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Abstract

Motivated by the classical Sommerfeld diffraction problem we con-
sider interface problems in weak formulation for the n-dimensional
Helmbholtz equation in Q = R} UR” (due to z,, > 0 or z,, < 0, re-
spectively), where the interface I' = 99 is identified with R"~! and
divided into two parts, ¥ and X/, with different transmission con-
ditions of first and second kind. These two parts are half-spaces of
R™~1 (half-planes for n = 3) and more general sets in the first part
of the paper. The aim of this work is to construct explicitly resol-
vent operators acting from the interface data into the energy space
H'(Q). The approach is based upon a factorization conception for
Wiener-Hopf operators (according to the interface equations), the so-
called Wiener-Hopf factorization through an intermediate space, that
includes Simonenko’s well-known ”generalized factorization of matrix
functions in LP spaces” and avoids an interpretation of the factors
as unbounded operators. In a natural way, we meet non-isotropic
Sobolev spaces which reflect the wedge asymptotic of diffracted waves.
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Formulation of the problems

We consider interface problems (IFPs) for the Helmholtz equation
(HE) in Q = R} UR”™ where
"={z= (2" x,) = (T1, .00, Tn—1,Tp) : T, > 0}
and the interface I' = R"~! x {0} is divided into two parts which are
identified with open subsets ¥ C R"! and ¥/ = R*~!\ ¥ assuming:
(i) that mes(X N X’) = 0 and (ii) that ¥ has a so-called extension
property for s = £1/2. The present IFPs are briefly written as
(A+EHu=0 in Q
aoug +boug =go , aui +buy =g1 on % (1)
agug +byug =gy, adyuf +bu; =g; on X
Herein ui denote the traces on the upper/lower bank I'F of T' and ui
the normal derivatives. Further k € C, Smk > 0 and ay, ..., b} € C.
For constructive results (explicit solution) the screen ¥ is moreover

assumed to be a half-space, say ¥ = Rﬁ_l according to x,—1 > 0.
Sommerfeld problems are easily identified as a special subclass of IFPs.
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Spaces

We assume that the notion and basic properties of Sobolev spaces
(here synonymously for fractional Sobolev spaces or Bessel potential
spaces) are known using the common notation of H* = H*(R"™) and
H?(Q) for the restricted function(al)s, s € R, further we write H$,
for those defined on R™~! but supported on ¥, and H $(3) for those
defined on ¥, which admit an extension by zero within H*(R" 1), see
[CDS14,ENS11,Esk81,HW08] for details.
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Representation formulas

The weak solutions u € H*(f2) of the HE can be written in the form
(see [CDS14,ENS11,MS87], e.g.):

_ K + u+ in QF
_ + — D, 0
u = ’CD,Q(UO » Ug ) = { ICD’97 ugy in Q° (2)
— — &Nz - 1 it e (N -
Kparug () = Folope O™ ug (€) = 53 / LT g ()
—~ 1

Kp.o-uy (z) = ]_-g'l_m’et@ )znua (EI) _ ok [Rz (3 )znua (f/)dé-/
where uf € HY2(R"1), writing 2’ = (21, ..., Zn_1), & = (&1, ., En_1) €
R"~1 ) dgl = dgl-“dgnfl ) glml = flxl + ...+ gnflxnfl and t(gl) =
(€24 ...+, — k*)Y/? (with vertical branch cut from k to —k via oo
such that ¢ is continuous on R*~! and t(¢’) ~ |¢/| as ¢’ — oo in R"71).
The space of weak solutions of the HE, i.e., of functions u € H'(Q2)
representable in this form, is denoted by H!(Q2). It forms a Hilbert
(sub-)space with the common inner product induced by H!(f2).
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Reduction to the semi-homogeneous problem

