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De la Vallée Poussin means: | V,, ,,(w, f,x) :=

where <

\

n+m—1

Z Sk(w, f,x)

k=n—m

1
2m

n

Sp(w, f,x) = ch(w,f)pk(w,az) Fourier sum

k=0

1
cp(w, f) = /_1pk(w,y)f(y)w(y)dy Fourier coefficients

w(zx) == v¥P(x) = (1—2)*(1+2)% a,8 > —1, being a Jacobi weight and
{p;j(w, )}, the corresponding system of orthonormal Jacobi polynomials

» Quasi-projection: | V,, ,(w,P) =P, VPecP,_,

» Near best polynomial: | ||(f — Vi m(w, f)ullp, < CEp—n(f)up
holds for any 1 < p < oo, m = 0n (6 €|0, 1| fixed) and suitable u, w.
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Vg m(w, f,) = / Hyn(w.2, ) @)y (1)

Other forms: 1
Vn,m(w7 f7 LU) — Z :u:?,n,k Ck:(wa f)pk:(wa Q?) (2)
k=0
1 n+m—1
Hym(w,z,y) = 5 Z K (w,x,y) de la Vallée Poussin kernel
m
K. (w,z,y) = ij(w,x)pj(w,y) Darboux kernel
j=0
1
cp(w, f) = / pr(w,y) f(y)w(y)dy Fourier coefficients
~1
1 if 0<k<n-—m,
M?,k = n+m-—=~k .
if n—m<k<n+m.
2m
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Lagrange interpolation at the zeros of orthogonal polynomials

» Take the Fourier sum: | S,,_{(w, f, x) / Ky 1(w,z,y) f(y)w(y)dy

1 n
» Apply the Gaussian rule: / g(z)w(z)dr = Z Mg 9(Tnj), g€ Pan
1

j=1

In this way we obtain the Lagrange polynomial of degree n—1 interpolating
f at the n zeros {x, ;}; of pp(w), i.e.

Lp(w, f,x) := Z)\,] n—1(W, T, Tp 5) [ (T, )

with )\n,an_l(w, L, iy xn,j) = 51,]', ] = 1, ey 1.
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DISCRETE DE LA VALLEE POUSSIN MEANS

By applying the previous Gaussian rule to the integrals in

1) Viwlw, fiz) = / Hy(w,.9) (1) 0(0)dy
n+m—1

(2)  Vam(w, fiz) = D piy cx(w, fpr(w, z)

k=0

we obtain the following discrete operator:

(1,) Vnam(w7 f7 x) — Z )\naj Hnam(w7 :C, xna.])f(ajnﬂ)
=1
~ 7]'L—i—m—1
(2)) Vim(w, frx) = Y iy énp(w, f) pe(w, z)
k=0

Discrete Fourier coefficients: ¢, 1(w, f) := > 51 An jf (¥n j)Pk(w, Tn ;)
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COMPARISON WITH LAGRANGE INTERPOLATION

Ln(w7 f7 ZIJ) — Z?:l )\n,j Kn—l(w7 €L, xn,j)f(xn,j)a

Vﬂ’?m(w’ f7 x) — 2?21 >\n7.] Hnam(w’ x’ xnaj)f(xna.])7 m < n
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COMPARISON WITH LAGRANGE INTERPOLATION

Ln(w7 fa ZIZ) — Z?:l )\n,j K’n—l(wa L, xn,j)f(xn,j)a

Vﬂ”m(w’ f7 x) — 2?21 An’j Hnam(w7 x7 x”)])f(xna.])7 m < n

» Computation: Both computable from the data f(z, ), 7=1,..,n
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COMPARISON WITH LAGRANGE INTERPOLATION

Ln(w7 f7 ZIZ) — Z?:l )\n,j K’n—l(wa €L, xn,j)f(xn,j)a

Vﬂ”m(w’ f’ x) — 2?21 An’j Hnam(w7 [E7 xnﬂ)f(xna.])7 m < n

» Computation: Both computable from the data f(z, ), 7=1,..,n

P) =S,1(w,P) =P, VYPeP,_;

