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Abstract

The Smolyak algorithm represents one possible approach to the approximation
of functions of many variables. The natural domains of definition are given by
tensor products of function spaces defined on R or on some interval I C R. Here
Besov as well as Sobolev spaces of dominating mixed smoothness come into play.

They are tensor products of Besov and Sobolev spaces defined on R.

1 Introduction

The material presented in these four lectures is mainly based on results published in
[34], [35], [44], and [45].

However, there are some monographs and many papers dealing with similar problems.
We refer to the monographs of Delvos and Schempp [9], Temlyakov [38] and Trigub

and Belinsky [42|, where hyperbolic cross type approximation is studied.

2 An example from quantum chemistry

To begin with we describe one example from quantum chemistry: the electronic Schrédinger
equation. We follow Yserentant [49, 50, 51].

Atoms and molecules are physically described by the Schrédinger equation for a system

of charged particles that interact by Coulomb attraction and repulsion forces. As the
nuclei are much heavier than the electrons, the electrons almost instantaneously follow
their motion. Therefore it is usual in quantum chemistry to separate the motion of the

nuclei from the motion of the electrons and to start from the electronic Schrodinger



equation, that is to look for the eigenvalues and eigenfunctions of the electronic Hamil-

ton operator
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Here z; := (z},22,z3) represents the coordinates of the i-th electron in space. The
positions ay, ... ,ax of the nuclei are kept fixed. The positive values Z, are the charges

of the nuclei in multiples of the electron charge. A; denotes the Laplace operator with
respect to x;.

The operator H will be considered on the Hilbert space H'(R3"), which is the set of
all functions u : B3N — Rs.t. u € Ly(R3Y) and u possesses first order weak derivatives

also belonging to Ly(R*Y). This set is euipped with the norm
[ HE RN = Lo (RO + || V| Lo (R
In fact, one considers the bilinear form
a(u,v) := ((H + pl)u,v), u, v e H'(R*)

for p sufficiently large (s.t. the form becomes positive definite). Now one studies
existence of eigenvalues and regularity of the associated eigenfunctions. Not all eigen-
functions are of physical relevance. Those, which are, satisfy additional symmetry
relations, we refer to [51] for details. We concentrate on these eigenfunctions. Then

one can prove:

(i) The eigenfunctions u have exponential decay in the H'-sense, i.e. there exists
some § = 0(A\) > 0 s.t.

e’ (Ju(@)| + [Vu(z)]) € Ly(R*Y). (2)

(ii) The Fourier transform Fu of the eigenfunction u satisfies

N

/w(iW)H(1+!£i|2)|fu(£)|2d£<oo, &= (et ey, (3)

i=1

(iii) In general the eigenfunctions are not infinitely differentiable, see [51] for an ex-

plicit example.

Remark 1 One can characterize the space H' in terms of the Fourier transform. In

fact, one has

N
[ H RN |2 = / SO+ (&) | Fu(@) P de
R3N i—1
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Comparing this with formula (3) we see that the Fourier transform of the eigenfunctions

has some additional decay, i.e. the eigenfunction itself has some additional smoothness.

Summary: We need to approximate functions u of 3N variables and N can be even
larger than 100. Carbon has six electrons, oxygen 8, Neon has 10 electrons, argon 18,
iron 20, ...

These functions u do not belong to C*°(R3Y), but they have some additional regularity.

Say, we are interested in the case N = 10. The number of variables is 30. Our
eigenfunctions are exponentially decaying near infinity, so we can concentrate on a
ball or a cube with centre in the origin. For simplicity we take Q := [—1,1]3°. To
approximate a function f of one variable on [—1, 1] with a reasonable precision, say,
we simply want to produce a plot, it will be enough to evaluate this functions at 100

sample points. We may take
f($k), T ‘= —< k‘:—49,...,50.

Turning back to our original function u the same procedure (with respect to each

dimension) would require to evaluate u on the grid

k1 k’so)
— ., = ki, ..., ksg=—49, ... )
(507 ) 50 ) 1 s 30 97 750

Alltogether this means we have to evaluate u at 100%° = 10°° sample points. Of course,
this is impossible.
Similarly, in case of carbon we would end up with 103¢ which is still a very large

number.

Linear widths

For two quasi-Banach spaces X,Y such that X <— Y we define
A(I,X,Y) := inf {|| [—LIL(X, V)| : LeL(X,Y), rankL < n} .

The numbers A\, (I, X,Y) are called the linear widths of the embedding operator I :
X — Y. We are looking for the optimal approximation with respect linear operators
L of rank L < n.

Theorem 1 Let Q be a cube in R%. Then

(1, HY(Q), Ly(Q)) < n~ V4, neN. (4)



Proof A proof in the periodic setting may be found in [38, 1.4]. [ |

Remark 2 If we want to approximate our eigenfunction u in [—1, 1]% with d = 30 with

an error at most € > 0 then we need a linear operator of rank n > (ce™!)4. Taking

e = 1072, then we end up with n =< 10% (ignoring ¢ for the moment) which reflects

again the fact that we can not do it in this way.

3 Wavelets and function spaces

When the first constructions of wavelets became known to us, it has been around 1986,
we have been interested in, but we have not been aware of the enormous impact of this

development to the theory of function spaces.

3.1 Wavelets

For the aim of my lecture it will be enough to use the following notion. We call a

function ¥ € Lo(R) a wavelet if the family
Galt) =292t~ k), jke€Z, teR, (5)

is an orthonormal basis of Ly(R). The most simple one is the Haar wavelet given by

1 it 0<t<1/2,
P(t) = —1 if 1/2<t<1,
0 otherwise .

Here we shall need two generalizations of the Haar wavelet, namely the Daubechies

wavelets and the spline wavelets. If we define

W; :=span{y; : k € Z}MLQ(R)H ) JEL,

then these closed subspaces satisfy W; LWy, j # k. They generate an orthogonal
decomposition of Ls(R), i.e.
L(R)= P W;.
j=—o00
For us it will be more convenient to work with the (nonhomogeneous) decomposition
into
-1 00
LR) = (P w) e (Pwm)
j=—o0 j=0

=V



There is a simple argument to obtain an appropriate orthonormal basis. Usually the
construction of wavelets starts with the construction of an appropriate multiresolution

analysis.

Definition 1 A multiresolution analysis is a sequence {V;}22 of closed subspaces

of La(R) s.t

(Z) ...‘/}C‘/}+1C‘/}'+2...;

]_700

(i) the set U]__OO V; is dense in Ly(R);
(w)  feV;ifand only if f(2t) € Vjyq;

(v)  there exists a function ¢ € Vy s.t. the family {o(t —m) : m € Z} is an
orthonormal basis (ONB) of V.

Such a function ¢ is called orthogonal scaling function.

If one has found an orthogonal scaling function ¢ then the associated multiresolution

analysis is given by

Vy = Vi(p) = span (@t — k) : kez) N ez,

see properties (vi) and (v). Having a multiresolution analysis {V;}32  one obtains

Wy as the orthogonal complement of Vj in V}, i.e.
Vi=VodWs.

Hence, an associated wavelet 1, see [48, Thm. 2.20| for explicit formulas, generates an
orthonormal basis of Wy by taking {)(t —m): m € Z}. From property (iv) and the

definition of W; we derive
Vism =V, @ W, JEL.
[terating this decomposition we obtain
Vim=VWweWsaoW,o...eW;, J € Np,

and consequently

Ly(R) = Vo @ (éwj).

