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GENERALIZED AIRFOIL EQUATION

L[ fly) M=y, v [* 1—y
= dy+Z [ loglz — gy = 1
L[y 2 [ togle — aliw)y Ty = g(o). el <

where the first integral is in the Cauchy principal value sense, v is a complex
number, g is a known function and f is the sought solution.

Df(x)+vKf(x) =g(z), |z| <1 |+ Operator form

1l
» Cauchy singular integral operator: Df(x) = —— () V3

1 /1
» Perturbation operator: | K f(z) = %/ log |z — y|f(y)v%’_%(y)dy
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For uw(z) = (1 — 2)7(1 4 x)° with v, > 0, we consider

» Weighted spaces of locally continuous functions:

limy 1 (fu)(z) =0 ify>0 and }

Cl:=feC).:
limg, 1 (fu)(x) =0 ifd>0

equipped with the norm || f{[co := || ful[co-

» Holder-Zygmund subspaces: | Z,(u) :={f € Cy: | fllz.w) < oo}

equipped with the norm

WE(f ) w00 )
|11z == [l fulloo +sup == ~ | fulloo +sup(k + 1)" Ex(f )00
t>0 k>0
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1
» Mapping properties of Df(x) = ——

TH. 1: For all » > 0, the map D : Z (,02, ) 0’%) is linear, bounded,

Zr(v
f(y)

with bounded inverse given by Df(:z:) - v_%’%(y)dy. Moreover

WZZ(Dfa t)vo,% ~

Y

wp(ft)

sup ~ sup , k>r>0
t>0 tr t>0 tr

[\DI)—\

Note: More generally, in the first lecture we studied

inm !
D f(a) = cosmaf(a)o*(a) - T [ T ey

establishing TH.1 for the map D* % : Z,.(v*"Y) — Z,.(v%9).
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l\DI)—t

1 /1
» Mapping properties of K f(x) = ;/ log |z — y|f(y )v%’ (y)dy
—1

TH. 2: For all » > 0, the map K : Zr(v%ﬁ) — Zyr41 Is bounded and

wk_'_l(Kf, ) oo wg]Z(fa t)v%o

|K fllo < Ol f02° sup % < C'sup

+>0 tr+i £>0 tr

hold for all K > r, C' > 0 being independent of f € Z, (v2’ ).

Note that:

e The identity (K f)' = Df and TH.1 can be used in order to prove the
second inequality of TH.2.

e Since Z,..1 is compactly embedded into Z; for all s <7+ 1, by TH.2
we also get that the map K : Z,(v2°) — Z, is compact.
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» Solvability of (D +vK)f = g:

By the previous theorems we can apply the Fredholm alternative theorem
to the regularized equation (I + vDK)f = Dg, obtaining the following

N|—

Corollary: Assume ker{D + vK} = {0}. Then for any g € Z,(v"
generalized airfoil equation has a unique and stable solution f € Z,.(v

) the
,0)_

Note:(D.Berthold, W.Hoppe, B.Silbermann) ker{D+vK} ={0},Vv € R

N —

» Polynomial projection methods attempt to find a polynomial
approximation of f, namely f,, solving the approximate equation
(D + vP,K)f, = Png, where P, is the polynomial projection defining
the method.

Condition to require: nh_{lgo K — P”K||Zr(v%’°)—>zr(v0%) =0
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Ly:f— Ln(v_%’%, f)eP, 1 Lagrange

Projections: | _ ~ L .
Vo : f = Vam(v™ 22, f) € S, m(v™22)  de la V.P.

Both these projections satisfy the required condition, since we have
|K — L, K| 0y, <C n~1llogn
Zr(v 2 )—>Z7~( '2)
|1K -V, K| <Cn ! m==6n, 0<0<1

2, (205 2, (003) =

1

TH. 3: If D+ vK : Z (v2’ ) = Z,.(v"2) has bounded inverse, then the
same holds for D + vP,K : Z, (v20) — Z,(v%2), where either P,, = L, or
Prn = Vium with m =0n, 0 <0 <1. Moreover:

sup,, |[(D + vP,K)™ || < oo, lim, k(D 4+ vP,K) = k(D + vK)

where r(A) = ||A][|[A~].
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Airfoil equation: (D +vK)f =g, g€ Z(v"2)
Approximate equation: (D + vP,K)f, = Png, Pn= L,orP, = ‘N/n,m

» Solvability of the approximate equation:

There exists a unique stable
—> | solution f,, of the approximate
equation

There exists a unique stable
solution f of the airfoil equation

» Error estimates depend on P,, and can be deduced from
f—fo=U+vDP,K) ' DDf — DP,Df]
taking into account that

1 it P, =
logn if P, =

f/n,m(v
L(v™23)
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Theorem 4: The solution f, of the approximate equation corresponding
to P, = L,, or P,, = Vi, ., with m = 0n, 0 < 0 < 1, satisfies the following
error estimates, where C' > 0 denotes a constant independent of f and n.