» Invariance: Ln(w,
' Vim(w,P) =V, pn(w,P) =P, VPeP,_ .,
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COMPARISON WITH LAGRANGE INTERPOLATION
Ln(w7 fa ZIZ) — Z?:l )\n,j K’n—l(wa xaxn,j)f(xn,j)a

Vﬂ”m(w’ f’ x) — 2?21 An’j Hnam(w7 x7 xnﬂ)f(xnaj)7 m < n

» Computation: Both computable from the data f(z, ), 7=1,..,n

» Invariance: ~L”(w’P) — Sn_l(w,P) = P, VP e Pp_1
: Vim(w,P) =V, n(w,P) =P, VPEP, .

| Ln(w)[|co_co > Clogn for any u
» Approximation: .
Is sup,, ,, [|Vi,m(w)|lco—.co < oo true for suitable u 77
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COMPARISON WITH LAGRANGE INTERPOLATION
Ln(w7 f7 ZIZ) — Z?:l )\n,j K’n—l(wa xaxn,j)f(xn,j)a

Vﬂ”m(w’ f’ x) — 2?21 An’j Hnam(w7 x7 xnﬂ)f(xnaj)7 m < n

» Computation: Both computable from the data f(z, ), 7=1,..,n

P) =S,1(w,P) =P, VYPeP,_;

» Invariance: Ln(w,
' Vim(w,P) =V, pn(w,P) =P, VPeP,_ .,

| Ln(w)[|co_co > Clogn for any u
» Approximation: .
Is sup,, ,, [|Vi,m(w)|lco—.co < oo true for suitable u 77

Ln(w7f7xn,j) :f(w?%j)? j:]-a"°7n

» Interpolation: ~
Is it true that V, ., (w, f, 2, ;) = f(zn, ) 77
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Connection with the continuous de la Vallée Poussin operator

» Case 1 < p < oo : We have

1
n p
Voo, tllp < CVam(@)ll ( An<up,:cn,k>f<xn,k>|p>
k

u u

11 = N VI 7
where —|———1and)\ ’U:an P ank ~ U(Tn k ’
L1 < [z )| ~ v

» Case p = 0o : We have

H‘N/n,m(wv Hulloe < Cl|Vim(w )||CO—>CO (fg?fn | f (@ k) |u(zn, k))

C > 0 being independent of n, m, f in both the cases.
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Proof for p = co. By A = M(w,znk) ~ w(Tnk
Marcinkiewicz inequality, we get

Vi (w, flulloc = max IU(JJ)

|z|<1

< (Cmax [u(x) Z)\n (%,wnk) Hn,m(w,a:,a:n,k)(fu)(:vn,k)]
k=1

<1

< C < max |(fu)(xnk)|) max _u(x) f:)\n (%,xnk) |Hn,m(w,x,xn,k)|]
! k=1

1<k<n z|<1

IA

(a1 ) ma o) | Hy (0, 2.) 4y

1<k<n lz|<1 | 1 Idy)

= ¢ (0@l ) [Vom(w)leg ey ©

1<k<n
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» APPROXIMATION IN C?

Theorem 1: Let w = v*® € L'[—1,1] and u = v7° € C[—1, 1] satisfy

(a1 < a+5
2 4 ~= 27y o5

) and ‘7—5— 5 <1
61 6.5
F_Z < 24 =

. 2 4 <0< 2+4

Then for all integers n and any m = 0n with 0 < 6 < 1 arbitrarily fixed,
the map V,, ,,(w) : CY) — C? is uniformly bounded w.r.t. n,m and

En+m(f)u,oo < ||[f — vn,m(wa f)]uHoo < CEn—m(f)u,oo

holds for every f € C%, C' > 0 being independent of f,n,m.
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Theorem 2: Let w = v*% (o, 3 > —1) and u = v7° (v, > 0) satisfy

2

_|_

IA

—Uv <Y +

for some 0<r<

N | —

+—-——v <9

INA

+

= ] =
=~ O | O

N N R
N D N9

\

Then ~for all integers n and m = 6n with 0 < 6 < 1 arbitrarily fixed, the
map V. (w) : CY — C? is uniformly bounded w.r.t. n,m and