For clarity it is convenient to confine ourselves on semi-homogeneous
problems where g; and g¢{ vanish. It has been shown in [S12] how
the ”equivalent reduction” to semi-homogeneous problems can be ar-
ranged in a very strong sense, in terms of operator relations. With this

simplification we define the operator associated to the semi-homogeneous
IFP by

By : HYQ) — HY2R)xHYA(Z) |, ue~ (90,01) (3)

that is explicitly given by formula (1) with ¢g), = 0 and g; = 0. For
short, H} () denotes the subspace of H! () with vanishing boundary
data g(, g} on ¥’ (see third line of (1)). It is evident that the (semi-
homogeneous) TFP is then well-posed if and only if By is boundedly
invertible. In this case, B ! represents the resolvent operator.
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Screens with extension property

In general we admit screens ¥ C R™ (m = n — 1) which have the
following extension property: For s = £1/2 there exist bounded lin-
ear operators B¢ : H®(X) — H®(R™) which are left invertible by
restriction, denoted by ry, = r§, (the fact that ry depends on s as an
operator is suppressed), in brief re E$, = Iys(x) (cf. [HW08,W1087]).
For s € R?, particularly for s = (s1,s2) = (1/2,—1/2), we briefly
write EY = diag (E5), E5?), provided ¥ has the extension property
for s; and ss.
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Normal type IFPs and their characteristic number

We say that the IFP (and By, as well,) is of normal type [S89] if
agby +boa; # 0 a{)b'l —|—b6a’1 £ 0. (4)

These conditions guarantee that certain Fourier symbols do not degen-
erate (and corresponding pseudo-differential operators are normally
solvable). Further let

a b B 1 apby +boal  —aopbf, + boay,
c d o apby + bja) —a1by +bial  arby + bra

and be # 0 (see remarks in Section 5 about ”decomposing systems”).
Then we call

A = ad/be (6)
the characteristic number of the IFP. The following matrix function
plays a central role:

o = (1t;1> (7)
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Main Theorem

Let ¥ be an open half-space in R*~! (n > 2) and By defined by (3)
be of normal type. Let k& € C,Smk > 0,abcd # 0 be satisfied and
A~1 € C\[0,1]. Then the IFP is well-posed and the resolvent operator
can be calculated by means of a canonical Wiener-Hopf factorization
of Ay = F~lo, - F through an unisotropic Sobolev space that will be
given later explicitly.

The existence of such a factorization is also necessary for the IFP to
be well-posed.
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Interface operators (IFOs)

We continue considering the semi-homogeneous problem. Thus it is
convenient to formulate the interface equations in terms of new un-
knowns vysy, ws; which vanish on ¥’ instead of the traces Uo , Uy - This
leads us to the following data management (operator theoretical for-
mulation), analogously to the case n = 2 [S89]. Let

B:I: . Hl/?(Rn—l)Q N HI/Q(Rn—l) X H_1/2(Rn_1)
_ 1 a0 b\ _ 1 -1
By=F ( —ait bt ) F=F"onF ®
Bo=Fi( % W) r_ i, 5
- —ait byt B-

which are boundedly invertible linear operators if (4) is satisfied. In
this case we define the IFO (associated to the IFP) as

T = rg FloF:H?xHY? = HYX(5) x HY3() (9)

o = UB+U§E.
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Theorem 1

Let By be the operator associated to an IFP of normal type (see (3),
(4)) and T the corresponding IFO defined by (9). Then these two
operators are equivalent.

Proof The representation formula (2) and the definition of By imply
the operator factorization

T — By K B! (10)
()= = ()~ ()
91 Ug wy;
HY2(S)x HV2(S) « Hy « .. « HYxHS'Y?

in which the composition of the last two operators on the right hand
side is a linear homeomorphisms according to the normality assump-
tion and the definitions of B_ and H}. O

Contents First Last | > Back Close Full Screen



12

Corollary: Explicit solution in terms of 77!