J=0



Interpreting this decomposition we have found that also the family

gD(t—k’), Jj,k(t>7 jEN(])kEZa

represents an orthonormal basis of Ly(R). We shall work with this family. For brevity

we put

26=1/24)(20-D¢ — k) if jeN, keZ,
Vix(t) = { ©)

o(t — k) if j=0, keZ.
As mentioned above later we shall discuss two families of examples, namely Daubechies

wavelets and spline wavelets.

3.2 Function spaces related to wavelet systems

Any function f € Ly(R) can be represented by a wavelet series

F=Y0> 0 (i) i
=0 k=—c0

(convergence in Ly(R)) and

TZETE O3 SRR

7=0 k=—o00

All information about f is contained in the coefficients (f, ;). The mapping

Jio f = ({f,05m))in

is an isomorphism of Ly(R) onto ¢5(Ny x Z). Now we shall use the mapping J to

introduce a two parameter scale of function spaces. This needs a preparation.

Definition 2 Let s > 0.
(i) Let 0 < p < oo. Then by is the collection of all sequences a := (ajx);r of complex

numbers such that

N el 1) e 1/p
la b3 = (ngg oy |aj,k|p) < 0.
§=0

k=—o00
(i) Let p = oo. Then b3, is the collection of all sequences a = (a;x);x of complex
numbers such that
lalb |l == sup 2762 sup |a,,| < oo
j=0,1,... keZ

(iii) Let p = oo. Then bio denotes the closure of the finite sequences with respect to the

norm || - |b3]|.



Remark 3 The normalization is chosen in such a way s.t. b = (5.

Lemma 1 (i) The classes b are quasi-Banach spaces.

(ii) The classes b, are monotone with respect to s, i.e. by' < b, so < s1, and

lalpel < llalgy).  acty.
(111) Let Do < P1 and
1 1
So— — =28 — —. (7)
Po P1

Then bf)g — bf,i and

lalbp |l < llalbyll.

holds for all a € by).

Proof Parts (i) and (ii) are more or less obvious. We omit details. By (ii) it will be
sufficient to deal with the case of equality in (7). Then, for fixed k € Z, we find by

using the monotonicity of the ¢,-norms

.. 1
(Zy(sﬁ-%—ﬁ)m |aj,k|p1) /p1 _ <
=0

< (

Hence, using again the monotonicity of the £,-norms

( 3 (1t 3-1/pp1 g k’m) s < ( 3 < 3 9i(so+5=1/p0)p0 |

k€eZ j=0 keZ  j=0

lalbhll-

1/p1

9

j(so+3—1/po)p1 |, . |P1
2 2 |a; k|

0

J

) 1/po
j(so+3—1/po)po |, . |Po
2 2 ’a/]ak‘ :

v

Il
o

J

p1/poy 1/p1
Po) )

IA

The proof is complete. |

Remark 4 Lemma 1 is a discrete counterpart of the Sobolev embedding.

Let B = (ej)jr denote the canonical orthonormal basis of ¢;. Now we consider the

properties of the projections

N 00
PNCL = Z Z jk €k, a = (aM)j,k, N e No .

=0 k=—o0

Lemma 2 Let s > 0. We have

|1 — Py b5 — 00)| < 27°N, N e N.



Proof Since

> > .1 1/p
[0 =Poalil = (> 30 241 ap)

j=N+1k=—0c0
< 27V lalb

the estimate from above follows. For the estimate from below we test Py on eyt

and obtain
l_l — S S
I (1 = Pr)enga Bl = 28 HDGE70) = o= (¥Ds ey ) ol
which implies
H I — PN |b;7 N bg” Z 2—5(N+1) .

This proves the claim. |

Definition 3 Let 0 < p < oo and s > 0. Let ¢ be an orthogonal scaling function and

1 be an associate wavelet. Then we define
s . 7115
Bp((pu w) T J bp

and

£ 1By (o = (S i) )sm [0

Remark 5 Of course, BY(p,1) = Ly(R). Furthermore, the results obtained in Lemma

1, carry over to these spaces.

The question is, of course, how are these classes related to known function spaces, or
with other words, what type of smoothness do they describe. Let me first recall some

well-known concepts in describing smoothness.

3.3 Holder-Zygmund spaces

Let m € N. Then C™(R) denotes the set of all m-times continuously differentiable

functions equiped with the norm

[ FIC™@®)] =" sup [fO(t)

"=y teR

Let 0 < s < 1. Then the Holder class C*(R) is the collection of all complex-valued

functions f such that
sup sup [f+h)—fO) _
h#£0 teR |t

8



We equipp this set with the norm

I £1C5®)| i= sup £(2)] + sup sup LT =IOl o,
teR h#0 tcR |h|

We get a complete scale by defining in case s =m +r, 0 <r < 1, m € N, the space
C*(R) using the norm

IFIC @) =11 FIC™R)]| + | fo |C(R)]] -

It was known to Riemann but has been made popular by Zygmund that in case s = 1
the following modification is useful. Instead the first derivative one uses a second order
difference. We define

| FICYR)] = sup | £ ()] + sup sup LET2M) =27t R) + FO]
teR h#£0 teR |h|

For m =2,3,... we put
LFCm @)= FIC™ R+ || D IR

The following family of functions can be used to understand this type of smoothness.
Let
falt) == o(t) |t]*, teR, a>0. (8)

Here o denotes a smooth cut-off function supported around the origin and such that
0(0) > 0. Since we are interested in finite smoothness we exclude the case that « is an

even natural number for the moment. Elementary calculations yield
e Let m € N. Then f, € C"™(R) if and only if o > m.
e Let m € N. Then f, € C™(R) if and only if a > m.
o Let s >0, s ¢N. Then f, € C*(R) if and only if a > s.

Let
C*(R) := C*(R) if s>0, s¢N.

Now we have a second scale. We shall call these spaces Holder-Zygmund classes. They

will be more useful in our context than the first one.



3.4 Besov spaces

Let M € N. Then

M

(M

AV F(E) = 3 (1) (j ) e+ (M= jh),  thER.
=0

defines a difference of order M. Then a corresponding L,-modulus of smoothness is

obtained by
wa(fit)p = sup | A FO) LR, > 0.

|h|<t

Definition 4 Let 0 < p,q < 00 and 0 < s < M. Then the Besov space B; (R) is the
set of all L,-functions f such that
dt) 1/q

1B R = 17 I+ ([ (0,05

Remark 6 These classes p,q > 1 have been introduced by Besov in his dissertation
around 1960. The classes B;  (R) have been considered about ten years earlier by his
advisor S.M. Nikol’skij.

Remark 7 It is not difficult to see that
Bl o®R)=C(R),  5>0,
holds in the sense of equivalent norms.

We return to our family of test functions f, and extend the definition to negative values
of . Again elementary calculations yield f, € B, (R) if and only if either s < a+1/p
or s = a+1/pand ¢ = 0o (again excluding the case of @ being an even natural number
or zero). By means of the microscopic index ¢ one can see singularities of logarithmic

order. Let
fop(t) == o) [t|* (< log )=, teR, B5>0. (9)

Then
a+1
faﬂeBp,q /p(R) — 5q>1a

(a € {0,2,4,...}), see [31, 2.3.1].
The Nikol’skij-Besov spaces By  (R) and its periodic counterpart By  (T) play a cen-

tral role in approximation theory. E.g. in case 1 < p < oo one has the following

equivalence:

10



e A 2m-periodic function f € L,(T) satisfies

sup 1 | f — Suf |L,(T)]| < oo,

neN

where S, f is the partial sum of order n of the Fourier series of f.

o fc B;’OO(T).

