Rational Gauss quadrature

Adhemar Bultheel

Dept. Computer Science, KU Leuven

Chemnitz September 2013

This is joint work with Maria-José Cantero, Ruyman Cruz Barroso,
Leila Daruis, Karl Deckers, Pablo Gonzalez-Vera, Erik Hendriksen,
Andreas Lasarow, Olav Njastad, Francisco Perdomo-Pio, Joris Van
Deun, Patrick Van gucht.
This is dedicated to the memory of Pablo Gonzalez Vera.

http://nalag.cs.kuleuven.be/papers/ade/chemnitz13

Adhemar Bultheel (KU leuven) Chemnitz September 2013 1/91



@ Prerequisite: Gauss quadrature
(basics: quadrature, orthogonal polynomials, moment matching,
interpolation)

o Generalization: Orthogonal rational functions (ORFs)
(generalized basics: function spaces, orthogonality, recursion,
interpolation, quadrature)

@ Special case (Chebyshev weights and rational interpolation),
Preassigned nodes, Error bound and convergence

@ Application of ORFs (rational Krylov)

Orthogonality and quadrature on R, R*,[—1, 1] (Gauss)
[and briefly on T (Szegd)]
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Numerical quadrature

Problem is to compute the integral

T{f} = / (2)du(2)

@  finite positive measure
e usually probability measure ([ du(z) =1)

e supported on (part of) R = RU {oc}
[or T={zeC:|z| =1}]
e felC L’f
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Numerical quadrature

Problem is to compute integral Z,{f} = [ f(z)du(z).
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Numerical quadrature

Problem is to compute integral Z,{f} = [ f(z)du(z).

consider nested subspaces (£L_1 = &, Lo = C, dim(L,) = n+ 1)

LoCLyC - CLyCCLoo=|] Lk CL=clLoco)
k=0

Example £, = P, (= space of polynomials of degree < n)
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Numerical quadrature

Problem is to compute integral Z,{f} = [ f(z)du(z).

consider nested subspaces (£L_1 = &, Lo = C, dim(L,) = n+ 1)

LoCLyC - CLyCCLoo=|] Lk CL=clLoco)
k=0

Example £, = P, (= space of polynomials of degree < n)

Interpolate f by p,_1 € L,_1 and integrate:
p,,_l(z) =5 Zj:l f(an)fnj(Z) = £n—1v gnj(X,,,') = 5,’], i,j = 1, R}
= | {f} = Ly {pr-1} = T, {f} = L, {f}

Iu"{f} = Z W,U'f(X,,J'), W,,J' = IM{E,,J'}, Hn = Z W,,_,'(sxnj.
j=1 j=1

v
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Degree of Exactness

Pn—1 € L1 uniquely defined by interpolation in {x,,j}J'-’Zl.

LA{f} =Z,,{f} Vf € L. Generically k = n— 1. How about k > n?
max k = degree of exactness (DoE).
Ly is a domain of exactness.
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Degree of Exactness

Pn—1 € L1 uniquely defined by interpolation in {x,,j}J'-’Zl.

LA{f} =Z,,{f} Vf € L. Generically k = n— 1. How about k > n?
max k = degree of exactness (DoE).
Ly is a domain of exactness.

In general DoE can be slightly larger than n — 1.
E.g. n-point Newton-Cotes qf (Lx = Pk, {xsj} C I C R equidistant):

n—1, neven
eSS { n, nodd -
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Degree of Exactness

Pn—1 € L1 uniquely defined by interpolation in {x,,j}J'-’Zl.

LA{f} =Z,,{f} Vf € L. Generically k = n— 1. How about k > n?
max k = degree of exactness (DoE).
Ly is a domain of exactness.

In general DoE can be slightly larger than n — 1.
E.g. n-point Newton-Cotes qf (Lx = Pk, {xsj} C I C R equidistant):

n—1, neven
eSS { n, nodd -

Choose nodes x,; to maximize the DoE (in {Lx})

This requires an orthogonal basis, inner product, Hilbert spaces,...
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Some facts on R

We need an inner product (f, g), = = [f(2)g(z)du(z).
If supp s« C R then z € R and thus f(z) = f(2).

We set f(z) = f(Z) for suppp C R ie. (f,g), = Luifg}

On supp u, both coincide with just taking the complex conjugate, but the
definition holds for any z € C.

on R: <z’,zk>u = T (M) K e P P =P
i.e. the Gram matrix [<z’,zk>u]k,/ has a Hankel structure.

Jgrgen Pedersen Gram Herman Hankel
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Gauss quadrature (on R)

L, =P, =span{l,z,2z? ..., z"} — orthogonalize — OPs {bk}k=01,...
Zeros {xpk}j_; of ¢n are simple and in supp p.

An n-point interpolatory qf (IQF) with nodes {xn;}]_; will be exact in Pp,
with m > n — 1 if and only if the node polynomial
N(z) = (z — xn1) - - - (z — Xnn) is orthogonal to Pm_p.

Thus if {x,,j}]’?:1 are the zeros of an orthogonal polynomial ¢, € P, \ Pp-1
(simple and in the support of 1), then we will get a maximal DoE that is
m = 2n — 1 and the quadrature weights are positive.

These are Gauss gf with DoE 2n — 1

note dim(Pa,_1) = 2n.
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@ Nodes preferably inside supp

@ Quadrature weights should be positive (stability and convergence)

@ DoE as large as possible
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@ Nodes preferably inside supp

@ Quadrature weights should be positive (stability and convergence)

@ DoE as large as possible

Gauss gf have all these. l
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QF = moment matching = interpolation

p,q € Ly: Zzpkmk+lql M1 = (x¥, x"y = T, {x*"}
k=0 =0

QF = moment matching

L {p:q} = In{pxq} VP, q € Py, ie., {f} = L, {f}, Vf € P,
iff my = Z,{x*} = T,{x*}, k=0,1,...,2n
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QF = moment matching = interpolation

n

n
PG E Ln: (pa), =D > BuMisiqr My = (x*,xI) = T, {x+1}

k=0 /=0

QF = moment matching

L {p:q} = In{pxq} VP, q € Py, ie., {f} = L, {f}, Vf € P,
iff my = Z,{x*} = T,{x*}, k=0,1,...,2n

N

Define Q,(z) = [ d)f_(’; =— Z mz %1 and

moment matching = interpolation at oo

me=mpi, k=0,...,2niff Q,(z) — Qn(z) = O(Z*(2n+1))
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Extend to the rationals

Polynomials are rationals with poles at co
From 1 point co to multiple points {ay}

On R: (QF = moment matching)

el = many possibilities

e supp (p) = IR all poles on R or all in € \R Hamburger
e supp (1) = [0, +oc] all poles on [—oc0,0] or in €\ [0, +00) Stieltjes
e supp (1) = [~1,1] all poles on R\ [-1,1] or in €\ [-1,1] Hausdorff

Lo={2Q: p e Pyma(z) = [T1_,(1 — z/c)}

L, = ’PT,r,nliz:)aII Qp = 00.

Felix Hausdorff ([0, 1]) Thomas Stieltjes ([0, co)) Hans Hamburger (R)
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ORF on R




Definitions and notation

o C=CU{x}, R=RU{c0}
U={zeC:Im(z)> 0}
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Definitions and notation

o C=CU{x}, R=RU{c0}
U={zeC:Im(z)> 0}

o fz(z) =f(2)
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Definitions and notation

o C=CuU{o0}, R=RU {o0}
U:{zﬂzlm(z)>0}

o fz(z) =1(2)
e Cayley transform: (note factor i)

. D1— y i D U
Z=1C(W):l}+—w<—>W:1c’”":;+—§: WG{ T HZE{R

& Arthur Cayley
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Definitions and notation

o C=CuU{o0}, R=RU {o0}
U={zeC:Im(z) >0}
o £(2) = T(2)

e Cayley transform: (note factor i)

g __ i~z D U
z =ic(w )—IH_—W<—>W—IC = WE T ©ZE€

Henri Lebesgue

t=ei? df . dx
o T:dA(t) = > R:dA(x) = 115D (Lebesgue).
Therefore set dji(x) = %(XX)
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Definitions and notation

M C I

@ Nevanlinna kernel: D(x, z)
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Definitions and notation

M C

11+xz
IXZ
=ic

@ Nevanlinna kernel: D(x,z) =
@ Nevanlinna transform: Q;(z)

+ [ D(x, z)dfu(x)

Rolf Nevanlinna

Chemnitz September 2013 13 /91
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Definitions and notation

M~ C l

— 1 1+xz

@ Nevanlinna kernel: D(x,z) = 1222
o Nevanlinna transform: Q(z) = ic + [ D(x, z)dj(x)

o If no mass at oo, then Cauchy transform: Q,(z) =1 [ du()

X—Zz

Augustin L. Cauchy
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Definitions and notation

M~ C l

1 1+xz
i

e Nevanlinna kernel: D(x,z) =

@ Nevanlinna transform: Q;(z) = |c+fD z)dj(x)
o If no mass at oo, then Cauchy transform: Q,(z) =1 [ d)fi(’;)
e Carathéodory class C = {f € H(U) : Re f(U) > 0}
Qj, is positive real in U: ReQ;(z) > 0forzc U
Constantin
Carathéodory

-
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Definitions and notation

M C

114xz
IXZ

o Nevanlinna transform: Q(z) = ic + [ D(x, z)dj(x)
1

@ Nevanlinna kernel: D(x,z) =

If no mass at oo, then Cauchy transform: Q,(z) = 1 [
Carathéodory class C = {f € H(U) : Ref(U) > 0}
Q, is positive real in U: ReQ(z) >0forze U

limy o Re Qu(x +iy) = 1/(x)
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Definitions and notation

M~ C l

Z!. 1+xz

@ Nevanlinna kernel: D(x,z) = ;

@ Nevanlinna transform: Q;(z) = |c+fD z)dj(x)

o If no mass at oo, then Cauchy transform: Q,(z) =1 [ d)fi(’;)
° >0}

,u,
Carathéodory class C = {f € H(U) : Re f(U)
Qj, is positive real in U: ReQ;(z) > 0forzc U

limy o Re Qu(x +iy) = 1/(x)

@ Remove factor i in the Nevanlinna and Cauchy kernel results in € in
Pick/Nevanlinna class = {f € H(U) : f(U) C UUR}

Georg A. Pick Rolf Nevanlinna
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The spaces L,

A

We start with poles {a}x>1 € R\ {0} and supp (1) = R, apg = oo
o set b =1, bp(2) = Zy(2)bp-1(2), Zn(z) = —%—, n>1,

T 1-z/an’
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The spaces L,

We start with poles {a}x>1 € R\ {0} and supp (1) = R, apg = oo
o set by =1, bp(2) = Zy(2)bn-1(2), Zn(z) = e 121
e L, =span{bg, b1,..., b}
L,= {7% : pn € Poimn(2) = [1721(1 — z/ak)}
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The spaces L,

We start with poles {a}x>1 € R\ {0} and supp (1) = R, apg = oo
o set by =1, bp(2) = Zy(2)bn-1(2), Zn(z) = e 121
e L, =span{bg, b1,..., b}
L,= {7% : pn € Poimn(2) = [1721(1 — z/ak)}
o if all ay = oo then Z,(z) = z, by(z) = 2", and L, =P,
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The spaces L,

We start with poles {a}x>1 € R\ {0} and supp (1) = R, apg = oo
o set by =1, bp(2) = Zy(2)bn-1(2), Zn(z) = e 121
e L, =span{bg, b1,..., b}
L,= {7% : pn € Poimn(2) = [1721(1 — z/ak)}
o if all ay = oo then Z,(z) = z, by(z) = 2", and L, =P,

@ p € P, has a zero at oo of order m means that its degree is n — m.
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Inner product in £,

® (") defined by Gram matrix G, = [(bk, b1) ;1% ;o = [Mk, 1]} =0

Jgrgen Pedersen Gram
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Inner product in £,

® (") defined by Gram matrix G, = [(bk, b1) ;1% ;o = [Mk, 1]} =0
e Moments my; = [ byz(x)by(x)dj(x)
o Al ={i,a1,...,a,} and o is the multiplicity of o € AP,

Adhemar Bultheel (KU leuven) Chemnitz September 2013 16 / 91



Inner product in £,

° (., '>il defined by Gram matrix G, = [{bx, b/>;2]2,/=0 = [mkV/]ZJ:O.
o Moments my; = [ byz(x)bi(x)df(x)
o Al ={i,ai,...,a,} and o is the multiplicity of o € A%,
o Recall Q;(z) = [ D(x,z)dj(x) = § [ 222dji(x) then
Gy defined by Q¢ (a) for a € Ai, and s =0, ... 2a# ~1
partial fractions: my; =3, . [ D($)(x, a)dfi(x)
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Inner product in £,

® (") defined by Gram matrix G, = [(bk, b1) ;1% ;o = [Mk, 1]} =0
e Moments my; = [ byz(x)by(x)dj(x)
o Al ={i,a1,...,a,} and o is the multiplicity of o € Al
o Recall Q;(z) = [ D(x,z)dj(x) = 1 [ 2222dji(x) then
Gy defined by Q% (@) for a € A',, and s =0, ... 2a# 1
(moment matching = interpolation)

o (f.g);, =(f.8)y Vf,g € Ly iff Qs is an Hermite interpolant for €,
for the points {i, —i, a1, a1, ag, a2, ..., ap, an}

Charles Hermite
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Inner product in £,

® (") defined by Gram matrix G, = [(bk, b1) ;1% ;o = [Mk, 1]} =0

e Moments my; = [ byz(x)by(x)dj(x)

o Al ={i,a1,...,a,} and o is the multiplicity of o € Al

o Recall Q;(z) = [ D(x,z)dj(x) = 1 [ 2222dji(x) then
Gy defined by Q% (@) for a € A',, and s =0, ... 2a# 1
(moment matching = interpolation)

o (f.g);, =(f.8)y Vf,g € Ly iff Qs is an Hermite interpolant for €,
for the points {i, —i, a1, 01, a2, a2, ..., apn, ap}

@ The i appears because D(t,i) =1 and

1= [di(t) = [ 9 = [ D(x,i)dji(x) = Qu(i) = Qu(—1)
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Inner product in £,

