the parameter of the largest Bernstein ellipse of analyt-
icity. Several numerical examples illustrate the theory.
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1 Introduction

The FFT and its real counterparts are the most important transforms in modern engineering
and science. They are frequently used to compute the Fourier transform and related integral
transforms and therefore act as quadrature rules, using a finite number of function samples.

In this paper, we study the occurring errors when discrete trigonometric transforms are
employed to compute three closely related integral transforms: the Fourier cosine transform
and the Fourier sine transform of a complex-valued function f € L'(R;) N C(R4) defined on
the half-line Ry = [0,00) (see [22]), and the Chebyshev coefficients of a Chebyshev expansion

of a sufficiently smooth function h € C(I) on I :=[—1,1]. Let
oo
Foos(v = [ f(z)cos(2m zv) dx, fsin(v f f(z)sin(2rzv)dz, veR,, (1.1)
0 0

and let their discrete numerical approximations be given by

LP/2 LP/2

0
cra(v)i=p + X S(B)eos(F), spa()i= 3 f(F)sin(E), veRy,  (12)
n= n=
which can be efficiently evaluated simultaneously at the £ 4 1 equidistant points L, j =

0,..., % using fast algorithms of discrete cosine transform of type I (DCT-I) and of discrete
sine transform of type I (DST-I), respectively. The trigonometric polynomials cpy, and spr,
are called sampling polynomials of f which depend on the samples f(3), n = 0,..., %, on
the equidistant grid of [0, %}, where L, P € 2N are sufficiently large. Thus, these sampling
polynomials act as parametric quadrature rules that simultaneously approximate the integrals
in (1.1) for all v in a certain range of Ry at the same time!

But, how well can the integral transforms fcos and fsin be approximated by their sampling

polynomials? How large are the errors

EFi(f):= Jp max |feos(v)—cpr(v)l, EPL(f)= ¢ max [fan(v)=spr(v)l,  (1.3)

vel0, 5 veE0,5 2l

and how does the error decay depend on the properties of f and the choice of L and P?
Furthermore we study a related problem, namely how well the Chebyshev coefficients

1 T
aplh]:==2 [ 11_962 h(z) T, (z) dz = 2 [ h(cos0) cos(nf) dd, n € Ny, (1.4)
-1 0
of a function h € C(I), I := [—1,1], can be approximated by the DCT-I. Here T,, denotes the

n-th Chebyshev polynomial. Denoting by aglp) [h] the discrete Chebyshev coefficients computed

from the P+ 1 samples h( cos ”—Pj) by a DCT-I(P +1), and by tp, the corresponding truncated
Chebyshev series of degree L < P, we study the quadrature error Egh(h) and the reconstruction
erTor R%hL(h) =||h 1); all these quantities are defined in Section 3.

Our investigations are of great practical interest, since the considered transforms are regularly
approximated using fast trigonometric transforms in practice.

Related literature. General parametric quadrature rules have rarely been investigated (see,
e.g. [11]). This paper is inspired by [5], which studies how accurately the Fourier transform is
approximated by the centered DFT at discrete points, and by [29], where we investigated the
maximum-norm error between the Fourier transform and a complex trigonometric sampling
polynomial evaluated by FFT. For earlier error estimates on computing Fourier transforms or



Fourier coefficients via the DFT we refer to [2, 3, 9], and for modifications of the Shannon
sampling theorem to [18, 19]. The only other study using Fourier cosine and sine transforms
that we are aware of is [4], which however uses different quadrature rules not linked to fast
trigonometric transforms and provides error estimates only for analytic functions via contour
integrals. Our parametric quadrature formulas can also be interpreted as trapezoidal rules
for highly oscillatory integrals; the rich literature on such integrals typically considers non-
parametric integrals over finite intervals without connections to fast trigonometric transforms,
see e.g. [15, 16, 17].

Regarding the computation of Chebyshev coefficients, early foundational work by D. Elliott
[6, 7, 8] investigated error bounds of truncated Chebyshev series via contour integrals, an
approach taken up in [35]. The decay of the Chebyshev coefficients is related to the smoothness
of h in [21], and [20, 27] study projections onto trigonometric polynomials resp. alternative
quadrature rules. All of these works rely on different approximation polynomials and distinct
error-estimation frameworks than the ones presented here.

Organization of this paper. In Section 2 we study the parametric quadrature of the Fourier
cosine and sine transform in (1.1) using the polynomials (1.2). Subsection 2.1 provides the
two main tools, suitable modifications of the Poisson summation formula and the decay rate
of f outside |0, %] In Subsection 2.2 we provide the main theorem, bounding the quadrature
error by the decay rates of f and of fcos resp. fsin. Our approach can also be employed in
Subsection 2.3 to derive a reconstruction of f from the given samples. In Subsection 2.4 we
show for rational and meromorphic functions how L and P influence the new estimates. In
Section 3 we derive an aliasing formula and a Chebyshev decay rate for Chebyshev coefficients of
a smooth function on [—1, 1], which lead to corresponding new quadrature and reconstruction
error estimates. These estimates are shown to be sharp for rational functions. Section 4
provides numerical examples.

2 Parametric quadrature of the Fourier cosine and sine transform

We want to answer the question, how well the parametric integrals in (1.1) can be approximated
by a parametric quadrature formula based on DCT or DST and involving only the equidistant
function values f(%), n =0,..., %, for sufficiently large L, P € 2N.
2.1 Modified Poisson summation formula and decay rates

In this subsection we will provide the two essential ingredients needed to derive the wanted

error estimates for the parametric numerical integration based on trigonometric polynomials,

which can be accurately evaluated by the fast algorithms of DCT-I and DST-I, respectively.
The natural function space for our analysis is the Wiener amalgam space on Ry given by

)

Wa = {f € ORy): S max | f(a+ )| < oo} with [|[fw, == > max [f(x+j). (21)
j=02€[0,1] j=0€[0, 1]

Thus W, is the Banach space of all f: Ry — C which are locally in C(Ry) and have globally
an ¢!(Np) behavior at infinity. Wiener amalgam spaces on R were introduced by N. Wiener
[36, p. 73] and are convenient function spaces in Fourier analysis, cf. [10], [14, pp. 103-105],
[5]. Membership in W, excludes many pathological functions of little practical interest. We
conclude from (2.1) for L € 2N and f € W, that

sup > |f(z + LE)| < [[fllw, < oo, (22)
z€R4 k=0



oo
as well as ) ’f(%)! < L flw, < oo, since L > 2 and there are at most L function values
k=0

f(%) in one interval [j,j + 1) for j € Ny, such that (f(%))keNo € (1(Np) for each L € 2N.
Obviously we have
Wi € OR:) N IAR,),

and each compactly supported f € C(R;) belongs to W,.
The common analytical tool for our error estimates in Subsection 2.2 will be the Poisson
summation formula, which we adapt to the Fourier cosine and Fourier sine transform.

Lemma 2.1. Let L, P € 2N. For f,g € W+ with feoss sin € W4 and g(0) = 0 we have for
T € [O, %]

F@)+ 5 [flehL) + FBL = 2)) = £ fon(0) + 3 fun(}) cos 22, (23
@) + 3= [ole + KL) —g(hL =) = £ 3 dun(§) sin 2, (24)

and for v € [0, g}

Frosl) + kfl [Feo(v + KP) + foon(kP = 0)] = g £0) + 3 32 F(3) cos 22, (25)
Gsin (V) + é [Gsin(v + kP) — gsin(kP —v)] = & i g(%) sin 2222 (2.6)

and all series converge absolutely and uniformly.