3.5 Sobolev spaces

Let 1 < p < oo and m € N. Then the Sobolev space W;“(R) consists of all functions
f € L,(R) such that all weak derivatives of orders 0 < ¢ < m exist and belong to
L,(R). The norm is defined to be

1AW @)= D 11O L (R)]) -
=0

For p < co elementary calculations yield f, € W*(R) if and only if s < o+ 1/p as
well as fo 3 € W)'(R) if and only if either s < a+1/por s = a+1/p and Gp > 1
(a € {0,2,4,...}), see [31, 2.3.1].

Lemma 3 We have W]"(R) # B; (R) except the case W3 (R) = B3y (R) (in the sense

of equivalent norms).

Proof We refer to [40, 2.3.9]. |

3.6 Wavelets and Besov spaces

Next we quote a deep result which connects the spaces B, ,(R) with By (¢, ).

Theorem 2 ([6, Thm. 3.7.7]) Let ¢ be an orthogonal scaling function and let 1 be an
associated wavelet. Further we assume that o € By (R) and that there exist a natural

number n and constant ¢ s.t.

C
< — teR.

Finally, we assume that

/ thot)dt=0, (=1,...,n—1.

—00

11



Then, for 0 < p < oo and

1 .
max (0, - — 1) <t < min(s,n)
p

we have

1 1By (R =N (CF e ) 105
for all f € By (R).

Remark 8 The characterization of Besov spaces by wavelets has a certain history,
in particular with respect to the Haar basis. We refer to Ropela [30] and Triebel
[39]. Earlier versions of Theorem 2 may be found in the books of Meyer [21]| and
Wojtasczcezyk [48].

3.6.1 Daubechies wavelets

Around 1988 Ingrid Daubechies proved the existence of compactly supported wavelets.
At this time it was a certain surprise. I do not want to describe the construction itself,
it is nontrivial. For detailed descriptions we refer to the monographs of Daubechies [7]
and Wojtasczezyk [48].

Proposition 1 (Thm. 4.7 in [48]) There ezists a constant C such that for each N € N

there exists an orthogonal scaling function ¢ and an associated wavelet P s.t.

(i) » and ¢ are CN functions,

(ii) ¢ and ¢ are compactly supported and both supp ¢ and suppi) are contained in
[-C'N,CN].

Remark 9 It follows from Prop. 3.1 in [48] that 1) satisfies a moment condition

/t%(t)dt:o if ¢=0,1,...,N.

[e.9]

Another variant of Theorem 2 can be found in [41].

Theorem 3 Let ¢ be an orthogonal scaling function and let i be an associated wavelet.
Further we assume that ¢ and v have compact support and belong to CN(R) for some
N € N. Then, for 0 < p < oo and

1
max(O,——1><t<N
b

we have

1By (R = 1 (CF s )i [0
for all f € By (R).

12



3.6.2 Spline wavelets

Let m € N. Let X be the characteristic function of the interval (0,1). Then the

normalized cardinal B-spline of order m + 1 is given by
Npg1(x) == N, + X (), r€R, meN,

beginning with A7 = X. Let F denote the Fourier transform and F~! its inverse

transform. We normalize these transformations by

ff \/%/ 7m£f €, £€R7 f€L1<R)
By
(S FNm(€)
Pm(T) = F pos 73 (x), r€R,
var [(kz FN €+ 2mk)R) |

we obtain an orthonormal scaling function which is again a spline of order m. Finally,
by

o0

Vm(T) = Z (om(t/2), pm(t — k)) (_1)k Om(27 +k+1)

k=—o0
we obtain the generator of an orthonormal wavelet system. For m = 1 it is easily
checked that —i;(x — 1) is the Haar wavelet. In general these functions v, have the

following properties:

(i) 1y, restricted to intervals [k, k + 1], k € Z, is a polynomial of degree at most
m — 1.

(ii) ¥, € C™2(R) if m > 2.
(iii) wm ) is uniformly Lipschitz continuous on R if m > 2.

(iv) There exist positive numbers 7, and sequences (¢, and (dy); such that

Un(@) = Y aNaQRe—k),  Nao(@)= D dipm(zr—k), 2R,
k=—00 k=—o0
and
sup (|cx| + |di]) e™* < oo and max _sup [ (z)| e < 00, (10)
keZ 0<l<m—2 pcR

(v) The functions 1, satisfy a moment condition of order m — 1, i.e.

/ 2 (2)dx =0, (=0,1,... , m—1.

13



It will be convenient for us to use the following abbreviations:
@bg‘k(x) = om(r — k) and ﬁlk(x) = 2j/21/)m(2jx—k), reR, keZ

and j € Ny.

Let us now concentrate on the mapping

Ry o f = (0700 )ik -

Proposition 2 Let m € N.

(i) Let either 1 <p<ooand0<s<m-—1+1/por 0<p<1 and§—1<r<m.
Then the mapping R, generates an isomorphism of B;,p(R) onto by.

(ii) Let 0 <r <m — 1. The mapping R, generates an isomorphism of B%;’OO(R) onto

OS
b .

Remark 10 (a) The content of this proposition is well-known, see Bourdaud [4], Fra-
zier and Jawerth [14], Meyer [21], Lemarie and Kahane [18] or DeVore [10].

(b) Wavelet characterizations of Besov spaces with p < 1 are investigated e.g. in Bour-
daud [4], Cohen [6], Kyriazis and Petrushev [17] and Triebel [41]. Cohen and Triebel

concentrate on biorthogonal (orthogonal) wavelets with compact support.

Corollary 1 Let 0 < py < p1 < 00, $1 > max(0, pil —1) and

1 1
Sop — — Z S1— —.
Po P
Then By  (R) — Byt (R) follows.
Proof Combine Lemma 1 with Theorem 2. [ |

4 The Smolyak algorithm

4.1 A first example

Let (a;)32, be a convergent series of complex numbers. We define ao := 0. Then

M
E (aj11 —aj) = appr ——
— M—oo
j:

where a is the limit of the sequence. Hence

o0
a=> (a1 —a).
=0

J

14



Now we take a second sequence (b;)52; s.t. lim; .., b; = b. Again we put by := 0. Then,

assuming
00 o0
§ laj1 — a;] < oo as well as g bj+1 — bs] < o0,

we conclude

a-b= Z Z(ajl+l - ajl) (bj2+1 B ij) )

J1=0j2=0
We would like to approximate this product by using information from the single se-

quences. Let » > 0 be given. Then we suppose that for all j € Ny we have
max(|a — a, [b— b;]) < 277" (11)

Now we consider two different types of partial sums: for M € Ny let

Sy = Z (a1 — ajy) (bjyr1 — bjy)
Jitje<M

_ M M

Suo= DY (@41 —aj,) (bjgs1 — bjy) -
71=0 j2=0

Observe that Sy, uses

M M-j M+1
(M +1)(M +2)
1= M—-j+1)= {=

summands, whereas Sy, uses (M + 1)2 of them. Using (11) we find

|a . b—SM| < Z |aj1+1_aj1||bj2+1_bj2|

Jji+je>M
<43 Sausy S
j1=M+1 j2=0 =M- Jl+1
— 4( 2" >22 r(M+1) —rj1 9=r(M—ji+1)
2r—1
j1=0
2" 2"
— 4 27T‘(M+1) <— 1)
2r—1 2r —1 + Z
71=0
2r+? (M+1)
_ 9 ( M 1)
2r —1 r—1 + +
= M2™M, (12)

15



On the other hand

o) 00 M 00
la - b— §M| < 4 Z ZQ—T(jl-Hé) +4 Z Z 9= (j1+72)

Jj1=M+1 jo=0 J1=0 jo=M+1
2" 2
8( ) o—T(M+1)
2r—1
27HVI ] (13)

IN

X

Now we compare the effectiveness of these approximations. Therefore, let K denote

the number of summands (information) which are used. Then, because of

M277“]W S \/(M I 1>(M I 2) 277‘(M+2) 227“ S 22r /2K27T\/ﬁ
= \/EQ_TM
we find
la - b—Sy| < VK2V, (14)

see (12), where c is independent of K. Furthermore, (13) and K = (M + 1)? lead to
la - b— Syl < 2"V < VK (15)

where again ¢ does not depend on K. Of course, for K sufficiently large the approxi-

mation in (14) is more effective than that one described in (15).
Taking S); instead of Sy is the main idea of the construction of Smolyak !