® (") defined by Gram matrix G, = [(bk, b1) ;1% ;o = [Mk, 1]} =0

e Moments my; = [ byz(x)by(x)dj(x)

o Al ={i,a1,...,a,} and o is the multiplicity of o € Al

o Recall Q;(z) = [ D(x,z)dj(x) = 1 [ 2222dji(x) then
Gy defined by Q% (@) for a € A',, and s =0, ... 2a# 1
(moment matching = interpolation)

o (f.g);, =(f.8)y Vf,g € Ly iff Qs is an Hermite interpolant for €,
for the points {i, —i, a1, 01, a2, a2, ..., apn, ap}

@ The i appears because D(t,i) =1 and

1= [di(t) = [ 9 = [ D(x,i)dji(x) = Qu(i) = Qu(—1)

e (QF =) moment matching = interpolation

Adhemar Bultheel (KU leuven) Chemnitz September 2013 16 / 91



The ORF 6,

© ORF L, 1 L, ¢n € Ly
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The ORF 6,

© ORF L, 1 L, ¢n € Ly

o ¢n(z) = annbn(z) + an,n—lbn—l(z) + ---+ anobo,
ann = kn >0, dn,n—1 = "51,1

Adhemar Bultheel (KU leuven) Chemnitz September 2013 17 /91



The ORF 6,

© ORF L, 1 L, ¢n € Ly

o ¢n(z) = annbn(z) + an,n—lbn—l(z) + ---+ anobo,
ann = kn >0, dn,n—1 = "51,1

o We may assume all functions are real © +j@=©
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The ORF 6,

@ ORF L1 L, ¢n€ L)

o ¢n(z) = annbn(z) + an,n—lbn—l(z) + ---+ anobo,
ann = kn >0, dn,n—1 = "5:1

o We may assume all functions are real © +j@=©

o Note that Lz = L, if the ay are real (recall (z) = f(2))
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The ORF 6,

® ORF L,_1 L, ¢n € L,

o ¢n(z) = annbn(z) + an,n—lbn—l(z) + ---+ anobo,
ann = kn >0, dn,n—1 = "5:1
o We may assume all functions are real © +j@=©

o Note that Lz = L, if the ay are real (recall (z) = f(2))

° ¢, = %’1 then ¢, is singular if p,(ap—1) = 0, and regular otherwise.
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The ORF 6,

ORF L1 L, ¢n € Loy

¢n(z) = annbn(z) + an,n—lbn—l(z) + ---+ anobo,
ann = kn >0, dn,n—1 = "5:1

o We may assume all functions are real © +j@=©
o Note that Lz = L, if the ay are real (recall (z) = f(2))
° ¢, = %’1 then ¢, is singular if p,(ap—1) = 0, and regular otherwise.

Singularity does not occur in the polynomial case .
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The ORF 6,

® ORF L,_1 L, ¢n € L,

® ¢n(z) = annbn(z) + ann—1bn-1(z) + - - - + anobo,
apn =kn >0, anp_1=k),
o We may assume all functions are real © +j@=©
o Note that L,z = L, if the ay are real (recall z(z) = f(2))
° ¢, = %’1 then ¢, is singular if p,(ap—1) = 0, and regular otherwise.

@ Singularity does not occur in the polynomial case .

o Set Loo = Jrro Lk, then Lo - Log # Lo (doubles poles)
unless a finite number of poles with infinite multiplicity [©
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Recurrence for ORF ¢,

o Define ¢_1 =0, ¢o =1 (assuming [ djp = 1),
a_1 = ap = 00, so that Z_1(z) = Zy(z) = z,
then clearly 3E7, By such that

(1- ail)¢1(z) = Eiz+ By = (E1z + Bi)¢h.
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Recurrence for ORF ¢,

o Define ¢_1 =0, ¢o = 1 (assuming [ djp =1),
a_1 = ap = 00, so that Z_1(z) = Zy(2) = z,
then clearly 3E;7, By such that

(1-2)

V4

¢1(Z): (Elz—i—Bl)%.

dE1,B;1 € R, E; 79 0 s.t.
¢1(z)

Po(2)
2o(2)

9-1(2)
Z_4(2)

:(Elzo(z)-l-Bl) +CG

Z1(2)
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Recurrence for ORF ¢,

o Define ¢_1 =0, ¢o = 1 (assuming [ djp =1),
a_1 = ap = 00, so that Z_1(z) = Zy(2) = z,
then clearly 3E7, By such that

(1-2)

V4

¢1(Z): (Elz—i—Bl)%.

dE1,B;1 € R, E; 79 0 s.t.
¢1(z)

$o(2)
Zo(2)

¢-1(2)
Z_1(2)

:(Elzo(z)-l-Bl) +CG

Z1(2)

@ This is the first step of the 3-term recurrence relation (TTRR)
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Recurrence for ORF ¢,

If ¢, and ¢p_1 are regular then for n > 2

" Zy-2(2)
_ o g @ni(@) | o dna(2)
Z.() (EnZn-1( )+B”)Z,,_1(z)+c”zn_2(z)

¢,,(Z) _ £ 2 On— 2(2)
Z,,(z) = (An + Zn—2( )) ¢n 1( ) + Co
(2)

with C, =

”+m:A”_Zn 1(04,, 2)7&0

v
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Recurrence for ORF ¢,

Theorem
If ¢, and ¢,_1 are regular then for n > 2

02 = (At g ) bomal) + G52

Zn(Z) Zn—2( ) Z (Z)
( ) _ 2 anfl(z) ¢ (Z)
70 = (EnZ,—1(2) + Bp) Zo () + G, Zo ()
with C, = — =Ant 7ot = A 2o 7O

v

E, = 0 iff ¢, is singular and
P ["?n + zn(ZLI)]' ez 2,
(2) =255 = (1= 2)x(2)

m
I

-2
==
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Recurrence for ORF ¢,

Theorem
If ¢, and ¢,_1 are regular then for n > 2

én(z) _ B 2 Pn—2(2)
Z@) (A”+zn_z<z))¢"‘1( It 5@

an(z) =S (EnZn—l(z) + Bn)d;n—l(z) + Cngzn—2(z)

with C, =

”+Z 2(0<n 1):A”_ n1Oén 2)#0

v

E, = 0 iff ¢, is singular and
P ["?n + zn(ZLI)]' ez 2,
(2) =255 = (1= 2)x(2)

m
I

-2
==
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Recurrence

Pn(an—l)Pn—l(an—2) #0

d;n(z) = (E"anl(z) + Bn)&nfl(z) + Cn$n72(z)-
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Recurrence

Pn(an—l)Pn—l(an—2) #0

d;n(z) = (E"anl(z) + Bn)&nfl(z) + Cn$n72(z)-

2 parameter sequences: {E,} and {B,} (C, = —Efjl)

Define a, = EL,, and b, = —& then

anq';n(z) = (Zn—l(z) - bn)én—l(z) - an—l&n—2(z)-
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Recurrence

Pn(an—l)Pn—l(an—2) #0

d;n(z) = (E"anl(z) + Bn)&nfl(z) + Cn$n72(z)-

2 parameter sequences: {E,} and {B,} (C, = —Efjl)
Define a, = EL,, and b, = —E—: then

anén(z) = (Zn—l(z) - bn)én—l(z) - an—l&n—2(z)-

or, since Zn_l(z)q;,,_l(z) = z¢n-1(2)

anﬁgn(z) + bnﬁgn—l(z) + 3n—1¢;n—2(z) = z¢n—1(z)-
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Proof of recurrence
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Proof of recurrence

@ There is an A, such that (use regularity of ¢,_1)
Wo(z) = %:3526,(2) — AnZo-2(z)n-1(2) € Lo-s
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Proof of recurrence

@ There is an A, such that (use regularity of ¢,_1)
Wo(2) = Z8500(2) — AnZn-2(2)6n-1(2) € L1

o Check that W, L, £,_3, so that W,,(z) = Br¢n—-1(2) + Crpn—2(2)
proves first form
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Proof of recurrence

@ There is an A, such that (use regularity of ¢,_1)
Wo(2) = Z8500(2) — AnZn-2(2)6n-1(2) € L1

o Check that W, L, £,_3, so that W,,(z) = Br¢n—-1(2) + Crpn—2(2)
proves first form

1

@ Second form: note D, = 750 Z,,,ll(z) does not depend on z
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Proof of recurrence

@ There is an A, such that (use regularity of ¢,_1)
Wo(2) = Z8500(2) — AnZn-2(2)6n-1(2) € L1

o Check that W, L, £,_3, so that W,,(z) = Br¢n—-1(2) + Crpn—2(2)
proves first form

@ Second form: note D, = > 712(2) — Z,,,ll(z) does not depend on z

o E, # 0: take numerator of recurrence for z = «,_1 + regularity ¢,
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Proof of recurrence

There is an A, such that (use regularity of ¢,_1)
Wo(2) = Z8500(2) — AnZn-2(2)6n-1(2) € L1

Check that W, L, £,_3, so that W,(z) = Ba¢n—1(2) + Crpn—2(2)
proves first form

Second form: note D, = > 712(2) — Z,,,ll(z) does not depend on z

E, # 0: take numerator of recurrence for z = a,_1 + regularity ¢,

C, # 0 follows by writing out b"Z—;l € L,_1 L ¢, + recurrence
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Proof of recurrence

(]

There is an A, such that (use regularity of ¢,_1)
Wo(2) = Z8500(2) — AnZn-2(2)6n-1(2) € L1

Check that W, L, £,_3, so that W,(z) = Ba¢n—1(2) + Crpn—2(2)
proves first form

; _ 1 1

Second form: note D, = 750~ Zoae) does not depend on z
E, # 0: take numerator of recurrence for z = a,_1 + regularity ¢,
C, # 0 follows by writing out b"Z—;l € L,_1 L ¢, + recurrence

the ‘only if" part is simple QED
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Proof of recurrence

@ There is an A, such that (use regularity of ¢,_1)
Wo(2) = Z8500(2) — AnZn-2(2)6n-1(2) € L1

o Check that W, L, £,_3, so that W,,(z) = Br¢n—-1(2) + Crpn—2(2)
proves first form

Second form: note D, = Zn,12(z) —

1
7o) does not depend on z
E, # 0: take numerator of recurrence for z = a,_1 + regularity ¢,
C, # 0 follows by writing out b"Z—;l € L,_1 L ¢, + recurrence

the ‘only if" part is simple QED

To prove that E, = —C,E,_1 requires more work...
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Functions of the second kind

o Define ¥y(2) = [ D(x,2)[¢n(x) — ¢n(2)]dfi(x), n > 1
with appropriate initial conditions
(Yo(2) =iz, ¥-1(2) =i(1 + 2°), a-1 = 00, By =1)
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Functions of the second kind

o Define ¥y(2) = [ D(x,2)[¢n(x) — ¢n(2)]dfi(x), n > 1
with appropriate initial conditions
(Yo(2) =iz, ¥-1(2) =i(1 + 2°), a-1 = 00, By =1)

The 1, are independent solutions of the same recurrence as for the ¢, l
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Functions of the second kind

o Define ¥y(2) = [ D(x,2)[¢n(x) — ¢n(2)]dfi(x), n > 1
with appropriate initial conditions
(Yo(2) =iz, ¥-1(2) =i(1 + 2°), a-1 = 00, By =1)

The 1, are independent solutions of the same recurrence as for the ¢, l

114xz
i x—z

o Note because D(x,z) = , the coefs of 1, are in iR
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Functions of the second kind

o Define ¥y(2) = [ D(x,2)[¢n(x) — ¢n(2)]dfi(x), n > 1
with appropriate initial conditions
(Yo(2) =iz, ¥-1(2) =i(1 + 2°), a-1 = 00, By =1)

The 1, are independent solutions of the same recurrence as for the ¢, l

114xz
i x—z"

o Note because D(x,z) = the coefs of 1, are in iR

o Note ¢, € Ly for k > 1. Starting with o9 = 0,0_1 = i recurrence
generates o, € L,(00), i.e., with numerator of degree n —1
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Functions of the second kind

o Define ¥y(2) = [ D(x,2)[¢n(x) — ¢n(2)]dfi(x), n > 1
with appropriate initial conditions
(Yo(2) =iz, ¥-1(2) =i(1 + 2°), a-1 = 00, By =1)

The 1, are independent solutions of the same recurrence as for the ¢, l

114xz
i x—z"

o Note ¢, € Ly for k > 1. Starting with o9 = 0,0_1 = i recurrence
generates o, € L,(00), i.e., with numerator of degree n —1

° I}Iote with F, = E,Z,_1 + B,, theNrecurrence for
$n(z) = 255 = (1= 2)8a(2). %n(2) = (1 = Z)¢n(2),
i.e., pole a, — 00
n(2)  Du(2) ] _ { Fa(2) Ca ] [ Sn-1(2) Pn1(2)
Pn-1(2) Pn-1(2) 1 0 Pn—2(2) Yn-2(2)

o Note because D(x,z) = the coefs of 1, are in iR
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Christoffel-Darboux relation

Theorem (CD relation)
For x # y and xy # 0

an(y)d;n—l(x) — J)n(x)q';n—l()/)
y — X

= Enkn-1(x.y) = EZask

Ifx —y _ _ _ _
Pp(X)Pn-1(x) = Gn(x)dp_1(x) = Enkn—1(x,x)

Elwin B. Christoffel Gaston Darboux
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Christoffel-Darboux relation

Theorem (CD relation)
For x # y and xy # 0

&n(y)&n—l(x) — ¢N>n(X)<l~5n—1()’)
y — X

= Enkn-1(x.y) = EZask

Ifx —y

Fn(X)9n-1(x) = Pn(x),_1(x) = Enkn-1(x, x)

Elwin B. Christoffel Gaston Darboux

Follows from recurrence, but can also be proved independent of regularity.
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Rational gf

@ An n-point interpolatory qf (IQF) for £,_1 with nodes {{,x}}_; none
in A% = {ag,...,a,_1} will give gf exact in £,_1: T} =~ T, {f},
fn(z) = 22:1 f(gnk)Lnk(Z) € Lp1.
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Rational gf

@ An n-point interpolatory qf (IQF) for £,_1 with nodes {{,x}}_; none
in A% = {ao,...,as_1} will give gf exact in L,-1: Z,{f} =~ Z,{fn},
fa(z) = 22:1 f(&nk)Lnk(z) € Ln-1.

@ Choose £,k such that gf exact in £,_1 ,—1 or larger if possible.
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Rational gf

@ An n-point interpolatory qf (IQF) for £,_1 with nodes {{,x}}_; none
in A% = {ao,...,as_1} will give gf exact in L,-1: Z,{f} =~ Z,{fn},
fa(z) = 22:1 f(&nk)Lnk(z) € Ln-1.

@ Choose £,k such that gf exact in £,_1 ,—1 or larger if possible.