En+m(f)U,oo <|Ilf - Vn,m(w7 Plulle < OEn—m(f)u,oo

holds for every f € C, C' > 0 being independent of f,n,m.
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» COMPARISON WITH LAGRANGE INTERPOLATION

Let w = v*P € L1[-1,1] and u = v7"% € C[—1, 1] be such that:

_|_

VA
2
VA
_|_

IA
h
IA

_|_

+
=] O | Ot

N N O
e
N | |9

Then for all sufficiently large pair of integers n and m = 60n (0 < 0 < 1
fixed) and for each f € C?, we have

Lagrange error: Ilf — Ln(w, f)]

£
3
A

< Clogn E,(f)u.co
De la V.P. error: ||[f — Vﬁ(w,f)]u”oo < CEn—m(f)u.co

where C' > 0 is independent of n, f in both the cases.
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» APPROXIMATION IN LP

Theorem 3: Let 1 < p < oo and assume that w = v** € L1[-1,1] and
u=1v"°¢e LP[-1,1], with £ € L |—1, 1], satisfy the bounds

(a1 1 o 9
§—|—Z—V <’7—|—]—9§ §+Z—V : |
é_l_l_y <5+1< §+§_V or some O§V§§
L 2 4 P 2 4
Then for all n,m € N with m = 0n (0 < 8 < 1 fixed) and each f € LP
(everywhere defined on | — 1, 1[), we have

H‘N/n,m(wa Pull, <C (Z An(u?, xn,k)|f(xn,k)p>
k=1
\/1 :1:

Lagrange case L, (w, f): The same estimate holds with p # 1 and v = 0.

where we recall that A\, (uP, z, 1) ~ uP (24 1)
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Error estimates in Sobolev—type spaces

WP(u) = {felLb: fr=Y e AC,, and fNy" € L2}
Iflwrey = Nfullp + 1P ullp, o(x) := V1 — 22

Note: For any f € W2”(u), we have E,(f)u, < % Hf(”cﬂ“ullp

Theorem 4: Under the assumptions of Theorem 3, for all f € WP (u), we have

¥ C r) T
I1F ~ Voo, Dl < 2 1Ol

~ C
If = Vn,m(wvf>||W§(u) < r—s Hf”Wﬁ’(u)u O0<s<r

where C' > 0 is independent of f,n,m and 1 < p < oo (setting L := CY).

Lagrange case: L, (w, f) verifies the same estimates, but for p ¢ {1, 00}
and v = 0.
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COMPARISON WITH LAGRANGE INTERPOLATION

Lo(w, f,2) =) Ang Kno1(w, 2,20 8) f (T k),
k=1

Vn,m(w7 f? 'CE) = Z )\n,k Hn,m(w7 €L, xn,k)f(mn,k)a n>m
k=1

» Invariance: V,, ,,(w) : f — Vym(w, f) € Ppym_1 is a quasi-projection

» Approximation: V), ,,,(w, f) solves the “critical” cases p =1, cc.

» Interpolation: Is it true that Vn,m(w, fiaxnkg) = f@nk), k=1,..,n77
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Theorem 5 Let w be such that, for all x €] — 1, 1], we have

(3)  Pnts(w,®)+pn—s(w, ) = pp(w, z)Q(x), deg(Q) < s <mn,

Then f/n,m(fw, fixni) = f(xni), i =1,..,n, holds for all n > m > 0.

Examples: Bernstein—Szego weights defined by

1
w(z) = (1—2)%1+2)° |of=]8= 1 Chebyshev weights

1 1 1 l—=
w(z) = @) Vi w(z) 1= V1T deg(p) <1
w(zx) = L\/ 1 — 22, deg(p) < 2

p(x)

provide polynomials satisfying (3).
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Proof. Note that we can write

1 m—1
Hym (W, Ty iy Ty ) = o Z [Knﬂ.(w,:cn,i,xn’j) + Ky (1) (w, xn,i,xn,j)}
r=0
where:
T
Kn—l—r(wa Ln,i ajn,j) — Kn(w7 Ln, i xn,j) + an+8(w7 xn,i)pn—i-s(wa xn,j)?
s=1
+ = + +
r
Kn—(r+1)(w7$n,lvxn>]) — Kn(w7xnaz7wn7j) o an—s(w,xn7i)pn—s(w7xn,j)'
s=1