Above we have treated the case d = 2. Now we turn to the general case. We con-

sider d convergent sequences (a%)%, with limits a’.

Lemma 4 Letd > 2 and r > 0.

(i) Suppose, that there exist constants ¢; s.t.
max{la’ —al]: i=1,...,d} <27, jeNy, i=1,....,d. (16)
Then, with
Sy = Z (a}lﬂ—a]l-l) (a;ldﬂ—a;ld), M € Ny,
bt ja<M

there exists a constant C = C(d,r) s.t.

d
la' - ... a% — Sy SO(HQ) Mi-to—M (17)

i=1

16



holds for all M € N. Here C' is also independent of the sequences (a%)2,,i=1,...

J/j=1

(i) Let s > 0. Suppose, that there exist constants ¢; s.t.
max{|ai—a§-| codi=1,...,d} <c(l+j5)F27, jeNy, i=1...,d.

Then there exists a constant C = C(d,r,s) s.t.

d
la' - .. et =Sy < C <ch> Mastd=lg-rM

i=1

o0

holds for all M € N. As above, C' is also independent of the sequences (a;'-)
1,...,d.

Proof Observe

Jite.+ja>M Jj1=M+1 j2=0 Ja=0

+
M M-j M—(j1+...+7i—1) oo 0o 0o
DD > )IREDD
J1=0 j2=0 7i=0 Jit1=M—(j1+...+Ji)+1 Ji+2=0  ja=0
+ .
M M-j M—(j1+...+ja—2) o0
DD IS >
J1=0 j2=0 Ja—1=0 Ja=M—(j1+...+ja—1)+1

We introduce the abbreviations

Zl =) ) DY ()2 (L gyt 2

J1=M+1 j2=0 Ja=0

M—j M—(j1+4ji_
i1 M J1 (41 Ji—1) oo
Jj1=0 j2=0 Ji=0 Jit1=M—1+...+7:)+1

XYY ()2 (L)t =1, d -2,

Ji+2=0 Ja=0

M M-—j; M—(j1+...+ja—2) 00

=1

(18)

(19)

7 =

)T D DI S QA2 (g2

J1=0 j2=0 Ja—1=0 Ja=M—(j1+...+ja—1)+1
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and

A= (14j)277 <.
=0

We have

o0

> (1+4)' 277 < B(M 4 1) 27 M

j=M+1

for some positive B independent of M. This yields
Zl S Ad—l B (M + 1)5 2—T(M+1) )

Furthermore, we find

Z Z L Z(]- +ji+1)s 2—7‘ji+1 . (1 +jd)8 2—7‘jd
Jit1=M—(1+...4+35:)+1 Ji+2=0 Ja=0
< Ad—(i-i—l) B (M +1-— <]1 + ... +]l))s 2—T(M+1—(j1+-~-+ji))
Hence
i1 M g
S < ATEN RN gy N (14 )
Jj1=0 Jj2=0
M—(j14...4ji-1)
X > A+ (M +1= Gt )

7i=0
To estimate the last sum on the right-hand side observe
T
> (1+) (T +1—j) < Dip(1+1)=H
5=0

with some constant D, independent of 7" € Ny. This implies

) M M—j1
+1 .
§ S Ad—(l-i—l) BDQ—’I‘(M-i-l) § <1 +]'1)S § (1 +j2)8 o
Jj1=0 Jj2=0

M—(j1+...+ji—2)
> U4 (M+1—= (4. +5)™

Ji—1=0
Let k € N and ¢ € Ny. Since there exist constants Dy s.t.

T
D (L) (T4 1= ) < Dyg (14 T) WD+

J=0

for all T' € Ny we finally get
Z’Hrl S Ad-(i-{-l) B D 2—7"(M+1) (M + 1)(i+1)8+i .

18
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with an appropriate constant D. Also the last summand can be estimated in this way.
We obtain

d
Z S BD 2—7“(M+1) (M + 1)d5+d—1 ) (22)

Summarizing (20)-(22) we obtain the desired inequality (19). |

Now we will deal with a first application of these estimates. For this reason we consider
the approximation of periodic Lipschitz funcions by the partial sums of their Fourier

series. As usual, for f € Li(T) let

() = (2m)7! / fyed,  kez,

denote the Fourier coefficient of f € Li(T). The n-th order partial sum is given by

n

Suf(t) =Y alf)e™,  neNg, (23)

k=—n

We recall the following:
Lemma 5 Let r > 0. Then there exists a constant ¢ such that

sup | f(t) = Suf ()] < c(n+1)7" log(n+1) [[ f]C7(T)]|

—m<t<m

holds for alln € N and all f € C"(T).
We switch to a dyadic subsequence and obtain

sup [ f(t) = S f(B)] < 277 (5 + DI fICT(T)].

—nm<t<m

Obviously, lim, . S, f(t) = f(t) and hence
F£) = Sif(t) + Y (Sarer f(t) = Sar (1))
=0

J

For fixed ¢ we put a}) := 0 and
by = Sai fi(t)), jeNy, i=1,...d.
For brevity we put

Soi fi(t) — Sai-1 fi(t) it j>1,

A”N”:{sm@> it j=0.
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Now, Lemma 4 yields the error estimate

Al fat) = DD Bphilt) - A falts) |

Jit.+ja<M

d
< MMy [T s |en(D)

i=1
independent of ¢1,... ,t4. Consequently

Hfl- SR D DNy -Ajdfd)c*(’ﬂ‘d)H

it tia<M

d
< ™M+ )T T AICT(D))

i=1

There are several questions around this estimate.

e Can we formulate such an estimate for a slightly more general class of functions,

preferably a Banach space ?
e What about effectiveness of this approximation ?
e What about error estimates for different norms, e.g. for || - | Lol ?

Let me comment a bit on the second question. How much information do we use of
the functions fi,..., fq4 7 The information is given by the Fourier coefficients of these

functions. Define for M € N the dyadic hyperbolic cross of order M by

d

H(M,d) = {fe Z': Jup,...ug €Ny, st |6 < 2% and > uy = M}. (24)
k=1
Let
d
f(l’) :Hfj(xj)> I:(l’l, xd)
j=1
Then

d
() = (2m) /[ H@ e e =T e (), k= Ok
—,7]d i
We claim that

S A fi@) A fala) = > alf) e (25)

St +ja<M keH(M,d)

20



Here it will be more convenient to switch to the language of operators. So, we interpret

QM = Z Ajl 'Ajd (26)

1+ Hja<M

as a linear operator defined on the trigonometric polynomials
f(l‘) — eik:;r — eik1$1 . eikdxd )

We need a special covering of R?. Let

P = [-1,1], Pi={reR : 21 <|z| <2}, jEN,
lev--ajd = le X oo X de? J € Ng (27)
Then
R? = U P; and PiviaNPoyw, =0 if j#L. (28)
jeNd
Moreover
A et A etkard — et if k€Pi, jus
¢ 0 otherwise .
Because of
H(M,d) = U Pir oo da (29)
Jite+ja<M

this implies
e’k if ke H(M,d),

0 otherwise .

