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Introduction

(a) Consider the following problem:
Function f(x) = Z cje
j=

We have function values f(¢), £=0,...,2N -1, N> M

We want ¢; €C, T € |—a,0|+i|—m,7),7=1,..., M.

)

Problem:
Find the best M-term approximation, i.e. an optimal linear combina-
tion of M terms from the set {eli* : T; € [~a, 0] + i[—7,7)}.




Introduction

(b) Determine the breakpoints and the associated jump magnitudes of
a compactly supported piecewise polynomial if finitely many values of
its Fourier transforms are given.

Consider
N
flx) =) ¢ Bj'(x),
j=1
where B;” 1S a B-spline of order m with knots T}, ..., Tjp.

How many Fourier samples of f are needed in order to recover f com-
pletely?

Example. f(z) = ci L7, 1) ()




Introduction

(c) A vector x € C" is called M-sparse, if M < N and if only M
components of x are different from zero.

Problem.
Recover an M—sparse vector x € cN , 1t only few scalar products

yk:a,’;x, k:1,...,2L

with L > M with suitable chosen vectors a; € C are given.

With AT = (ay,...,a9;) € CV*?L find an M-sparse solution of the
underdetermined system

Ax =vy.



Classical Prony method

M
Function f(x) = c;eli®
j=1

We have M, f({),/=0,...,2M —1

We want c;eC, T;€e|—a0+i-mm7m),5=1,...



Classical Prony method

M
Function flx) = ¢;jeli®
=1

We have M, f({),{=0,...,2M —1
We want c;ieC, Tjel|-a0+i-mm7m),j=1,...,M.

Introduce the Prony polynomial
M

P(z):=]I (=€) = Zpgz

j=1

with unknown parameters 7; and pys = 1.

M M
Eszf(Wrm) ZWZCJ jm) = S ¢ Tmzpze 15¢
=0 j=1 =0



Reconstruction algorithm

Input: f(¢), {=0,...,2M — 1

e Solve the Hankel system

O fA) .. f(M = 1) p f(M)
/ fa) - f@2) ... f(M) \ ( pg \ /f(M+1)\

\ F(M = 1) FOM) .. FeM—2)) \par i) \ F2M — 1)

* Compute the zeros of the Prony polynomial P(z) = Zej\io pezt and
extract the parameters T; from its zeros z; = eli, j=1,..., M.

e Compute c¢; solving the linear system

M

f(@):cheTjg, (=0,...,2M — 1.
j=1

Output: Parameters 7 and ¢j, 7 =1,..., M.
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Relation to differential and difference equations

Consider a homogeneous linear differential equation with constant co-
efficients of the form

M
ka ¥ (z) = 0.
k=0

Then a general solution is of the form

M

flz) =) cpe,

k=1

where \;. are the pairwise distinct zeros of the characteristic polynomial
M k

Hence, the Prony method recovers solutions of differential equations
from its functions values f(l), [ =0,1,...,2M — 1.



Analogously, consider a homogeneous difference equation with constant
coefficients of the form

M
Zpkf(k+m)20, m € 7.
k=0

Then a general solution is of the form

M

flz) =) cre™,

k=1

where A\, are the pairwise distinct zeros of the characteristic polynomial
M k

Hence, the Prony method recovers solutions of difference equations
from its values f(I), 1 =0,1,...,2M — 1.

10



Relation to linear prediction methods

Let h = (hy),eN, be a discrete signal.

Linear prediction method: Find suitable predictor parameters p; € C
such that the signal value hy, s can be expressed as a linear combina-
tion of the previous signal values hj;, j =¢,... .+ M — 1, 1.e.

M—1

herae = Y (=pj) herj, € € No.
=0

With pjps := 1, this representation is equivalent to a homogeneous linear
difference equation. Assuming that

M

k
hk:ZCij, k € Np,
j=1

we obtain the classical Prony problem where the Prony polynomial
coincides with the negative value of the forward predictor polynomial.