The interpolatory qf will be exact in L,_1,n—m, m > 0 if its nodes are the
zeros of q, where Q, = = € L, is orthogonal to L,_m(ap).

Tn
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Rational gf

@ An n-point interpolatory qf (IQF) for £,_1 with nodes {{,x}}_; none
in A% = {ao,...,as_1} will give gf exact in L,-1: Z,{f} =~ Z,{fn},
fa(z) = 22:1 f(&nk)Lnk(z) € Ln-1.

@ Choose £,k such that gf exact in £,_1 ,—1 or larger if possible.

The interpolatory qf will be exact in L,_1,n—m, m > 0 if its nodes are the
zeros of q, where Q, = = € L, is orthogonal to L,_m(ap).

Tn

@ The largest possible space £,_1,, = L, -1 is obtained for m = 0 so
that Q, L Lp(an) = Lp—1, i.e., Qp = cop.
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Rational gf

@ An n-point interpolatory qf (IQF) for £,_1 with nodes {{,x}}_; none
in A% = {ao,...,as_1} will give gf exact in L,-1: Z,{f} =~ Z,{fn},
fa(z) = 22:1 f(&nk)Lnk(z) € Ln-1.

@ Choose £,k such that gf exact in £,_1 ,—1 or larger if possible.

The interpolatory qf will be exact in L,_1,n—m, m > 0 if its nodes are the
zeros of q, where Q, = 7qr_',1, € L, is orthogonal to L, m(ap).

@ The largest possible space £,_1,, = L, -1 is obtained for m = 0 so
that Q, L Lp(an) = Lp—1, i.e., Qp = cop.

@ The corresponding weights will be positive. Indeed
Aok = Tuf Lok} = TL3} > 0. (Lo(2) = Lok (2) 2245

mh—1(2)
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Rational gf

@ An n-point interpolatory qf (IQF) for £,_1 with nodes {{,x}}_; none
in A% = {ag,...,a,_1} will give gf exact in £,_1: T} =~ T, {f},
fn(z) = 22:1 f(gnk)Lnk(Z) € Lp1.

@ Choose £,k such that gf exact in £,_1 ,—1 or larger if possible.

The interpolatory qf will be exact in L,_1,n—m, m > 0 if its nodes are the
zeros of q, where @, = q" € L, is orthogonal to L, m(n).

@ The largest possible space £,_1,, = L, -1 is obtained for m = 0 so
that Q, L Lp(an) = Lp-1, i.e., Qn = cp.

@ The corresponding weights will be positive. Indeed
Aok = Ll lok} = T L2} > 0. (Low(2) = Lok(2) 2o)

mh—1(2)

@ Problem: Does ¢, have simple zeros on R not in AO {ag,...,an}?
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Quasi orthogonal rational functions (QORF)

@ We might introduce a parameter 7 at the cost of loosing 1 degree of
exactness. Define the QORF Q,(z) = Qn(z;7) for 7 € R as

Zy(2)
Zn_l(Z)

Qn(Z) = ¢n(z) +7 ¢n—1(z) €L,
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Quasi orthogonal rational functions (QORF)

@ We might introduce a parameter 7 at the cost of loosing 1 degree of
exactness. Define the QORF Q,(z) = Qn(z;7) for 7 € R as

1—z/ap—1

On(z) = 6n(2) + T 0

¢n_1(2) € En

@ ‘Almost’ orthogonal: Q, L L,—1 N Ly—1(an) = La—1(n)

Adhemar Bultheel (KU leuven) Chemnitz September 2013 25 /91



Quasi orthogonal rational functions (QORF)

@ We might introduce a parameter 7 at the cost of loosing 1 degree of
exactness. Define the QORF Q,(z) = Qn(z;7) for 7 € R as

1—z/ap—1

On(z) = 6n(2) + T 0

¢n_1(2) € En

@ ‘Almost’ orthogonal: Q, L L,—1 N Ly—1(an) = La—1(n)

If Q, has n simple zeros in R\ A%, A% = {ag,a1,...,a,} then the IQF is
exact in L,_1,,—1 and has positive weights.
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Quasi orthogonal rational functions (QORF)

IfQ,= ﬁ—: then p, has n simple zeros in R
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Quasi orthogonal rational functions (QORF)

If Q= fr—'; then p, has n simple zeros in R

o Let pp = cTl 1 (x = x)2™ T (x — &), n=2M+ 1+ 2k
x; odd multiplicity 2m; +1, M = >1_, m;. Need M = k =0
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Quasi orthogonal rational functions (QORF)

If Q= fr—'; then p, has n simple zeros in R

o Let pp = cTl 1 (x = x)2™ T (x — &), n=2M+ 1+ 2k
x; odd multiplicity 2m; +1, M = >1_, m;. Need M = k =0

@ Suppose M + k > 1, set T(x) = (Z(liﬁ}al(;_gl(i/_gﬁ's) € Ln—1(an)
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Quasi orthogonal rational functions (QORF)

If Q= fr—'; then p, has n simple zeros in R

o Let pp = cTl 1 (x = x)2™ T (x — &), n=2M+ 1+ 2k
x; odd multiplicity 2m; +1, M = >}_, m;. Need M = k = 0
_ (x=x) (o) (1=x/an)
@ Suppose M + k > 1, set T(x) = (17;/(11)._.(1’7)(/&"71) € Ly—1(an)
© . (T,Qn), =0 but(T,Qn), =c(W,W), >0 for

I (x—x:)MitITTX  (x—¢&:
W(X) = Hi:l( ') * szl( €J) # O

Tn—1(x)
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Quasi orthogonal rational functions (QORF)

If Q= fr—'; then p, has n simple zeros in R

o Let pp = cTl 1 (x = x)2™ T (x — &), n=2M+ 1+ 2k
x; odd multiplicity 2m; +1, M = >}_, m;. Need M = k = 0
_ (x=x) (o) (1=x/an)
@ Suppose M + k > 1, set T(x) = (17;/(11)._.(1’7)(/&"71) € Ly—1(an)
© . (T,Qn), =0 but(T,Qn), =c(W,W), >0 for

I (x—x:)MitITTX  (x—¢&:
W(X) = Hi:l( ') * szl( €J) # O

Tn—1(x)

@ Contradiction!
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Quasi orthogonal rational functions (QORF)

If Q, = B~ then p, has n simple zeros in R

Tn

@ Problem zeros of p, can be in A% = {ag, a1, ..., a,}
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Quasi orthogonal rational functions (QORF)

If Q, = B~ then p, has n simple zeros in R

Tn

@ Problem zeros of p, can be in A% = {ag, a1, ..., a,}
o If ORFs {¢«} are regular, then ¢, and ¢,_1 have no common zeros.
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Quasi orthogonal rational functions (QORF)

If Q, = B~ then p, has n simple zeros in R

Tn

@ Problem zeros of p, can be in A% = {ag, a1, ..., a,}
o If ORFs {¢«} are regular, then ¢, and ¢,_1 have no common zeros.

e .. except for n+ 1 values of 7, all zeros of p, are not in A9
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Quasi orthogonal rational functions (QORF)

If Q, = B~ then p, has n simple zeros in R

Tn

Problem zeros of p, can be in A% = {ag, a1,...,a,}
If ORFs {¢x} are regular, then ¢, and ¢,_1 have no common zeros.

. except for n+ 1 values of 7, all zeros of p, are not in A%

All other values of 7 are called regular and also Q) is called regular
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Quasi orthogonal rational functions (QORF)

If Q, = B~ then p, has n simple zeros in R

Tn

Problem zeros of p, can be in A% = {ag, a1,...,a,}
If ORFs {¢x} are regular, then ¢, and ¢,_1 have no common zeros.
. except for n+ 1 values of 7, all zeros of p, are not in A%

All other values of 7 are called regular and also Q) is called regular

If 7 =0 is a regular value, then Q, = ¢, and IQF is exact in £, 1
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1-_x ebl-2)
Qu(x) = 6a(x) + 7L Gy 1(x) =0 = 7= — B e

Tn— l(X)( _O‘n 1)
n=4, ap_1 =00 n=4, an_1 #
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X pn(x)
Qn(X):¢n(X)+T 1_azl ¢n_1(X) =0= 7= —%
on ”nfl(x)(l_ O‘n—l)

n=4, ap_1 =00 n=4, a1 # ©
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Qn(x) = 6n(x) + T a(x) =0 = 7= —p ity
n—4, p_1 = O n:47 an—l#OO

Adhemar Bultheel (KU leuven)

Chemnitz September 2013

28 / 91



Qn(X):¢n(X)+T l—agl ¢n71(x):0 = 7—:_%

Ap—1

n=4, a,_1 =00 n=4 a,_1# oo

=y

Il Integrating over a subinterval of R, not all nodes may be in it. !!!
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Interpolation

o If ¢y are ORFs for i, Qx are QORFs, fi, = >, Ankd¢,, the IQF in
zeros of Qp, exact in L,_1 -1
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Interpolation

o If ¢y are ORFs for i, Qx are QORFs, fi, = >, Ankd¢,, the IQF in
zeros of Qp, exact in L,_1 -1

@ Thus <f,g>[2 = <f7g>[2,,' Vf,g € L, 1 implies interpolation of
corresponding C-functions € and €, in points
Ain_l = {i, —i, a1,1,00,09, ..., 1, a,,_l}.
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Interpolation

o If ¢y are ORFs for i, Qx are QORFs, fi, = >, Ankd¢,, the IQF in
zeros of Qp, exact in L,_1 -1

@ Thus <f,g>[2 = <f7g>[2,,' Vf,g € L, 1 implies interpolation of
corresponding C-functions € and €, in points
Ain_l = {i, —i, a1,1,00,09, ..., 1, a,,_l}.

e What is €;,7
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Interpolation

® QORF: Qn(2) = ¢n(2) + 752560 1(2)
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Interpolation

@ QORF: Qn(2) = ¢n(z) + TZfi(lz()z) dn-1(2)
@ QOREF of the second kind: P,(z) = ¢n(z) + 7 T (Zz)wn 1(2)
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Interpolation

e QORF: Qn(z) = (;5,,(2) + Tzfi(lz()z) ¢n—1(z)

® QORF of the second kind: Py(z) = ¥n(2) + 7520500 1(2)
@ Then
Z=%_p,(7) = [ D(x,2) [xi%l Qn(x) — %Qn(z)] dfu(x).
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Interpolation

e QORF: Qn(z) = (;5,,(2) + Tzfi(lz()z) ¢n—1(z)

® QORF of the second kind: Py(z) = ¥n(2) + 7520500 1(2)
@ Then

o0 Py(2) = [ D 2) [ 2582 Qulx) — 252 Qu(2)] ().
e integrand(x)€ L1 51 thus IQF in zeros Q, exact

/[*]d,u ==

Z D(én/ﬂ z))‘nk‘| zi;?il Qn(Z) = - thn(z) = Qn(z)'
k

zZ—ap-1
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Interpolation

@ QORF: Qn(2) = ¢n(2) + TZfi(lz()z) bn-1(2)
® QORF of the second kind: Py(z) = ¥n(2) + 7520500 1(2)
@ Then

2200 P(2) = [ D(x,2) [ 2525 Qa(x) — 525 Qn(2)] di(x).

1

o integrand(x)€ L1 ,—1 thus IQF in zeros Q, exact

/[*]d,u ==

o Thus Q;,(x) = — g’;(é)) (for 7 = 0 this is —Z)’:g; extra in ap)

Z D(fnky z))\nk‘| ZZ,;OHTI Qn(z) = = Qﬂn (Z) zz,_aljil Q,,(Z).
k
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Quadrature weights

IQF with nodes zeros {&,x} of QORF @, has weights

i P&, 1
Aok = An(7) = — (Enk) _ >0, k=1,...,n

(1 + 5,2,/() Qz(gnk) kn—l(fnkyfnk)
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Proof of Ak = 1/kn—1(Enks Enk)
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Proof of Ak = 1/kn—1(Enks Enk)

o Set f, = ¢pn/Zp, then Qn(&nk) =0 =7 = —1(&nk)/fa—1(Enk)
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Proof of Ak = 1/kn—1(Enks Enk)

o Set f, = ¢pn/Zp, then Qn(&nk) =0 =7 = —1(&nk)/fa—1(Enk)
° CD g|ves
188 [ Qu(x)] = 2B [@n(Enk) — @u(¥)] = Enkino1(x, Enk) S22

ank
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Proof of Ak = 1/kn—1(Enks Enk)

o Set fy = ¢n/Zy, then Qn(§nk) = 0= 7 = —1(Enk)/ fr—1(Enk)
e CD g|ves
Bt [ Qu(x)] = 2 [Q, (¢nk) — Qn(x)] = Enkn—1(x, Enk)
o multiply by Z,(2)Zn-1(&nk)/(€nk — X) and x — &ni gives
_(z)n—l(fnk)Qiy(ﬁnk) = (1_5in/k;;)1((fi¥f:%n71)

Adhemar Bultheel (KU leuven) Chemnitz September 2013
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Proof of Ak = 1/kn—1(Enks Enk)

@ Set f, = (;3,,/2,,, then Qn(fnk) =0=>7= _fn(fnk)/fn—l(gnk)
e CD g|ves
- Qn()] = P25 Qn(Enk) — @n(x)] = Enkn-1(x, € ) 2"
o multiply by Z,(2)Zn—1(&nk)/(§nk — x) and x — Epi gives
~0n-1(Em) QnlEnk) = (g, Tar (bt )
@ Similarly it holds that
Botl&a) p,(x) = EA[Y2700 15()8j(Enk) — D(Enk, X)) S
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Proof of Ak = 1/kn—1(Enks Enk)

@ Set f - (lsn/Zn' then Qn(fnk) =0=7= _fn(fnk)/fn—l(gnk)
e CD g|ves
- Qn()] = P25 Qn(Enk) — @n(x)] = Enkn-1(x, € ) 2"
° mU|t|p|y by Zn( ) nfl(gnk)/(gnk - X) and x — gnk gives
—0n-1(6nk) Qul6nk) = (g et
@ Similarly it holds that
Botl&a) p,(x) = EA[Y2700 15()8j(Enk) — D(Enk, X)) S
e multiply by Z,(z)Z,— 1(§nk) and x — &,k gives
1+£
On-1(Enk) Pol&nk) = Enitizg, a0 e ar)
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Proof of Ak = 1/kn—1(Enks Enk)

@ Set f - (lsn/Zny then Qn(fnk) =0=7= _fn(fnk)/fn—l(gnk)
e CD g|ves

- Qn()] = P25 Qn(Enk) — @n(x)] = Enkn-1(x, € ) 2"
° mU|t|p|y by Zn( ) nfl(fnk)/(gnk - X) and x — gnk gives

—¢n—1(€nk)QZ(§nk) = (1_5,,:/1(;"_)1(fikéf:l/(ilnil)
@ Similarly it holds that

Botl&a) p,(x) = EA[Y2700 15()8j(Enk) — D(Enk, X)) S
e multiply by Z,(z)Z,— 1(§nk) and x — &,k gives

1+€2,

¢n l(gnk)P (fnk) '(1 gnk/an)(l gnk/an 1)

@ Division gives the result
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Interpolation and kernels

@ Define
. dX(x o dA(x dx
dfinlx) = yKn(x(, .))|2’ ) = yx—(.\)2 T 1+ x2)
Kn(X, W) _ kn(X, W) , kn(X7 W) = Z ¢k(X)¢k(W)
kn(W7 W) k=0

then the inner product in £, with respect to [ and with respect to fi,
is the same.
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Interpolation and kernels

@ Define
. dX(x o dA(x dx
dfinlx) = yKn(x(, .))|2’ ) = yx—(.\)2 T 1+ x2)
Kn(X, W) _ kn(X, W) , kn(X7 W) = Z ¢k(X)¢k(W)
kn(W7 W) k=0

then the inner product in £, with respect to [ and with respect to fi,
is the same.