(Que™ ) (z) = {

This proves the claim (25).

Lemma 6 We have
|H(M,d)| < M*12M .

Proof From (28) and (29) we conclude

|H(M,d)| = Z |Pj17--~7jd| )

Gitetja<M

where

|Pj17---1jd| = ‘{6 € Zd SRS lea--wjd} .
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Since |P;j| =27, j > 1, and |Fy| = 3 the following rough estimate

HM,d) < > 62 2

Jit..+ja<M

M
~ey Y

m=0 j1+...+jg=m

M
S Ca Z om md—l ~ Md—l 2M
m=0
follows. .

The operator () is the model case for the Smolyak algorithm.

4.2 The definition of the Smolyak algorithm

Given two functions f, g their tensor product is defined to be

(f®g)(z,y) = f(x) - g(y).

Now, let P and () be linear operators defined on some function spaces X; and X5 with
values in Y] and Y5, respectively. For simplicity let us assume that also Y; and Y5 are
function spaces. Then the tensor product P ® () of these two operators is defined to

be
(PRQ)(feg)=PfeQg, feXi, geX.

This definition is extended to linear combinations by requiring linearity of P ® @, i.e.,

Jj=0

(P@Q)(Z fj®gj> :Z<Pf])®(ng>, ijXl, ngXg,jzl,...,n.
=0

Let L; : X — Y be a sequence of continuous linear operators, denoted by L. Then we

! Lo if j=0.

put

Definition 5 Let m € Ny. The Smolyak-Algorithm A(m,d, L) relative to the d se-

quences L' = (L})‘;‘;O, o, Lt = (L;l)]oio, is the linear operator
Am,d,L) == Y A (LHYe ... @A, LY.
Jit...4+jas<m

Remark 11 Originally introduced in [36] there are now hundreds of references dealing

with this construction. A few basics and some references can be found in [25] and [47].
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4.3 Two examples

To begin with we deal with examples originating from the classical periodic situation.

4.3.1 Approximation with respect to hyperbolic crosses

We chooes L} := Sy, for all i =1,2,... ,d. Then

A(m7 d, S)f(l’) = Z Ck(f) A (30)

ke H(m,d)

Formally this operator is defined on trigonometric polynomials only, but the domain

of definition can be extended immediatly to L;(T¢9).

4.3.2 Approximation on sparse grids
We need a preparation. For j = (ji,... jq) € N& we put |j|; =j1 + ... + ja-

Lemma 7 (see [{7]) We have the identity

- G d—1
_ 1 \ym—|j| 1 d
A(m,d,L) = Z_' (=1)mbh (m_ \5|1> L} ®...®L. (31)
m—d+1<[jl1<m
Proof Use mathematical induction with respect to m. [ |

Now we turn to the classical trigonometric interpolation. Let

Dy (t) = Z ettt teT, meNg,
k|<m
be the Dirichlet kernel of order m and let

2m

S ) Dult—t), b=

=0

1
2m+1

27l
2m+1°

I,f(t) := (32)

Then I, is the unique trigonometric polynomial of degree less than or equal to m which

interpolates f at the nodes t,. Let

21l n n

Obviously, the cardinality |J,| of J,, is equal to n. Define
g(m, d) = U J2j1+1+1 X ... X szd+1+1
m—d+1<|j]1<m

Let I = (I55);. We choose



and define
Am,d,D)f(z) ==Y Ay(D)® ... @48;,(). (33)

jitetja<m
Then the Smolyak algorithm A(m,d, D) uses only samples from the grid G(m,d), see

Lemma 7.
Lemma 8 (see [34]) We have
IG(m,d)| < m*t2m.

Remark 12 Let us compare the cardinality of G(m, d) with the cardinality of the full
tensor product grid Jom+1,1 X ... X Jom+1,1 used by the operator Iom ® ... ® lom. Of
course

|J2m+1+1 X ... X J2m+1+1’ = de.

This explaines why G(m, d) is called sparse.

Summary: We hope for an increase of efficiency by using the Smolyak algorithm.
However, we can not hope for this in general. Our example above works for tensor
products of functions. For this reason it seems to be natural to deal with function

spaces obtained as the closure of tensor products of functions.

5 Tensor products of function and sequence spaces

5.1 Some abstract definitions

We follow [19]. Let X and Y be Banach spaces of functions or sequences, respectively.
Then the set

X®Y:z{h:§ln€N,fi€X,giEYs.t. h:Zfi(X)gi}
=1

is called algebraic tensor product of X and Y. Next we recall three well-known con-

structions of tensor norms, namely the injective, the projective and the p-nuclear norm.

Definition 6 Let X and Y be Banach spaces of functions or sequences, respectively.
(i) Let h € X @Y be given by

hIij@Qj, ijX, ngY.
j=1
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Then the injective tensor norm A(-, X,Y) is defined as

A XYy =swp{ [ St -afv]: vex. ) <1},
j=1

(ii) The projective tensor norm (-, X,Y") is defined by

VX, Y) =it {3 IGIX gV fieX g eY,h=3 f0g}.
j=1

J=1

(iii) Let 1 < p < oo and let 1/p+1/p" = 1. Then the p-nuclear tensor norm oy,(-, X,Y)

15 given by

a,(h, X,Y) =
nt { (S uatr)” s { (ot

where the infimum is taken over all representations of h (as in (ii)).

>1/p’ Y e Y YY) < 1}} ;

Remark 13 (i) All three expressions define norms, we refer to [19, Chapt. 1|. In
particular, A is independent of the representation of h.

(ii) In Definition 6(iii) one can replace

sup{ (S i) v e v iy < 1) (34)
i=1

by

sup{H i)\igi YH : (i |)\i\p)1/p < 1}, (35)
i=1 i=1

see [19, Lem. 1.44].

A part of the motivation for such complicated constructions originates from the fol-

lowing lemma.

Lemma 9 Let « be either the injective, projective or p-nuclear norm. Let P € L(X1,Y))
and Q € L(X3,Ys). Then there is a unique linear extension of P®Q, originally defined
on the algebraic tensor product X; ® Xa, to the space X1 ®, Xo, s.t.

1P ®QIL(X1 @ Xa, Y1 ®a Yo)|| = || PIL(X:, Y1) [| Q[ L(X2, Y2

For later use we extend the projective norm to quasi-Banach spaces.
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Definition 7 Let 0 < p < 1. Let X and Y be quasi-Banach spaces of functions or

sequences, respectively. Then we define the projective tensor p-norm -, by

. u 1/p u
(X, V) =it { (S UGIXI IV I?) 7 fieX g eYih=Yfi0g}.
j=1

j=1

Remark 14 (i) 7, defines an uniform quasi-norm on X ® Y. The inequality
,yp(hl + h27 Xa Y)p S Wp(hlv Xv Y)p + Wp(h% Xa Y)p

as well as the uniformness are obvious.

(ii) Different attempts to introduce tensor products of quasi-Banach spaces have been
undertaken by Turpin [43] and Nitsche [24]. In particular the approach of Nitsche
applies to so-called placid g-Banach spaces. Let us mention that ¢, and Bg’q(R) (as
well as Syl (R%), see below) are placid g-quasi-Banach spaces if 0 < ¢ < 1.

Lemma 10 Let X;, Xo,Y1,Y5 be quasi-Banach spaces of functions or sequences. Fur-
ther we suppose that Ty € L(X1,Y1) and Ty € L(Xs,Y3) are linear isomorphisms.