11



Relation to annihilating filters

Consider the discrete signal h = (hy),,c7 with
M
hy = chz;‘, JEZ, zj €C, |z =1.
j=1

The signal a = (ay),,¢7 is called an annihilating filter of h, if

©.@)
(axh), = Z agh,_y =0, néeZ.
V=—00
Consider
M M M M
0= ag(chz?_E) — ch z']’-”(Zagzj_g)
(=0 j=1 j=1 (=0

Hence, the z—transform a(z) of the annihilating filter a and the Prony
polynomial p(z) have the same zeros z;, j = 1,..., M, since 2™ a(z) =

p(z) for all z € C\ {0}.

12



Relation to Padé approximation

M M
Consider h(k) = Zl cjellik = Zl Cj zf with 2; = elli.
j= j=

By

_ 1 2
Sho L
‘ 1 —2zj/z z— 2z

o0
k=

we find the z-transform of (h(k))gen,

Nk N2 alz)
h(z) =Y h(k)z _ZCJZ_Z._W),
k=0 j=1 J

where p(z) is the Prony polynomial and a(z) is a polynomial of degree

M.

Hence the Prony method can be regarded as Padé approximation.

13



Numerical approach to Prony’s method

M
Let f(z) = > ¢;eli®.

j=1
Given: noisy samples fr = f(k) +eg, k=0,...,2N —1
Given: L > M (upper bound for M) and N > L
Wanted: M, c¢; € C, T € |—a,0| +¢|—7,7),5=1,..., M.
We consider the Hankel matrix

ON—IL—1,L
Hon—r,04+1 = (fe4m)y m—o

[ ) F(1) F(L)
N £ F(L+1)
\h(QN—:L—l) h(QN:—L) f(2N:—1)/

= (fo, £, ..., fr)

14



For the submatrix Hysp = (fo, ..., far—1) and £y = (f(M + 5))%61
we had
Hyrp = —tu,

where p = (po,...,pa—1) contains the coefficients of the Prony po-

lynomial.

Consider the companion matrix

(00 .. 0 —p

10 ... 0 —
CM(p): . . . Ipl

\0 0 ... 1 —py_1/

Then
Hy Cp(p) = (£1,. .- far) =t Hpr(1)

and the eigenvalues of Cy;(p) = H, Hyy(1) are the wanted zeros z; =
eli of the Prony polynomial.

15



ESPRIT for equispaced sampling (Potts, Tasche ’13)

Input: L, f({),{=0,...,2N — 1, where L < N
e Compute the SVD

Hon_1 1+1 = Uan_r Don_p 141 W41
of the rectangular Hankel matrix Hon_r r+1. Determine the ap-
proximate rank M of Hon_r, 141.

* Put Wy r(s) =Wry(1: M,14+s5:L+s), s=0,1 and

FM c— (VV]W,L(O)T)]L WM,L(l)T )

T

and compute the eigenvalues z; = e*7, 7 = 1,..., M, of the matrix

F.
* Compute c¢; solving the overdetermined linear system
M
f0)=> ¢l £=0,...,2N —1.
j=1

Output: Parameters 7 and ¢j, 7 =1,..., M.

16
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The Prony method

N
Function: P(w)= Y ¢;e @
j=1

Wanted:

Gilven:

CjER\{O} and 77 < Ty < ... < Ty
P(Rl), £ =0,...,N with h >0, |pT;| <7 Vj=1,...,N

18



The Prony method

N .
Function: P(w)= Y ¢;e @l

Wanted: c¢; e R\{0}and 71 <Th<...<Ty

Given: P(h{),¢=0,...,N with h >0, |hT;| <7 Vj=1,...,

Idea: Consider the Prony polynomial

N | N
A(z) =[] (z — e i) = zgo Aoz’

Z MNP(h(f —m)) :Z ¢ S e =M, _Z ¢;eihmT] Z e 1T

{=0 = =1 J= /=0

N

18



Prony method

Input: P(¢h), £ =0,..., N, step size h.

e Form the Toeplitz matrix

Tni1 = (P(h(t—m))Y o € RV with P(—¢h) = P(¢h).

* Solve Tnyi1A =0, where Ay = 1.

e Compute the zeros of the polynomial A(z) = Zév

circle and extract the frequencies 7T from z; = e

* Compute ¢; from P({h) = Z;il cie i 1 =0,

Output: frequencies T; and coeflcients c;j, 7 =1, ..