Proof. Let h be defined on R by h(z) := 4(f(z) + g(z)) and h(—z) := i(f(z) — g(z)) for
x € Ry, so that f is the even and g the odd part of h on R;. We observe that

h(v) = [ h(z) e 2™ dz = foos(v) = 1Gsin(v),  A(—0) = foos(v) +1gsin(v), v € Ry

In particular, h satisfies 3. max |h(z + j)| < oo as well as > max |h(v + j)| < oo, and the
jez ®€[0,1] jezvelo, 1]
formulas of Lemma 2.1 follow from the Poisson summation formulas

S h(z+ kL) = % > ]fL(%) e2rinz/L D iL(’U—{—]{ZP) _ % D h(%) e—2minv/P
keZ nez keZ nez

for x,v € R, which can be found e.g. in [13, pp. 15-16] or [26, Theorem 2.28]. [ |

We introduce the (one-sided) decay rate of f € W, with respect to the step size L € 2N by

G1(f,0) = max 35 |f(@+ kL) (2.7)

to measure the decay of f outside the interval [0, £). By (2.2) we have 6. (f, L) < || f|lw, < o
for all L € 2N. The two decay classes being most relevant for us are covered by the following
two lemmas.



Lemma 2.2. Let L € 2N be given. Assume that f € C(R4) has polynomial decay

sup |[f(x)|(1+2)*<c<o0, a>1.
JJER+

Then f € W4 and
5o(f,L) < (2~ 1)C(a) L, (28)

where ¢ denotes the Riemann zeta function
oo
¢(a) := 2(n+1)—ag1+ﬁ, a>1.

. T L
Proof. The assumption on the decay of f implies for all k¥ € N and |z| < F

—a

Ifle+kD)| <c(l+z+kD) “<c(l+ (k- 1L)°,

and hence
or(f,L) < ¢ f (I+(k—-4HL) *=cL™ f (k—3+7)"
k=1 k=1
< cL™® i (n+3) “=c¢(a,3) L
n=0

o0

with the Hurwitz zeta function ((a,3) :== Y. (n+3) " = (2¢ — 1) ((a), see e.g. [23, Formula
n=0

25.11.11]. In particular,

1flw, = 3 max [f@+ k)| <c 3 (k+1)"° = c(a) < oo,
k—0z€[0,1]

finishes the proof. |

Lemma 2.3. Let L € 2N be given. Let f € C(R4) have exponential decay

sup |f(z)|e"*™ <c<oo, 71, a>0.
zeR

Then f € W4 arfd, with the abbreviation u :=r (%)a and the upper incomplete gamma function
F(é,u) = f;x) ta—le™t dt satisfies

S4(f,L) <ce ™+ I'(L, ). (2.9)

C
aLrl/a o’

In particular, if o, v and L satisfy Za(u +1- 7) > 1, we have
5o (f, L) < 2ee (8)7 (2.10)
Proof. The assumed exponential decay of f implies for all k € N and |z| < £ 5 that
1

|flz+kL)| < ce " ((h=2)0)"

Since ¢+ e (=20 i decreasing on [1,00), the integral test yields

64+ (f, L) < i —r((k=2)L)" < ceﬂ"(%) +c{e*T((t*%)L)“ dt



oo
=ce Y+ %Lé eV dy =ce T + oL F(é’ u) ‘

This proves (2.9). If u > 1 —1, then [24, Proposition 2.7] gives I'(1,u) < ufl/ " e % Inserting
ul/e — 1/aL

yields (2. 10) In particular,
=S « o0 «
I fllw, <c Ze_rk Sc—i—cfe_” dt:c+§7’_1/aI‘(é)<oo,
k=0 0

implies that f € W,. Finally, the condition 2« (u +1- é) > 1 is satisfied for sufficiently large
L and arbitrary r, a > 0. |

2.2 Scaled parametric quadrature error

For f € W, with fcos € W, and L, P € 2N, we choose the parametric quadrature rule for fCOS
and fsin in (1.1) as ¢py, and spz, in (1.2) respectively. We call cpy, and spy, the P-periodic
sampling cosine polynomial and sine polynomial of f of degree LP/2. Observe that c¢p and
sp,1, can also be seen as the truncations of the right-hand side of the Poisson summation formula
(2 5) and ( 6), respectively. We want to show that under suitable decay conditions on f and
fCOS resp. fsm, the polynomials cp 7, and sp s, provide very good uniform approximations of fcos
resp. fsm on the compact interval [0, L 5] and consider the scaled parametric quadrature errors
B3 (f) and E55,() in (1.3).

The next theorem shows that the quadrature error can be directly bounded by the decay
rates of f on the one hand and fcos and fsm, respectively, on the other hand, where the scaling
by L~1/2 balances the two error contributions.

Theorem 2.4. Let L, P € 2N be fized and let f € W, with fcos € Wy be given. Then fcos
can be uniformly approzimated on [0, P/2] by the P-periodic sampling cosine polynomial cp.,
n (1.2) and the error estimate

Eg,)i(f) = % maX} |fcos( ) CP,L(U)| S %5+(fCOSaP) + \/E(Lr(f, L) (2'11)

velo, &

holds with the (one-sided) decay rates defined in (2.7) for f and Feos-
Furthermore, for f € Wy with fan € W+ and f(0) = 0 we similarly have

BL) = Jg mag fan(0)=spr@) < Fp o (fan P) + VIO D). (212

The additional assumption f(0) = 0 in the sine case is needed for the continuity of the odd
extension of f on R.

Proof. Splitting the two series in the Poisson summation formula (2.5) into the principal terms
and the remainders, we obtain feos(v) + 01(v) = cpr(v) + o2(v) for all v € [0, L] with

o1(v) = §) [fcos(U + kP)+ fcos(k‘P — U)] oa(v) := % i f(%) cos 27};”’ ,
b=l n=1+LP/2

dh Co8 () < + The definition of & (feos, P) impli
and hence V'L E% 7 (f) _ver[%f}X/QHU 1(v)] ver[%é}?}?z}‘@( v)|. The definition of 6, (f. ) implies

< Cos kP cos kP— < 26 cos s .
Uergg’a;c/z]b 1(v)] E%algcmkzl‘f (v+ \—i— 1{1()1&;(/2 Z \f v)‘ +(f s, P)



Substituting n = m + kKLP with m =1 — %, e sz and k£ € N in g9, we obtain

LP/2

ag(v):% > Zf( —i—kL) cosw
m=1—-LP/2 k=1

and therefore

< LP < ‘
UEI[I&,aF{{/2]|0-2(U)| = P m=1— LIE?;{ 7LP/2kZ }f( +kL)‘ L5+(f7 )

Thus (2.11) follows. The estimate (2.12) can be shown similarly. [ |

Inserting the decay estimates of Lemmas 2.2 and 2.3 into (2.11) or (2.12), we obtain explicit,
practicable bounds. All decay combinations are summarized in Table 2.1. In particular, if
SUPD feos C [0, 2] with K < P, then feos(v + kP) = 0 for all k € N and |v| < P/2, so that
04 (fCOS,P) = 0. Similarly, supp f C [ , 7] with K < L, implies 04 (f, L) = 0.

decay of fCOS resp. fsin ‘ bound for 5+(fcos, P) resp. 5+(fsin, P)
| frossin(@)| (1 +0)P < d, b>1 d (2 —1)¢(b) P

’fcos,sin(v)’ esvﬁ < d, S, ,8 >0 2d e_S(P/Q)ﬁ

supp fcos,sin C [0, %], O<K<P 0

decay of f ‘ bound for 64 (f, L)

f@)](1+2)"<¢ a>1 ¢(2¢ = 1)¢(a) L@

|f(z)] e <, ra>0 9¢e—T(L/2)°

suppf C [0, 5], 0<K <L 0

Table 2.1: Upper bound for 6 (feos, P) resp. 4 (fsn, P) and 64 (f, L) for the error estimates (2.11),
(2.12), which depend on decay properties of feos resp. fsin and f. Here feossin Stands for
feos and fsin, respectlvely For the exponential decay estimates we assume, in accordance

with (2.10), that 28(s(£ ) +1-— ) > 1 and 2a(r(%)" +1— 1) > 1, respectively; if these
conditions fail, the sharper bound (2 9) has to be used instead.