@ Hence there must be an interpolation property for €2; and ;.
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Interpolation and kernels

@ Define
. ~dA(x) e v dAx)  dx
W) = Tt YT i T w0
kn(x, w .
Kl w) =~ w) = 3 64 (03e(w)
kn(w, w) k=0
then the inner product in £, with respect to [ and with respect to fi,
is the same.

@ Hence there must be an interpolation property for €2; and ;.

e But what is Qg in this case? (ratio of 2 rational functions)
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The half-line

@ Let supp (1) = [0, +00], then we may choose poles in [—o0, 0]
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The half-line

o Let supp (p) = [0, 400], then we may choose poles in [—o0, 0]
@ In the polynomial case his corresponds to the
Stieltjes moment problem:
find p1, given my = [ x*du(x), k =0,1,... = orthog. polynomials

Thomas Stieltjes
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The half-line

o Let supp (p) = [0, 400], then we may choose poles in [—o0, 0]

@ In the polynomial case his corresponds to the
Stieltjes moment problem:
find p1, given my = [ x*du(x), k =0,1,... = orthog. polynomials

@ Strong Stieltjes moment problem:
find u, given my = kad,u(x), k € Z = orthog. Laurent polynomials
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The half-line

o Let supp (p) = [0, 400], then we may choose poles in [—o0, 0]

@ In the polynomial case his corresponds to the
Stieltjes moment problem:
find p1, given my = [ x*du(x), k =0,1,... = orthog. polynomials

@ Strong Stieltjes moment problem:
find u, given my = kad,u(x), k € Z = orthog. Laurent polynomials

@ polynomials = poles at co — poles near oo
Laurent polynomials = poles at 0 and co — poles near 0 and near oo
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The half-line

@ Suppose we work with 1 and D(x, y) replaced by C(x,y) = % i.e.
Q,(2) = [ .
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The half-line

@ Suppose we work with 1 and D(x, y) replaced by C(x,y) = ﬁ i.e.
Q,(z) = [ F42.

@ A solution for the rational case uses ORF ¢, satisfying the recurrence
with initial values (¢_1, ¢o) = (0,1) and associated functions oy,
solutions of the same recurrence but with initial values

(0-1,00) = (1,0).

|:~¢§n 5’nj|:|:ncn:||:(én—1 &n—1:|
an—l &n—l 1 0 ¢n—2 5’n—2 ’

where F, = E,Z,_1 + B,.
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The half-line

@ Suppose we work with 1 and D(x, y) replaced by C(x,y) = ﬁ i.e.
Q,(z) = [ F42.

@ A solution for the rational case uses ORF ¢, satisfying the recurrence
with initial values (¢_1, ¢o) = (0,1) and associated functions oy,
solutions of the same recurrence but with initial values

(0-1,00) = (1,0).

|: f%n &n :| _ [ n Cn :| [ an—l &n—l :|
¢n—1 &n—l 1 0 ¢n—2 5’n—2 ’
where F, = E,Z,_1 + B,.

@ Note that singularity is excluded!
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The half-line

c kb —— el 0

@ Suppose —00 < o < a” < x < at <apgmy1 <0
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The half-line

c kb —— el 0

@ Suppose —00 < o < a” < x < at <apgmy1 <0
e The QF in zeros of ¢, (nodes and weights positive) exact in £, p—1
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The half-line

c kb —— el 0

@ Suppose —00 < o < a” < x < at <apgmy1 <0
e The QF in zeros of ¢, (nodes and weights positive) exact in £, p—1

o Q,= % then Q, interpolates Q,, in {ag, a1, a1, 00, 00,...,n}
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The half-line

I R aly, 10 - -
@ Suppose —00 < o < a” < x < at <apgmy1 <0
e The QF in zeros of ¢, (nodes and weights positive) exact in £, p—1
o Q,= % then Q, interpolates Q,, in {ag, a1, a1, 00, 00,...,n}
0 Womr1(x) 7 Q2 (x) < Qu(x) <QT(x) v Qom(x), & < x < a’

Adhemar Bultheel (KU leuven) Chemnitz September 2013 36 /91



The finite interval | = [—1, 1]

@ One may still choose the poles outside I: in €' = C\ I or in R

Adhemar Bultheel (KU leuven) Chemnitz September 2013 37/91



The finite interval | = [—1, 1]

@ One may still choose the poles outside I: in ¢ =¢C \lorin R

@ For complex poles the functions (and the inner product) will no longer
be real and the formulas become much more complex.
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The finite interval | = [—1, 1]

@ One may still choose the poles outside I: in ¢ =¢ \ I orin R!

@ For complex poles the functions (and the inner product) will no longer
be real and the formulas become much more complex.

@ The case of complex poles has been worked out usually making use of
the Joukowski transform mapping z € T onto x € I:
x=i(z) = (z+1/2)
also expressed as x = cosf, 0 € [-m, 7], z=e

Nikolai Joukowski

i0

Adhemar Bultheel (KU leuven) Chemnitz September 2013 37/91



The finite interval | = [—1, 1]

@ One may still choose the poles outside I: in ¢ =¢C \lorin R
@ For complex poles the functions (and the inner product) will no longer
be real and the formulas become much more complex.

@ The case of complex poles has been worked out usually making use of
the Joukowski transform mapping z € T onto x € I
x =j(z) = 3(z +1/2) ,
also expressed as x = cosf, 0 € [—m, 7|, z = el?

o w(x), x=cosf €l Ww(z)=w(cosh)|sinf|, z=e"
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The finite interval | = [—1, 1]

@ One may still choose the poles outside I: in ¢ =¢C \lorin R
@ For complex poles the functions (and the inner product) will no longer
be real and the formulas become much more complex.

@ The case of complex poles has been worked out usually making use of
the Joukowski transform mapping z € T onto x € I
x =j(z) = 3(z +1/2) ,
also expressed as x = cosf, 0 € [—m, 7|, z = el?

o w(x), x=cosf €l Ww(z)=w(cosh)|sinf|, z=e"

@ There are other possibilities e.g. x € [0,00) <+ y = %;—ﬁ €[-1,1]
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Szegd quadrature on T

o inner product (f, g), = [r f(2)g(z)du(z)
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Szegd quadrature on T

o inner product (f, g), = = [, f(2)g(z)du(z)
o L= % fin(z) = Hk:l(l - kZ). {B} CD

n
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Szegd quadrature on T

o inner product (f, g), = = [, f(2)g(z)du(z)
o Ly= P, #a(z) = Hk (1 —5/(2). {Bk} CD

n

° Zn—l 1 an € Lonv ¢*(Z) (;) P:(Z) = an,,(]./f)
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Szegd quadrature on T

o inner product (f, g), = = [, f(2)g(z)du(z)
o Ly="F, n(2)= Hk (1 5k2)' {8} CD
° 'Confl 1 J)n € Lonv ¢*(Z) Wn(i) P;k,( ) = an,,(]./?)

° pn(z)=c [T_Lé’:ﬁbn—l(z) o Unll Bl ;z 1(2)
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Szegd quadrature on T

o inner product (f,g), = = [, f(2)g(2)du(z)

o L= Zf: fin(z) = Hk:l(l - 5/(2). {Bk} CD

o Loa Ldneln ¢3(2)=28, pi(2) =2"Pa(1/7)

o Bn(2) = ¢ [E2260-1(2) + vn 22065, (2)]

ev,eDis Schur/Szego/Verqunsky/reflect|on/parcor coefficient

Samuel Verblunsky

Gabor Szeg6 Issai Schur
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Szegd quadrature on T

o inner product (f, g), = = [, f(2)g(z)du(z)
o Ly="F, n(2)= Hk (1 5k2)' {8} CD
° ‘énfl 1 Q‘;n € Lonv ¢*(Z) 7r,,(§) p:;( ) = an"(l/?)

60(2) = € [T 00(2) + 00 5504 (2)
ev,eDis Schur/Szego/Verqunsky/reflectlon/parcor coefficient

@ ¢, all zeros in D
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Szegd quadrature on T

o inner product (f, g), = = [; f(2)g(2)du(z)
o Ly="F, n(2)= Hk (1 5k2)' {8} CD
° ‘énfl 1 Q‘;n € Lonv ¢*(Z) 7r,,(§) p:;( ) = an"(l/?)

60(2) = € [T 00(2) + 00 5504 (2)
ev,eDis Schur/Szego/Verqunsky/reflectlon/parcor coefficient

@ ¢, all zeros in D
e PORF: Qn(z) = ¢n(z) + 7¢5(2), 7 € T all zeros simple and on T.

Adhemar Bultheel (KU leuven) Chemnitz September 2013 38 /91



Szegd quadrature on T

@ inner product (f,g), = [; f(2)g(2)du(z)

o b= n(2) =L 1<1—/3kz). {5} CD
s Lo Lo aite) = 5, ot )= <717
6n(2) = ¢ [ 226, 1(2) + 0n 22005 (2)

1-8,z 1— B
vp€Dis Schur/Szego/Verqunsky/reflectlon/parcor coefficient

¢n all zeros in D
PORF: Qn(z) = ¢n(z) + 7¢}(2), 7 € T all zeros simple and on T.
Its zeros as nodes of IQF — all weights positive = Szegé QF.
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Szegd quadrature on T

inner product (f,g), = = [; f(2)g(2)du(z)
[ = % Tn(2) = Hk 1(1- 5/(2). {8} CD

'Confl 1 an € Lonv ¢*(Z) 7r,,(§) p:;( ) = an"(l/?)

8u(2) = ¢ [ 22 01(2) + vn 222011 (2)

vp€Dis Schur/Szego/Verqunsky/reflectlon/parcor coefficient

¢n all zeros in D

PORF: Qn(z) = ¢n(z) + 7¢}(2), 7 € T all zeros simple and on T.
Its zeros as nodes of IQF — all weights positive = Szegé QF.

g € R\ [—1, 1] = ﬂk = jinv(a,k) ebh
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Symmetric case

Carl F. Gauss

Adhemar Bultheel (KU leuven)

\?-‘,f;
Szeg6 qf with PORF
@n(2) = ¢n(2) + 77 (2) with
nevenand =1 —
Gauss gf on |
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Symmetric case

Carl F. Gauss Rodolphe Radau

Adhemar Bultheel (KU leuven)

\ =)
Szeg6 qf with PORF
Qnl(2) = 6n(z) + 765(2) with
noddand 7 =1 —
Gauss-Radau gf on |
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Symmetric case

Carl F. Gauss Rodolphe Radau

\ =)

Szeg6 qf with PORF
Qnl(2) = 6n(z) + 765(2) with
noddand 7=—-1 —

Gauss-Radau gf on |
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Symmetric case

Adhemar Bultheel (KU leuven)

Carl F. Gauss Rehuel Lobatto

Szeg6 qf with PORF
@n(2) = ¢n(2) + 77 (2) with
nevenand 7= -1 —
Gauss-Lobatto gf on |

Chemnitz September 2013 42 /91



Computations on R

Polynomials (Golub-Welsch algorithm)
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Computations on R

Polynomials (Golub-Welsch

Adhemar Bultheel (KU leuven)

algorithm)

Gene Golub John H. Welsch

Wy

Chemnitz September 2013

43 / 91



Computations on R

Polynomials (Golub-Welsch algorithm)
o X¢n—1(X) = 3n—l¢n—2(x) + bn(lsn—l(x) + an¢n(x)a po=1,¢6_1=0
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Computations on R

Polynomials (Golub-Welsch algorithm)
° X¢n—1(X) = 3n—l¢n—2(x) + bn(lsn—l(x) + an¢n(x)7 po=1,¢0-1=0
o ¢n(X) — [(bOu o 7¢n—1(X)],

a1, .--,dn-1
J, = tridiag | b1, b2,..., by 1b, (Jacobi matrix)
al,...,dn—1

Then
x®p(x) = Pp(x)Jp +[0,0,...,0, apdn(x)]
Joo representation of the ‘shift” in Lo w.r.t. {¢o, ¢1,...}

Carl G. Jacobi

Adhemar Bultheel (KU leuven) Chemnitz September 2013 43 /91



Computations on R

Polynomials (Golub-Welsch algorithm)
° X¢n—1(X) = 3n—l¢n—2(x) + bn(lsn—l(x) + an¢n(x)7 po=1,¢0-1=0
o ¢n(X) — [¢07 o 7¢n—1(X)],

a1, .--,dn-1
J, = tridiag | b1, b2,..., by 1b, (Jacobi matrix)
al,...,dn—1

Then
x®p(x) = Pp(x)Jp +[0,0,...,0, apdn(x)]
Joo representation of the ‘shift” in Lo w.r.t. {¢o, ¢1,...}

o If £ is a zero of ¢, then £P,(E) = D,(E)n, ie., € is an eigenvalue of
Jn and ®,(&) is the corresponding eigenvector.
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Computations on R