* )

M\sz% on the unit

lhTJ j=1,...,N.

, V.

N.

19



Problem (b) Reconstruction of step functions and splines

Consider

N
F) =D b try gy (@)

J=1

How many Fourier samples are necessary to recover f(x)

(ie. cf,...,chy €ERand Ty < Ty < ... < Tyy1) uniquely?

Let
fw) = [ f@)e i da
R

Example. f(x) = c} L7, 1) ()

20



Problem (b) Reconstruction of step functions and splines

Consider

N

1
flz) = ZCJ L, 1;0)(2);

j=1
How many Fourier samples are necessary to recover f(x)
(ie. ¢f,...,ch ERand Ty < Ty < ... < Tyy1) uniquely?
Let

Fw) = [ f@e=rd
R

Example. f(z) = ci L7, 1) ()

f(0) = ci(To - Th)
. 13
f(1) =cf [e*dz = cf(sinTy —sinTy) + icf(cos Ty — cos T} )

17

20



Step functions

Theorem 1 (Plonka, Wischerhoff ’13)

Let —co <11 <Io < ... <1Ni1 < 00,
andlletc}ERI‘“()]fj:1,...,NWithc}7éc}Jrl fory=1,...,N —1.
Let h > 0 satisfy |hT;| < w firj=1,...,N + 1.

N
Then f(x) = ) cjl- L7, 1, ,)(z) can be recovered uniquely from N + 1
j=1

AN

Fourier samples f(¢h),{=1,..., N + 1.

Proof.
N1 | N+1
f(LU) _ E :._J(e—le] —e 1wT]+1) - c?e_lej
— W W 4
g=1 J=1
0 1
with Cj = Cj —Cj_1-

Apply the Prony method.

21



Example

Step function with N = 6

Table: Parameter of the original function and reconstruction error with

h = 0.27.

J|| T | T -Tyl= | ¢ | |cf—¢l~

1| -11.5 | 9.81-10713 | -2 | 6.24-10~1

21 -11.43 | 4.867-10"13 | 3 | 1.91-10714
3 -9 5.329-1071° | 1.2 | 2.864 - 10~14
41 -5.37 | 1.51-107" | 1.1 | 3.153-10~14
51 -1.3 | 1.554-1071° | -4 | 4.441-10~*
6 1 1.998 - 1071 | 2 | 6.306-10"14
7 4 3.997 - 101

22



Reconstruction of spline functions

Consider

N
fla) =" By ).

J=1

where B;” 1s the B-spline of order m with the knots 75, ...

7Tj—|—m-

23



Reconstruction of spline functions

Consider
N
fl@) =3 e Bl (a),
j=1
where B;-” 1s the B-spline of order m with the knots 75, ..., T,

Theorem 2 (Plonka, Wischerhoff 13)

Let —co<Ti <12 < ... <TNiy, < oo be aknot sequence
and let c?ER,jzl,...,N.
Let h > 0 satisfy |RT;| < wforall j=1,...,N +m.

Then the spline function f can be exactly recovered from N +m Fourier
samples f(¢h),{=1,...,N +m.

Idea of proof:
The (m — 1)-th derivative of f is a step function.

23



Example

Spline function with NV =5 and m =5

Table: Parameter of the original function and reconstruction error h =

0.5.

j T; T Ty = | ¢ cf — ¢y =~
1 6 |2665-107" |-32]1377-10714
2 || -5.8 | 4.441-1072 | 3.1 | 4.441-10~%
3 4 | 4.441-1071 | 0.8 | 2.156- 10713
4 | -2.25 | 4.441-10" | 1.5 | 8.136-10~13
5 || -0.6 [ 9.992-10716 | -3 | 1.792-10"1?
6 0 |2053-1071

7 1.3 | 1.11-1071°

8 || 2.73 | 8.882-10~'°

9 3.5 | 1.332-107%

10 || 4.2 | 8.882-10~1°

24



Reconstruction of linear combinations of translates of ¢

Consider

N
flz) =) cj®(z—Tj)
j=1

with unknown parameters ¢; € R, 7; € R, and known ©.

25



Reconstruction of linear combinations of translates of ¢

Consider

N
flz) =) cj®(z—Tj)
j=1

with unknown parameters ¢; € R, 75 € R, and known .