The IFP is well-posed if and only if 7" has a bounded inverse. In this
case the resolvent operator is represented by

Byt =KBI'T!
where K and B~! are given by (2) and (8) (inverting op_), resp.
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Theorem 2: Reduction to a normal form
Let T be given as before and abc # 0 in (5). Then T ~ T) 5. where
The = ry Floy-F: HY? x HS'? - HV2(S) x HV2(%)

(11)
B 1ot
T e A
and \ is given by (6).

Proof Obviously o can be transformed into oy by multiplication
with constant matrices, explicitly by writing:

. 1 apby + boa) (—aobfy + boag)t*
T b, Fbhal \ (—aby +bial)t  aibh + bia
(12)

R CHICES WAL
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General WHOs and canonical WH-factorization
through an intermediate space

Let A: X — Y be a bounded linear operator acting in Banach spaces
and P, € L(X), P, € L(Y) projectors, i.c., P} = P;,j = 1,2. Then

w = P2A|P1X : P X —- PY (13)

is referred to as a general Wiener-Hopf operator (WHO) [DevShi69,S85].
Further

A = A_A, . Y+ Z+X (14)
is said to be a canonical WH-factorization of A through an inter-
mediate space Z (in short FIS), if Z is a Banach space, as well,

Ay € L(X,Z2),A_ € L(Z,Y) are boundedly invertible and if there
is a projector P € L(Z) such that

A.P,X = PZ
See [Cas95,CS95,...,514].

A_PZ = DPyY. (15)

3
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Theorem 3: Factorization theorem

Let A: X — Y be a bounded linear operator acting in Banach spaces
and P, € L(X), P, € L(Y) projectors. Then the WHO (13) is bound-
edly invertible if and only if A admits a FIS (14). In this case the
inverse of W reads

Wt = A'PATYpy  RY — PX. (16)

Proof Sufficiency follows from a verification of formula (16), i.e.,
showing W~'W = Iy and WW ! = Iy by help of the factor proper-
ties resulting from (15):
Ay = PAP AP PAT'P  (17)
PA. = PA P , PA" = PAT'P,.

This is just a simple modification of an old idea known from classical,
symmetric WHOs [Shi61,Goh...7].
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Necessity: If W is invertible, put

Ilpy 0
0 0

_ Plx _ ng
nr = (le),xeX , Lgy—(Q2y>7y€Y

7 = PYxQX P:( ):Z—>Z

A, = (P2AP1 P2AQ1)L1:X—>Z (18)
0 (@
-1
_ -1 Py 0 .
A- = b ( QAP Q1AT'Qy > 2=y

Remark This part of the proof is new, although just a modification
of Cebotarev’s brilliant idea [Ceb67,585] to write, in the symmetric
case,

A = A_ AL = (H(PA+Q).
However, there is a (non-trivial) modification for the generalized in-

vertibility of W called WH-factorization through an intermediate space,
to be published [S14].
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Realization of WHOs in diffraction theory

Let ¥ C R™ be open and such that ¥ and ¥ = R™ \ ¥ satisfy
the extension property for s = +1/2, i.e., there exist bounded linear
operators E%, : H*(¥X) — H*(R™) with reE5 = Iys(y), for s =
(1/2,—1/2). Then the operator T' = Ty 5 of (10) (corresponding with
o = o)) is equivalent to a (general) WHO, namely

Ty = =W , W = ET\s = PRAlpx (19)
X=Y= H"xH'? | A, = Flo\ F

where P; is any projector onto Hé/2 ngl/Q , P is any other projector

along Hl{Q X Hz_,l/z. In particular it is possible to choose for P; the
orthogonal projector onto Hé/ 2 x Hy, 1/2
projector along H§{2 X Hg,l/z.

and for P» the orthogonal

This leads to the general question of existence and representation of
extension operators in spaces of Bessel potentials, corresponding pro-
jectors and the construction of Bessel potential operators, see [DS93].