’

lall, .,

— <
» Lagrange case: <

]|

\

gl

1
Zr(v"2)
— <
||f anZS(U%’O) — C nr—s=s ’
» Dela V.P. case: [

1 ol o3,

H(f o fn)U§’0| o < C Tzfr
\
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Theorem 5 The operator D maps the space Sn,m(v%’_%) into the

space Sn m( 3 %). This correspondence is bijective and its inverse is
D! = m(v” 37) - Sn,m(fu%’_%).
Proof. Dpk(v%’_%) = pk(v_%’%) — Dqk(v%’_%) = qk(v_%’%). O
Notes on | Df, + vV, ,(v"22, K f,) = Vy (0722, g)
» Its solution f, € Sn,m(v%’_%).
» It is equivalent to: | V, ,.(v"22, Df, + vK fr) = Vi (0722, g)
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COMPUTATION OF THE APPROXIMATE SOLUTIONS

Notations: | ,,.— 3 and < f,g >u= f_11 f(x)g(x)w(x)dx

|
c
N|—
N|—

~

» De la Vallée Poussin case: | Df, + vV, ,,(w, K f,) = Vim(w, g)

We compute f,, = Z;é ar qr(w™') € Sy, m(w™t) by requiring that

<Dfn+V‘7n,m(w7Kfn)7 Qh(w) > w <Vnm( w, g ) Q( )
n(w) >uw

< gn(w), qn(w) >y < aqn(w), ¢
h=0,. —1
» Lagrange case: | Df, +vL,(w, f,) = L,(w,g)
We compute f,, = Z;é be pr(w™1) € P,_1 by requiring that

< Dfn + VLn(waKfn)a ph(w) > = < Ln(wag)y ph(w) > w
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Linear system by de la V.P. projection method

11

For h=0,...,n—1, set w:= v~ 2°2, we have
< Dfn + an,m(waKfn)a Qh(w) > w _ < Vn,m('wag)a Qh(w) > w
< gn(w), gn(w) >y < gn(w), gn(w) >y

which, by fn, = 32775 ar gr(w™") and Dgp(w™r) = gp(w), gives

ar |Onk + v _
- < an(w), an(w) >u < qn(w), qn(w) >

But Vn,m(wa f) = ZZ;(l) {2?21 An,jph(waxn,j)f(xn,j)} gn(w), hence

n—1 n n
D ak[Snk + 1Y A Kar(w ™) (@ j)pa(w, 20,) | =D Anjg(@n,g)pn(w, 20, 5)
k=0 =1 J=1
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» By de la V.P. interpolation: f,(z) =

n—1 n
Z ag | Op 1k + VZ A, i K qr(w™
k=0

j=1

» By Lagrange interpolation: f,(z) =

j=1

11

where w := v~22, z, ; and A, ; correspond to w and ka(
1 s
Jo11og |zn ;= ylpe(w™, y)w™

n—1 n
Z bi | On 1 + I/Z A, i K pr(w
k=0

—1

) (@n,5)pR(w, n5)

") (@ng)pa(w, )

k Obk pk(

k 0 Ak Qk( 1,.%’)

:Z)\n,jg(xn,j)ph(wa xn,j)

j=1

h=0,..n—1

_17 CI;')

:ZAn,jg(xn,j)ph(wa an,j)

j=1
h=0,...n—1

) =

Y(y)dy, as well as Kqi(w™!, z, ;) can be
computed without any integration.
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Theorem 6 [D Berthold, WHoppe and B.Silbermann| The operator

Kf(x) = 1f log |z — y|f(y )112’ 2( )dy acts on polynomials according
to the ruIe

Kpo(v2~2)(z) = (z —log2)/ /T,

_11 11 11
ka( % %)(x) _1 pk—l—l(’U 2’2737) _pk(’U Q’Q’ZE‘) _pk—l(v 2727:E)
2 k+ 1 k(k+ 1) i