Polynomials (Golub-Welsch algorithm)
° X¢n—1(X) = 3n—l¢n—2(x) + bn(lsn—l(x) + an¢n(x)7 po=1,¢0-1=0
o ¢n(X) — [¢07 o 7¢n—1(X)],

dl,...,dn-1
J, = tridiag | b1, bz,... n—1bn (Jacobi matrix)
al,...,dn—1

Then
x®p(x) = Pp(x)Jp +[0,0,...,0, apdn(x)]
Joo representation of the ‘shift” in Lo w.r.t. {¢o, ¢1,...}

o If £ is a zero of ¢, then £P,(E) = D,(E)n, ie., € is an eigenvalue of
Jn and ®,(&) is the corresponding elgenvector.
o ¢ is node of qf and weight is 1/ 377" o 19 (€)2 = 1/]|®a(€)]?
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Computations on R

Polynomials (Golub-Welsch algorithm)
° X¢n—1(X) = 3n—l¢n—2(x) + bn(lsn—l(x) + an¢n(x)7 po=1,¢0-1=0
o ¢n(X) — [¢07 o 7¢n—1(X)],

dl,...,dn-1
J, = tridiag | b1, bz,... n—1bn (Jacobi matrix)
al,...,dn—1

Then
x®p(x) = Pp(x)Jn +[0,0,...,0,a,05(x)]

Joo representation of the ‘shift” in Lo w.r.t. {¢o, ¢1,...}

o If £ is a zero of ¢, then £P,(E) = D,(E)n, ie., € is an eigenvalue of
Jn and ®,(&) is the corresponding elgenvector.

o ¢ is node of qf and weight is 1/ 377" o 19 (€)2 = 1/]|®a(€)]?

e Normalization!! If [du =1, then gf)o = 1. Thus take any eigenvector
®, normalize it (||®|| = 1) then the weight for ¢ is the square of the
first component.
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Computations on R

ORFs
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Computations on R

ORFs One way to write the TTRR
© Xpp1(x) = £ hn(x) = ZELGn1(x) + £ Pn2(x)
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Computations on R

ORFs
® XGn_1(x) = andn(x) + bp-16n-1(x) + an_10n-2(x)
® ®p(x) = [¢o,-- -, pn-1(x)],

a, .-+, an—1 ax =1/
Jn = tr|d|ag bl)b27"‘7bn_1bn bi = 78:/Ek Then
dl,...,dn—-1 ‘

x®p(x) = ®p(x)dn + [0,0, . .., 0, 356n(x)]

Jo is not representation of the shift in L.
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Computations on R

ORFs
° x¢p-1(x) = a,,gZ,,(x) + bn—lQZN)n—l(X) + an_1¢~)n_2(x)
o ®n(x) = [¢o, ..., Pn-1(x)], An(x) = diag(l — 2-,....1— )

dl,...,dn—1 —
Jp = tridiag | by, b2, ba-1by |, 0K 1_/,§k/E Then
dl,...,dn—-1 g ke

x®,(x) = ®,(x)Jp + [0,0,...,0, a,,g?),,(x)]

On(x) = ¢n(x)(L = xay ") = ¢n(x) = xpn(x)0r "
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Computations on R

ORFs
® x¢n-1(X) = ann(x) + bn—1Pn-1(x) + an—16n—2(x)
o Oy(x) = [¢o, ..., dn-1(x)], An(x) = diag(l - 3-,...,1— %)

Qn—1

dl,...,dn—1 _
Jp = tridiag | by, ba, ..., by1by |, Zk _ 1/,§k/E Then
dl,...,dn-1 ’ ke

x®,(x) = &,(x)An(x) s +[0,0,...,0, 3,0n(x)]

P p(x)An(x) = ®y(x) — x®,(x)D; L. D, = diag(ag, . . . .an_1)
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Computations on R

ORFs
® x¢n-1(X) = ann(x) + bn—1Pn-1(x) + an—16n—2(x)
o Oy(x) = [¢o, ..., dn-1(x)], An(x) = diag(l - 3-,...,1— %)

Qn—1

al,---,dn-1 .
Jn = tr|d|ag ( bl) b27 e, bn—lbn ) ' dix = 1/Ek e

dl,...,dn-1 bk - 7Bk/Ek‘

x®,(x) = &,(x)An(x) s +[0,0,...,0, 3,0n(x)]

P p(x)An(x) = ®y(x) — x®,(x)D; L. D, = diag(ag, . . . .an_1)

o If £ is a zero of ¢, then £&,(€)[l, + D, 4] = 4(€) I,
D, = diag(ao,...,an—1). l.e. £ is a generalized eigenvalue of the
pencil (Jn, I, + D, 1J,) and ®,(€) is the corresponding eigenvector.
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Computations on R

ORFs
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Computations on R

ORFs

0Oy + D] = 0,(8)Jn, D, = diag(ag, ..., an 1)
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Computations on R

ORFs

£0,(O)ln + D] = D,(€)Jn, D, = diag(ag, ..., an_1).

e Basis {1,x,x2,...} replaced by products of the form
% = x(1—a"1x)71 with inverse x = X(1 4+ a~1%)7L.
Therefore representation of shift in Lo, w.r.t. the new ORF basis is

Joo(lso + Dt Jso) 7L
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Computations on R

ORFs

£0,(O)ln + D] = D,(€)Jn, D, = diag(ag, ..., an_1).

e Basis {1,x,x2,...} replaced by products of the form
% = x(1—a"1x)71 with inverse x = X(1 4+ a~1%)7L.
Therefore representation of shift in Lo, w.r.t. the new ORF basis is
Joo(lso + Dt Jso) 7L

o Still needs ax and by recurrence for the ORFs (not for the OPs!).

Only known in some special cases.
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Computations on R

ORFs

(]
£0,(O)ln + D] = D,(€)Jn, D, = diag(ag, ..., an_1).

e Basis {1,x,x2,...} replaced by products of the form
% = x(1—a"1x)71 with inverse x = X(1 4+ a~1%)7L.
Therefore representation of shift in Lo, w.r.t. the new ORF basis is
Joo(lso + Dt Jso) 7L

o Still needs ax and by recurrence for the ORFs (not for the OPs!).
Only known in some special cases.

@ Needs recursion!! Hence regularity condition required!
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Practical Problem

@ Implementation very efficient (using special structure) and stable
(unitary transformations)
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Practical Problem
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@ Problem: need recurrence coefficients explicitly.

@ Only known in few of the rational cases.
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Practical Problem

@ Implementation very efficient (using special structure) and stable
(unitary transformations)

@ Problem: need recurrence coefficients explicitly.
@ Only known in few of the rational cases.

@ Also explicit expressions for the ¢, only known is few cases.
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Practical Problem

@ Implementation very efficient (using special structure) and stable
(unitary transformations)

Problem: need recurrence coefficients explicitly.

Only known in few of the rational cases.

Also explicit expressions for the ¢, only known is few cases.
Example ORF for dA on T:

¢n(Z \/1 ’Ozn|2 H Z—qj

1—a,z l—aJ

Satoru Takenaka F. Malmquist

Takenaka-Malmaquist basis.
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Rational Gauss-Chebyshev gf

k
bo=1 b =I121 7. Zi(x) = =575

o Joukowski tf: x =j(z) =1(z+1)el, z=

Recall 1 = [-1,1], A = {a1,az,...} cC'=C\ I

jinv(X) cT

on T < on [—m, 7]
w(0)dd = w(cos 8)]sin 6|do

on [—1,1]
W(x)dx

o [1F)w(x)dx =1 [T F(cosf)w(0)d0 = L [T F(e)W(0)dd, F=foj

Adhemar Bultheel (KU leuven)
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Rational Gauss-Chebyshev gf

k X
bo=1 b =I121 7. Zi(x) = =575

o Joukowski tf: x =j(z) =1(z+1)el, z=

Recall | = [-1,1], A= {a1,02,...} ¢ C'

=C\1I

jinv(X) cT

on T < on [—m, 7]
w(0)dd = w(cos 8)]sin 6|do

on [—1,1]
W(x)dx

Qj € (@I — Bi = ji”V(a;) eD

Adhemar Bultheel (KU leuven)

JEFw(x)dx = L [T f(cosB)Ww(0)d0 = L [T F(e?)w(0)do, F=foj
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Rational Gauss-Chebyshev gf

Recall 1 = [-1,1], A = {a1,az,...} cC'=C\ I
bo=1 b =111 Zi Zi(x) = =37
o Joukowski tf: x =j(z) =1(z+1)el, z=j"(x) €T

on T <> on [—m, 7] on [—1,1]
w(0)dd = w(cos 8)]sin 6|do w(x)dx

JEFw(x)dx = L [T f(cosB)Ww(0)d0 = L [T F(e?)w(0)do, F=foj
aieCl & B =j™(ej) €D
Bo=1 B =[[1 G (o) = 4%
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Rational Gauss-Chebyshev gf

Recall 1 = [-1,1], A = {a1,az,...} cC'=C\ I

k X
bo =1 bk =[[j=1 2 Zi(¥) = =75,
o Joukowski tf: x =j(z) =1(z+1)el, z=j"(x) €T

on T <> on [—m, 7] on [—1,1]

w(0)dd = w(cos 8)]sin 6|do w(x)dx
JEFw(x)dx = L [T f(cosB)Ww(0)d0 = L [T F(e?)w(0)do, F=foj
aj € (@I A4 ,3,' = ji”V(a;) )

k z—p;
Bo =1, B = [[j—1 G Gj(2) = %

f € span{bo, ..., by} = f*(z) = li”*zz))f( )= LY=L,
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Rational Chebyshev ORF

@ Chebyshev weights on I = [-1,1]:

12
W) = (1 =), W@ = (1) W) = (122
Pafnuty L. Chebyshev
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Rational Chebyshev ORF

@ Chebyshev weights on | = [-1,1]:
1/2
W) = (-2, w@(x) = (52)7, Wi = (1 - )2

1+x
@ Define
il ¢ d pi q )
101 1 1 -1 7z bk
2032 0 1 1 ™ B”‘l(z)_kl—[_ll_gkz
302 0 2 1 -
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Rational Chebyshev ORF

@ Chebyshev weights on | = [-1,1]:
1/2
W) = (-2, w@(x) = (52)7, Wi = (1 - )2

@ Define

/ ‘ Cj d; pPi  qi -

11 1 1 -1 . z — Bk
2032 0 1 1 MB@)= kl:Il 1— B,z
3/ 2 0 2 1 -

The ORF for w() are (x = "™ (z) and By = i™ (ax))

0y aN (FBensld)  a >
¢n"(x) = 2zf—1+q,-—3< 1 — Bnz (z-B)Bia(2)) "= 1

O =\ /pifm, Ny = /2 [a/T = |Ba]2.

Adhemar Bultheel (KU leuven)
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Rational Gauss-Chebyshev gf

@ Chebyshev weights on | = [-1,1]:

1/2
W) = (1) 12, W) = (52)7 Wi = (1 - )12
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Rational Gauss-Chebyshev gf

@ Chebyshev weights on | = [-1,1]:
1/2
OG0 = [l = 52, @) = (i%) / ;WO (x) = (1 - x2)1/2

0 o . i o o
@ explicit expressions ¢£,) +> recurrence coefficients
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Rational Gauss-Chebyshev gf

@ Chebyshev weights on | = [-1,1]:

1/2
W) = (1) 12, W) = (52)7 Wi = (1 - )12

0 o . i o o
@ explicit expressions ¢£,) +> recurrence coefficients

e Standard: zeros of qbg) + IQF
Xnk = €C0SOpi — Epi = elfnk
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Rational Gauss-Chebyshev gf

@ Chebyshev weights on | = [-1,1]:

1/2
W) = (1) 12, W) = (52)7 Wi = (1 - )12

0 o . i o o
@ explicit expressions ¢£,) +> recurrence coefficients

e Standard: zeros of qﬁg) + IQF
Xnk = €C0SOpi — Epi = elfnk

£(09) — (n—c)\) = 22k — dj), k=1,....n
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Rational Gauss-Chebyshev gf

@ Chebyshev weights on | = [-1,1]:

1/2
W) = (1) 12, W) = (52)7 Wi = (1 - )12

0 o . i o o
@ explicit expressions ¢£,) +> recurrence coefficients

e Standard: zeros of qﬁg) + IQF
Xnk = €C0SOpi — Epi = elfnk

£(09) — (n—c)\) = 22k — dj), k=1,....n

sin ¢
f,(0) =25 arctan ————
2(0) Jzzjlarc ancosﬁ—ﬁj'

(>~ means last term halved)
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Rational Gauss-Chebyshev gf

@ Chebyshev weights on | = [-1,1]:

1/2
W) = (1) 12, W) = (52)7 Wi = (1 - )12

0 o . i o o
@ explicit expressions qbg) +> recurrence coefficients

e Standard: zeros of qﬁg) + IQF
Xnk = €C0SOpi — Epi = elfnk

£(09) — (n—c)\) = 22k — dj), k=1,....n

sin ¢
f,(0) =25 arctan ————
2(0) JZ::larc ancosﬁ—ﬁj'

(>~ means last term halved)

. / 2
27T(1_XI—1) n, 1—1/0[,(
i S AR =2 y -~

kZ

node x = cos O — weight \ = — , &n
x wes i+ gn(x) &n(x) 21 1—x/ay

v
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Rational Gauss-Chebyshev gf

Some remarks:
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Rational Gauss-Chebyshev gf

Some remarks:

@ The functions f,(6) are very smooth so that efficient (Newton-based)
algorithms exist for the nodes. Only O(n?) operations needed for the
nodes.
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Rational Gauss-Chebyshev gf

Some remarks:

@ The functions f,(6) are very smooth so that efficient (Newton-based)
algorithms exist for the nodes. Only O(n?) operations needed for the
nodes.

@ One may look at the zeros of QORFs as well
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Rational Gauss-Chebyshev gf

Some remarks:

@ The functions f,(6) are very smooth so that efficient (Newton-based)
algorithms exist for the nodes. Only O(n?) operations needed for the
nodes.

