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» Lecture 1: De la Vallée Poussin means

e Approximation properties
e Basic facts on polynomial approximation

e Application to prove boundedness of some CSIO in Lipschitz type spaces

» Lecture 2: Discrete de la Vallée Poussin means

e Approximation properties
e Comparison with Lagrange interpolation

e Interpolating de la Vallée Poussin polynomials

» Lecture 3: Applications of de la Vallée Poussin type interpolation

e Part 1: A numerical method for solving the generalized airfoil equation

e Part 2: Construction of interpolating polynomial wavelets on [-1,1]
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APPROXIMATION THEOREM: [(1885) Karl Weierstrass]

For any f € C|—1,1] and each € > 0, there exists an algebraic polynomial
(2 such that

Hf o QHOO <€

Weighted extensions: | ||(f — Q)ull, <€, 1<p<x

where u(z) := v*?(x) = (1 — 2)%(1 + )P € LP[—1,1] is a Jacobi weight
and if 1 < p < oo, we assume f € L? with
LY ={f: [[fulp < oo}
while in the case p = co, we suppose f € C?, with
Cy:={feC(-1,1): limp,_1 f(z)u(z) =0}, if o, f>0,

Co:={feC(-1,1]: lim,,_1 f(x)u(z) =0}, if a=0<p
CO:={feC[-1,1): limy_ 1 f(x)u(z) =0}, if a>0=7
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3

Fourier partial sums: | S,(w, f,x) := cr(w, fpr(w, )

where w(z) = v¥?(z) = (1 — 2)%(1 + 2)°, o,3 > —1, is a Jacobi
weight, {pr(w, x) }r denotes the corresponding system of orthonormal Jacobi
polynomials and ¢ (w, f) := f_llpk(w,y)f(y)w(y)dy.

» Invariance: S, (w, P) = P, PeP,:={P: deg(P) <n}.

» Boundedness in LP: Under some conditions on u,w, we have

l<p<oo = supl[Su(w)|pp_rp < oo,
mn

» Critical cases: p=1,00 = sup ||Su(w)|pp_» = +00, Vu,w
n
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1
De la Vallée Poussin means: | V)" (w, f,x) := 1 Z Sk(w, f, )

» Quasi-projection: V""(w, P) = P whenever P € P, but n < m.

In integral form: | V"(w, f, ) / H"™ (w,x,y)f(y)w(y)dy
( m
H™(w,x,y) := ! ZK (w,z,y) de la Vallée Poussin kernel
n Y 7y ¢ m_n+1 T Y 7y
where <
K (w,x,y) ij w, x)pi(w,y) Darboux kernel
7=0
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Theorem [M.R.Capobianco, T.] For all Jacobi weights w = v, for any
pair of sufficiently large integers n ~ m ~m —n (i.e. n <m < Cin, and
Com < m —n < m with C1,Co > 0 independent of n,m) and for each
z,y € |—14+ 5,1 — 5] (¢ > 0 fixed), we have

where, in the case |z —y| > a > 0, EL(x,y) < C, and generally

(\/liaz+\/1iy)2+ Vitae+/1+xy
|z — y my/1—22./1—y2

In all the previous estimates, C' is a positive constant independent of n, x, v.

Ei(x,y) :=
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Theorem [M.R.Capobianco, T.] Let 1 < p < oo and consider the map
Vm(w) : LP — LP, where n ~ m ~m —n and w = v®?, u = 17 satisfy
the inequalities

o bl 20 d O<ati<asi
- — - — — 4+ - - < «
;"1 ST, gty L :
3 1 1 B8 5 1
— — - o+ — — 4+ - d 0<d+— 1
5] < —|—p< 2+4, an < —|—p<5+a
a—
Moreover assume |y — 0 — 5 < 1. Then for all f € L?, we have
(V" (w, flull, < C|lfull,, — C#C(n,m,f). (3)

OPEN PROBLEM: State necessary and sufficient conditions for (3)
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Theorem [G.Mastroianni, T.] Let 1 < p < oo, and w = 0By = 70

be such that the following bounds

a+1 < +1< a+5 d 0 < +1< +1
—+ ==V — —+ ==V an - <o

1 1 D 1
§+——u <o+ —-< §+——% and 0<o+-<B+1,
2 4 P 2 4 P

are satisfied for some v € [0,1/2]. Then for all positive integers n ~ m ~
m —n and any f € L?, we have

(Vo (w, full, < Cllfullp, — CF# Cn,m, f).

p=oco0 and u=1
p=1 and u=w

Limiting cases also possible: { (ifa,8<35)
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Comparison with Fourier sums

Su(w, f,x) = [1] Kn(w, z,y) f(y)w(y)dy,

Vnm(w7 f7 w) — f_ll Hqgl(waxay)f(y)w(y)dy, m >n

Sp(w,P) =P, VP ¢eP, (projectionon P,)

» Invariance:
Vi(w,P) =P, VP &P, (quasi-projectionon PP,,)

» Boundedness in C0 and L.: Let n ~ m ~m —n. Then

{ Supy, HSn(w)HC’8—>08 — Supy, HSn(w)HL}L—JJ}L — & for any u, w

sup, V7 (w)ll gy = sup,, [V () g1y, < 00 for suitable u, u
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» Boundedness in LY : Letn~m ~m —nand 1 <p<oo. Then

{ sup,, ||Sn(w)|lpp . p < oo for suitable (more restricted) u

sup,, ||V, (w)||p_ p < oo for suitable u

In particular if w = v®? and u = v7*° satisfy the technical requirements
0<’7—|-]%<Oé+1 and0<5+%<ﬂ+1,then we have

foz_|_1 - _|_1< a_|_3
0 T4 STTLS 9Ty
sl <esy g
L2714 p S 2y
foz_l_l - _|_1<oz+5
—4+-—v — < =—4+-—v
2 "4 TSy
sup V")l ap <04 P, . osws
g Py s <2y
SR R R
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ERROR OF BEST POLYNOMIAL APPROXIMATION IN L?