A similar result holds for qu(v%’ %)(azn i) too, recalling the definition

pi(w) if 0<k<n—m
qr(w) = m+n—=k m—n-+k _
o pe(w) — 5 pon—r(w) if n—m<k<n
and using pop_k(v™ 53 xn,]) —pr(v~ 23 «Tnj)
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Theorem 7 For alln € Nand any k,5 =1,...,n, we have

Kqo(v272)(2n,5) = (2, —log2)/ /7
Kqr(v3™3) () = apprer(v™ 23,2 ) — Brpr(v™53, 20 5) — Wepr1 (0723, 2, ;)
where for k =1,...,n—m, it is
1 3 1 1
o 1= = = —
E Tk + 1) T ok r 1)) R 2k
while in the case k =n—m+1,....n, we have
1 [n+m—-k m-n+k 1 [n+m—-—k m-n-+k
(@ = — = S
g dm | k+1 2n — k T k 2n — k +1
5, = 1 _n—|—m—k+ m—n-+k
T am | k(k+1)  2n—k)(2n—k+1)
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» Matrix system from de la V.P. interpolation: | M, =1, + VA,

/ —bo —m O \
- 1
A, = Qo ___1 72 with { Bo = 21 In 2,
R Qo = 3
\ O Qp—2 _Bn—l )

» Matrix system from Lagrange interpolation: | M,, = I, + vB,,

(—§+1n2 ~1 O \
B TR
” _2(n1—1)
\ O =D oD /
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Polynomial wavelets based on de la V. P. interpolation

In order to have a multiresolution structure, we take the integers
n > m as functions of the resolution level 7 € N, i.e. we assume

n = n; and m = m;.

» The choice of n,; and m; is different in dependence on which Chebyshev
weight w we consider. More precisely we set

. . 1

nj=2-3, mj =3’ it w(z) = V1= x2

nj:=272—-1 m;:=2 -1 if w(z)=+v1-—2?
(@) =173

-1 3 -1 1+

nj =
» Reason for this choice: The zeros of Prnj(w) are also zeros of Prjq (w)-

if  w

mj:

2 2
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SIMPLIFIED NOTATIONS: For all resolution level 7 € N, we set
Tjf 1= :Unjk(w) Aj e i= )\nj,k(w) and define:

» Scaling functions: @, ;(z) := AjxHy, m, (W, T, T; ), k=1,...,n;

» Sample spaces: S := S, () :=span{®;: k=1,...,n;}

» De la V.P. projection: V,f(z) := f/nj,mj w, f, ) Zf Tj5) P k()

Properties: The choices of n; and m; guarantee that:

e The interpolation knots of level j are also knots of level 741, i.e. we have
the partition {:Uj+1,k}k:1,,,,nj+1 = {x jkj}kj 1,..n {y] kbl 1,..,(njy1—nj)

e We have a nested sequence of polynomial spaces S; C 544
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Figure 1: Scaling functions ¢

W(x)=(1-x2) 12

"9 of level j = 3

n;,k

W()=(1-x) 2

-1 -0.5 0 0.5 1

W(X):(l—X)1/2(1+X)_1/2

-1 -0.5 0 0.5 1

W(X):(l—X)_l/ 2(1+x)1/2
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Figure 2: Scaling functions ® 7, associated with w(z) = v/1 — 22 and

. . ok .
x ;1 = 0 for increasing resolution levels j =1, 2,3

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6
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WAVELET SPACES IW; are defined as the orthogonal complement of .5
In Sj_|_1, l.e. Sj_|_1 = Sj D Wj and Sj 1 Wj.

WAVELET FUNCTIONS W, provide local bases in the spaces Wj.

Generally they are orthogonal or interpolating. In our case, they are
uniquely determined by the conditions:

o < \Ijj,haq)j,k Sw = 07 h = 17 ey M1 — Ny, k= ]‘7 -y T,
e \Ij],h(yj,k) — 6h,k7 h7 k = ]-7 vy M1 — Ty .

where {y;  }r are those zeros of p,,, ,(w) which are not zeros of p,, (w).