@ One may look at the zeros of QORFs as well

@ One may consider general complex poles in C!
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Rational modification of the measure

Another way to construct explicitly some ORFs
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Rational modification of the measure

Another way to construct explicitly some ORFs
o Given ORF for w(z), find ORF for W(z) = |r(z)|?w(z), r rational
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Rational modification of the measure

Another way to construct explicitly some ORFs
@ Given ORF for w(z), find ORF for W(z) = |r(z)|?w(z), r rational
@ Well studied in the polynomial case:
Christoffel tf r(z) = |z —a| = (f,g); = ((z
Geronimus tf r(z) =1/|z — a| — (f,8); = <L, £ >W

Uvarov tf w(z) = w(z) + mds(z) — (f,g)

|
o
=
N
|
C)
B
S

Elwin B. Christoffel Yakov Geronimus Vasily Borisovich Uvarov

D

i‘% -
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Rational modification of the measure

An example (for T)
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Rational modification of the measure

An example (for T)

Theorem

-An: {a].?"')an}r Afg — {B,G{]_,...,Oén}

2
v eDUT, di(z) = %) du(z)
ngﬁ,, = ORF for [i and poles in A, <> ¢nr1 ORF for i and poles in A{?
zZ—7 2 _ 1—7a, ¢n+1('7) :|
= Z)=mg—— z) — kn(z,
(1 - BZ> (bn( ) o 1 - pa, |:¢n+1( ) kn('}’a'Y) n( ’Y)

kn(z,y) is reproducing kernel for L, with measure y and poles AL
ng = B/|B| if B #0, and 1 otherwise.

Adhemar Bultheel (KU leuven) Chemnitz September 2013

52 / 91



Rational modification of the measure

An example (for T)

Siméon D. Poisson

Theorem
A, = {al,... a,,} A,, = {B,al,...,an}
bn = ORF for fi i and poles in A,, < ¢pnr1 ORF for p and poles in Ab
zZ—=7 1 —~a, |: Snt1(7) ]
n = — n ———kn )
(F2) o) =M1 [ o) - 2220k z,)

kn(z, Z) is reproducing kernel for L, with measure v and poles AL
ng = p/|B| if B # 0, and 1 otherwise.

Note v =0, B = re,r <1, du = d\, then dji(z) = 152l is the

Poisson measure. The ORFs are gg,,(z) _ o ZliEsie)

Z—ap

Adhemar Bultheel (KU leuven) Chemnitz September 2013 52 /91



Near best rational approximation
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Near best rational approximation

o L, approximation on | = [—1, 1] needs equi-oscillation of the error
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Near best rational approximation

o L., approximation on | = [—1,1] needs equi-oscillation of the error
@ Polynomial interpolant in xq,...,x, € | gives

| (x) — pn(x)| < maxse ‘f(n+1)(t)|%
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Near best rational approximation

o L., approximation on | = [—1,1] needs equi-oscillation of the error

@ Polynomial interpolant in xq,...,x, € | gives
[£(x) = pa(x)] < maxeey |FOrD)(g) | bl

o If (x —x0) - (x —xn) ~ Tht1(x), then equi-oscillation. Thus
interpolate in zeros of Tp1.
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Near best rational approximation

o L., approximation on | = [—1,1] needs equi-oscillation of the error
@ Polynomial interpolant in xg, ... ,x,,| el ‘giT/es ‘
X—x0|+++|x—xn
F(x) — palx)] < maxeen [ ()| 0l
o If (x —x0) - (x —xn) ~ Tht1(x), then equi-oscillation. Thus
interpolate in zeros of Tp1.
e Rational case: mm(x) = [[;_;(1 — x/ak) and p, interpolates 7, f in

{x0,--.,%n} C |, then
F(x) — 26| < maxeer |[mm()F(£)] (1) bbbl

Tm(x)
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Near best rational approximation

o L., approximation on | = [—1,1] needs equi-oscillation of the error

@ Polynomial interpolant in xq,...,x, € | gives
1£(x) = Pa(x)] < maxee | FD(r)] B2pbobeal

o If (x —x0) - (x —xn) ~ Tht1(x), then equi-oscillation. Thus
interpolate in zeros of Tp1.

e Rational case: mm(x) = [[;_;(1 — x/ak) and p, interpolates 7, f in
{x0,--.,%n} C |, then

F(x) — 229 | < maxeen |[mm(t)F()] (D | el bl

|(— -(x—xp)

) | then x; are zeros of rational

@ Minimize maxy¢|

Chebyshev ORF.
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Near best rational approximation
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Near best rational approximation

o For W(l)(X) =(1—-x%)71/2 and W(3)(x) =(1- x2)_1/2
ak =j(Bk), x=i(z) = %( + 1) ORFs are known:
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Near best rational approximation

e For wl ( )= (1—-x?)71/2 and W(3)(X) =(1 _X2)—1/2

ax =i(Bx), ;

i(z) = ,( + 1) ORFs are known:
_ L= 1Bal? (2B(a-1)2(2) 1
Ta(x) = 27 < 1— Bnz * (z— BW)B"—1(2)>
and

 [TIBE V3 (2Bl
Un(X)_ﬁZQ_l ( 1— B,z Z(Z_ﬁn)Bnl(Z))

forn=1,2,..., To=1//m Uy = \/2/7.
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Near best rational approximation

o For w(x) = (1 — x?)~1/2 and w®(x) = (1 — x?)~1/2
ar =i(Bk), x =i(z) = %(z + %) ORFs are known:

1— |8, <zB,, 1x(z )+ 1 >

Ta(x) = or 1—Bnz (z = Bn)Bn-1(2)

and

 [TIBE V3 (2Bl
Un(X)_ﬁZQ_l ( 1— B,z Z(Z_Bn)Bnl(Z))

forn=1,2,..., To = 1/\/7, Up = \/2/T.

@ Zeros can be found by an efficient iterative process or
By solving a generalized eigenvalue problem of the form
z2®,(x)(In — Sp + D, d,) = ®p(x) s
The extra matrix S, has only elements on the first superdiagonal.
The matrices in (Jp, I, — S, + D, 1J,) are both tridiagonal.
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Near best rational approximation

o For w(x) = (1 — x?)~1/2 and w®(x) = (1 — x?)~1/2
ar =i(Bk), x =i(z) = %(z + %) ORFs are known:

1— |8, <zB,, 1x(z )+ 1 >

Ta(x) = or 1—Bnz (z = Bn)Bn-1(2)

and

 [TIBE V3 (2Bl
Un(X)_ﬁZQ_l ( 1— B,z Z(Z_Bn)Bnl(Z))

forn=1,2,..., To = 1/\/7, Up = \/2/T.

@ Zeros can be found by an efficient iterative process or
By solving a generalized eigenvalue problem of the form
z2®,(x)(In — S + D1 d,) = ®p(x) s
The extra matrix S, has only elements on the first superdiagonal.
The matrices in (Jp, I, — S, + D, 1J,) are both tridiagonal.

@ for real poles or conjugate pairs S, = 0.
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Quadrature with preassigned nodes

QORF depend on a parameter that can be used to place one node at a
particular place.
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Quadrature with preassigned nodes

QORF depend on a parameter that can be used to place one node at a
particular place.

@ We shall consider qf on R and on | = [-1, 1]

Adhemar Bultheel (KU leuven) Chemnitz September 2013 55 /91



Quadrature with preassigned nodes

QORF depend on a parameter that can be used to place one node at a
particular place.

@ We shall consider qf on R and on | = [-1, 1]

@ Recall that we want ‘good’ QF

e nodes to be on RY or |
e weights to be positive
e exact in largest possible space
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preassigned nodes on |

e n-point (Polynomial) Gauss qf exact in Pap—1
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preassigned nodes on |

e n-point (Polynomial) Gauss qf exact in Pap—1

o Fix m nodes = nodes = zeros of P with (P,x*) =0,
k=0,...,n—m—1and (P,x"~™) # 0.
quasi-orthogonal polynomials of order m.
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preassigned nodes on |

e n-point (Polynomial) Gauss qf exact in Pap—1

o Fix m nodes = nodes = zeros of P with (P,x*) =0,
k=0,...,n—m—1and (P,x"~™) # 0.
quasi-orthogonal polynomials of order m.

@ m = 1: Gauss-Radau gf; m = 2: Gauss-Lobatto gf
usually fixed nodes at end points of interval.
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preassigned nodes on |

n-point (Polynomial) Gauss gf exact in Pp,_1

Fix m nodes = nodes = zeros of P with (P,x*) =0,
k=0,...,n—m—1and (P,x"~™) # 0.
quasi-orthogonal polynomials of order m.

@ m = 1: Gauss-Radau gf; m = 2: Gauss-Lobatto gf
usually fixed nodes at end points of interval.

@ Exact in Pop_m_1
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preassigned nodes on |

e n-point (Polynomial) Gauss qf exact in Pap—1

o Fix m nodes = nodes = zeros of P with (P,x*) =0,
k=0,...,n—m—1and (P,x"~™) # 0.
quasi-orthogonal polynomials of order m.

@ m = 1: Gauss-Radau gf; m = 2: Gauss-Lobatto gf
usually fixed nodes at end points of interval.

@ Exact in Pop_m_1

@ In general zeros may not be all in | and weights need not be all
positive!
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R-Gauss-Radau on |

@ Choose poles ay in R' =R\ [-1, 1]
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R-Gauss-Radau on |

@ Choose poles ay in R' =R\ [-1, 1]
@ (n+ 1)-point gf with prefixed &.

Nodes = zeros of QORF Qnt1(Xx) = ¢nt1(x) + Thi1 Z}*EX);) on(x),
Th+l € R
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R-Gauss-Radau on |

@ Choose poles ay in R' =R\ [-1, 1]
@ (n+ 1)-point gf with prefixed &.
Nodes = zeros of QORF Qu11(x) = ¢nt1(x) + Tht1 Z}*EX);) on(x),

Th+l € R
@ Ensure £ is zero by
T — 7¢n+1(£)zn(€) _ 7<£Q+1(’£) — _ Pn+1(§)
L $n(€)Zn+1(€) Bn(€) pn(&)(1—€/an—1)"
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R-Gauss-Radau on |

@ Choose poles ay in R' =R\ [-1, 1]
@ (n+ 1)-point gf with prefixed &.
Nodes = zeros of QORF Qu11(x) = ¢nt1(x) + Tht1 Z}*EX);) on(x),

Th+l € R
@ Ensure £ is zero by
T — 7¢n+1(£)zn(€) _ 7‘52+1(’£) — _ Pn+1(§)
L $n(€)Zn+1(€) Bn(€) pn(&)(1—€/an—1)"

@ All nodes real and simple, but in 1?7 Weights > 07
No problem for all of R, but should not coincide with poles!
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R-Gauss-Radau on |

@ Choose poles ay in R' =R\ [-1, 1]
@ (n+ 1)-point gf with prefixed &.
Nodes = zeros of QORF Qu11(x) = ¢nt1(x) + Tht1 Z}*EX);) on(x),

Th+l € R
@ Ensure £ is zero by
T — 7¢n+1(£)zn(€) _ 7‘52+1(’£) — _ Pn+1(§)
L $n(€)Zn+1(€) Bn(€) pn(&)(1—€/an—1)"

@ All nodes real and simple, but in 1?7 Weights > 07
No problem for all of R, but should not coincide with poles!

If a € R then at least n — 1 zeros of Q, are in | with positive weights.
4
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R-Gauss-Radau on |

@ Choose poles ay in R' =R\ [-1, 1]
@ (n+ 1)-point gf with prefixed &.
Nodes = zeros of QORF Qu11(x) = ¢nt1(x) + Tht1 Z}*EX);) on(x),

Th+l € R
@ Ensure £ is zero by
T — 7¢n+1(£)zn(€) _ 7‘52+1(’£) — _ Pn+1(§)
L $n(€)Zn+1(€) Bn(€) pn(&)(1—€/an—1)"

@ All nodes real and simple, but in 1?7 Weights > 07
No problem for all of R, but should not coincide with poles!

If a € R then at least n — 1 zeros of Q, are in | with positive weights. \

@ Similar for gf on [0,00). ay € €' — complex nodes.
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R-Gauss-Radau on |

@ Choose poles ay in R' =R\ [-1, 1]
@ (n+ 1)-point gf with prefixed &.
Nodes = zeros of QORF Qu11(x) = ¢nt1(x) + Tht1 Z}*EX);) on(x),

Th+l € R
@ Ensure £ is zero by
T — 7¢n+1(£)zn(€) _ 7‘52+1(’£) — _ Pn+1(§)
L $n(€)Zn+1(€) Bn(€) pn(&)(1—€/an—1)"

@ All nodes real and simple, but in 1?7 Weights > 07
No problem for all of R, but should not coincide with poles!

If a € R then at least n — 1 zeros of Q, are in | with positive weights. l

@ Similar for gf on [0,00). ay € €' — complex nodes.

@ 'good’ R-Gauss-Radau may not always exist!!
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R-Gauss-Radau on |

Qn11(%) = Gri1(x) + T fn(x) = 0 & ¢ = B =

T(X) — _ Pn+1(x)

(1=x/an)pn(x)

n=3, a, =00 n=3, a, # oo

i S || IV
77 (7]
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R-Gauss-Radau on |

Qni1(x) = Gnr1(x) + T2 Gn(x) =0 & ¢y = 2 =

() X
() = — T anm

n=3, a, =00 n=3, a, # oo

A A
IR INSIENi

If the prefixed node £ is too close to a zero of p,, then one node may be
outside I!!
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R-Gauss-Radau on |

Qni1(x) = Gnr1(x) + T2 Gn(x) =0 & ¢y = 2 =

() X
() = — T anm

n=3, a, =00 n=3, a, # oo

A A
IR INSIENi

If the prefixed node £ is too close to a zero of p,, then one node may be
outside I!!
Similar observations hold for integrals over the half-line.
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R-Gauss-Lobatto on |

Terminology:

G: Gauss (1 =0)

RR: Right Radau (x = 1 is a node); RRé: nodes x =1 & € € (—1,1)

LR: Left Radau (x = —1 is a node); LR¢: nodes x = —1 & ¢ € (—1,1)
(x=—1and x =1 are nodes); L.°: 3rd node £ € (—1,1)

o, = 00

S

Tl I

,oz;éoo

LI .
]{/{/I g JT/{//II e

I iR

> o |
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R-Gauss-Radau on |

top: n=3, a=a3
bottom: n=2, a = ay

/ ! x curve = zeros of

I “ _ Poa(®)
|

Pn+1(X7§) = pn+1(x) Bn(€) pn(X)

BV Bn(x) = (1= £)pa(x)

) Onlx) = 243
1 : assuming pn(ap) # 0
/} P otherwise replace o, by some «
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R-Gauss-Radau on |

top: n=3, a=a3
bottom: n=2, a = ay
1 ; R-Gauss-Radau: all nodes in [—1,1]
Sy L R4Sl W — one node ¢ fixed in (—1,1)
B : all weights positive

IER NI e € UJ(ctf,onf )

n+1J7 n+1,J

: : i =
J J | zeros of P,.1(x, &)
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R-Gauss-Lobatto on |

top: n=3, a=a3
bottom: n=2, a = ay

L

17
i
I I f all weights positive

£€U( Xeis X))

j=1
\ zeros of P,(,l)(x, €)
L @ (x) = (x + 1)dp(x)
L
|

‘/j x i nLRg.i B
/ I u seco:denojsefse(il,l)
N
y

b |
I r
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R-Gauss-Lobatto on |

top: n=3, a=a3

J J J 1 bottom: n=2, a=ay
D SR S RRE:
IM/ _./ u 2 one node is 1
[ T/. l second node £ € (—1,1)
- I / ‘( ! f all weights positive
o | ¢ € [JOai)oxn)
J : J=1
- zeros of P{?(x, €)
B I 4@ (x) = (1 - x)dp(x)
-
|l I
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R-Gauss-Lobatto on |

top: n=3, a=a3

J bottom: n=2, a=ay
| ] | Gauss-Lobatto L°:
S . both —1 and 1 are nodes
/ l 3rd node £ € (a, b)
‘( ! f all weights positive

n—1

§ € U (Xr':?uRa Xrl;fjtl)
j=1

zeros of P,(i)l(x,f)

: 4O (x) = (1 = x2)dpu(x)
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R-Gauss-Lobatto on |

Gauss- Lobatto: £,€e(~1,1)

either

TN

I‘ / ; XK, nodes RRg & XFE | nodes LR
1/-- I 3 ’ all weights positive
t I 1

1 i n n
ir/ f S U(chfj—l» ) & g € U[§<I11-+1,I'7)?I“IG+1,I.)