Hence by (3) we get pyis(w, Ty i) = —Pn—s(w,xn4), ¢ = 1,..,n, and the
kernel in

~

Vnam(w7 f7 xn,z) — Z A”)anam(w’ xn7i7 xna])f(ajnd)

j=1

reduces to Hn,m(w,xn,i,xn,j) = Kn(w,a:n,z-,a:n,j) = 5i,j[)\n,j]_1- ]
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COMPARISON WITH LAGRANGE INTERPOLATION

Ln(wa fa ZE) ‘= Z )\n,k Kn—l(wa X, xn,k)f(xn,k)a

k=1
Vn,m(wafa 'CU) ‘= Z)\n,k Hn,m(wyx,fn,k)f(wn,k), n>m
k=1
Lp(w) :f— Ly(w,f)€P, 4 projection

» Invariance: ~ - _ o
{ Vim(w) : f = Vim(w, f) € Ppym—1 quasi—projection

L If — Ln(w, flulls < Clogn En(f)u,c
» Approximation: -
ILf = Vam(w, Hlulloc < CEnm(f)u,00
. Lo(w, f,zn 1) = f(xnk), for all w = v&P
» Interpolation: - :
Vi, f.20) = Fang),  lo] =181 =3, n>m
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De la Vallée Poussin type polynomial spaces

DEF: S, ..(w) :==span{ A\ x Hym(w,z,z,): k=1,...,n}

» Interpolation property: A\, i Hy (W, Ty py T k) = Onk
J

dim S, m(w) =n

~

» Invariance property: V,, ., (w, P) = P, deg(P)<n—m
g

IP)n—'m C Sn,m(w) C ]P)n—l—m—l

Theorem 6: In the interpolating case, w = v®® with |a| = |B] = 2, the

operator ‘N/n,m(w)  f — f/n,m(w, f) is a projection on S, . (w), i.e. we have

f € Snm(w) & f=Vom(w,f)
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INTERPOLATING BASIS OF S, ,,,(w):

Sp.m(w) := span {@Zlk(w,x) = Ak Hym(w, 2,20 1),

De la V. P. interpolating polynomial: ‘N/n,m(w, f,x)

Under the assumptions of Theorem 3, for all a, € R, £k = 1,..,n, we have

y

~ S (k—1

u (Z ak@ﬁk(w)>

L 1<k<n

n
> (WP, @y ) |agl?

p max |ag|u(zn, k)

p

if 1<p<o

if p =00

i.e. {®) (w)}y is a Marcinkiewicz basis in LE, for all 1 < p < oo.
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ORTHOGONAL BASIS OF S, ,,(w)

pr(w) if 0<k<n—m
qr\w) = —k — k
(w) mn pk(w)—m n Pon—k(w) if n—m<k<n
2m 2m

Theorem 7: The set {qx(w)}x is an orthogonal basis of S, ,,(w), i.e. we
have S, m(w) :=span{qi(w) : k=0,1,...,n— 1} with

1 1 f 0<k<n—m
/ 0n (w0, 2)gr (w0, 2)w(@)dz = S d 21 (n )’

2m?

—1

f n—m<k<n

De la Vallée Poussin interpolating polynomial:

(w f7 — Z [Z /\n zpk W, L, q f(xn,z) Qk(wax)
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Proof. We are going to state the basis transformation

n—1
nmk:(w x) = Ank ZP;‘(W, Tn,k)q5 (W, ), k=1,...,n.
7=0
Recall that
n+m—1
7=0

n+m-—j
= A Z pi(w, Tn1)pi(w, z) + Z pi(w, T k)p;(w, x)

2m
j=n— m—i—l
n—l—m—l
+ Y g np.a)
j=n

i.e., by changing the summation variables, we have
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m—1

n—m
m —+ S
ka = An,k ij(waxn,k)pj + Z 2m Pn— s(w Ln k)pn s( )
)| = s=1

+Z

and using pp+s(w, Ty i) = —Pr—s(w, Ty 1), We get

n—m

nk = Ank Z pj(w, Tk )pj(w) +
=0

K )Pnts(w )]

m] m—+ s m — 8
pn+SOU)