Theorem 3 (Plonka, Wischerhoff ’13)

Let —co < Ty < Ty < ... < TN < oo be a real sequence
and c;j € R, =1,...,N.

Let ® be a given function with ®(w) # 0 for w € (=T, T),
and let h > 0 be such that |hT}| <7 forall j=1,..., N.

Then f(z) can be exactly recovered from N + 1 Fourier samples f(¢h),

(=0,... N

Proof: Apply Prony method to f(w) = (ZN

i=1Cj e_iTjw) d(w).

25



Two-dimensional case (nonseparable)

Consider
N
f(x1,72) E ®(x1 —vj1,22 —Vj2).
with unknown parameters c¢; > 0, v; := (v1,vj2) € R? and known
function ®.

Fourier transform gives

N
Flwr, ws) Z bwrvjatw2vi2) | (W, ws)
Hence
/\ N > N
== ? ~ _ J
CP(wl, = ®(0, w2) j=1

26



Theorem 4 (Plonka, Wischerhoff ’13)

Let ® be given with ®(wq,ws) # 0 for |w|s < T
and let h > 0 be such that h||v,|j2 < min{m, T} forall j =1,..., N.

Then, the coeflicients ¢; > 0 and the shifts

v; = (vj1,v52) € R? can be exactly reconstructed from 3N + 1 Fourier
samples

{£(0,0), f(¢h,0), (0, £h), f(cos(am)th, sin(am)th), £ = 1,..., N},
where a € (0, %) needs to be chosen suitably.

Idea of proof:

Prony method in “z-direction”: yields a set of candidates for v; 1
Prony method in “y-direction”: yields a set of candidates for v;
We obtain all possible shifts v as a cartesian product of these sets.

Choose « such that the orthogonal projections of all possible
shifts onto the third line (with slope tan «) are pairwise different.

27



Example 1

64

2 2
Gaussian ®(x1, x2) = GXP(%%BZ)

with four shifts

-63
—64 0 63

Jlvia | Wiy —vjal = | v | |[vig—vje|l = | ¢ | | —cjl =
1| 34 | 1.421-10"14 5 2.958-10~1% | 3 | 2.531-10"°
2 1| -34 0 5 2.958 10713 | 4 | 4.406 - 10~?
31 34 | 1.421-107% | 10 | 2603-107H | 2 | 5.795.-10""
41 34 | 1.421-1071* | 10.25 | 6.908-10~* | 4 | 5.586- 10"




Example 2

64

3
I2.5

2 2

. Gaussian ®(x1,12) = exp(xl;—o%)
O | with eight shifts

J | via | Wi —vjal = | vja | [vio—vjel= | ¢ | |¢f—cj| =
1 -10 | 1.954-107% | 20 | 1.066-10"1% | 1 | 6.646-10~?
21 10 | 1.066-10"1* | 20 | 1.066-10"1* | 2 | 837110
31 20 | 7.105-107 | 10 | 1.421-107" | 3 | 9.27-1077
41 20 | 7.105-10"" | -10 | 3.02-10~™ | 1 | 1.139-1078
51 10 | 1.066-10"1* | -20 | 1.066-10"1* | 1 | 6.217-10°
6| -10 | 1.954-10~' | -20 | 1.066-10"* | 2 | 6.036- 107"
71 -20 | 2.842-10~" | -10 | 3.02-10~'* | 3 | 1.353-1078
8 1 -20 | 2.842-10~™ | 10 | 1.421-107*% | 1 | 1.198-1078

29



Classical Prony method

Function

We have

We want

M
fl@) =2 cjels®
j=1

M, f(6),6=0,...,2M — 1

c;eC, T,e€|-a,0+it—mm),7=1,...

30



Classical Prony method

M
Function flx) = ¢;jeli®
=1

We have M, f({),{=0,...,2M —1

We want c;eC, Tje|-a,0+i-mm7m),j=1,...

Introduce the Prony polynomial
M

P(z):=]I (=€) = Zpgz

j=1

with unknown parameters 7; and pys = 1.

M
> pef(C+m) = ZmZCg jlem) = S~ ¢ Tmsze Tjt

(=0 j=1 (=

)

M.