: ! Jj=1 i=1
1 1 or
| ! n

/i ix é-ELJ( ’”J)&§€U(n+ln ,/;_\’+1’]

° T 5 j=1 i Al
/ 1] 3 & can be anywhere & £ is restricted
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R-Gauss-Lobatto on | Computations

All computations can be done by GEP j,,+1v§ = §Bn+1 Ve,

A

Bn+1 = In+1 + bn_jljn—l-l
Only the last elements (ap, by+1) need to be changed

J On—l B On—l
] n S n
Jn+1 - X ) Bn+1 - X
T T
0,1 X ‘ X 0,1 X ‘ X

Possibly need to replace a, by another a to avoid singular situation.

A

Dn+1 = dia‘g(OéO) <oy 0n—1, Oé)
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R-Gauss-Radau and -Lobatto on | Alternative

@ n-point R-Gauss qf exact in L, L,_1
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R-Gauss-Radau and -Lobatto on | Alternative

@ n-point R-Gauss qf exact in L, L,_1

@ n-point R-Gauss-Radau gf (1 prefixed node) exact in £,-1 - L1
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R-Gauss-Radau and -Lobatto on | Alternative

@ n-point R-Gauss gf exact in £, L,_1
@ n-point R-Gauss-Radau gf (1 prefixed node) exact in £,-1 - L1
@ n-point R-Gauss-Lobatto qf (2 prefixed nodes) exact in £,-1 - L2
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R-Gauss-Radau and -Lobatto on | Alternative

n-point R-Gauss gf exact in £, - L,_1
n-point R-Gauss-Radau qf (1 prefixed node) exact in Lp_1 - Lp—1
n-point R-Gauss-Lobatto gf (2 prefixed nodes) exact in L,_1 - Lp_2

One might choose different spaces: e.g. £, - L, » for Radau and
L, L,_3 for Lobatto.

Adhemar Bultheel (KU leuven) Chemnitz September 2013 67 /91



Error estimate on R

The problem is to estimate E,{f} = Z,{f} — Z,{f}.
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Error estimate on R

The problem is to estimate E,{f} = Z,{f} — Z,{f}.

@ R-Gauss gf (exact in £, ,—1) via Hermite interpolation.
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Error estimate on R

The problem is to estimate E,{f} = Z,{f} — Z,{f}.
e R-Gauss gf (exact in £, ,—1) via Hermite interpolation.

o IQF: take Rop—1 € L 51 that interpolates f twice in each point of
{tl, Ce tn}Z Rgnfl(t,') = f(t,') and Rénfl(ti) = f’(t,').
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Error estimate on R

The problem is to estimate E,{f} = Z,{f} — Z,{f}.
e R-Gauss gf (exact in £, ,—1) via Hermite interpolation.

o IQF: take Rop—1 € L 51 that interpolates f twice in each point of
{tl, Ce tn}Z Rgnfl(t,') = f(t,') and Rénfl(ti) = f’(t,').

Pan_
Dz:fiv D2n—1 = TTpnTp—1, Tk = Hf:l(]‘ - O‘LJ)

@ Rop_1 =
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Error estimate on R

The problem is to estimate E,{f} = Z,{f} — Z,{f}.
e R-Gauss gf (exact in £, ,—1) via Hermite interpolation.

o IQF: take Rop—1 € L 51 that interpolates f twice in each point of
{tl, Ce tn}Z Rgnfl(t,') = f(t,') and Rénfl(ti) = f’(t,').

Pan—1 X

® Ron-1= D2n:1' Dap—1 = mnTn-1, Tk = HJI'(=1(1 - OTJ)

° Pan1(x) = 7L [Hi()f(5) + Hi(x)f ()]
it { )= 500 a4 L0014
Hj(x) = Lj(x)D2n-1(t;)
Lj(t) Jk, L( )—O
Li(t) =0, L(fk)— jk

X

Lagrange polynomials:
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Error estimate on R

The problem is to estimate E,{f} = Z,{f} — Z,{f}.
e R-Gauss gf (exact in £, ,—1) via Hermite interpolation.
o IQF: take Rop—1 € L 51 that interpolates f twice in each point of
{tl, Ce tn}Z Rgnfl(t,') = f(t,') and Rénfl(ti) = f’(t,').

Pon—1 k
® Rop-1= o=, Don—1 = mnmn—1, mec = [[;1(1 - a%)

o Pap1(x) = X2 [Hi(x)f () + Hi(x)f'(t)]
with{ Hj(x) = Lj(x)Dan-1(t;) + L;(x) D3, _1 (1))
Hj(x) = Lj(x)Dan-1(t})
Li(te) = 0jk, Li(te) =0
Li(te) =0, L(fk)— ik

o IQF: Z,{f} = ZJ AT (t) + Aif' ()] with {

Lagrange polynomials:

= .{Hj/D2n-1}
= #{I-IJ/D2n 1}

Adhemar Bultheel (KU leuven) Chemnitz September 2013 68 / 91



Error estimate on R

The problem is to estimate E,{f} = Z,{f} — Z,{f} = Z,{f — Ron—1}.
o If {tx} are zeros of ORF ¢, then
Aj = [ ¢n(x)rn—1(x)dp(x) = 0 since rp_1 € Ly-1
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Error estimate on R

The problem is to estimate E,{f} = Z,{f} — Z,{f} = Z,{f — Ron—1}.
o If {tx} are zeros of ORF ¢, then
Aj = [ ¢n(x)rn—1(x)dp(x) = 0 since rp_1 € Ly-1

n) x
o En{f} = Tu{f — Ren-1} = cPtlB0C) [ 420:)(1 — 2 )dp(x).
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Error estimate on R

The problem is to estimate E,{f} = Z,{f} — Z,{f} = Z,{f — Ron—1}.
o If {tx} are zeros of ORF ¢, then
Aj = [ ¢n(x)rn—1(x)dp(x) = 0 since rp_1 € Ly-1
(2n) x
o Eq{f} =Tu{f — Ron—1} = LB l00) [ 62)(1 — X )du(x).
@ Example: related interpolation error, supp (u) = [0, +00],
ay € (—0,0)
_ ¢2(x 1704—)
0u(2) = Qun(z) = LAt} = (A [ P s gy ),
z ¢ [0, +o0].
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Error estimate on R

The problem is to estimate E,{f} = Z,{f} — Z,{f} = Z,{f — Ron—1}.
o If {tx} are zeros of ORF ¢, then
Aj = [ ¢n(x)rn—1(x)dp(x) = 0 since rp_1 € Ly-1

n) x
o En{f} = T{f — Ran1} = c Ll Tg00) 1 62)(1 — 2 )dp(x).
e Example: related interpolation error, supp (u) = [0,+oo],
ak € (—00,0)
—Hn ¢n(X)(17a7n)
Qu(z) — Qn(z) = Iﬂ{d(ﬁ,f )} = (1_0%1)(;5;1(2) J === du(x),
z ¢ [0, +o0].

f analytic in G D [0,+o0], G =T
c(r, f)

En{F)] < =y [ 00— )t

infer |92(2)(1
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Error estimate on /

use Joukowski

% X
a6 =TT (1 xe)
K \fl - K ﬁxx frn(z):né(i—ﬁ,-z)k
N
r X

B~ Bi=i"™ (i)
T={"™ (2)|=r}
llll=/ dpe
I Znll=2 Twil
Theorem
Tn exact in L1,
rmt 2
[En{f}] < Hﬂnfllrrl (||/~t|| + 12 H)HI1+B l&(r)
i=1
_ 1 (27 __ dt
g(r)= 27 JO  Tim(ret)?
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Convergence of gf on R

It will depend on the smoothness of f and the choice of the poles that will
determinate the density of the rationals and hence convergence.
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Convergence of gf on R

It will depend on the smoothness of f and the choice of the poles that will
determinate the density of the rationals and hence convergence.

@ Example:

Theorem

supp (1) = [0, +o0] poles in (—o0,0)
Poles a stay away from 0 and —oo, or do not approach too fast:

S = {f : continuous on [0,+00) and finite at +00}.
Then U2 (L dense in S (uniform norm)
and the R-Gauss qf converges Vf € S.
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Convergence of gf on T

The following convergence result is a direct consequence of the error
estimate
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Convergence of gf on T

The following convergence result is a direct consequence of the error
estimate

If [ %dQ < oo for pos. weight w and 3772, (1 — |a;|) = oo then Vf
continuous on T and Z,, an R-5zegé qf w.r.t. w:

limpoo Za{f} = [7_f(€)p(0)d0 and

limnsoo 3271 [Anjlf () = [ £(e”)]p(6)|d6.
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Convergence of gf on T

The following convergence result is a direct consequence of the error
estimate

If [ %dQ < oo for pos. weight w and 3772, (1 — |a;|) = oo then Vf
continuous on T and Z,, an R-5zegé qf w.r.t. w:

limpoo Za{f} = [7_f(€)p(0)d0 and

limnsoo 3271 [Anjlf () = [ £(e”)]p(6)|d6.

With Joukowski this can be translated in a corresponding result for
I=[-1,1]
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Convergence of gf on T

The following convergence result is a direct consequence of the error
estimate

If [ %dQ < oo for pos. weight w and 3772, (1 — |a;|) = oo then Vf
continuous on T and Z,, an R-5zegé qf w.r.t. w:

limpoo Za{f} = [7_f(€)p(0)d0 and

limnsoo 3271 [Anjlf () = [ £(e”)]p(6)|d6.

With Joukowski this can be translated in a corresponding result for
I=[-1,1]

If>721(1 — |ak|) = oo then the R-Gauss qf on | converge Yf continuous
on | if and only if || Zp|| = >} _1 [Ank| < M < 0.
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Application

@ matrix functions f(A) for large networks (A = adjacency matrix)
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Application

@ matrix functions f(A) for large networks (A = adjacency matrix)

@ Google's PageRank = eigenvalue problem for A of directed graph
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Application

@ matrix functions f(A) for large networks (A = adjacency matrix)
@ Google's PageRank = eigenvalue problem for A of directed graph

e Communicability = function of e
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Application

matrix functions f(A) for large networks (A = adjacency matrix)
Google's PageRank = eigenvalue problem for A of directed graph
Communicability = function of e

important hubs (/ — cA)x = 1, authorities (/ — cAT)x =1
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Application

matrix functions f(A) for large networks (A = adjacency matrix)
Google's PageRank = eigenvalue problem for A of directed graph
Communicability = function of e

important hubs (/ — cA)x = 1, authorities (/ — cAT)x =1

f(A) = [ f(z)(zl — A)~tdz, T = 09, Q contains spectrum of A
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Application

@ Suppose A € CN*N is Hermitian positive definite, v € CV, N large
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Application

@ Suppose A € CN*N is Hermitian positive definite, v € CV, N large
o Linear functional M{x¥} = v Akv (moment problem — 1)
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Application

(CNXN

@ Suppose A € is Hermitian positive definite, v € CN, N large

o Linear functional M{x¥} = v Akv (moment problem — 1)
o M{f} = [ f(x)du(x) = vif(A)v and (f,g) = [ F(x)g(x)du(x)
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Application

(CNXN

@ Suppose A € is Hermitian positive definite, v € CN, N large

o Linear functional M{x¥} = v Akv (moment problem — 1)
o M{f} = [ f(x)du(x) = vif(A)v and (f,g) = [ F(x)g(x)du(x)
o p=1(A)v, g=g(A)v then (f,g), = p"q
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Application

(CNXN

@ Suppose A € is Hermitian positive definite, v € CN, N large

o Linear functional M{x*} = v/ AXv (moment problem — 1)

o M{f} = [ f(x)du(x) = vif(A)v and (f,g) = [ F(x)g(x)du(x)
o p=1(A)v, g=g(A)v then (f,g), = p"q

@ Suppose A = UAUH. Then

N—-1
Z{f} = v (A = vHUFRUHY = > i f (i), Wi = |l v,
k=0
N—-1
W= Wi 05,
k=0
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Application

@ If A too large then project it onto a lower dimensional subspace:
’Cnfl = C0|San = CO|Sp[V0, WVilgcoog V,,,1], Vi = bk(A)V
Set L1 =span{bx(x) : k =0,...,n— 1}, then
Kno1=span{f(Av:feL, 1}
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Application

@ If A too large then project it onto a lower dimensional subspace:
’Cnfl = C0|San = CO|Sp[V0, WVilgcoog V,,,1], Vi = bk(A)V
Set L1 =span{bx(x) : k =0,...,n— 1}, then
Kno1=span{f(Av:feL, 1}

@ Construct an orthonormal basis KC,,_1 = colspQ,, and Q,’,"Q,, =1,
define A, = Q/'AQ, € C™"
and set Z,{f} = vi f(A)v =~ T,{f} = vH Q.f(An) Qv

Adhemar Bultheel (KU leuven) Chemnitz September 2013 75 /91



Application

@ If A too large then project it onto a lower dimensional subspace:
’Cnfl = C0|San = CO|Sp[V0, WVilgcoog V,,,1], Vi = bk(A)V
Set L1 =span{bx(x) : k =0,...,n— 1}, then
Kno1=span{f(Av:feL, 1}