The previous requirements allow us to compute uniquely the unknown
coefficients in the expansion W, ; () = S,/ W,y (2j01.0) P51 1.0(2)
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Computation of the wavelet functions

Since we partitioned {11 1} = {%x}e U{Yjk}k set
_nj—l

(I)j(xvy) = )\j(x)Hnj,mj(w7:C7y)7 )‘j(x) — Z pi(’w,az)

we write | U, ,(x) = Zn"“ Ui n(2i41.6) P41 k() as follows
11
Wjn(z) = o Yin (k) @i (Yse ) + Y‘I’g h x] k) Pji1(Tk, @)
k=1 7
where we required | ¥, 1 (y; k) = On.k and

< \Ifj’h, (I)j,k >.,= 0 — \Ilj,h(a:j’k) = —
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In fact, easy computations give

<Pk Cigrr >w= A1 (Tir1,0) P k(g1 ,r)

T
Then by \Ifjﬁ(ib‘) = (I)j—l—l(yj,ha .CI?) + Z \Ijj,h(xj,s)q)j—i—l(xj,sa iE‘), we deduce
s=1
0 = < (I)j,k, \Ifj,h >
nj
= Ni+1(Y5n) Pk (y)n) + Z s n(5,8) N j+1(25,5) Pk (5,5)
s=1

= Njr1(Win) P k(Yin) + Via(Tsr) N1 (T)k)

Ait1(Yj.n) o
)‘j+1<l’j,k)

l.e. \I/j,h(ibj,k) = — j,kz(yj,h) -
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Figure 3: Wavelet functions of level j = 3

w(0=(1-x*) 2 W()=(1-x) 2
1,
0.5f
0
-0.5
_l Il Il Il _l Il Il Il
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

w(x)=(1-x)M2(1+x) 72 w(x)=(1-x) " Y2(1+x)1/2
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WAVELET DECOMPOSITION AND RECONSTRUCTION
S; =551 Wi
=57 2P W;_oPWy_1=...... =S, W _.D...oW;_4

Consequently, any f; € S; can be uniquely decomposed:
Jo =fi-1+ 95

=frot+9g52+gi—1=...... = fr—s+95—s+...+9g5-1

where for j =J —1,J —2,...:

nj
filx) = Z a; kP r(z) €5, lower degree approximations
k=1
) nj+17 1
gj(xz) = Z b kV,k(z) e W; details we lost
\ k=1
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TWO SCALE RELATIONS:
nj

Aj+1(Yj,n)
Uin(r) =@541(yjn ) — Z )\J_Jr ({Ej. )(I)j,k(yj,h)q)j+1($j,ka$)
L—1 J+1\4Lg.k

7 €N, h:l,...,nj+1—nj,,

i1 N

Qin(x) =@;01(zjn, )+ Q0 k) Pt (Y, )
1

7
I

jEN, h=1,...,n;

where, for each 7 € N, we set

(n,—1 71

Pj(z,y) == Nj(x)Hpy o (w, 2, y), Ai(x) = Z pi(w, )
k=0
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Matrix formulation: < —J ) — ( —3/+1 >
gj Bj 1 —Jj+1

where the matrices A; and B; are defined by
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THEOREM: Under the previous notations, we have
G 1 —GT1A,;
: _ _ U
—-B;G; ' | 1+ B;G; A =

where Gj_l is the inverse matrix of GG; defined by

1
(Gj)h;]f = < (I)j,h7 (I)j,k > w

Njr1(Tjx)

Proof. It is based on the identity G; = I — A;B;, which follows from
411

Oin(x) =i (@) + Y inyn)®ia1 (Y )
=1

taking into account that < @, 4, P41, >u= Njt1(Zj11.)Pjk(jt1,-). O
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NOTATIONS: For all resolution level j, assume | fj+1 = f; + g; | with

i1

T
fi(@) =) ajp®ip(x) €S, gil@)= D bixVi(x) €W;
k=1 k=1

and recalling that {z; 11 1 }r = {2k} U{Yyj K}k set
?’Lj_|_1

fivr(@) =D a1 x®iia(z)i1p )

k=1
n; nNj4+1—"y

/ /!
— Z aj+1,kq)j+1<37j,ka T) + E aj—|—1,kq)j+1(yj,ka )

Basis coefficients:

a; = (aj,l, “. ,aj,nj) y bj = (bj,17 e oey bjanj+1—nj> ,
/ R / / /7 . /! /!
a]_i_l o« (aj_|_1,1, ooy a/]+1,nj) ’ aj_i_l o« (&J+171, o e ey a]+17nj+1_nj
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T | A,

RECONSTRUCTION FORMULA: (a}+1, a;’+1) = (a;, bj)