(i) Let X1, Xo,Y1,Ys be Banach spaces of functions or sequences. Then the operator
Ty ®T5 is a linear 1somorphism from X, ®,, Xo onto Y1 ®,, Y2 as well as from X, @y X,
onto Y1 ®, Y.

(ii) Let 0 < p < 1. Let P € L(X1,Y1) and Q € L(X5,Y5). Then there is a unique
linear extension of P ® Q) to the space X1 &, Xs, s.t.

1P © QLX) @y, X2, V1 @y, Va)|| = | PIL(X1, V)| | @ £(X, Ya)[ -

Furthermore, the operator Ty®T is a linear isomorphism from X,1®,, X onto Y1®,,Y5.

5.2 Tensor products of weighted sequence spaces

Let I be a countable index set. Let w = (w(j));er be a sequence of positive real
numbers. Let 0 < p < oco. Then {,(w,I) consists of all sequences a = (a;);e; of

complex numbers such that

laltte, Dl = (X lasw()P) " < oo

Jjel

Clearly, £,(w; ® wa, N?) means the collection of all sequences (a;); ey such that

I alty o ® w2, N = (ZZ | aj g wi(j) wa(k) |P>1/p < 0.

7j=1 k=1
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Furthermore, ¢o(w, I') denotes the closure of the set of finite sequences with respect to

the norm
| aleco(w, D == || a|loc(w, I)| = sup lajw(j) ]
J

Proposition 3 Let 1 <p < oo. Then
lp(w1,N) ®q, (w2, N) = £,(w1 @ wa, N?). (36)
The norms on the left-hand side and on the right-hand side coincide.
Remark 15 Formula (36) represents a special case of the more general formula
Lyp(p1) ®a, Lp(pa) = Ly @ pa).
valid for arbitrary measures p; and pus, see Defant and Floret [8, 7.2, p. 79, 186].

We shall give an elementary proof of Proposition 3. The only nontrivial fact we will

use within this proof is (¢,)" = £,.

Proof of Proposition 3. Step 1. We shall prove
Ep(wl, N) ®ap ép(wg, N) — ﬁp(wl X Wa, N2) .
Let h € £,(wy,N) ® £,(w2,N) be given by

h=(hore,  hwe=Y_ apby,  kleN,
=1

where (al)r € €,(w1,N), (b%)e € €y(w2,N), i = 1,... ,n. Then, using (£,) = ¢, and

Holder’s inequality, we obtain

S 3wt ut)] Y- aiif = St | (32 w0 ),
k=1 f=1 i=1
= 2 uil) Zngwwbzz”
st sl i<t | = =
o] n ) n [e'e) N
< Rt (3] o, (2 [ o)

n

n e P
Z | a® €, (w1, N ||p> sup  sup Z Ai sz(f) ¢ b}‘
ll6le, II<T lIAlplI<1 ' —1

lealé (wLN) sup | ST

Al ll<1 ™

< ap(h7 gp(wlv N)? gp(w% N))p .

AA

p
p(w27N)H
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This proves
172 16p(w1 @ w2, N)|| < [| 2 ]6y(w1, N) @a,, £y(w2, N

Step 2. Now we deal with
Ep(wl & U}Q,NQ) — Ep(wl,N) ®ap fp(wg, N) .

Therefore, let h = (hg)re € €p(w1 @ wa, N?) such that only finitely many components
are not vanishing. Let hj, = 0 if either £ > M or if / > N. Then

h= ZZ’W ex ® ) Z(Zhum er) © (1/ws(0)) er,

k=1 ¢=1 (=1

where e;, denotes the elements of the canonical basis. Let a, := Zf:; hie eg. 1t follows

| h Mp(wlvN) ®05p€ (we, N)||P

N
€y p
§<w ag |0,(wy, N p) su A C,(wo, N
: ZH elbplunN)I7) sup Z ) |02
N M
= 3 Y kO e ()P
(=1 k=1
Hence
172 1p(wr1, N) ®a,, £y(ws, N)[| < || B |6y (w1 @ wa, N)]|.
A density argument completes the proof. [
Proposition 4 Let 0 <p < 1. Then
Cp(w1,N) @, £y (w3, N) = £, (w) @ wy, N?). (37)

The quasi-norms on the left-hand side and on the right-hand side coincide.

Remark 16 (i) Formula (37) with p = 1 is well-known. We refer to [19, Cor. 1.16|.
(ii) In the framework of a more general concept of tensor products of quasi-Banach

spaces Nitsche [23| has proved a similar result for the unweighted case.

Proof Step 1. We shall prove
fp(wl, N) ®7p gp('lUQ, N) — Ep(wl & W2, N2) .

Let h € {,(w1,N) ® £,(w2,N) be given by

n

h=(hore,  hwe=Y_ apby,  kleN,

=1
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where (a},), € £p(w1,N), (b)) € ly(we,N), i =1,... ,n.

|, (w1 @ we, N?)||P = Z Zwl )Pwo (€ Zakbg
k=1 (=1

o0 oo
<D > wik)Pws(f Z|a A

k=1 ¢=1

=D 2> wik)ws(O)|aif? - Byl

i=1 k=1 ¢=1

—lealﬁ (w1, NP - (|1, (w2, N) |7

3

3

= Vp(ha gp(wla N)7 £p<w27 N))P .

Step 2. It remains to prove
Kp(wl & U}27N2) — €p(w1, N) ®A{p gp(UJQ,N) .

We follow the arguments from Step 2 in the proof of the previous Proposition. By a

density argument it will be enough to deal with finite sequences. Therefore, let

M N N

h = hie (er ® ep) :Z (thng ek) ® (1/wa(l)) e, .

k=1 (=1 (=1

Then we obtain
[ 2 ]€p(w1, N) @, £y(we, N)[P

N M
< ZH théwz €k

(=1 =1

k
N M
= ZZ|W2 (O [wr (k)P [hel”

=
= \hl p(w1 @ wy, N?) 7.

b1, N) |1 e/ (€) 6y w2, )]

—_

This proves the claim. [

Proposition 5 Let p = oo. Then
Co(wl,N) ®)\ Co(’wQ,N) = co(w1 ®lU2,N2). (38)

The norms on the left-hand side and on the right-hand side coincide.
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Proof Let h € ¢o(wy,N) @ cp(ws,N) be given by
h= (hge)re, e = Z aj, by, kteN,
i=1

where a' := (al)r € co(wy,N), b* := (b)) € co(wq,N), i = 1,... ,n. Here we suppose
ai =0, =0if k, 0 > n. Let X = ¢o(wy,N). Obviously,

| R leouwr @ ws N3 = sup wi (k) wa(0) | > aid}
k,EN i1
- O (X eiti),eotmn 0]

1=

= sup wy(f) sup
¢=1,...n ] X7||<1

of(354))]

= sup sup  wy (/) ‘ Z 1#(@2) bé
=1

[IX7<1 6=, m

= )\(h, Co(wl, N), C()(’wg, N)) .

Vice versa, if
M N N M

ho= S (e @en) =30 (D hrewall)er) @ (1/wa(0)er
k=1 ¢= k=1

1 (=1 /=1

(we put hy, = 0 if either £ > N or k > M) and using the abbreviations

M
al = th’g wo(l) ex and Vo= (1/wy(0)) ey,
k=1

we obtain
I hleawn, N) @xco(wa, N = sup || 3 (@) feofun, N)|
leix<i | =
= sup  sup |¢(a’)]
[IX7I<1 £=1,...,N
M
= sup H Zhuwg(é) ek ‘co(wl,N)H
teN 1 =
= sup wa({) sup wi (k) |hke|
eN keN
= [ hlco(wr @ we, N)]|.
A density argument completes the proof of (38). |
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5.3 Tensor products of the spaces b;

We formulate a few consequences of Propositions 3, 4, 5 for the more specialized se-
quence spaces b;. Of course, the spaces b; can be interpreted as weighted ,-spaces with
respect to the index set No X Z. The tensor product of b;' and b;? is then a weighted
(,-space with respect to the index set (N x Z) x (Ng X Z). In view of this we introduce

the following sequence spaces.