)\n n—s yen n—s T
+ ,kszzlp (W, T k) | = —Pn—s(w) — ——

n—1

= Ank ij(wafcn,k)%'(w)- O

7=0
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COMPARISON WITH LAGRANGE INTERPOLATION
Chebyshev case:

n—1
Ln(w7f7 J?) = Zén,k(waf) Pk(’wax),
k=0
n—1
‘N/n,m(waf7 CC) c= Zén,k(wyf) Qk(w,x), n>m
k=0

. { Ln(wafaxn,k:) :f(xn,k)a k= 17"'7”
» Interpolation: .

Vim(w, fieng) = f(Tnk), Ek=1,....,n

_ Lp(w) :f— Lpy(w, f)eP,_ projection
» Invariance: ~ ~ o
Vam(w) o f — Vim(w, f) € Spm(w)  projection

I1f = Latw, /)]ul
IS = Vom0, )]l

Clogn En(f)u.co

» Approximation:
{ CEn—m(f)u,oo

IA A
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Lagrange interpolation for n = 50

15 T

0.5

-0.5

-1 -0.5
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De la V.P. interpolation forn =50 and m=06n, with 6=0.1

15 T

0.5

-0.5

-1 -0.5
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De la V.P. interpolation forn =50 and m=0n, with 6=0.2

15 T

0.5

-0.5

-1 -0.5
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De la V.P. interpolation forn =50 and m=06n, with 6=0.3

15 T

0.5

-0.5

-1 -0.5
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De la V.P. interpolation forn =50 and m=6n, with 6=0.4

15 T

0.5

-0.5

-1 -0.5
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De la V.P. interpolation forn =50 and m=6n, with 6=0.5

15 T

0.5

-0.5

-1 -0.5
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De la V.P. interpolation forn =50 and m=0n, with 6=0.6

15 T

0.5

-0.5

-1 -0.5
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De la V.P. interpolation forn =50 and m=0n, with 6=0.7

15 T

0.5

-0.5

-1 -0.5
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De la V.P. interpolation forn =50 and m=06n, with 6=0.8

15 T

0.5

-0.5

-1 -0.5
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De la V.P. interpolation forn =50 and m=06n, with 6=0.9

15 T

0.5

-0.5

-1 -0.5
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De la V.P. interpolation forn =50 and m=6n, with 6=1

15 T

0.5

-0.5

-1 -0.5
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Error curves by Lagrange (in red) and de la V.P. interpolation for@ = 0.1
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Error curves by Lagrange (in red) and de la V.P. interpolation for@ = 0.2
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Error curves by Lagrange (in red) and de la V.P. interpolation for@ = 0.3
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Error curves by Lagrange (in red) and de la V.P. interpolation for@ = 0.4
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Error curves by Lagrange (in red) and de la V.P. interpolation for@ = 0.5
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Error curves by Lagrange (in red) and de la V.P. interpolation for@ = 0.6
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Error curves by Lagrange (in red) and de la V.P. interpolation for@ = 0.7
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Error curves by Lagrange (in red) and de la V.P. interpolation for@ = 0.8
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Error curves by Lagrange (in red) and de la V.P. interpolation for@ = 0.9
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Error curves by Lagrange (in red) and de la V.P. interpolation for@ = 1

-0.5
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Lagrange interpolation for n = 20

1.2 T
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De la V.P. interpolation forn =20 and m=06n, with 6=0.1

1.2 |
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De la V.P. interpolation forn =20 and m=0n, with 6=0.2
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De la V.P. interpolation forn =20 and m=06n, with 6=0.3
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De la V.P. interpolation forn =20 and m=6n, with 6=0.4