B | I

( n—1
(Aj)ne =Pin(yir) = Ni(xjn) Zpk(wa , T5.0)qk (W, Y5, k)

where < k=0

A1y
(Bj)he = ;jn(w)k) _)\j‘H( i) D; k(Yjn)
\ i+1(5k)

/ / / Reconstruction scheme
b, by~ ... b, ;
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DECOMPOSITION FORMULA:

1 1
/ /! GJ _GJ AJ
(aj, bj) = (aj—|—17 aj—l—l) » »
—B;G; | I+ B;G; A;
( (ADngk = Pyn(y;n), (Bj)hk = ¥jn(T)K),
\ <:¢jh7¢jk:> : :
(Gj)ngk = ’ ’ + High computational cost!
\ | Ajr1(T,n)

where

aj aj—1 dj_o - a
i i i Decomposition scheme
bJ—l bJ_2 “ . bl

Woula Themistoclakis - Chemnitz, September 26-30, 2011

33



THEOREM: The elements of the matrix G; ' are given by

'n,j—l
(Gj_l)ras = A]"']-(ZC]?T) Z V]ahph(w7x]7'r)ph(w7 xj78)7 T’ S = 17 "7nj7
h=0
rl if Oghgnj—mj,
where v; j, 1= { 2m?
I 5 J if n; —m; <h<n;.
| mi+ (nj —h)?

Proof. Recalling @, ,(x) = A\ > .0, pk(w, , Tip)qk(w, x), we get

n;—1
<P, D> Airdjs s~ 1
3 258 s —ph(’w i) Pn(W, ;)

Aj+1(5,5) Aj+1(5,5) h—o Ji:h

(Gj)r,s 1=

Thus G; = AijMjCij holds, where A; M, D; are diagonal and
(Ci)r.s =/ Ajs pr—1(w,x;5), 7,8 =1,..,n4, is orthogonal. O
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Decomposition formulas:

For k=1,...,n;

aj,k

nj
- Z a;+1,s)‘j+1(xja3)
s=1

i1y

+ Z a1 sNj+1(Yj.s)

s=1

Forkzl,...,nj+1—nj

"
N / , _
bj .k = Aiv1k  — E :aj+1,s)‘J+1(373,8)
s=1

i1

- Z i1, sAj+1(Yj,s)

s=1

_nj—l

> Viabr(w, x5, )p (w, 26

r=0

_nj—l

r=0

_nj—l

r=0
_nj —1

r=0
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> viape(w, 25 ) gr(w, yj.5)

Z Vj,?“Q?“(wa yj,k)pr(wa xj,s)

> Virge(w, y5.0)ar (W, j.5)




Reconstruction formulas:

FOF]C:].,...,nj

x Nji1—n; _nj—l
k)
a;—l-l,k — a’jak_ = Z bj 3)\J+1 Y3, 8) Z p?“(w7 xj,k)QT(wa yj,s)
J‘|'1 CC] k r—0
Fork=1,...,nj41 —n;
nj—l ]
j—l—l L= b] L+ Z a;, s x] s Z q?“(wv yj,k)pr(wa xj,s)
r:O
where we recall that
pr(w) f 0<k<n—m
(W) = —k — k .
(w) mAn pk(w)—m nt Pon—k(w) if n—m<k<n

2m 2m
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DECOMPOSITION ALGORITHM:

"

1. Compute o, = Z )\j+1(fl3j,s)a;'+1,s pr(wa ZCj,s)a

s=1
Nj41—1y

2. Compute 5,

s=1
nj—l

3. Compute aj L = Z Vj,r(Oér + 5r)pr(’wafl3j,k)a

r=0
nj—l

4. Compute b],k == Z Vj,'r'(OéT‘ —|_ /BT)QT(w7 yj,k)7
r=0

Z >\j+1(yj,s)a;/+1,s QT(w7 yj,s)a r=20,... y g — 1
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RECONSTRUCTION ALGORITHM:

1
1. Compute o, = Z Ni(%js)a;.s Dr(w,Tjs), r=0,...,n; —1
s=1
nj+17 1y
2. Compute 3, = Z Nit1(Yj.s)bis gr(w,y;s), r=0,...,n;—1
s=1
3. Compute d =i — A (5.) Zﬁp (w, %), k=1,.,n;
| PETIET Nala) TE
n;j—1
4. Compute a” +1 =01+ Z argr(w,yiK), k=1,...,n41 —n,;
r=0
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