Definition 8 Let 0 < p < oo and letry,... ,rq € R.
(i) We define

g = {mact

||CL|ST1’“ rde _ (Z Z 2(]1(7“14—7—7 )+ Hjalra+i— p

jENE kezd

ar)” <)

(modification if p = 00).
(ii) By sLL"eb we denote the closure of the finite sequences with respect to the norm

T1yeen T,
|- [s5e "0l
As a consequence of an iteration process we obtain the following.

Corollary 2 Let ry,... 14,7411 € R.
(i) Let 1 <p < oco. Then

71 gr2e o Tdt1ly — gTlssTd Td+1 — gT1:7250,Td+1
b Ray Sp b—sp b Ra, bp =5, b.
(ii) Let 0 < p < 1. Then
T1 7”2,~~77”d+1 — oT1,--57d Td+1 — oT1:725--3Td+1
b ®n, S b= Sp b®,, b =5, b.
(iii) Let p = co. Then
DT’ ST24... 4T — ST1,...,T, DT’ _ 2ri1,r2,...,T
blL @y 5.2 " h = sTLTdh @y bldtt = ST Lot

In (i)-(iii) all quasi-norms coincide.

5.4 Tensor products of Besov spaces

In one of the previous subsections we have seen that the mapping

Jo f = ((f )k
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is an isomorphism between a Besov space B;p(]R) and the sequence space b;. Now we
turn to the d-fold tensor product of J. Let us have a look at the situation for d = 2.
Obviously

(‘] ® J)(f ® g) = (<f ® g, w]d,lﬂ ® wjz,k2>)j1,j2,k1,k2 :

In view od this identity we consider the tensor product wavelet system

@) =[] vim(e), JjeNd, kez’.

Then
J@.. o). f) =L O fa,V58)5k

follows.

Definition 9 Let 0 < ry,... 75 and 0 < p < oo. Let J be a wavelet isomorphism
satisfying the conditions in Theorem 2 for all tupels (r;,p), i =1,... d. We define

Syl BRY) = (J© ... @ J) sy Teb.

For p =00 we put
S'r‘l,... TdB(]Rd) STl

OO

Combining Lemma 10 with Theorem 2 then we end up with the following theorem.

Theorem 4 Letd > 1 and let r1,... , 7411 € R.
(i) Let 1 < p < co. Then the following holds true

r T, sT d _ 1y 3T, d T
BU(R) ®q, S " B(RY) = S " B(RY) ®q, B4 (R)
T1,72,.0. 5T, d+1
—  pirae e BRA) (39)

in the sense of equivalent norms.
(ii) Let 0 < p < 1. Then the following formula

By, (R) ®,, Sy " BRY) = Sy B(RY) @, Byt (R)
T1,72y.. T d+1
= Gurae s (R

holds true in the sense of equivalent quasi-norms.

A little bit more care is needed in case p = cc.
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Theorem 5 Let p = oco. Then we have

B (R) @y S "+ B(RY) = ST B(RY) @y Blati(R)
é;,gi,...,rd+1B(Rd+l)

in the sense of equivalent norms.

Again it is not clear how to understand the regularity of a function belonging to
S;}I;"'TdB(Rd). However, there is a property which helps with this respect. Taking

a tensor product of functions

1®...® f4, fie Bj,(R),i=1,...4d,

then we immediately get
1 A®...® falSph (R =< H | fi 1By, (R

5.5 Besov and Sobolev spaces of dominating mixed smoothness

Definition 10 Let r1,... ,rq4 € N. Then the Sobolev space S;l"““W(Rd) of domi-
nating mized smoothness is the collection of all functions f € L,(RY) s.t. the weak
derivatives

D*f € L,(RY), o <ry, i=1,....d.

We put
LF1Sprm W @[ =Y oo Y I Df [Ly(RY)]| < oo

a1<r; ag<rq

Theorem 6 Let 1 < p < oo. Then
T1yeee T, dy __ 1 T
Syt W(RY) = WHR) Ray, - - - Qay, WHH(R)

Proof A first proof in the periodic situation with d = 2 has been given by Sprengel in
[37], for the nonperiodic case see [35]. |

Remark 17 For p = 2 we conclude
Sy W (RY) = S35 B(RY)

in the sense of equivalent norms.
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Also in the general case these tensor products of Besov spaces can be interpreted
as spaces of dominating mixed smoothness. Up to know there are two monographs
dealing with this subject: Amanov [1] and Schmeifer and Triebel [33]. There and in
[44] characterization by differences can be found. A characterization by Daubechies
wavelets has been established in Vybiral [46]. This allows the identification with the
tensor products discussed here. For simplicity we concentrate on d = 2 and p = oo.
For (my, my) € N? we define
— (M M
Ag@gf@m@gy:§:@4y(j)}:qu(k)furumrgmh@+mh—@@y
=0 —
We select (mq, my) € N? such that 0 < r; < my, ¢ = 1,2. Then a continuous function
f belongs to S0 B(R?) if

A := sup sup sup sup |hy| " |hy| " ]A’,Zl(Ahm; (x1,22))] < 00
x1ER x2€R h1ER hoe€R

as well as

B := sup sup sup |[hq|" [AR f(21,22))] < 00
r1€R z2€R h1€R

and
C := sup sup sup |ho| " A2 f(21, 12)| < 00.
r1€ER z2€R h1€R
The norm is obtained by taking
I 1S BR)| = || fIC(R*)|| + A+ B +C

One can prove that S”g;;ggB(Rd) coincides with the closure of C§°(RY) with the respect
to the norm of SJ172 B(RY).

Similar characterizations can be given for p < co. We omit details and refer to [1, 33,
44.

6 The Smolyak algorithm and tensor products of Besov

spaces

After these lenghty preparations its time to bring these two objects together.

6.1 The Smolyak algorithm for partial sums of wavelet expan-

sions

Given a wavelet system generated by ¢ and ¢ we consider the associated projections

N )
Puf=> > (fbix)tju, NeEN,.

§=0 k=—o0
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Now we apply the Smolyak algorithm to this sequence, i.e. we put L; =P,i=1,....d,

and obtain (similar to the periodic case)

Am,d, L)f = > Y AL vie,  meN,.

Jit.Ajas<m kezd

A first rough estimate

For simplicity we choose 1 = ry = ... = ry = s. We need a further preparation. We
already know from Lemma 2 that || I — Py [L£(b5,0))[] < N~°, N € Ny.

Lemma 11 Let 1 < p < oo. Then
| I — Py |L(B,,(R), L,(R))[| < N™*, N eNy.
Proof We give a sketch of the proof only. We shall use

0
Bp,min

w2 (R) = Ly(R) = B) ooy (R),

p,max

see [40, 2.3.2|. Furthermore, Theorem 2 extends to s = 0, see [41]. Hence, if p < 2 we

obtain

|11 — Py |L(B;,(R), L,(R))|| < | I—Px|L(B;,(R),By,R))]
= || I— Py |L(bS,00(R))]|
= N7°.