30



Reconstruction of M-sparse polynomials
Ben-Or & Tiwari algorithm

Function

We have

We want

f(z) = ZC]

0<d{ <do <. <dM NdENQ,CJG(C

M, f(xé), ¢{=0,...,2M — 1, (ajg pairwise different)

coefficients ¢; € C\ {0}, indices d; of “active” monomials

31



Reconstruction of M-sparse polynomials
Ben-Or & Tiwari algorithm

Function f(x) = Z Cj X

0<dy <dy <. <dM NdEN(),CJG(C

We have M, f(xf), £=0,...,2M — 1, (x§ pairwise different)

We want  coefficients ¢; € C\ {0}, indices d; of “active” monomials

Consider the Prony polynomial
M

P(z) := jl;[l (z — T, ) Z pezt

: d;
with unknown zeros zy’ and pp; = 1.

31



M . M
Prony polynomial P(z) =1 (z — ZCO]) = Y pet
(=0

=1
Then

M M M M

d: (0+ d. d. 0
2 pef (5™ = 3 pe S ejag T = 3 ejag™ S pey
=0 j=1 i=1 /=0
M am ., d
:chggoj P(ajo‘7):O7 m:O,...,M—l

i=1

Hence

me( Hm)_ —f(x €+m), m=0,...,M —1.

Compute py = P(z) = zeroszy = d;j = c¢.

32
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The generalized Prony method (Peter, Plonka (2013))

Let V be a normed vector space and let A : V' — V be a linear operator.

Let {e, : n € I} be a set of eigenfunctions of A to pairwise different

eigenvalues \,, € C,
Ae, =\, e,.

Let
7€J

Let I : V — C be a linear functional with F(e,) # 0 for all n € I.

We have M, F(A'f) for £=0,...,2M — 1
Wewant JCI,¢c;eCilorjeJ

34



Prony polynomial

M
PE) == 2) =D ne!
(=0

jed

with unknown Aj, i.e., with unknown J. Hence, for m = 0,1, ...

M M M
EX_:OWF(A”mf) = sz(Z CjA“mej) =) WF(Z Cj>\§+m€j)

=0 jed (=0 jed
M
=Y o (L) ey
j€J =0
= 2 GAT'P(Aj)F(ej) = 0.
1€J

Thus, if F(A*f), £=0,...,2M —1 is known, then we can compute the
index set J C I of the active eigenfunctions and the coeflicients c;.

35



Application to linear operators: shift operator

Choose the shift operator S;, : C(R) — C(R), h > 0

Spf(z) == f(z+ h)

Eigentunctions of &y,

mT

Sy eli® = lileth) — (Tih oTjz T; € C,ImT) € [_E’ E)

Prony method: For the reconstruction of

f(x) = % c;eli® weneed F(S;f) = F(f(-+h)), £=0,...,2M —1.
=1

]:

Put F(f) := f(z0). F(Syf) = f(zo + ht)
zro+(¢+1)h
Put F(f) = [T f(x)da. F S = [ flz)d.
xo+Lh

36



Application to linear operators: dilation operator

Choose the dilation operator D;, : C(C) — C(C),
Dpf(x) = f(hx)

Eigenfunctions of Dy, Dy aPi = (hx)Pi = hPixPi,

We need:  APJ are pairwise different for all 5 € 1.

Ben-Or & Tiwari method: For reconstruction of

M

flx) =) cjabi,

j=1

we need F (D5 f) = F(f(h%)), £=0,...,2M — 1.

Put F(f) = f(x0). F(DLf) = 110

Put F(f) = [y f(x)de. F(D) = 1% ff

pj € C, z e R

37



Application to linear operators: Sturm-Liouville operator

Choose the Sturm-Liouville operator £, , : C*°(R) — C*(R),

Lpqf(x) :=plx)f"(z) + q(z) f'(2),

where p(x), g(z) are polynomials of degree 2 and 1, respectively.