Remark 2.5. Note that me(O) = spr(0) = sRL(g) 0, whereas fsm( ) # 0 in general,
so that E%f}l(f) > ﬁ‘fsin(%)’. No additional hypothesis zsAneeded to Acover this endpoint:
choosing x = —g and k =1 in (2.7) with L = P gives 0+ (fsin, P) > ‘fsin(g) , so that the
term % 6+ (fsin, P) in (2.12) already dominates it. In fact this endpoint carries the entire sine

quadrature error in the sharp example of Remark 2.13, so that requiring fsin(g) = 0 would
exclude precisely those functions for which (2.12) is sharp.

Remark 2.6. Fast computation of cpr and spr. On the equispaced grid {% ] =
0,... ,N} with N = %, the values



can, up to the endpoint weighting, be simultaneously obtained by fast and stable algorithms for
the DCT-I(N +1) and for the DST-I(N — 1), respectively with O(N log N) operations, see [25]
and [26, pp. 168-169, 367-381]. A shifted grid {4 +h: j =0,...,N} with h € (0,1) can
be handled analogously, by splitting cos (27er + 2”hk) and applying one DCT-I(N + 1) and one
DST-I(N —1).

We also derive a lower estimate of ECOS

Corollary 2.7. Let L, P € 2N be fizred and let f € Wy with fcos € Wy be given.
If f satisfies sign(fcos(g)) = sign( ppaty fcos(g + kP)), then

Tl feos(5)| = VLo (f, L) < EF3(f). (2.13)
If f is non-negative and monotonically decreasing then
f flz) de — 2 04 (fooss P) < ES3(f). (2.14)
2 + P
Proof. With the notations in the proof of Theorem 2.4 we have
\fECOS( f)= max |fes(®) —cpr(v)| = max |oo(v) — o1(v)]

velo, P/2) veEl0, P/2)
>max{‘02( )‘—‘01( )| }Ul( )‘_‘02( )’}

1. The assumption sign(fcos(g)) = sign( ey fcos(g + kP)) implies
o (D) = o B 2] 5 (5 + K] = [ 5]

Assertion (2.13) follows now with 02( ) < Lo(f,L).
2. If f is non-negative and monotonically decreasing on R, then each rectangle of area % f (%)

dominates f (nt1)/P f(z) dz, whence

02(0)[ = L] X F(B)cos(O)]| > [ f)de= [ f
n=14+LP/2 1+LPP/2 éJr%
Thus | feos(0) — ¢p..(0)] > |02(0)] — |o1(0)] with o1(0) < 261 (feos, P) yields (2.14). |

2.3 Reconstruction of f from finite equidistant function values

Our results from Subsection 2.2 also yield an approximate reconstruction formula for f from
the given values f(%), n = 0,..., %. Throughout this subsection we assume L < P, since
the samples fcos(ﬂ) CPL(P) are taken at arguments % B € [0, é] whereas (2.11) controls this
difference only on [0, 2] Applying (2.3) with L replaced by P, we derive similarly as in (2.11)
that

LP/2

Vo L0 |10 = # T Fen() con e

< %5+(fap)+4\/f(5+(fcosall)7 (215)

where the prime indicates that the term for n = 0 is halved. The factor % is dictated by the
right-hand side of (2.3). Replacing the samples fcos( ) by cp($), we set

LP/2

fro(e) =3 X' cpr(3) cos Zp=.
n=0



For the reconstruction error we obtain from (2.11) and (2.15) that

max | f(x) — fpr(z)]

z€(0,5 2
LP/2 LP/2
< max |f(@)=p X feos () cos ZEL |+ max ‘* " (feos () —cpL(3)) cos 22
z€(0,%] n=0 z€[0 72] n=0
< 25+(f7 P) + 4L5+(]Ec037 L) + (2L + %) (25+(fc037 P) + L5+(f7 L)) ) (2'16)

where we use that the second primed sum has % + 1 terms. For the balanced choice L = P
this simplifies to

ng}\f( ) = fpo(@)| < 8(P+ $) 61 (feos, P) + (2P* +6) 6.(f, P),

and sufficient decay properties of f then lead by Table 2.1 to corresponding error estimates.

2.4 Parametric quadrature error for rational and meromorphic functions

We apply Theorem 2.4 to a class of rational functions and show how L and P should be chosen.

Further, we will give an example of a meromorphic function for which the estimates are almost

tight and the error decays geometrically. We focus on fcos, similar observations hold for fsm-
We start with considering a rational function of the form

f(z) = i 2 4(2? —2]2) ko zeRy, (2.17)

with ¢, ; € C and pairwise distinct poles z%, .. .,23 of orders kq,...,ky, where z,...,zy are
assumed to be in the open lower half plane. We set

= in |S(z;)] >0, k = k. 2.18
S0 j:Hll’l‘?’JN(ZJ” max jg?.}.{,(] Jj ( )

Then it can simply be observed that f € W, since f(z) = O(z~2) for z — oo. For its Fourier
cosine transform we observe

Theorem 2.8. For f of the form (2.17) its Fourier cosine transform is given by

. -5 T Jr .
Jeos(v) = Z_: kz; Iw( ) (=)l Kk_%(%nvzj)7 veER,,
where K,, with n > 0 denotes the modified Bessel function of second kind. In particular,
|fCOS(’U)| < dO (]_ —+ U)kmax—l e—27r501)7

for v € Ry, where the constant dg > 0 depends on ¢y j, z;, and k;.

Proof. We employ the following integral formula (see [12, Formula 3.773(8)])

@ ziogé‘)‘ﬁm dz 2n,3n\r@+%)“n Ky(aB) fora>0, R(B) >0,n>—3, (2.19)

with the modified Bessel function of second kind K),. Here we set a = 27v, 8 = iz; such that
B2 =— J,andn—i—Q:k. Then

oo L )
of r? — z —k cos(2mzv) do = W;*%F(k)@m})kii kaé(Qﬂ'ij)



= () oy Ky omivz),

This formula is a generalization of [22, p. 8, Formula 2.7]. For shortness, we set

org(®) = () g Ky s (2mivz) 200 (14 0)1F,

v>0.
Using the asymptotic expansions (see [1, 9.6.9 and 9.7.2])
IP(k— 1 (2) 2 (1+0(uwl?), w0,
K, M:{ (k= §)(3)" 3 0+ O(wp)
2we (1+O(|w’ )) w — 00,

with w = 27ivz;, we see that finite limits of ¢y, j(v) for v — 40 and v — oo exist. Hence each
function ¢y, ; is continuous and bounded on R . Estimating

J kj
[ Feos(0)] €2720° (1 4 )t~ < ZZ%H% (0)] (14 )~
1k=1

< dp:= sup ZZ|C’€,]H901€J )

vERY 9 km1

we obtain the assertion of Theorem 2.8, since (1 + v)F~*max <1 for all v € R [ ]

Remark 2.9. The function f(x) = Zj Lcj(a? — zjz)_l with I(z;) <0, j =1

=1,...,J, and sg
in (2.18) satisfies the decay property sup,eg, |f(x)|(1 4 x)* < ¢ with the constant

J
=3 g sup Gl
j=1 oeRy 1T 5]

. . . . 1 2 _ .
If all poles are purely imaginary, z; = —is; with s; > 0, then supep % =1+s; %, attained
J . _
at:L'—sJ, so that ¢ < (14‘%)23':1 ;). USanK%(IL‘): e ®

7€~ ", we obtain

R J od )
cos K 1 2mivz, — c—] e—2mivz;
1zJ J 2 zj
=1 j=1
In particular,

J J
|fcos( )| S g Z |7| _QWU‘%(Zj)I § do 8_27”)50 ’LU’Lth d() < % Z ‘Cj|,

1=

where we used |zj| > |3(zj)| > so. Thus feos(v) possesses an exponential decay for v € R, as
i Table 2.1 with d = dy, 8 =1, and s = 2mwsg.