@ Construct an orthonormal basis KC,,_1 = colspQ,, and Q,’,"Q,, =1,
define A, = Q/'AQ, € C™"
and set Z,{f} = vi f(A)v =~ T,{f} = vH Q.f(An) Qv

o Note if g, = ¢k(A)V then q,’jq/ = Oy iff <¢k7 ¢I>H = Op
Qn = [¢0(A)7 oo 7¢n71(A)]V = (Dn(A)V'
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Application

o I,{f} = vHQ,,f(A,,)Q,’;’v, A, = Q,’,"AQ,,
Qn = P,(A)v
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Application

° In{f} = VHan(An)Q,I-,-IVy Ap = Q,I-,-IAQn
Qn = P,(A)v
recurrence  xP,(x)(l, + Dy td,) = ©4(x)Jn +[0...,0, %]
translates as  AQn(/, + D;lJn) = QnJn+10,...,0,%]
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Application

o Z,{f} = v Q.f(A))Q!v, A, = QIAQ,
Qn = P,(A)v
recurrence  xP,(x)(l, + Dy td,) = ©4(x)Jn +[0...,0, %]
translates as  AQ,(/n + D, Jn) = Qudn + [0, .., 0, %]
@ Hence A, = QN"AQ, = J,(I, + D1 J,) L
eigenvalues of A, = generalized eigenvalues of (I, + D;1J,, Jn)
= zeros of ¢,
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Application

° In{f} = VHan(An)Q,I-,-IVy Ap = Q,I-,-IAQn
Qn = q)n(A)V
recurrence  xP,(x)(l, + Dy td,) = ©4(x)Jn +[0...,0, %]
translates as  AQ, (I, + D, 1J,) = Qudn +[0,...,0, %]
@ Hence A, = QN"AQ, = J,(I, + D1 J,) L
eigenvalues of A, = generalized eigenvalues of (I, + D;1J,, Jn)
= zeros of ¢,
@ set A, = U,,/\,,U,’," then (A,) = U,,f(/\n)U#, /U,’,"U,, =1,
TAfY = vHU.F(A)UR v with U, = Q,U, € CN*", Ut U, = I,
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Application

° In{f} = VHan(An)Q,I-,-IVy Ap = Q,I-,-IAQn
Qn = P,(A)v
recurrence  xP,(x)(l, + Dy td,) = ©4(x)Jn +[0...,0, %]
translates as  AQ, (I, + D, 1J,) = Qudn +[0,...,0, %]
@ Hence A, = QN"AQ, = J,(I, + D1 J,) L
eigenvalues of A, = generalized eigenvalues of (I, + D;1J,, Jn)
= zeros of ¢,
o set A, = UpA, UL then £(A,) = Unf(A)UY, U U, = I
T{f} = v U.f(\, )U v with U, = Q,U, € «:’VX" uttu, = 1,

n—1
o T{f} =~ T,{f} = Z|uk VPF(AR) = wif (M), wie = [uflv[?
k=0 k=0
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Application

o I,{f} = vHQ,,f(A,,)Q,’;’v, A, = Q,’,"AQ,,
Qn = P,(A)v
recurrence  xP,(x)(l, + Dy td,) = ©4(x)Jn +[0...,0, %]
translates as  AQ, (I, + D, 1J,) = Qudn +[0,...,0, %]
@ Hence A, = QN"AQ, = J,(I, + D1 J,) L
eigenvalues of A, = generalized eigenvalues of (I, + D;1J,, Jn)
= zeros of ¢,
o set A, = UpA, UL then £(A,) = Unf(A)UY, U U, = I
T{f} = vHU.F(N, )U v with U, = Q,U, € «:’VX" uttu, = I,

n—1
o T{f} =~ T,{f} = Z|uk VPF(A) =D wif (M), wie = [uffv?
k=0 k=0

o = R-Gauss qf exact for f € L, ,—1
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Application

o I,{f} = vHQ,,f(A,,)Q,’;’v, A, = Q,’,"AQ,,
Qn = P,(A)v
recurrence  xP,(x)(l, + Dy td,) = ©4(x)Jn +[0...,0, %]
translates as  AQ, (I, + D, 1J,) = Qudn +[0,...,0, %]
@ Hence A, = QN"AQ, = J,(I, + D1 J,) L
eigenvalues of A, = generalized eigenvalues of (I, + D;1J,, Jn)
= zeros of ¢,
o set A, = UpA, UL then £(A,) = Unf(A)UY, U U, = I
T{f} = vHU.F(N, )U v with U, = Q,U, € «:’VX" uttu, = I,

n—1
o T{f} =~ T,{f} = Z|uk VPF(A) =D wif (M), wie = [uffv?
k=0 k=0

o = R-Gauss qf exact for f € L, ,—1
@ Also Radau and Lobatto variants are possible.

Adhemar Bultheel (KU leuven) Chemnitz September 2013 76 / 91



Application

Rational Krylov method

@ Project on n-dimensional subspace of CV (n < N)
Kn(A,v) =span{v, Av, A%v,... A"V} = {p,(A)v : p, € Pn}

Aleksey Krylov

a
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Application

Rational Krylov method
@ Project on n-dimensional subspace of CV (n < N)
Kn(A,v) = span{v, Av, Av,...,A"v} = {p,(A)v : p, € P}

@ polynomial p,(A)v — rational r,(A)v
Ko(A, v) = span{v, by(A)W, . .., ba(AW} = {F(A) - fy € £}
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Application

Rational Krylov method
e Project on n-dimensional subspace of CV (n < N)
Kn(A,v) =span{v, Av, A%v,... A"V} = {p,(A)v : p, € Pn}
@ polynomial p,(A)v — rational r,(A)v
Kn(A, v) =span{v, bi(A)v, ..., ba(A)v} = {f(A)v: f, € L}
e Orthogonal basis: Qn = [qo,---,qn], gk = ok(A)v, ¢k = ORF.
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Application

Rational Krylov method

e Project on n-dimensional subspace of CV (n < N)

Kn(A,v) =span{v, Av, A%v,... A"V} = {p,(A)v : p, € Pn}
@ polynomial p,(A)v — rational r,(A)v

Kn(A, v) =span{v, bi(A)v, ..., ba(A)v} = {f(A)v: f, € L}
e Orthogonal basis: Qn = [qo,---,qn], gk = ok(A)v, ¢k = ORF.
o By Z(A) = A(l — A/ay)™! a shift and invert

converges faster to eigenvalues near ay
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Application

Rational Krylov method

e Project on n-dimensional subspace of CV (n < N)
Kn(A,v) =span{v, Av, A%v,... A"V} = {p,(A)v : p, € Pn}
polynomial p,(A)v — rational r,(A)v
Kn(A, v) =span{v, bi(A)v, ..., ba(A)v} = {f(A)v: f, € L}
Orthogonal basis: Q, = [qo, - - -, qn], gk = ¢x(A)v, éx = ORF.
By Zk(A) = A(l — A/ay)™? a shift and invert
converges faster to eigenvalues near ay

In classical Krylov all ay = 0o = cvg to ‘largest’ eigenvalues
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Application

Rational Krylov method

Project on n-dimensional subspace of CV (n < N)

Kn(A,v) =span{v, Av, A%v,... A"V} = {p,(A)v : p, € Pn}
polynomial p,(A)v — rational r,(A)v

Kn(A, v) =span{v, bi(A)v, ..., ba(A)v} = {f(A)v: f, € L}
Orthogonal basis: Q, = [qo, - - -, qn], gk = ¢x(A)v, éx = ORF.
By Zk(A) = A(l — A/ay)™? a shift and invert

converges faster to eigenvalues near ay

In classical Krylov all ay = 0o = cvg to ‘largest’ eigenvalues
Walter Ritz

o(An) = o(A): Ritz values
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Application Model reduction

H(z) = C(zl —A)"1B+ D, Ac CN*N C e CP*N B e CN*a, D e CP*a
CH=B AF=A f(A)=(z/ - A)!

Uyt 0 A B Uy 0 .
Elle BT a] wee

project on subspace of
colspU, C K(A, B) = span{B,AB, A’B,...}, UYU,=1,

UnHO AB UnO Nxn
5 alle ol ] vee
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Application Model reduction

H(z) = ( —A)B+D, Aec CNV*N Cc e PN, B e CNx9, D € CP*9
CH 2B, AH £ A f(A) = (21 — A)~

Uyt O A B Uy O s
8 ale ][ R e
project on subspaces of

colspQ, C K(A, B) = span{B,AB,A%B,...}, QHQ,=1,
colspP, C K(A, C) = span{CH, (CA), (CAHH,...}, PHP, =1,

(PRQn)'PY 0] A B][Qn O N
[ 0 Lllcbollo g Pm@eC
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Application Model reduction

Implementation in IRKA (Iterative Rational Krylov Algorithm)

@ S. Gugercin, A.C. Antoulas, C. Beattie.
H? Model reduction for large-scale linear dynamical systems.
SIAM. J. Matrix Anal. & Appl., vol.30, no.2, pp.609-638, 2008.

@ V. Druskin and C. Lieberman and M. Zaslavsky.

On adaptive choice of shifts in rational Krylov subspace reduction of
evolutionary problems.

SIAM. J. Sci,. Comp., vol. 32, no. 5, pp.2485-2496, 2010.
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Convergence via logarithmic potential

e M(E) = measures with support in E C C
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Convergence via logarithmic potential

@ M(E) = measures with support in E C C
o logarithmic potential U(z) = [ log =2-du(x), u € M(E)

|z—x|

Energy: /(1) = [[ log 5 dpu(x)du(2)
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Convergence via logarithmic potential

@ M(E) = measures with support in E C C

o logarithmic potential U¥(z) = [ log |Zix‘d,u(x), p e M(E)
Energy: /(1) = [[ log 5 dpu(x)du(2)

@ minimize weighted energy /(u — v), supp (v) C C\ E,
v(C) =s€10,1]
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Convergence via logarithmic potential

M(E) = measures with support in E C C

o logarithmic potential U¥(z) = [ log |Zix‘d,u(x), p e M(E)
Energy: /(1) = [[ log 5 dpu(x)du(2)

@ minimize weighted energy /(u — v), supp (v) C C\ E,
v(C)=s€]0,1]

@ Constrained weighted energy problem (CWEP):

o € M(E): min,crq) (10— v) such that tu <o, t € (0,1)
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Convergence via logarithmic potential

M(E) = measures with support in E C C
o logarithmic potential U¥(z) = [ log |Zix‘d,u(x), p e M(E)
Energy: /(1) = [[ log 5 dpu(x)du(2)
@ minimize weighted energy /(u — v), supp (v) C C\ E,
v(C)=s€]0,1]
@ Constrained weighted energy problem (CWEP):
o € M(E): min,crq) (10— v) such that tu <o, t € (0,1)
e Unique solution u% with U¥*~¥(z) = constant C¥ on supp (o — 1)
and smaller everywhere else: = equilibrium measure.
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Convergence via logarithmic potential

M(E) = measures with support in E C C

o logarithmic potential U¥(z) = [ log |Zix‘d,u(x), pu e M(E)
Energy: I(n) = [[ log |zfl)ddu(x)du(z)

@ minimize weighted energy /(u — v), supp (v) C C\ E,
v(C)=s€]0,1]

@ Constrained weighted energy problem (CWEP):

o € M(E): min,crq) (10— v) such that tu <o, t € (0,1)

e Unique solution u% with U¥*~¥(z) = constant C¥ on supp (o — 1)
and smaller everywhere else: = equilibrium measure.

@ There is an algorithm to compute the solution approximately
(discretization!)
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Convergence via logarithmic potential

Cornelius Lanczos

Connection with Lanczos: (= a Krylov method)
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Convergence via logarithmic potential

Connection with Lanczos: (= a Krylov method)
@ Asymptotic distribution of eigenvalues of Ap:

: 1 ~N-1
o =limy_so0 7 k=0 Oans
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Convergence via logarithmic potential

Connection with Lanczos: (= a Krylov method)

@ Asymptotic distribution of eigenvalues of Ap:
g = |im/\/_>oo % 221;01 5,\N’k

@ Asymptotic distribution of poles ay:
limey—soo ﬁ Zi’il dop = Ve + (1 —5)dso
t=n/N € (0,1), s is ratio of poles at oo
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Convergence via logarithmic potential

Connection with Lanczos: (= a Krylov method)

@ Asymptotic distribution of eigenvalues of Ap:
; N—1
o = IlmN_)oo % Zk:O 5AN,k
@ Asymptotic distribution of poles ay:
lim ey oo ﬁ Zi’il dop = Ve + (1 —5)dso
t=n/N € (0,1), s is ratio of poles at oo
o Ritz values 0, x: limy_ 00 ﬁ Y k100, = it
This minimizes /(x — v¢) and satisfies tu: < o.
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Convergence via logarithmic potential

Connection with Lanczos: (= a Krylov method)

@ Asymptotic distribution of eigenvalues of Ap:
; N—1
o = IlmN_)oo % Zk:O 5AN,k
@ Asymptotic distribution of poles ay:
lim ey oo ﬁ Zi’il dop = Ve + (1 —5)dso
t=n/N € (0,1), s is ratio of poles at oo
o Ritz values 0, x: limy_ 00 ﬁ Y k100, = it
This minimizes /(x — v¢) and satisfies tu: < o.

@ Solution of CWEP gives asymptotic distribution of the Ritz values.
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Rational Krylov

A € C200x200 A, = —1+2(k —1)/199 dX(x) = 3dx

a=2 a=0.2-+0.1i

Ritz values

&

Ritz values

&

™ 4 e B w00 i i s
Number of iterations

Number of iterations

Convergence faster near «
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Rational Krylov

A€ C200x200 N — 1 4 2(k —1)/199, oy = —5,a2 = 1.2

1001, 100arp

w

H

Ritz values

03|

0

i 100
Number of

o
Number of iterations

Convergence faster near oz, ap
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Rational Krylov

A€ C200%x200 N, — 14+ 2(k —1)/199,
a1 = —0.240.2i,ap = —0.5 + 0.1i

1000[1, 100042 100(0[1, 012)
- ) —
P w
8 o3 ¥ £ oz
g £ o
5 S
Z -2 Z -2
a4l
i W0 M0 1 E w 7 o R R
umber of iterations Number of iterations

Convergence faster near ag, ap
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Rational Krylov

Eigenvalues of Ain E =[0,1] U [2,3]
a=0.74+0.1i

Bl

Ritz values

D5ES R, T

L] B0 100 120 o
Number of iterations
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