1.2 |

-1 -0.5

Woula Themistoclakis, Chemnitz, September 26-30, 2011

0.5 1

53



De la V.P. interpolation forn =20 and m=06n, with 6=0.5
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De la V.P. interpolation forn =20 and m=0n, with 6=0.6
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De la V.P. interpolation forn =20 and m=0n, with 6=0.7
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De la V.P. interpolation forn =20 and m=06n, with 6=0.8
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De la V.P. interpolation forn =20 and m=6n, with 6=0.9
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De la V.P. interpolation forn =20 and m=6n, with 6=1
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Error curves by Lagrange (in red) and de la V.P. interpolation for@ = 0.1
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Error curves by Lagrange (in red) and de la V.P. interpolation for@ = 0.2
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Error curves by Lagrange (in red) and de la V.P. interpolation for@ = 0.3
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Error curves by Lagrange (in red) and de la V.P. interpolation for@ = 0.4
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Error curves by Lagrange (in red) and de la V.P. interpolation for@ = 0.5
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Error curves by Lagrange (in red) and de la V.P. interpolation for@ = 0.6
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Error curves by Lagrange (in red) and de la V.P. interpolation for@ = 0.7
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Error curves by Lagrange (in red) and de la V.P. interpolation for@ = 0.8
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Error curves by Lagrange (in red) and de la V.P. interpolation for@ = 0.9
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Error curves by Lagrange (in red) and de la V.P. interpolation for@ = 1
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Fundamental Lagrange polynomial for n = 50
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De la VP kernel polynomials forn=50 and m= 06n, with 6=0.1
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De la VP kernel polynomials forn=50 and m= 06n, with 6=0.2
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De la VP kernel polynomials forn =50 and m= 6 n, with 6=0.3
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De la VP kernel polynomials forn =50 and m= 6n, with 6=0.4
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De la VP kernel polynomials forn =50 and m= 6n, with 6=0.5
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De la VP kernel polynomials forn =50 and m= 6n, with 6=0.6
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De la VP kernel polynomials forn =50 and m= 6 n, with 6=0.7
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De la VP kernel polynomials forn =50 and m= 6n, with 6=0.8
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De la VP kernel polynomials forn =50 and m= 6 n, with 6=0.9
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Fejer kernel polynomials forn=50 and m= 6n, with 6=1
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Lagrange interpolation for n = 50
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De la V.P. interpolation forn =50 and m=06n, with 6=0.1
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De la V.P. interpolation forn =50 and m=0n, with 6=0.2
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De la V.P. interpolation forn =50 and m=06n, with 6=0.3
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De la V.P. interpolation forn =50 and m=6n, with 6=0.4
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De la V.P. interpolation forn =50 and m=6n, with 6=0.5
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De la V.P. interpolation forn =50 and m=0n, with 6=0.6
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De la V.P. interpolation forn =50 and m=0n, with 6=0.7
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De la V.P. interpolation forn =50 and m=06n, with 6=0.8
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De la V.P. interpolation forn =50 and m=06n, with 6=0.9
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Error curves by Lagrange (in red) and de la V.P. interpolation for@ = 0.1
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Error curves by Lagrange (in red) and de la V.P.

interpolation for6 = 0.2
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Error curves by Lagrange (in red) and de la V.P. interpolation for@ = 0.3
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Error curves by Lagrange (in red) and de la V.P. interpolation for@ = 0.4
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Error curves by Lagrange (in red) and de la V.P. interpolation for@ = 0.5
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Error curves by Lagrange (in red) and de la V.P. interpolation for@ = 0.6
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Error curves by Lagrange (in red) and de la V.P. interpolation for@ = 0.7
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Error curves by Lagrange (in red) and de la V.P. interpolation for@ = 0.8
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Error curves by Lagrange (in red) and de la V.P. interpolation for@ = 0.9
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Lagrange interpolation for n = 100
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De la V.P. interpolation for n =100 and m=06n, with 6=0.1
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De la V.P. interpolation for n = 100 and m =6 n, with 6=0.2
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De la V.P. interpolation for n = 100 and m=6n, with 6=0.3
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De la V.P. interpolation for n =100 and m=6n, with 6=0.4
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De la V.P. interpolation for n = 100 and m =6 n, with 6=0.5
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De la V.P. interpolation for n = 100 and m =6 n, with 6=0.6
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De la V.P. interpolation for n = 100 and m =6 n, with 6=0.7
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De la V.P. interpolation for n = 100 and m =6 n, with 6=0.8
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De la V.P. interpolation for n = 100 and m=6n, with 6=0.9
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