10



J
Corollary 2.10. Let f(z) = Y cj(a? — z?)_l as in Remark 2.9. Then, for all L, P € 2N,
j=1

ESi(f) < ddgLV2e ™ 4 22732 (220)

with ¢ and dy as in Remark 2.9 and sy in (2.18). Moreover, if ¢; € Ry, R(z;) = 0 and
2(|zj] + %) < L for all j, then

B33 (f) > cp L2 — ddy L1/ 0P (2.21)

J
with co = ) ¢, showing that upper and lower bound exhibit the same decay L=3/2 in L and the
j=1
same geometric decay in P. The plateau reached for large P is therefore of the correct order
L=3/2 and only the constants differ.

Proof. The proof of (2.20) follows directly by application of Theorem 2.4 together with Table
2.1. To show (2.21) we apply the inequality (2.14) in Corollary 2.7. By assumption f in (2.17)
is real-valued and monotonically decreasing, and with A := % + % we find

00 J 0o J
_ 2 _ ,2\-1 A G 1
{f(x)dx-}_:cjf(a: —29) dx_zﬁarCCOt(ﬁ>22ﬁ1+A
j=1 " A 1 j=1 B
AT S 2 (By) T RS
where we have used that arccot(z) > %H for z >0 and 2 (5 + |z]) < 1. [ |

The first term in (2.20) decays geometrically with rate e”™*0 whereas the second term decays
only algebraically, since a rational function has merely polynomial decay on R,. With this
knowledge it is meaningful to choose L essentially larger than P in such a setting. See Example
4.2 and Figure 4.1 for numerical illustration.

Next we show that for meromorphic functions, both error terms, 0 (feos, P) and &4 (f, L)
can decay geometrically and moreover the error estimates are tight. We refer to [31, 32, 33]
for further studies of analytic and meromorphic functions with geometric decay properties in
time and frequency.

Theorem 2.11. Let P € 2N and P > 8. Then we find for f(x) := sech(wz) and L = P the
estimate

ﬁ e P12 < EICD?]SD(f) < % e~ ™P/2 (2.22)
Proof. The function f(z) := sech(rz) = e"'z—l-% is meromorphic with the simple poles i (k:+%),

k € Z, and similarly as in (2.18) we set s¢ := Igli%]%(i (k+ 3))| = 4. The Fourier cosine
€

transform is given by
oo

feos(v) = gsech(wx) cos(2rzv) dz = 3 sech(mv), veER;.

As in the proofs of Theorem 2.4 and Corollary 2.7, \/FEI%?}(]") = maX,¢(o,p/2] |02(v) — 01(v)],
so that

[o1(5)] = lo2(5)| < VP ERR(f) < max, (jor(0)] + [0 (v)]). (2.23)
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We observe that sech(t) € [e™, 2¢7!] is monotonically decreasing for ¢ > 0, such that
~ o0 N
‘Ul(g)‘ = fcos(g) +2 Z fcos(g + kP) > %sech% > %e—wP/2?
k=1

Since sech”(t) = sech(t)(1 — 2sech?t) > 0 for ¢ > arsech% = 0.8814, the function sech is

convex on [0.89,00). For P > 8, k € N and v € [0, 5] all arguments 7(kP £ v) lie in [4r, 00),

50 that v = feos(V 4 kP) + feos(kP —v) is convex and increasing in v on [0, g}, hence maximal

at v = L. Summing over k gives |o1(v)| < o1(%) and

oo oo
lo1(v)] < % sech % + kz_:l sech (7‘(‘(% + kP)) < o Pm/2 4 2};_:1 o~ (42k) e—Pw/z(l +10719).

On the other hand, ag(g) =3 >_n>p2/2(—1)" sech 75 is an alternating series with monoton-

ically decreasing terms, whence ‘0’2(%)‘ < % sech % < %e*”P /2. To obtain an upper bound
for ‘02 (v)} for all v € [0, g], we use sech(t) < 2e™! and estimate for every v € [0, g],

2 —an/P __ 2 e "P/2 (2 ¢

) e TP/2 < %e—ﬂP/Q’
since t ﬁ is decreasing with limit 1 at ¢ = 0. Thus we obtain from (2.23) the estimate

#(%efﬂP/Q _ %efTrP/2) < EICD(?IS:)(f) < 1 (%efﬂ'P/Q _i_efﬂ’P/Q(l + 10710))’

3

v

tand 2+1+1071° < 1.64. n

ol

and the assertion follows for P > 8, since % —

For comparison, employing the notations of Table 2.1 we observe that both f(x) := sech(wx)
and feos(v) = 3 sech(mv) have exponential decay with o = 8 = 1 at the critical rate r = s =
2wsg = w with the constants

¢ = sup sech(mwz)e™ =2, d= sup 3 sech(rv)e™ =1.

zER vERL
Theorem 2.4 with Table 2.1 (second row twice) then yields

EFL(f) < \%L(Qde*s(g)ﬁ) + \E(2ce4(é)a) = %e*% + 4\/567%. (2.24)

wP/2

For the balanced choice L = P both terms are of order e~ , see Example 4.3 and Figure 4.2

(left) for numerical illustration.

Remark 2.12. The upper and the lower bound in Theorem 2.11 differ by the constant factor
1.64/0.25 = 6.6, which is independent of P. Both bounds therefore exhibit the same decay
P~Y2e=mP/2 g6 that the rate in (2.22) is sharp for L = P and neither of the two error
parts o1, oy dominates the other. The bound (2.24) shows that for L # P one of the terms
L~ Y2e=7mP/2  [1/26=7L/2 pecomes dominant, so that L = P is the optimal balance.

12



Remark 2.13. 1. Similar results as in Theorem 2.8 and Corollary 2.10 can be also derived
for the Fourier sine integral of functions of the form xf(x) with f(x) in (2.17).

2. Considering the meromorphic function f(x) = tanh(wz) sech(mx) with poles of order two at
i(k+3), k € Z (thus again sy = 3 ), the Fourier sine integral is given by

fsin(v) = v sech(7v)

forveRy. We find sup,er, |f(7)| €™ =2, so that f satisfies the exponential decay condition

of Table 2.1 withr =n, a =1, c = 2. For fsin, however, the exponential row of Table 2.1 is not
applicable at the critical rate s = 7, 3 = 1. We have sup,cp, |fsin(v)|€™ = sup,cg, #

Sl

00, so that no finite constant d exists. Instead we 6stimate 6+ (fsin, P) directly. For |v| <
and k € N we have v+ kP > (k— 3)P and v+ kP < (k + 3)P, whence for P > 8

(k+ ) w(k— %)P < 4Pe—7rP/2.

MS

5+(fsina P) S

k 1

Thus fsin decays geometrically at the critical rate up to the additional algebraic factor P, and
EP(f) still converges geometrically for L = P, see Figure 4.2 (right). This extra factor P is
exactly the reason why the sine case behaves differently from the cosine case in FExample 4.3.

3 Parametric quadrature to compute Chebyshev coefficients

It is well-known that a smooth function h can be well approximated on I using an expansion
into Chebyshev polynomials,

nf(’) an[h] Tp(x) = %ao[h] + n§1 anlh| Tp(x), z€l, (3.1)

where the Chebyshev coefficients an[h] are defined in (1.4). Throughout this section, we assume
that h € C(I) and Y o7 |an[h]| < oo, then the Chebyshev series (3.1) converges absolutely
and uniformly on I to h, see also [26, Chapter 6]). The decay condition ) 7 |a,[h]| < oo is
always satisfied for h € C*(I), see e.g. [26, Theorem 6.11]. If we want to apply this expansion
(3.1) numerically, we have to employ two approximation steps.