Contents First Last | > Back Close Full Screen



18
Example 1
For s = 0, H*(X) = L%(¥) and any measurable set ¥ C R™, the ex-

tension by zero represents a bounded linear operator and ”produces”
an orthogonal projector

lo € LILX(X),L2R™) , rsbo = I|12(n)
P =lors = P> = P* € L(L*(R™).

If we replace s = 0 by 0 < |s| < 1/2 and consider H*(X), where ¥ C
R™ is open, all this remains true up to the fact that P = fory is not
orthogonal. However P is still a projector along H*(X'), &' = R™\ X.
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Example 2

The question of explicit representation of the orthogonal projector
onto (or along) H*(X), s € R, is quickly answered for a half-space,
¥ = R say, by using Bessel potential operators A :

P =A bors A, Ay =F "2\ F (20)
M(€) = &n+ilE?+ D)2, £= (€ 6m) R,
see [Esk81,CS98], for instance.

One observes that the orthogonal projector (20) represents the projec-
tor onto H*(X) along A=2H*(X')~* where A is the Bessel potential
operator with symbol ¢ in the special case of k = i:

A=A, =F 4 -F , (&) = (E@+1D)Y2 cecR™. (21)

Note that ¢; is often denoted by A [Esk81] (which stands here already
for the characteristic parameter that appeared in (6)).
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Example 3

Now, let us work with (&) = (£2 — k?)!/? instead of t; = (€2 + 1)1/2
where k # i, moreover Rek > 0,3Imk > 0. Replacing Ay (€) by the
last factor of the factorization

(=K = (&n—i(? =KDV (&n +i(€7% — KH)V?)

we obtain similar results but no orthogonality.
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Explicit Wiener-Hopf factorization of A
through an intermediate space

The problem is to factorize the operator Ay = F~loy - F with respect
to X =Y = H'Y2 x H~'/2 and projectors P, onto Hé/z X H£1/2 ,

P, along HY? x Hz_,l/2 where ¥ = R and o is the matrix of (9)

B 1 ot!
»- ()
with A € C\ {0,1}, t(&) = (€2 — k*)*/? and

§ = (f/ué-m) = (glv”wgmflagm) € R™

in case of m > 2 (i.e., n > 3).

Certainly this will be done by factorization of o}.
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The one-dimensional case

For convenience we use the following abbreviations assuming that
EEAeC,Omk>0,0#\#1:

NMig+m%Ef’£€R

ES (f) - m
i A+ B
c = ;log\f/\_1 , 6=ReC (22)
cx(§) = cosh[Clogv+(§)]
s+(§) = sinh[Clogy:(¢)]

with the usual branch cuts compatible with ¢(¢) = (£2—k?)1/? (see the
introduction). More precisely, t = t_t, , t+(£) = (£ £ k)Y/? = 400
as £ — +oo with vertical branch cuts from k to i 0o and from —k to
—1 00, respectively. Further

k=& = iE-R)Y? = it ().
Note that here t1 have order 1/2 (as in [S89]) and not order 1.
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Theorem 4

For ¥ = Ry, A € C\{0} the operator T} 5, defined by (11) is boundedly
invertible if and only if A\=! € C\ [0,1] holds. In this case the inverse
T, ; is given by a bounded composition of linear operators:

Tyy = Axjlory- ALY (23)
Ad = Flou-F

_ 1)1 —1/4( —s.pf/t )
ot ( ) —C+§/\f — sy t/VA st tey

i _—s_&/t —s_f/t
I R S A V2 ¢ s-&/

7 ( ) —s_t/N A+ c_E/VA c_

where £g denotes any extension of ¢ € H'Y/2(X) x H~'/2(%) into
HY2(R)x H~Y/%(R). A,y and A} are considered as densely defined,
unbounded operators whose composition in the first line of (23) has
a bounded extension.
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Proof of Theorem 4 (sketch)

It is well-known that Ty s; has a bounded inverse if and only if the
lifted Fourier symbol

t_ 0 =t 0
oxo = (0 t—1>0,\(6 t+> (24)

admits a canonical generalized factorization in L?(R)?