FEigenfunctions are orthogonal polynomials, where L, ,Qy, = A\,Gn.

p(x) q(x) An name symbol
1—-2°) | B—a—(a+B+2)z) | —n(n+a+B+1) Jacobi pP)
(1 —z?) —(2a+ 1)z —n(n + 2a) Gegenbauer CL
(1 —z7) —2x —n(n + 1) Legendre P,
(1 —z7) —x —n° Chebyshev 1. kind T,
(1 —z7) —3z —n(n + 2) Chebyshev 2. kind Un

1 —2x —2n Hermite H,
T (a+1—x) —n Laguerre L

38



Sparse sums of orthogonal polynomials
. M
Function f(x) =2 cn; Qn,(x).
j=1

We want: ¢, € C\ {0}, indices n; of “active” basis polynomials Qp,,

Now, f can be uniquely recovered tfrom

M

F(ng,qf) — £]]§,qf(aj0) — Z anAijan (Cli'o), k= 0,..., 2M — 1.
7=1

39



Sparse sums of orthogonal polynomials
. M
Function f(x) =2 cn; Qn,(x).
j=1

We want: ¢,. € C\ {0}, indices n; of “active” basis polynomials Qp,,
Now, f can be uniquely recovered from

M

F(ﬁg,qf) — £]]§,qf(aj0) — Z C’nj)\]’rcsznj (:EO)7 k= 07 SRR 2M — 1.
7=1

Theorem.
For each polynomial f and each x € R, the values ngjq f(x), k =

0,...,2M —1, are uniquely determined by (™ (z), m =0,...,4M —2.

If p(zg) = 0, then L, ,f(zo) reduces to L, ,f(x0) = q(x0)f'(x0), and
the values [,];’qf(:co), k=20,...,2M — 1, can be determined uniquely

by U (x0), m=0,...,2M — 1.

39



Example: Sparse Laguerre expansion

Operator equation

V'(2) + (a+ 1 — 2) (LY () = —n LIV

x(Lfla)

Sparse Laguerre expansion

6
f(ﬁU) — Zl an Lg?
]:

()  (with a = 0)

Given values: £(0), £(0), ..., f1(0).

j Uz an ﬁj 5nj

1| 142 | —3 | 142.0000000018223 | —2.999999999999987
2 | 125 | —1 | 125.0000000494359 | —1.000000000000034
3| 91 2 90.9999998114290 2.000000000000063
41 69| =3 | 69.0000003316075 | —3.000000000000058
D 53 | —1 53.0000003445395 | —0.999999999999988
6 11 2 10.9999999973030 2.000000000000004
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Application to linear operators: Recovery of sparse vectors

Choose the operator D : CV — CV
Dx := diag(dp,...,dny_1)X

with pairwise different d;.
Eigenvectors of D: De; = dje; 7=0,....,N —1.

We want to reconstruct

M
X:chjenj cnjE(C, O<n<...<ny <N-1.
7=1

We need F(D*x), ¢ =0,...2M — 1.
Let F(x) :=11x := Z;-V:_Ol zj. Then F(D*x) = 11D = a}x,
where aeT = (dé,...,dgv_l), ¢{=0,...2M — 1.
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Example: Sparse vectors

Choose

: 0 1 N—1
D = diag(wpy, Wy, -, Wy ),

where wy := e 2™M/N denotes the N-th root of unity:.

Then an M-sparse vector x can be recovered from
y = Fon N X,

kf)zM_l’N_l c C*M*N contains the first 2M rows

where FQM)N — (wN k. 0=0
of the Fouriermatrix of order V.

Variant of the method:

For (m;, N) =1 and 0 < mg < N — 1 apply the rows of the Fourier
matrix F with indices

mo, m1 + ma,2my1 +ma,...,(2M — 1)m1 + mg to recover Xx.

( Heider, Kunis, Potts, Veit "13)

42



Numerical issues (Generalization of [Potts,Tasche ’13])

Numerically stable procedure for steps 1 and 2:

Let g, := (F(AM™ WML =0,...,M —1 and

m=0 "

G = (F(AMm ML = (go...gn—1) and G = (g1...8n).

Then (1) yields
Gp — —8M,

Let C(P) be the companion matrix of the Prony polynomial P(z) with
eigenvalues A;, 7 € J. Then

~

GC(P) =G,

Hence A; are the eigenvalues of the matrix pencil

~~

G — G, z e C.
Now apply a QR-decomposition or SVD-decomposition to (gg...gn)-
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