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Classical Mechanics

Described by Ordinary Differential Equations

y'(x)=fxy(x),  y(0) =
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Question: For T > 0, can we always construct approximations to
the solution y(T) to

y'(x)=f(x,y(x)),  y(0)=y R’

by using finitely many arithmetic operations and radicals of

elements in
{f(x,2) : x e R,z € R} U {y}?
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Motivation

Answer: Yes! Even the simplest method of Euler

Yntl = Yn+ hf(men)

gives a convergent sequence of approximations.

o

S
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Movivation

Quantum Mechanics

Library of Congress

Described by linear operators on Hilbert spaces, for example the
Schrodinger operator:

(Hf)(x) = —Af(x) + V(x)f(x)
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Non-Hermitian Quantum Mechanics

» Open Systems: Then the time evolution operator e~/tH

cannot be unitary. Thus, H cannot be self-adjoint.

» Closed Systems: Different inner products on the Hilbert space
‘H could result in H not being self-adjoint.

» Resonances.
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Question:
Can we always construct approximations to the spectrum o(H) of

H=-A+V

by using finitely many arithmetic operations and radicals of

elements in
{V(x): x e R}?
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Motivation

Answer: Not Known!
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Let

Question:
Can we always construct approximations to the spectrum o(A) by
using finitely many arithmetic operations and radicals of elements
in

{aj :1<i,j<n}?
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e Finite Matrix

Answer: YES!
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The Infinite Matrix

Let H be a separable Hilbert space with an orthonormal basis
{ej}jen. Let T be a linear operator such that
D(T) D span({ej}jen) such that we can form the infinite matrix

tin ti2 413
tr1 tp t23
T= tj = (Tej, &)

Question: Suppose that T is compact. Can we always construct
approximations to the spectrum o(T) by using finitely many
arithmetic operations and radicals of elements in

{t;j:i,j € N}?
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The Infinite Matrix

Answer: YES!
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How to Compute Spectra of Compact Infinite Matrices

Suppose that

tin ti2 13
T 1t 123
T ta1 2 33
is compact. Let Pp, be the projection onto span{ey, ..., en}.

Compute 0(Py, TPy). Then o(Pp TP) — o(T) as m — oo.
Note that there are two limits to be taken:

> 0(PnTPp) — o(T), m — 00.
» Alg,(PmTPm) — 0(PmTPm), n — oo.
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The General Question

Suppose that

Question: Can we always construct approximations to the
spectrum o(T) by using finitely many arithmetic operations and
radicals of elements in

{t,'j : i,jEN}?
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The General Question

Answer: We will try to find out.
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Discontinuity of the Spectrum

The computational spectral problem in infinite dimensions is much
more delicate than the finite-dimensional case. One reason is the
possibly discontinuous behavior of the spectrum as the following
well known example shows. Let A, : [2(Z) — I?(Z) be defined by

ef(n+1) n=0

(AF)(n) = {f(n +1) n#o.

Now for € # 0 we have o(A.) = {z : |z| = 1} but for ¢ = 0 then
o(Ao) = {z: |2 < 1}.
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Computing with Discontinuous Functions

Question: Does it even make sense to compute with
discontinuous functions?

Consider the following function f:

1
0.87
0.61
0.4
0.21

ot

0.5 1 15

Suppose we want to compute (1), but our input values are

1+ %, 1-— %, 1+ %, 1-— %, ..., so that lim,_, f(x,) does not exist.
Does that mean that we cannot compute 7(1)?
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Computing with Discontinuous Functions

Suggestion: What if we choose a sequence of continuous
functions {f} such that fx — f pointwise, e.g.

0.87
061
0.4
021

0.5 1 1.5

Then
f(1)= lim lim fi(x,).

k—o00 n—00
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The n-pseudospectrum

Definition

Let T be a closed operator on a Hilbert space H such that
o(T)#C, and let n € Z; and € > 0. The (n, €)-pseudospectrum
of T is defined as the set

one(T)=o(T)U{z & o(T): (T —2) 2|I*" > 1.
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The n-pseudospectrum

Theorem
Let T € B(H) and € > 0. Then the following is true:

(i) ont41,e(T) Cone(T).
(i) Let we(o(T)) denote the e-neighborhood around o(T). Then

diy (ame(T),wE(U(T))) —0, n— oo

(iii) If{Tx} C B(H) and Ty — T in norm, it follows that

du (Gn,e(Tk)aan,e(T)) — 0, k — oo.
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Tests with Discontinuity

Figure: The figure shows O'z,e(A())7 0’2,5(A10716), 01,6(A0,005), and 02,5(A0,005),
for e = 0.025.
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The Solvability Complexity Index

The Complexity Index is least amount of limits required to
compute o(T).