1 and [S89], Theorem 2.1 for more details.

There it was shown that the Fredholm criterion for WHOs acting
in L2(R,)? with Fourier symbol (24) (belonging to C*(R)%*2) ex-
cludes A7! € [0,1]. For A=t € C\ {0,1} a factorization of oy into
lower /upper holomorphic function matrices was constructed (see The-
orem 3.1 of [S89]) by means of the Daniele-Khrapkov formulas. This
was not a generalized factorization in L?(R)? for any . However, for
A1t e C\ [0,1], it could be transformed into a generalized factoriza-
tion with the help of the so-called Daniele trick [Dan84], splitting a
rational ansatz function in a convenient way, see [S89], Section 4, for
details, resulting in the factorization (23). O

, see Example

Contents First Last | > Back Close Full Screen



25

Theorem 5

Let X =R, , A"t € C\ [0,1]. The factorization of Ay = Ay_A,, in
(23) represents a FIS where

o = Ox— OX+ (25)
Ay = Ay_  Axg = Flox.-F Floy - F
HY?xH™Y? « 7 « HY? x H™1/?
1 1
Z = HE® , z=(az2)=(50-0.56-1)
_ =1 VA+1
and 6 = —= arg YA+ €]0,1].
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Proof of Theorem 5

It is convenient to consider the corresponding factorization of Ayg =
Floxe - F : L*(R)? — L*(R)?
Ao = Axo— Aot = Flox-F Flox-F
(26)
L*(R)? « Z <« L*(R)?
as a factorization of a bounded linear operator acting in L?(R)? into
injective unbounded operators (densely defined in L?(R)?) such that
the composition
-1 -1

Axoy P AN (27)
where P = 1, - acts on a dense subspace, as well, admitting a bounded
extension in L?(RR)?.
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In this situation, the factorization (25) can be regarded as a bounded
operator factorization through an intermediate space Z which is simply
the image of Ayp4+ equipped with the induced norm topology ||.||z =
[Ayos-llL2ry2- It turns out that the factorization (25) represents a
FIS in the sense of the statement because of the asymptotic behavior
of the lifted symbol factors

ordoy- = ordoyy, = ( 38 - g; zgg - B ) 2
15 les
ordoyg = ord 0;017 = ( %E(ls — z1$§ gg - (153 ) ’

The crucial point is that Py = ¢ory € L(Z). In other words: The
multiplication operator generated by the characteristic function of
R, acts as a continuous operator in Z = H*(R), which is true since

|zj| < 1/2,7 = 1,2. The range of ¢ results from the definition, namely

§ = =Larg gﬂ € [0,1] and § = 0 is excluded (corresponding with

A > 1 where the operator is not Fredholm. [

Contents First Last | > Back Close Full Screen



28

Theorem 6

Let A # 0,X = Ry and T », be given by (11). The following assertions
are equivalent:

1. Ty is normally solvable (i.e., it has a closed image),
2. T » is boundedly invertible,
3.3 tecC\o,1].

Proof It remains to consider A1 €]0,1]. If A = 1, the matrix o)
degenerates which implies that Ay is not normally solvable and T} s,
as well [MikPro80]. If A=! €]0,1[, we know from [S89] that T} x is
not normally solvable. In the other cases where A=! € C\ [0, 1] it was
proved already in Theorem 3.2 that T x; is invertible. [
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Theorem 7: The higher-dimensional case
Let m € Nym > 2k, QSmk > 0,A\"1 € C\ [0,1],¢(¢) = (£2 — k?)V/? =

(57271 + £/2 - k2)1/27§ = (flvfm) € Rmv (2P be given by (ll)a and O+
by (23) replacing & by &, and k by (k* — £2)'/2 in (22). Consider

Wirp = PAlpx (29)
X = H'ZR™) xH'?R™)
A = Ay =Floy-F
P} = PjeL(X),j=12

imP, = HY?xHZ'? | kerPy = HY?* x HV?.