1. Efficient quadrature to compute the Chebyshev coefficients. Given the function values

h( EP)) at the Chebyshev points x(P) =cos ¥, j=0,...,P, we employ for a,[h] in (1.4) the

quadrature formula

P .
a(P)H z_: ( P)cos%,", n=0,1,..., P, (3.2)

) Tlel”) -

“U\w
*U\w

where the double prime indicates that the first and last terms are multiplied by % The values

aglp) [h],n=0,..., P, are the output of a DCT-I(P+1), see Remark 2.6, and are computed with
O(Plog P) arithmetical operations (see [25] or [26, Section 6.3]). If h is even resp. odd, then

the coefficients a,[h] and all [h] with odd resp. even index vanish. A very useful generalization
of (3.2) was given by H. Wang and D. Huybrechs [35] (see Subsection 3.1).
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2. Suitable truncation of the Chebyshev series. Having computed approximative coefficients
agLP) [h],n =0,..., P, we fix a truncation number L < P and compute the truncated Chebyshev

series in the form

n =P,

n < P. (3.3)

tpn(@)i= 3a ] + 5 oD Tue) + PP T (), o = { %
n=1
We call tpy, the Chebyshev sampling polynomial of degree L. For L = P, the function tp p is
precisely the interpolation polynomial of degree P with tpp (mgp)) = h(m§-P)), j=0,...,P.
Substituting @ = cos(2ry) with y € [0, 3] gives T),(z) = cos(2mny), so that tpy can be
evaluated at an equispaced grid using a fast DCT-I(L + 1) and at an arbitrary nonequispaced
grid by an NDCT(L + 1), see also [28, Algorithm 2.3].

We study the (parametric) quadrature error and the reconstruction error

ESE(h) = max | lan[h] — )P Ik (3.4)
REL () 2= [ te ) = max|h(x) — trr(z)]. (35)

and ask how they depend on the smoothness of h and on the choice of P and L.

3.1 Aliasing formula and decay rates of Chebyshev coefficients

We first introduce counterparts of the Poisson summation formulas in Lemma 2.1 and of the
decay rate (2.7). The close connection between the Chebyshev coefficients a,[h] and the discrete

coeflicients a%P) [h] is described by the aliasing formula for Chebyshev coefficients.

Lemma 3.1. Let P € N\ {1} be fized. If h € C(I) satisfies > " |an[h]| < oo, then for every
n=0,..., P the aliasing formula

o) h] = anlh] + ;i O p— ) (3.6)

is satisfied, where both series converge absolutely. In particular, for n =0 and n = P we have

af)[n] = aolh] +2 3 aarlh],
aEDP)[h] = 23 ape-nph].

k

Il
,_.

Proof. By assumption, the Chebyshev series (3.1) converges absolutely and uniformly on I to
h (see [26, Chapter 6]), such that on the (P + 1)-point Chebyshev grid we have

P(al”) = L aolh] + 3 aplh] cos B, j=0,..., P
k=1

Inserting this into (3.2) and using 2 cos ¢ cos i) = cos(p — 1) + cos(¢ + 1), we obtain

an” (1] = F aolh] X" cos S + 1 3 anlh]

P
" wj(k—mn) mj(k+n)
> (cos B + cos B .

We apply the relation

P
" j
53" cos TH
Jj=0

for m =n, m = k—n, and m = k +n, and obtain exactly the summation indices k of the form
k=n+2mP or k =2mP — n with m € N, this yields (3.6). [ |

1 m e 2P7,
0 m e Z\2PZ,
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Formula (3.6) directly implies representations of the aliasing remainder. We obtain
o0
rﬁlp) [h] := a,(lp) — aplh Z an+okplh] + a2kp_n[h]) , n=0,...,P, (3.7)
k=1

and in particular r((JP) [h] = 2372 askplh], and TEDP) [h] = aplh] + 23,2, a@k41)p[h]. Every
i) [h] with n < P — 1 involves only Chebyshev coefficients a,,[h] with indices m > P. This

motivates us to define the Chebyshev decay rate of h with respect to the truncation parameter
N e N,

o0

den(h, N) := 32 an[h]|, (3:8)
n=N-+1
the analogue of the one-sided decay rate (2.7).
We now derive the Chebyshev decay rate from smoothness properties of h, in the polynomial
and in the exponential case.

Lemma 3.2 ([26, Theorem 6.16]). Let r € Ng and h € C"1(I). Then

2|0
lan[R]] < W(i(—li)’ n>r. (3.9)

If in addition r > 1, then

2[RV opy

6Ch(h7 N) < T (N—7)"

., N>r. (3.10)

Proof. For the bound of |a,[h]| in (3.9) we refer to [26, Theorem 6.16]. Let » > 1. Summing
over n > N + 1 and using an integral comparison yields

T = T i 2 h<T+1)
Scn(h, N) < 2||Al +1)||C(I) %: 1 W < 2||A! +1)HC(1) [ (t_g)tm — \\T(N_ll)€<z>
n=N-+ N

For h € C*(I), D. Elliott [6] gave the estimate |a,[h]| < , n € No.

w2 h()
Sharper geometric rates are available for real-analytic functions h, which can be analytically
continued to a neighborhood of I in the complex plane. For this reason it is very useful to
represent the related Chebyshev coefficients a,[h] as contour integrals (see [7, 35]). Let E,;

with pg > 1 be the Bernstein ellipse
E, = {z = %poeie + %pale*io 1 6 €0, 277)},

with center 0, foci +1, and semi-axes % (po +py 1). By &,, we denote the open Bernstein region
bounded by E,; being a complex neighborhood of I.

From the recursion Tn+1( ) = 2zT (2) = Th—1(2), To(z) = 1, Ti(2) = z, one obtains by
induction T, (32 + 3271) = 22" + 127" for z € C\ {0} and n € Ny.

Assume that h can be extended analytically to £,,. Since the Joukowski map z — 3(z+2z71)
maps |z| = p onto E, and IS invariant under z ~ z~!, the function h( z+ lz_l) is analytic
precisely on the annulus Po < |z| < po and has there a Laurent expansion

h(3z4+3271) = 3 ep2®
neZ

with coefficients

Cn = 5 fh( 2+ gzl A = o fh(Zpe +sp7te¥)e 0 49, neZ,

p
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where C, denotes the circle {z € C: |z| = p}. In particular, ¢, = c_,. Comparing it with the
Chebyshev expansion yields the representation of a,[h] as a contour integral (see [30, 35])
2m ) ) )
anlh] = 2¢, = 25 [ h(Lpel? + L p7le W) e 49, neNy, (3.11)
0

for 1 < p < po, and hence the bound |a,[h]| < 2p™" max.cg, |h(z)], see e.g. [30, Theorem 3.8]
or [34, Theorem 8.1]. With o :=logp > 0 and ¢ := 2 max{|h(z)|: z € E,} we obtain

lanlh]] <ce™™™, neNp. (3.12)

Lemma 3.3. Assume that the Chebyshev coefficients of h € C(I) satisfy the condition (3.12)with
some ¢ >0 and 0 > 0. Then the Chebyshev decay rate satisfies

dcn(h, N) < £ e_UN, N eN.

e?—1
Proof. Using (3.12), the estimate follows directly from

[o¢]
— —o(N+1) —oN
on __ ce — C g
dcn(h,N) <c _%: 1e = —F" =S5e .
n=N-+ ]

Applying an M-point trapezoidal rule to the contour integral in (3.11), the Chebyshev coef-
ficients can alternatively be computed with conveniently chosen p € (1, pg) as

(Mp)p1 . 2 M_lh 1 2mj/M | 1 ,—1 —2mij/M\ —2mijn/M
AP = e X B oI 4 e
]:

stably and with high accuracy by FFT (see [35]). In contrast to (3.2), this sum uses samples

of h on the Bernstein ellipse F, rather than on /. In the limit case p = 1 with M = 2P, the

quadrature formulas al}r) [h] coincide with (3.2), i.e., aﬁ?P’l)[h] =o' [h] for n =0,...,P.

3.2 Chebyshev quadrature error and reconstruction error

Using the aliasing formula (3.6) and the Chebyshev decay rate, we can now analyse the errors
EZ™(h) in (3.4) and REY (k) in (3.5).

Theorem 3.4. Let P € N\ {1} and L < P be fized and let h € C(I) satisfy Y - lan[h]| < cc.
Then the parametric quadrature error (3.4) satisfies

Eg"(h) < 26cu(h, P).
Furthermore, the reconstruction error Rg}lL(h) = |lh —tpLllew) in (3.5) satisfies
REY; (h) < dcn(h, L) + Scu(h, P). (3.13)
In the special case L = P we have R%}}D(h) < 24cn(h, P).