Anders C. Hansen, University of Cambridge Spectral Problems and the Solvability Complexity Index



Estimating Functions

Definition
Let H be a Hilbert space spanned by {ej};en and let

T ={T €C(H) : span{ej}neny C D(T)}. (1)

Let AC T and =: A — Q, where Q denotes the collection of
closed subsets of C. Let

Ma = {{Xij}i,jeN 3T € A, Xjj = <Tej, e,-)}.

A set of estimating functions of order k for = is a family of
functions

Fnl . I'IA — Q, F,,lj,,z . I'IA — Q,...,F,,hm’,,k 1 . I'IA — Q,

Copyeemc - XY ij<N(n,.on) - {Xi}ijen € Ma} — Q,

where N(ny,...,nx) < oo depends on nq, ..., ng,
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Estimating Functions

Definition
with the following properties:

(i) The evaluation of [, n ({Xj}) requires only finitely many
arithmetic operations and radicals of the elements {x;}; j<n(n,...,n,)-

(ii) Also, we have the following relation between the limits

=(T) = fim_Tn(bx5)
M} = Jim_ T ({5,

Chy,ome 1({XU}) llm Chy.., nk({XU})'

The limit is defined as follows, for w € Q then w = lim,_ o w, if and
only if, for any compact ball K such that w N K° # () we have
du(wNK,w,NK) — 0, when n — oc.
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Solvability Complexity Index

Definition
Let H be a Hilbert space spanned by {e;}jcn, define T as in (1), and let
A C T. A set valued function

Z:ACC(H)—Q

is said to have Solvability Complexity Index k if k is the smallest integer
for which there exists a set of estimating functions of order k for =. Also,
= is said to have infinite Solvability Complexity Index if no set of
estimating functions exists. If there is a function

M:{{xj}:3T €A, xj=(Tej,e))} —Q

such that I'({x;j}) = =(T), and the evaluation of I'({x;i}) requires only
finitely many arithmetic operations and radicals of a finite subset of {x;},
then = is said to have Solvability Complexity Index zero. The Solvability
Complexity Index of a function = will be denoted by SGna(Z).
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> Let H be a Hilbert space with basis {¢;}, A = B(H) and
=(T)=0(T) for T € B(H). Suppose that dim(H) < 4. Then =
must have Solvability Complexity Index zero, since one can
obviously express the eigenvalues of T using finitely many arithmetic
operations and radicals of the matrix elements x; = (Te;, €;).

» For dim(H) > 5 then obviously SCi,q(Z) > 0, by the much
celebrated theory of Abel on the unsolvability of the quintic using
radicals.

» Now, what about compact operators? Suppose for a moment that
we can show that SGpq(=) = 1 if dim(H) < oo. A standard way of
determining the spectrum of a compact operator T is to let P, be
the projection onto span{e;};<, and compute the spectrum of
P,Alp, . This approach is justified since o(P,A[p,7) — o(T) as
n — 00. By the assumption on the Solvability Complexity Index in
finite dimensions, it follows that if A denotes the set of compact

operators then SCipq(Z) < 2.
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Theoretical Results

Theorem

Let {ej}jcn be a basis for the Hilbert space H and let A = B(H).
Define, for n € Z,,e > 0, the set valued functions

=1,=2,=3: A = Q,

ZU(T)=0ne(T), ZA(T)=we(co(T)), =3(T)=0o(T).
Then

SGnd(Z1) <2, SGnd(=2) <3, SGna(=3) < 3.
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The Estimating Functions |

Let x;; = (Tej, e;) for T € B(H). Also, define the set

Ok ={z€C:Rz,Sz=rd,r € Z,|r| < k}, 6:ﬁ, (2)

and define the set of estimating functions ', ,, and ', in the
following way. Let

rnl,nz({xij}) ={z€0O,,: BLe LTpOS(Pan)a enl,nz( z)=LL"}
U{z € On, : AL € LTpos(PnyH), Teny.m(z) = LL*},