Then, with these substitutions, (25) represents a FIS where the inter-
mediate space is an anisotropic vector Sobolev space

Z = H*R™)x H *(R™) (30)
HR™) = Fa.L*®™) , w.(€) = (1+ €25/ (1 +€2)=/2)
2= () = G- 1), 50— 0).
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Proof of Theorem 7

The explicit factorization formulas (23) show, after substitution of &
by &, and k by (k2 — €2)1/2 ¢ € R™~! (considered as parameter),
the desired properties of the factors with respect to analytic extension
in Gn = &m + Mm, Mm > 0 or 1, < 0, respectively. This guarantees
the invariance properties (17) in dense subspaces. It remains to prove
that the factorization of Ay corresponding with (25) represents a fac-
torization into bounded operators through an suitable intermediate
space Z, i.e., where P = fyr is bounded (cf. the end of the proof of
Theorem 3.2). The positive answer is given by studying the asymp-
totic behavior at infinity of oy in (23). We obtain:
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P2 (g e L Em = +00, €] = 400

’YJr(f) ~ { \Ei*l/2 |£,|71/2 |£m|1/2 , Em — —00, |§/| — +00

O~ PPl . & = oo, [€] = Foo
- V22 NE V2 |V g — —00, [€] = 400

|exp[C-log v+ (§)]| = O(exp{ReC - log |v+(£)[}

- { O((l&ml/IE)TRC2) , €m — +00, [€'] = +o00
O(([&ml/[E')FRCT2) & = —00, [€'] = +o0.

The asymptotic behavior of the corresponding lifted symbols is, with
respect to &,,, the same as in the one-dimensional case given by (28)

where § = ReC' = Re(£ log %*’1) €]0,1]. The asymptotic behavior
of v+ in the previous formulas shows that the increase orders with
respect to |¢’| are inverse, i.e., § — 1 and 1 — ¢ have to be exchanged
(28). The exceptional case of § = 1 corresponds with A €]0,1[ and
the intermediate space Z = L?(R)?. In all other cases we have the

unisotropic Sobolev space with z # (0,0). O
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Example 4

The most prominent genuine example is the so-called Sommerfeld
problem [Nob58,Mei97,MS89,Som96] with mixed Dirichlet-Neumann
conditions on ¥, also denoted as Rawlins’ problem (after [Raw81])
where the interface conditions (1) gain the form

ug =go , —uy =g on X (31)
ug —ug =0 , uf—uy=0 on ¥

By analogy to the lowest dimensional case n = 2,m = 1 [MS89,589]
one can now conclude that, for sufficiently smooth and decreasing
data, the solution in R? has the asymptotic behavior

Vu(z) = O(|(x2,x3)|73/4) as |z| = 0. (32)

However, there are other very efficient methods for the description
of this kind of asymptotics, see [Dau88].
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Theorem 8

Letme N, X =R7, ke C,Smk >0, "' €C\[0,1]. Then the
inverse of the operator T 5, of (11) is given by formulas (23), namely

(i) for m =1 as composition of bounded operators in the sense
of (25),

(ii) for m > 2 with the above-mentioned substitutions (¢ extends
from R to R™, F is the m-dimensional Fourier transformation, ¢
defined in R™ and k replaced by (k* — ¢?)'/? as in Theorem 6) as a
composition of bounded operators in the sense of (29) and (30).