Proof. 1. The stated bound for ES"(R) directly follows from (3.7) by the triangle inequality. For
n < P—1, the occurring indices satisfy n+2kP > 2P > P and 2kP—n > 2P—(P—1) = P+1,
so that each of the two sums is bounded by dcy(h, P). For n = P we have %ag) [h] —aplh] =
> k=1 @(2k+1)p[h], whose indices exceed P as well.
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2. We estimate the reconstruction error R%hL(h). We consider first the case L < P. Inserting
i) [h] = an[h] + riF) [h] into (3.3) yields the error decomposition

[es) L
W)= tpi(e) = % anlh] Tu(@) = X [0 Tua) (3.14)
n=L+1 n=0
degree t;:lncation sampling aliasing

where the prime indicates that the first term of the second sum is multiplied by %
The degree-truncation term is bounded by Y- ;| |an[h]| = dcu(h, L) since [T (z)] < 1

for z € I. For the sampling aliasing term each remainder rﬁlp) [h], n = 0,...,L, is a sum of
coefficients a,,[h] with m =n +2kP > 2P and m =2kP —n >2P — L > P+ 1, k € N. Since

|T,(x)| <1 on I, the sampling aliasing term is bounded by %}rép) (]| + Sk ‘T‘TQP) [h]|, and by
(3.7) this is at most
00 L oo
> [aseplhl| + 3 3 (lansorplh]] + askp—alhl])
k=1 n=1k=1
where all occurring indices are pairwise disjoint. Consequently
1) >
> Rl < X lam[R]] = den(h, P).
n=0 m=P+1
o . . . ~(P) .1 _(P) .
For L = P we obtain similarly with 7 ’[h] := 5 ap ’[h] — ap[h] that
- () (P)
hz) —tpp(z) = > an[h] Ta(z) = 32 o '[A] To(z) —7p '[h] Tp(2), (3.15)
n=P+1 n=0

again with the prime indicating that the term n = 0 is halved. The same argument applies to

n(lp)[h], n=20,...,P—1, where now m = 2kP —n > 2P — (P — 1) = P + 1, the extra term
obeys fl(DP) [hH <> ‘a(2k+1)p[h]|, where the indices in the sum are odd multiples of P and

hence are disjoint from the previous ones, which lie in (2kP — P,2kP + P). Thus the sampling
aliasing term is again bounded by dcp(h, P) and the error estimates follow. [ |

Remark 3.5. 1. The estimate ESP(h) < 20cn(h, P) of Theorem 3.4 is the exact analogue
of Theorem 2.4. In all three settings the quadrature error is bounded by twice a transform-
side tail, 5+(fCOS,P), 5+(fsin,P) and dcy(h, P), respectively. The additional function-side tail
VL6 (f, L) of (2.11) stems from the truncation of the sampling sum at n = % and has
no counterpart in the Chebyshev case, where the finite sum (3.2) uses all available samples.
Consequently no scaling factor L=2 is needed in (3.4).

For examples of Chebyshev expansions of special functions we refer to [26, Table A.2].

2. The case distinction s(LP) in (3.3) is essential for L < P. Halving the top coefficient agp) [h]
in this case as well would add the uncorrected term Sar[h|Tr(z) to (3.14), and ar[h] belongs
neither to the degree-truncation tail dcy(h, L) nor to the aliasing tail dcn(h, P), so that (3.13)
would fail for rapidly decaying coefficients. For L = P, by contrast, halving is required. It yields
the interpolating polynomial and, through aplh] — %agjp) [h] = — > k>1a@k+1)plh], Teplaces the
otherwise unbounded contribution ap[h] by genuine aliasing of indices larger than P.
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Corollary 3.6. Let P € N\ {1} and L € N with L < P be fized.

1. For somer € N withr < L, let h € C"t(I) be given. Then

RYS (h) < 2[R ]loi (e + ) BER(R) < AT [y (P = 1), (3.16)

For L = P the Chebyshev interpolation polynomial tpp satisfies Rlcggg(h) = O(P™") as
P — o0.

2. Let h € C(I) satisfy (3.12) with some ¢ > 0 and o > 0. Then

RGN (h) < (e b e7oP),  EFh(h) < el (3.17)

— eo‘_1

For L = P the Chebyshev interpolation polynomial tpp fulfills chg’hp(h) < effl e P,

Proof. The estimates (3.16) and (3.17) follow directly from Theorem 3.4 together with Lem-
mas 3.2 and 3.3. |

We observe that in both cases considered in Corollary 3.6, the smallest reconstruction error
estimate is achieved for L = P.
3.3 Chebyshev quadrature and reconstruction error for rational functions

We now consider rational functions, which provide an exponential decay of the Chebyshev
coefficients. We investigate how tight the obtained error estimates are.
First we compute the Chebyshev coefficients explicitly for a rational function

J
o
h(z) = ]; = Tel (3.18)
with pairwise distinct simple poles z1,...,2; € C\ I and ¢1,...,c; € C\ {0}. Note that in [7],
the representation of ay[h] (for J = 1) has been derived differently using contour integration.

Theorem 3.7. Let h be given as in (3.18). Assume that w; = zj + s; with s; := ,/zjz -1,

where the branch of the square root sj is chosen in such a way that |w;| > 1. Then for
po :=min{|w;|: j=1,...,J} > 1 we have

anlh) =2 3 S fanlh]l <q0p5", 0 =2 ) o, (3.19)
J= J=

for alln € Ny. Consequently, the quadrature error ESP(h) and the reconstruction error Rg}}:(h)
satisfy

2 _ _ _
E}gh(h) < pTEPoPa R}CD,I}:(h) < %(PQL + Po P)'

Proof. We consider only h(z) := —— with z; € C\ I for arbitrary j € {1,...,J}. Let

zj
wj = zj + s; with s; = 1/zJQ. —1 and |w;| > 1. We study the Chebyshev expansion (3.1)
with a, == =2w;"™, n € Ny and prove that this expansion converges to h, thereby showing

Sj J
aplh] := a,, for n € Ny.
Since |a,| = ﬁ |wj|~™ with |w;| > 1, we have Y > |an| < oo, i.e., the Chebyshev series

converges absolutely and uniformly on I to a function g € C(I). Using 2 T (2) = 5 (T—1(z) +
Ty11(z)), we obtain

an[(x = 2j) g(2)] = 5 (an-1lg] + ans1lg]) — zjanlg], n€No,
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with a_1[g] := a1[g]. For n = 0 we conclude with (z; +s;)7! = 2z; — s;
aol(x — z;) g(x)] = aulg] — zjaolg] = 32 (2 — 85) + 2 £ =2,

and for n € N,

1-n

anl(x — 2j) g(2)] = ——— (1 + (2 — 5;)* — 22 (z; — 5j)) = 0.

J

Hence (x—z;) g(x) = 1forall x € I, i.e., g = h. The representation of a,[h] in (3.19) follows by
linearity. The corresponding estimate for |a,[h]| in (3.19) can be directly concluded. Finally,
the estimates of ES"(h) and R%hL(h) follow from Corollary 3.6. [ |

Remark 3.8. Observe that by definition of pg, there exists one w; with py = |wj|, and therefore
the decay py™ in (3.19) cannot be improved. In other words, po is the parameter of the greatest
Bernstein region £,, in which h is analytic, since sup,cy, |an[h]| p™ = oo for every p > po.
Furthermore, ESP(h) has optimal rate. Indeed, for the term h;(z) = xijzj with py = |w;| we
obtain from (3.7) and (3.19), for 0 <n < P —1,

—2c w; P
J] = s]] (’UJ +’U} ) 1_;;2P>

rﬁLP) [h

which is largest in modulus for n = P — 1, whereas the term n = P of (3.4), namely ‘ap[hj} -

%agg hil| = | > k>1 A(2k+1)P plhjl|, is of order po2F. Note that the weight sggp) = 1 must not be

omztted here. Hence the maximum in (3.4) is attained at n = P — 1 for large P and

%¢: 1 1—p-2P+2 _p_
Ezgh(hj) > ‘Sij‘ H[_)pi—zPPO h

2po
0—1°

which has decay rate py P

Finally, we consider the Chebyshev expansion of a rational function with poles of higher
order. Again, we can explicitly derive the Chebyshev coefficients and show that the obtained
estimates for the corresponding parametric quadrature errors are tight.