Moy ({Xi}) = {z € C: (—00,0] N o(Te,n, (2)) # 0}
U{z € C: (—00,01Na(Ten(z)) # 0},
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The Estimating Functions Il

where LT,,5(PmH) denotes the set of lower triangular matrices in
B(Pm™) (with respect to {e;}) with strictly positive diagonal
elements and

2n+1

enl,nz(z):Tn ,(2) — € l
cmm(2) = Tom(2) = €771, ”
6,'71(2) = Tnl (Z) - 62n+1/7
(2)

l(z) - 2n+1l>

I
-

6»”1 z

Tn(2) = Pu((T = 2)V(T =2 |
Toni(2) = Pu((P(T = 2)Pi) ) (PU(T — 2)Pi)”
Tn(2) = PulT =2 (T = 2)'"|,

Tink(2) = Pu(Pi(T = 2)P)* (PL(T = 2)Pi)")* [

[PmH’ (5)

PmH
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Theoretical Results

Theorem

Let {ej}jen be a basis for the Hilbert space H and let d be a
positive integer. Define

A={T € B(H): (Tej+1,¢e;) = (Tej,ej41) =0, [>d}.

Lete>0andn€Zy and =1,=5,=3 : A — Q be defined by
Z1(T)=0ne(T), =2(T) =we(o(T)) and =3(T) = o(T). Then

SGna(=1) =1, SGna(=2) <2, SGna(=3) < 2.
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Spectral Theory for Laurent operators

Given a Laurent operator A, on /2(Z)

a0 a—1 a—2 a—3

A L..ooar ao a-i1 a-2
L Lo.ooa ai ao a-1

A is a bounded operator if and only if there is a function
f € L>°(T), where T denotes the circle, such that {a,}32_ is the
sequence of Fourier coefficients of f, that is

1

ap = —
27

/f(eie)eina df, nelZ.

Also, o(AL) = R(f), where R(f) denotes the essential range of f.

Anders C. Hansen, University of Cambridge Spectral Problems and the Solvability Complexity Index



Spectral Theory for Toeplitz operators

Given a Toeplitz operator At on 1?(Z)

a0 a—1 a—»2 a—3

ai ao a—1 a—2
A = ar ail ao a—1

as a ai ao

Note that if t — f(e't), t € [0,27] is a continuous function, then
R(f) = f(T) is a curve in C, and hence we can assign a winding
number to every point z € C with respect to the curve. We then
have that (A7) is equal to this curve together with all complex
numbers with non-zero winding number with respect to the curve.
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Tests with Laurent and Toeplitz operators

In the examples we have chosen Laurent and Toeplitz operators
with symbols

fi(z) =223 — 272 4 2iz7 1 — 422 - 2i7°

and
f(z)=z2+z1+1+2z
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Tests with Toeplitz |

.
.
;
2

) ) ) -2 [] 2 4 6 8

Figure: First figure shows the curve of fi. Second figure shows I';"*(x;), and
the third figure shows ['}(x;) for n = 2, € = 0.15 and k = 3000

Anders C. Hansen, University of Cambridge Spectral Problems and the Solvability Complexity Index



Tests with Toeplitz Il

Figure: First figure shows the curve of . Second figure shows I'}“(x;), for
n=1,e=0.01 and kK = 6000.
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Tests with the Operator W(Q) for W € L*(R) |

Let

i(exp(—2mix) — 1)
2mx

V(x) = , x € R,

and consider the following Gabor basis for L2(R):
e27”""XX[0,1](X —n), m,n € 7.

(where x is the characteristic function) and then chosen some
enumeration of Z x Z into N to obtain a basis {¢;} that is just
indexed over N. To get our basis we let p; = F1);, where F is the
Fourier Transform. Let

xij = (V(Q)wj, pi)-

Now we can use
Mo (I })
to estimate o(V(Q)).
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Tests with the Operator V(Q) for W € L*(R) I

o(V(Q)) Fmom ({xi})

0.8 05
06l 04
03

04t
02
02 o1
or 0
o2k =01
-0.2

-0.41
-03
-oer -04
-0.8 -05

-0.4 -0.2 0 0.2 0.4 06 0.8 1 -05 -04 -03 -02 -0.1 0 0.1 0.2 0.3 0.4

n=0, e=001, n =10000,  ny = 15000.
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Other Types of Pseudospectra