Proof This is a direct consequence of the foregoing results. [
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Completion of the proof of the main theorem

Now we put all together. Under the assumptions of Theorem 1 the
well-posedness of the (semihomogeneous) IFP is equivalent to the
bounded invertibility of By. We further know that By ~ T 5. The
inverse of the last operator is given by Theorem 8 and bounded, as
well. Therefore the resolvent operator By ' exists and is bounded as
a composition of the corresponding bounded operators, see (2), (10),
(12), Theorem 3 and Theorem 8:

1

—1
B, 0

KB'T! = /CB:l(

e O

(33)

Conversely, if the IFP is wellposed, we conclude by the help of the

above operator relations that Ty 5; and the equivalent operator W) 5

are boundedly invertible. By Theorem 3, the operator Ay necessarily
admits a FIS. O
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Decomposing systems

Now we study the ”exceptional cases” where abcd = 0 in (5). All
of them admit an explicit solution, even under more general assump-
tions on X. Most are interesting from the viewpoint of functional and
asymptotic analysis and some of them can be considered as physi-
cally interesting. Two very different classes appear where (a) either
an off-diagonal element vanishes or (8) an element in the diagonal
vanishes.

Case a.0: b= c¢ =0 and ad # 0. Obviously, the operator T given
by (9) with symbol o defined in (12) is just T' = ry diag (al,dl) =
diag (ryal,rsdl), i.e., it maps onto rgHé/2 X rgH£1/2 = HY2(%) x
H~'/2(x) which is a dense proper subspace of the image space of T.
Hence, replacing T by an operator T'< with this smaller image space
(and equipped with the induced norm topology), we obtain a bijective,
bi-continuous operator

T< : HY*xHS'? - H2S)x HY2(R).  (34)
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Decomposing systems, further cases bc = 0

Case a.1 : b =0 and acd # 0. Similar arguments lead to the
normalization

T< : HY’xHy'? - H2S)x HY2(X).  (35)

It is easy to find various realizations of IFPs falling into this class of
problems. For instance, imposing jump conditions on ¥’, then b = 0
implies the condition ag+ by = 0 and a1, by remain arbitrary, not both
vanishing. The corresponding IFP does not seem to be physically
important.

Case .2 : ¢ =0 and abd # 0. Here the normalized operator maps
like

T< : HY*xHS'Y? o HVAS)x HV2(S).  (36)
Explicit inversion is simple as before. In these examples X is quite
arbitrary, in contrast to the following.
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Decomposing systems, cases ad = 0

Case $.0: a=d=0and bc # 0. This case leads us to the study of
the operators

Wiy = reF WF:HPP S HVAS) |, Wiy = roF 't

(37)
These operators have been explicitly inverted in [CDS14 for k& € iR
and a wide class of polygonal-conical domains in R2, i.e., elements in
the set algebra generated by half-planes, finite intersection and the
interior of complements. Hence our operator T can be inverted as

B 0 biw L
t,

A generalization to higher dimensions m > 3 is not hard to prove,
anyway not carried out here. The case where X is a half-space and
the wave number k just satisfies Smk > 0 can be treated by scalar
factorization, see Example 1.
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Decomposing systems, further cases ad = 0

Case .1 : a=0and bed # 0 . This is a simple generalization
of the previous case working with triangular 2 by 2 operator matrices
where the off-diagonal operators are invertible.

Case $.2: d=0and abc # 0 . The same idea holds as before.
This class includes the case A = 0 that was avoided before.

Realizations of the last two classes are not completely irrelevant.
If a = 0, we conclude ag = by, i.e., the first interface conditions on 3
tells us that the traces on the upper and the lower bank of 3 coincide
while the second condition if arbitrary (as long as both coefficients a,
and b; do not vanish simultaneously).