Theorem 3.9 (Chebyshev expansion of a power of the Cauchy kernel). Let k € N be given.
For fized zy € C\ 1, let sy := \/23 — 1 and wy := zy + sg, where the branch of the square root
s s chosen in such a way that |wo| > 1.

Then the Chebyshev coefficients of the kth power of the Cauchy kernel hy(x) := m, xel,
are given as

hal =32 ) df = Foile aum wg™, meNo, keN, (3.20)

with a monic polynomial qi(n) of degree k — 1, which satisfies the recurrence relation

—(k—=1)soqr—1(n) = L qu(n — 1) + ﬁqk(n +1)—z0qx(n), q(n)=1, (3.21)

with the initial condition

—(k—1)s0qx—1(0) = wy " qr(1) — 20q1(0), k& N\ {1}. (3.22)
Further the Chebyshev coefficients an|hy] can be estimated by

‘an[hk” < ¢ (TL + 1)k_1 ”U)o’_n, n € Ny, (3.23)
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with some ¢ > 0.
Let P € N\ {1} and L € N with L < P and (L + 1) 1n(\w0|) > k — 1 be fivzed. Then the
quadrature error ES(hy,) and the reconstruction error REY 1 (hi) satisfy

Ch 2cs, (P+1)"wo| 7 ch e (PH) w0 =P en(L4+1)*fuwp L
Ep*(hi) < praymguon i Brr() < iy miwo) T1=F T 1) (o) F1F

Proof. 1. We show (3.20) by induction with respect to k € N. Obviously, (3.20) is true in the
case k =1 with ¢;(n) = 1 by Theorem 3.7. Assume now that (3.20) holds for some k € N. Let
g be the function with the Chebyshev coeflicients

2 (—1)k+! _
anlg] = WQM—I(”) wy™, n€Ny.

Since »,~¢lan[g]| < oo, the corresponding Chebyshev series (3.1) converges absolutely and
uniformly on I to some g € C(I). For gi(z) := (x — 20) g(x), the recurrence xT,(z) =

%(Tn_l(x) + Tn+1(x)) gives
anlg1] = 2an—1[9] + Lant1(9] — 20 anlg], n € No,
with a_1[g] = a1[g]. For n = 0 it follows by (3.22) that

_1)k+1 _
aolon] = arfg] —z0 aolg] = 95 (g gea (1)~ 20011 (0)) = g 08(0) = aol]

For arbitrary n € N we obtain by (3.21) that

anlg1] = %an—l[g] + %an-&-l[g] — 20 anlg]

2(=1)k+1
](dsik)ﬂ (% gry1(n—1)

(n+1) — 20 grg1(n)) wy ™,

k
= (k(l)l,) F qk(n) wy " = anlhy].
Hence g1 = hyon I, i.e. g = hpy1.
2. Formula (3.20) yields |a,[h]| = m |k (n)| |wo|~™. Since gx(n) is a monic polynomial
of degree k — 1, the supremum c; := sup,en, % is finite and (3.23) holds. Note

that the function #¥~! |wo| ™, x € [P + 1,00), is decreasing since

%(azk_1|w0]_$) = xk_2]wo\_”(kz —1-— xln(\wg\)) <0

for z > P + 1, which follows from the assumption (P + 1) In(Jwg|) > (L + 1) In(Jwg|) > k — 1.
Thus we can estimate

o0 oo o0
don(hi, P) =" 33 lan[hu]l Scr 3o (n+ 1) Huwo| ™ = exlwo| - n*~Huwo|™
n=P+1 n=P+1 n=P+2
T ok cklwol T k—1
— —x _ k| WO — —Uu
§Ck|w0’Pf ¥ wo dx—W u e " du
+1 (P+1) In(Jwol)

= bl D (k, (P + 1) In(Juwol))

Using [24, Proposition 2.7], the upper incomplete gamma function can be estimated for w; :=
(P+1)In(lwg|) > k—1 by

k
F(k,'uﬂ) = fwl Uk 1 e U dU< me w1
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Thus we obtain with |wp|e™™! = |wg|~F that

cp (P41 |wo|—F
5Ch(hka P) < (pﬁ_(l) ln()|w|()|)0-‘!-1—k )

where we have (P + 1) In(Jwo|) + 1 — k > 0 by assumption. The estimates for the quadrature
error and the reconstruction error now follow from Theorem 3.4. |

Remark 3.10. The polynomials qi can be explicitly determined from (3.21) and (3.22). We
obtain for k =2,...,5,

Since qi is monic of degree k — 1, formula (3.20) yields the exact asymptotics

’an[th ~ (k,l)zg [0l nh—t |wo| ™", n — oo.
Hence the exponent k—1 in (3.23) cannot be lowered and cj, > m, so that the estimates

of Theorem 3.9 are sharp in their n- and P-dependence. A different representation of the
Chebyshev coefficients for rational functions with poles of higher order, based on associated
Legendre functions, has been given in [7, Section 4]. Note that our explicit representation
(3.20) with (3.21) and (3.22) is very user friendly.

4 Numerical examples

We illustrate our error estimates of Theorem 2.4 and Theorem 3.4 by concrete examples.

4.1 Numerical experiments for the Fourier cosine and sine transform
We consider a compactly supported function as well as rational and meromorphic functions.

Example 4.1. Fourier cosine transform of a compactly supported function. Let
f(z):=1—x forz €0, 1] and f(z):=0 for x > 1. Then we find

A~ 1 .
foos(v) = [(1 = ) cos(2mvz) da = § (W)Q =
0
Since supp f = [0, 1], we conclude from Table 2.1 (last line) that 6+ (f,L) = 0 for L > 2.
Further, feos € C(R4) has polynomial decay with b =2 (see Table 2.1, first line). Considering
foos(v) (1 + v)? separately on [0, 3] and [3, 00) shows that |feos(v)| (1 +v)? < d = § for all
v € Ry. Thus, for any L > 2 it holds

(sinc(m;))2 , veRL.

D=

_ _ 2
B (f) <24(22 ~ 1) ((2) L7V P2 = 972 p2,
Hence for fited L > 2 the error decays like P~2 as P — oo. Taking L =2, we use samples
f($) forn = 0,...,P to compute cpa(v) in (1.2) and the error %|fc03(v) — cp2(v)| with

Feos(V) = 3 (sinc(m;))2 forv € [0,5]. Table 4.1 confirms this: the errors are reduced by a factor
tending to 4 whenever P is doubled, i.e. they decay like P~2, while the bound overestimates
them by a factor between 78 and 98.
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P | 4 8 16 32

E@s(f) | 1.00-107% 2.82-107% 7.58-107* 1.97-107*

bound %P‘Q 9.81-107* 2.45-107' 6.13-1072 1.53-107?
ratio bound/error 98.0 86.9 80.9 77.8

Table 4.1: Scaled parametric quadrature error ER%5(f) for the compactly supported function f of Ex-
ample 4.1 and the bound of Theorem 2.4 combined with Table 2.1.

Example 4.2. Fourier cosine transform of a rational function. We consider f(x) =
(mQ + 3(2))_1 with so = % to illustrate Corollary 2.10 and Remark 2.9. The rational function f
has the simple poles £isg. Within the framework (2.17) we take z1 = —isg in the open lower
half plane, so that f(z) = (2% — 22)~! and ¢; = 1. By (2.19),

fcos(U) = ﬁ e—?wsov =51 e—7rv/5 7 = R+ ]

Thus, by Table 2.1 (second line), |feos(v)|e® < d with s = £, d = 5m, while
¢ =supgep, |f(2)|(1+ x)? =1+ 552 = 101, attained at x = s, by Remark 2.9.