The disadvantage of the n-pseudospectrum is that even though
one can estimate the spectrum by taking n very large, n may have
to be too large for practical purposes. Thus, since we only have
the estimate for T € B(H), e > 0 that

o(T) Cone(T),

it is important to get a “lower” bound on o(T) i.e. we want to
find a set 2 C C such that

Qco(T).
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The Residual Pseudospectrum

Definition
Define the function ® : B(H) x C — R by

®(S, z) = min {)\1/2 Aea((S—2)"(S— z))} :
and for T € B(H) let

C(z) =Po(T,2),  C(z2) =Do(T7,2).

Now let € > 0 and define the e-residual pseudospectrum to be the
set

Ores,e(T) ={z: C1(2) > €, (2(2) =0}

and the adjoint e-residual pseudospectrum to be the set

Ures*,e(T) = {Z : Cl(z) =0, C2(Z) > 6}'

Anders C. Hansen, University of Cambridge Spectral Problems and the Solvability Complexity Index



The Residual Pseudospectrum

Theorem
Let T € B(H) and let { Ty} C B(H) such that Ty — T in norm,
as k — oo. Then for ¢ > 0 we have the following,
(i) U( T) 2 Ue>0 UreS,e(T) U Ures*,e(T)
(i) cd{zeC:G(z) <e})={ze€C: G(2) <€}
(iii) cl{z€C: ((z2) <e}) ={ze€C: ((z) <€}
)

(iv

dH(Cl(O-I”GS,E(Tk))7 Cl(o'res,e(T))) — 0, k — .
(v)

du(cl(orese( Tk)), cl(Ores e(T))) — O, k — oo.
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Theoretical Results

Theorem
Let {ej}jen be a basis for H and define =1,=> : B(H) — Q, for
€>0, by Z1(T) = cl(0res,e(T)) and =o(T) = cl(Ores<(T)). Then

SGua(Z1) <2, SGua(=2) < 2.
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Tests with the Residual Pseudospectrum

0
0
c
b
a
0

wherea:1+2i,bz—l,C:.5+"ad:_2>e:1+2i’f:_4’
g=-1-2i ¢;= -2+ =57 and ) = 1+ 2/ + 21",

oy
ool wa o
ol w0 Ov
-y " o T
-0 Ov T 0
Q OLw T 0N O
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QR w0 Oo
-y "o Owv T
-0 Ov T 0
Q Ow TN O
v o n OO
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O o O o 0N
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Anders C. Hansen, University of Cambridge Spectral Problems and the Solvability Complexity Index



Other Types of Pseudospectra
\ _ »
- 4 j QL
S N

Figure: The upper figures show oyes e( Tj) U Ores.( T;) and the lower
figures show o(T;) for e =0.01 and j =1,2,3.
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Theoretical Results

Theorem
Let {ej}jen and {&}jen be bases for the Hilbert space H and let

A={TeCHaH): T=T1® T2, T1, T2 €C(H), Ty = T»}
A ={T € A :span{ej}jenis a core for Ty, span{&} is a core for T}.

Lete>0,=1: A — Qand = : A — Q be defined by
=U(T) =0(T1) and =o(T) = o(T1). Then

SCmd( ) <2, SCind(Eg) < 3.
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Theoretical Results

Theorem
Let {ej}jen be a basis for the Hilbert space H and let

A={TecCH): T=W+A WeWS(H), Ac B(H)
N{T € C(H) : ||R(T,-)?"||*?" is never constant for any n}.

(6)
Define, for n € Z,e > 0, the set valued functions
Z1,52,=3: A= Q, Zi(T)=0nT), =Z2T)=we(o(T)), =3(T)
Then

SGna(=1) <3, SGna(=2) < 4, SGna(=3) < 4.
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Theoretical Results

Corollary
Let {ej}jen be a basis for the Hilbert space H and let

A ={Aec SA(H) : span{ej}jcn is a core for A}.

Let e >0 and =1,=5 : A — Q be defined by =1(T) = o(T) and
=2(T) =we(o(T)). Then

SGna(Z1) <3, SGna(=2) < 2.
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The Final Questions

» What is the Solvability Complexity Index of spectra of
different classes of operators?

» Can we compute the spectrum without access to the the
matrix elements of the adjoint?
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