En(f)up = deg(i}rjlrf)ﬁn I = En)ully l<p=oo,

» Invariance on P, implies f — V" (w, f) = (f —Pn) = V" (w, f — P,), i.e.

ILf = Vo (w, Hlully < A+ [V ()l e~ re) En(f)up

» Boundedness in L is equivalent to:

Eni(f)up < = V" (w, H)lullp S CER(f)up

i.e. V" (w, f) is a near best polynomial approximating f € L?.
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Ditzian—Totik moduli of smoothness:

Non weighted case: w/,(f,t), := sup ||A},fllrr[=1,1]
0<h<t
Q:;(fa t)up = sup [|( ;,cpf)uHLP[—1+4r2h2,1—4fr2h2] < (main—part)
0<h<t
(i) un = Q.(f, 1) inf — P 1 —1adr
wcp(f7 Ju,p go(f ) ,p+d691(1113)<r‘|(f )UHLP[ 1,—144r2¢2]
+degi(111};<r 1(f = P)ull popg—ar2e2 1)

where we set p(x) := /1 —x? and A} f is the central rth difference of f
of variable step size hp(x), i.e.

Mofle)i=f (45 o) = F (-5 @) af.0 = a4y
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Some basic properties: (worth for Q7 (f, 1)y too)

(1)  limyowl(f,t)up =0, YfeLl (fe€C, whenp=o0)

(i9) 1 <to= wi(f,t1)up S WG(fit2)up

(4i1) Wz;(fa t)u,p < sz;_l(fa t)u,p

(iv) wz;(f, Mup < C)\Twz;(f, ) ps (A>1)

(V) Wp(f ) up < Ctwi H (f Dupps  (f € ACioc t || frup|p < 00)

w;(fvt)u,p ~ K;(fvtr)%p

Equivalent K—functionals: e where:
( T . : T T
K (fup = inf  {[[(f = g)ullp + tllg™ e ull,}
_ g(r_l)eACloc
y Ko(ft)up = sup inf  {[(f = 9)ullreq,,) +hllg™ e ul o, )}
0<h<t g"~DeAC),, ’ ’
\ Ir,h = [—1 + 47“2h2, 1 — 47“2h2]
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DIRECT AND CONVERSE ESTIMATES

» Jackson-type: E,(f)up < Cw;, (f, ) , r<n
u,p

» Weak Jackson—-type: E, (f)u, <C n dt, r<n
0

» Stechkin-type: wi(f, 1)y, < Ct" Z (14 &) Er(f)uyp
0<k<1/t

Exercise: f(z) = |z|° = E.(f)s = O(n 7).
COROLLARY:If0<a<rand f e LP (f € COif p=c0), we have

En(fup =007 = Q(f,t)up = Ot*) <= wi(f,1)up = Ot)
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Holder—Zygmund spaces: We have the norm—equivalence

WE(f V) u00 ]
| fulloo +sup == ~ |l fulloo +sup(k + 1)" Ex(f )00
t>0 k>0

and we can equivalently define:

k
Ze(u) = {f c CY: sup Wold s Duoc < oo}
>0 tr
Ziw) = {£ecl suplk+ 1V Eu(fu < oo
k>0

Useful to state boundedness properties not true in C.
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CAUCHY SINGULAR INTEGRAL OPERATOR: Let o, 8 €]—1, 1[—{0}
be such that x := —(a+ ) € {0,1,—1}. Define

: 1
sin Ta fly) .
W) 5 (3) .
T LY —x

Df(z) = D*Pf(z) := cosmaf(z)v®P(x) —

2
TheoremA The map D : L\/f — L\/T iIs a Fredholm operator of

index x. D := D~% P is the adjoint operator of D = D®” and it satisfies
DD =1,  ye{-1,0} DD =1,  ye{0,1}
Moreover the map D : L\/i — L\/T is invertible, where
x=0,-1 = L2X=12

1
=1 = mx={retts [ f@uta-ol
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Mapping properties w.r.t. the weighted uniform norm

v = v, v=vy/v_

Notations: { max{a,0},max{3,0} — min{«,0},— min{3,0}

Vy = V_ =

Theorem: | D*Pf ¢ CV | erA::{feC,S+ : 01 u"‘)(”f’?”’o"dt < oo}

Problem: The map D%/ : A C C’S+ — CY is not bounded. What about
the boundedness of D®? on some suitable subspaces?

» P.Junghanns, U.Luther proved boundedness by defining

O = {1+ ful  sup(h 4 1) Wk + DB b7 > 0.5 € R
k>0
» But de la V.P. mean V2" 1(v=1, f) = 13°0""0 G, (v f) gives:

Theorem: | The map D%F : Z,(vy) — Z.(v_) is bounded.
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Theorem: Forall f € Aand k <n, set V,,f := V2" 1(v~1 f), we have

1k
Ba(D)o- e < I = Viaya (PPl < € [" 2202
Proof. By Dp,,(v) = ppm—_(v™1), we get
Va(Df)(a) = [1 (20 Ko, y)| F)oly)dy,
where K, (z,y) := > o pi(v™h 2)pjyx(v,y) can be written as
Ko(r,y) = %pn+x+1<v,y>pn<v—1,w;:z;nﬂ(v,y)pnﬂw—l,x) _sinma 1o
Then using Df —V,,(Df) = i[VQiHn(Df) — V5i,, (D f)], we estimate the
i=0

difference kernels and obtain the statement by classical arguments.O
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