Figure 4.1 shows E%Oi(f) for L € {256, 1024, 4096}. For each fized L, the error is first
reduced by the factor 1.88 per step of 2 in P, matching the predicted e*™° = ¢™/5 ~ 1.87 of
(2.20), and then settles on the plateau caused by the second, purely algebraic term of (2.20).
The measured plateau values 4.88-10~%, 6.10-107°, 7.63-10~5 agree to three digits with 2L 3/
and are independent of P. This is exactly the lower bound (2.21), whose first term equals
L~1/2 ff?2+1/P f(z) dz ~ 2L73/2. The upper bound (2.20) gives the same rate L=/, with the

larger constant %20 =~ 498. Thus the transform side is sharp geometric and the function side is
the bottleneck.

P 26—7‘301)

107! —— L =256 |]
13 oL =1024
oAl
Q 10—3 B
—
o
% S-0-0-0-6-6-9

1075 |

L L L L L L L L L
4 8 12 16 20 24 28 32 36 40
P
Figure 4.1: Error ER} (f) for the rational function f(r) = (22 + 155) " of Example 4.2: geometric decay
in P at the sharp rate e~™*° and plateau 2 L—3/2 for sufficiently large P.

Example 4.3. Fourier cosine/sine transform for meromorphic functions. For the
self-dual pair f(x) = sech(mz), feos(v) = 3 sech(mv) considered in Theorem 2.11 and for the
odd pair f(x) = tanh(rz) sech(rz), fsn(v) = vsech(wv) of Remark 2.13, both functions decay
at the geometric rate 2wsqg = w. With the balanced choice L = P, Figure 4.2 shows geometric
convergence over more than 25 decades: the errors are reduced by a factor tending to €™ =
23.1 per step of 2 in P, in agreement with the rate e~"F/2 of (2.24) (the observed factors
decrease monotonically from 33.2 at P = 2 to 23.8 at P = 38 and approach €™ from above, the
deviation being the factor \/(P + 2)/P caused by the scaling L=/? in (1.3)). Since the errors
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fall far below the double precision unit roundoff, they are evaluated in the cancellation-free form
max, |o2(v) — o1(v)| of the proof of Theorem 2.4, with the common factor e~ ™F/2 split off. In
both panels the plotted bound is that of Theorem 2.4 with the decay rates evaluated directly from
(2.7). For the sine case this is essential, since by Remark 2.13 the exponential row of Table 2.1
does not apply to fsin at the critical rate s = 7. In the sine case the bound exceeds the true error
by the constant factor 4.0, which can be read off exactly. The mazimum in (1.3) is attained at
v = g, where spp vanishes, so that E%if}g(f) = #‘fsin(%) ’; moreover 5+(fsm,P) = ‘fsin(%)‘
and 4 (f, P) ~ %|fsin(§) , so that the bound (2.12) equals %’fsin(%)‘- In the cosine case
the ratio grows essentially like 2P, from 5.1 at P = 2 to 80.1 at P = 40, because the estimate

max, |o2(v)| < L4 (f, L) in the proof of Theorem 2.4 loses a factor of order P. The true value
is maxy |o2(v)| < %e_”Pm by the proof of Theorem 2.11, whereas P8 (f, P) ~ 2P e "F/2,

1071 g 10~14 -
. N . error Ep'p
= e
82} .EE
& 10—15 B &3 10—15
= &
S S
£ &
5 o :
10_29 ! ! ! ! ! ! ! ! ! Y 10_29 ! ! ! ! ! ! ! ! !
4 8 12 16 20 24 28 32 36 40 4 8 12 16 20 24 28 32 36 40
P P
(a) f(z) = sech(nz) (b) f(z) = tanh(wx) sech(mx)

Figure 4.2: Geometric convergence at the critical rate for the balanced choice L = P, Example 4.3.

4.2 Chebyshev sampling polynomials

Example 4.4. Polynomial decay of Chebyshev coefficients. The Chebyshev coefficients

of h(z) = |z| are of the form agi[h] = % and asp11[h] = 0, k € Ny, see [26, Table A.2].
Since only even indices contribute, the Chebyshev decay rate for even P = 2m evaluates exactly

by telescoping,

o0
_ 4 1 _ 2
don(h, P) =2 2 w21 = =71 -
k=m+1
Theorem 3.4 with L = P yields Rg’k}p(h) < ﬁ, i.e., algebraic convergence of order P~1.
Note that Corollary 3.6 (1) is not applicable here. Via Lemma 3.2 it requires h € C"t1(I) and
the constant %Hh(’”H)HC(U, whereas h(z) = |z| is not even in C*(I) and ||h"| ¢y does not

exist. The bound above is obtained from the exact evaluation of dcn(h, P) instead, which is
available because the Chebyshev coefficients of |x| are known in closed form. This example thus
illustrates that the estimate of Theorem 3.4 remains useful for functions of very low regularity,
for which the smoothness-based Corollary 3.6 gives nothing. Figure 4.3(left) shows that the
bound 2 dcy (h, P) is about twice the true error.

Example 4.5. Super exponential decay of Chebyshev coefficients. We consider h(z) =
e” with a,[h] = 21,(1) (see [26, Table A.2]), i.e., ap[h] = 2.532, a;i[h] ~ 1.130, az[h] ~ 0.271,
as[h] =~ 0.0443, as[h] ~ 5.474 x 1073, as[h] ~ 5.429 x 10~*. By I, (1) < 5, the coefficients

o0
decay super-exponentially, so that the Chebyshev decay rate cn(h, P) =2 >, I,(1) decreases
n=P+1
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4 8 12 16 20 24 28 32 36 40 2 4 6 8§ 10 12 14
P P
(a) h(z) = |z|: polynomial decay P~!. (b) h(z) = e": super-exponential decay.

Figure 4.3: Error Rg’hp(h) and bound 2 dcy, (h, P) for Example 4.4 (left) and Example 4.5 (right).

many orders of magnitude per unit increase in P, see Figure 4.3 (right), and (3.17) applies
with any o > 0. Here the common range P = 2,4, ... of the other examples has to be truncated
at P = 14, where the error already reaches the level of the double precision unit roundoff.

Example 4.6. Geometric decay of Chebyshev coefficients. The Runge function h(z) =
ﬁ is real-analytic with simple poles z19 = +i and w12 = +i(1 +/2), so that pg = 1+ /2.
We obtain

an[h]:%(wl_”—i—w;")—\f(l%—\f) cos T, neNy,

i.e., aog[h] = (—1)¥v/2¢* and agpy1[h] = 0 for k € Ny with q = (1+\/§)_2 =3-2y2=0.1716,
see [26, Table A.2], yielding the sharp estimate ‘an[h]‘ < fp . The Chebyshev decay rate
for even P = 2m,

Scn(h, P) = fq";“ _ \fg P/2

decreases geometrically: increasing P by 2 multiplies g*/? by q ~ 0.1716, while ¢*/? = pal ~
0.4142 is the factor per unit increase in P. The data underlying Figure 4.4 confirm the factor
~ 0.16 per step of 2 in P, e.g. 8.579 - 1072 — 1.336 - 1072 from P = 2 to P = 4. With
o =logpy = —% log ¢ ~ 0.881, Corollary 3.6 (2) with L = P and ¢ = /2 provides R%}}D(h) <

62()[1 e 7P = QpEP, since e’ —1 = pg—1 = /2. Note that the constants in Corollary 3.6 (2) are
¢ and o, whereas Theorem 3.7 is formulated with vy and po. Figure 4.4 confirms the geometric
convergence on the same range P = 2,4,...,40 as in Figures 4.1-4.3; for P > 36 the error
is obtained from the coefficient representation (3.15) instead of forming the difference h —tp p
directly.
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