If d = 0, we conclude a; = by, i.e., the second interface conditions
on Y tells us that the normal derivatives on the upper and the lower
bank of ¥ coincide while the first condition is arbitrary (as long as
both coefficients ap and by do not vanish simultaneously).
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Generalizations: 1. The inhomogeneous problem

The relationship between the semi-homogeneous problem to the full
problem is clearly described by an operator matrix identity:
By 0

B_E( 0 IZ*)F (39)
where Z* is a suitable Banach space and F, F’ linear homeomorphisms.
Here we have the Hilbert space Z* = HY?(X') x H-Y/?(X'), see
[S12red] for details. The relation (39) is more general than operator
equivalence but, in particular, it also transfers the invertibility prop-
erty, explicit representation of inverses (provided E, F or E~1 F~1,
respectively, are known), and operator normalization in the above
sense. Altogether we obtain the chain of operator relations

B X By ~ T ~ W
where B ~ By stands for an equivalent after extension relation. It
implies particularly that the images are closed only simultaneously,
that the kernels are isomorphic to each other and the cokernels are
isomorphic, as well [BT91,CS98,512red].
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Generalizations: 2. Parameters A €]1, o0

The operator Ay (see (19),(19)) is obviously invertible in H'/2 x H~1/2
if A #£ 1. For n = 2 and ¥ = R, it is known that the corresponding
Wiener-Hopf operator is not to normally solvable, but a normalization
is possible by changing the spaces to H*P p # 2, for instance, see
[S89]. A higher-dimensional analogue is expected, however technically
complicated.

Contents First Last | > Back Close Full Screen



41
Generalizations: 3. Small regularity

For m = 1 and with the help of the theory of Wiener-Hopf operators in
Sobolev spaces with symbols in C*(R) [MoST98] it is possible to prove
that in the situation of Theorem 1.1 a solution u € H'*¢ for data in
H'/?%e 5 H=1/2+¢ and certain values of € €]0,1/2[ which depend of
and can be determined from (25). Further results in this direction are
expected for the higher-dimensional case. Also normalization in the
H*-scale seems to be possible (replacing s = +1/2 by s = £1/2 +¢).
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Open problems: 1. More general screens X

Sommerfeld problems with Dirichlet or Neumann conditions on X
(and jump conditions on ¥’) can be solved (in the present sense)
for a wide class of plane screens like quarter-planes, cones or even
polygonal-conical screens [CDS14] with rather sophisticated methods.
At present it seems not possible to obtain corresponding results for
problems with more general transmission conditions as shown in (1).
The lifting of WHOs into L? spaces is already difficult for a quarter-
plane or cone [DS92,DS93].

The minimal assumptions (i), (ii) on ¥ mentioned in the introduc-
tion are really needed in general. Condition (i) is necessary for well-
posedness of the IFP (otherwise data on ¥ MY can not be deter-
mined uniquely) and (ii) is needed for the equivalent reduction to the
semi-homogeneous problem. If ¥ is bounded, the two assumptions
are satisfied exactly for strong Lipschitz domains [HWO08]. If ¥ is
unbounded, the situation is not so clear anymore.
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Open problems: 2. Oblique derivatives

Admitting in (1) not only normal but also oblique derivatives, one
obtains interface operators (9) with symbols which contain polyno-

mial terms. Even for m = 1 the factorization problem is completely
unsolved at present.
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Open problems: 3. Sectoriality

Since Ay acts in a symmetric space setting X =Y = H'/2 x H~1/2

(in contrast to the Sommerfeld type problems in [CDS14]) it is natural
to apply the well-known idea of sectoriality [BoeSil06,S85]. However,
this does not work directly for general screens, since the operator W
in (19) is "highly asymmetric” with P; # P,. Only in the case of a
half-space ¥ one can lift the operator into L?-spaces (see Example 1)
and then apply this idea.
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Open problems: 4. Two-media problems

Based on the previous remark it is possible to tackle certain higher-
dimensional problems as in [S85,589], namely by considering the cor-
responding operator Ty s (whose symbol contains now two different
square root functions ¢;(¢) = (&2 — k?)l/Q) as a perturbation of an
operator associated to a one-medium problem. In certain cases this
leads to a solution by the help of an approximation by a Neumann
series.
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