For p > 2 one has to use the counterpart of Theorem 2 for the spaces B; (R) with
q # p, see e.g. |6, 41, 48]. Then, as in Lemma 2 one can prove

17— Py L0405 (R)]| =< N~°

P91’ “P,q0

where b;  is the image of B, (R) under mapping J and ¢y and ¢ are arbitrary. We

omit details. From this the claim follows. [ |

Let

F= > D () i

Jiyeja<M kezd

Functions of this type are dense in S;-°B (R%). Moreover, we have

A(dM,d,L)f = f.
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Using the tensor product techniques and Lemma 11 we obtain

If = Alm,d,L)fIL,RY)|| = | A(dM,d, L) f — A(m,d, L) f|L,(R)]
=l > A (LN ® ..o ® A, (L) f LR

m<ji+...+ja<d M

< Y ALY ® @ AL LY fILRY)|
m<ji+...+ja<d M
d
< Y (T e, @), @) 185 ®Y)

m<jit..+ja<dM =1

< a3 ot fisneo®Y)

m<ji+..+ja<d M

< et 2 £ISy S RY)).

fication in case p = o). However, this estimate is not optimal.

We shall need a further assumption. Let X be the characteristic function of the interval

(0,1). We put
Xjp(t) =22 x(2t — k), teR, keZ, jeN,.

Further we define

Xii =X @ ... @ Xy 4= .Ja) €N, k= (ki,... kq) €2

Let 1 < p < oco. We say that the system (¢;3);; has the Littlewood-Paley property if

|2 meosefum] = (5 e az) o]
= H (Z > |aj,k!2(¢j,k)2)l/2 Lp(Rd)H (40)

holds for all finite sequences (ajz);jz- The spline systems (¢5%); and the systems

generated by the Daubechies wavelets have the Littlewood-Paley property, see [11].

Theorem 7 Let 0 < p < oo and

1
max(O,——l) <s
p

For 1 < p < oo we suppose in addition that (15 5); 5 has the Littlewood-Paley property.
Then there exists a constant c s.t.

275m if 0<p<2,
| 7-A(m,d, L) |£(S35 (R, LR < e~ fpn sy _

m 27 p) 2TM if 2<p<oo.
holds for all m € N.

36



Proof We only deal with the case p < 2 here. For the general case we refer to [35].
Observe
Spy "BRY) = Ly(RY),  p<2,

see |46]. As shown above it will be sufficient to prove

11— A(m,d, L) |£(s5 b, s b|| < c27°™

But
(i1
|| Z Z 057 €5 |Sg""0b||p — Z 2\]\1(2 p)P Z |a37l,€|p
|7l1>m kezd |71 >m kezd
< 9—smp Z olil(s+3=5)p Z la; & |?
- 75
[7[1>m kezd
< 27 || g sSSP
This proves the claim. |

In case of the spline system one can prove even more, see [35]. Let L™ refer to the

sequence of partial sum operators with respect to the spline system of order n.

Theorem 8 Letd > 1.
(i) Let 0 < p < 00 and maX(O,]l) —1)<r<n—1+min(1,1/p). Then we have

9-rm if 0<p<2,
| I—=A(m,d, L") |L(S; ,B(R?), L,(RY))[| =

m@Da=3) 9—rm if 2<p< oo,

m € N.
(ii) Let p =00 and 0 <r <mn — 1. Then we have

I—A(m,d, L™ |L£(S". _ B(RY), Lo, (R))|| =< md~t2—™ m € N.
H b} 00,00 ) )

6.2 Best approximation from sparse grid ansatz spaces by splines

Next we want to define the error of best approximation of a function f € L,(R?),
0 < p < 00, by splines of degree less than m related to the hyperbolic cross. For this

purpose it will be convenient to introduce some further notation first. Let

V" := span {Nn(Qj - —k): ke Z} , j €Ny,

J

and

V" .= span {/\fn(le k) ® . NG (29 —ky) : JENE, jhi=m, k€ Zd} :

m
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m € Ny. Sometimes spaces of this type are called sparse grid ansatz spaces. Since

“span” contains finite sums only we have V" C L,(R?). We put
(£ Ly(RY) =it {|| f = gL, (R : gV}, meN,.

Some comments are necessary. The classes V) are nested, i.e. V], CV; , since

n

No(t)y =27y <Z) No.(2t—Fk), teR.

k=0
Furthermore, the spaces V) do not contain our basis functions 7??;;- However, it be-
comes obvious from (10) that ¢, belongs to the closure of V;,, 71 = m, in L,(RY).

Alternatively to the quantity E" (f, L,(R?)) one could consider the following

Ep(fL®Y) = wi{|f-glL®)]: geL®),  Hag s
. = Lp n
ar=0 if |jli >m and g= g g aj’,;wj’,;},
jENG kezd

a concept which is related to the definition of A(m,d, L™). Fortunately we have
Ep(f, Ly(RY) = E},(f, Ly(RY)).

This can be seen by using (iv) in our list of properties of the 1, given above. To have

a compact formulation we shall use the following quantity:

En(F)y == sup EJ(f, Lp(Rd))

lFllr<1

where F' — L, denotes an arbitrary quasi-Banach space.

Theorem 9 Let d > 1 and let n € N.
(i) Let 1 <p<ooand 0 <r <n—1+1/p. Then it holds

2—mm if 1<p<2,
E"(S" B Rd — - 41
n (S, BERD)y { m(@-DG=3) g-rm if 2<p<oo, )
m € N.
(ii) Let 0 < p <1 and % — 1 < r <n. Then there exists a constant ¢ such that
£1(;, B(RY), < c2~™ (42

holds for all m € N.

(iii) Let p =00 and 0 < r <n — 1. Then there exists a constant ¢ such that

Er (S soBR)) oo < cmd™t 27 m € N.
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Remark 18 (i) DeVore, Konyagin, Temlyakov [11] have dealt with similar problems
for Sobolev-type spaces.

(ii) In case 1 < p < oo we refer to Kamont [16]| for corresponding estimates in terms
of a certain modulus of smoothness for functions defined on [0, 1]%.

(iii) All estimates stated in Theorem 9 have counterparts in the classical periodic
context of best approximation by polynomials with frequencies taken from a hyperbolic
cross. We refer to Dinh Dung [12], Galeev [15], Romanyuk |29], Temlyakov [38], [34] and
[45]. There are also unpublished notes of Bazarkhanov devoted to this topic. However,
the Littlewood-Paley theory for the spline system W™ differs from the Littlewood-Paley
theory of the trigonometric system. So, at least partly, our test functions are not the

same as used in the quoted literature.

At least for the most interesting case p = 2 there is a partial inverse of the inequality

(41). In fact we have the following equivalence.

Corollary 3 Let 0 <r <n—1/2. A function f € Ly(R?) belongs to S5 ,B(R?) if and
only if the sequence (2"™ E™ (f, Ly(R9))),, belongs to €. Moreover, we have

> 2y 1/2

| FIS5 BRI = | FIL®Y |+ (D (27 En(f, La(RY)) )
Remark 19 For m = 1 we refer to Oswald [28]. Let us further mention that there
is not much hope to generalize Corollary 3 to p # 2. In a slightly different setting
(approximation by entire analytic functions with frequencies in the hyperbolic cross)
it has been shown in [32] that the approximation spaces A;,q(]Rd) characterized by a

condition
1/q

1@+ (3 (27 s 1y @) ') < oo

do not belong to the scales of Besov-Lizorkin-Triebel spaces except p = ¢ = 2. Here
En(f, Ly,(RY)) has to be understood in a different context of approximation by entire
analytic functions with frequencies in the hyperbolic cross. For the approximation
spaces related to approximation from hyperbolic crosses we refer to DeVore, Konyagin,
Temlyakov [11].

6.3 The Smolyak algorithm in the classical periodic situations

We return to the two examples from Subsection 4.3.
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Theorem 10 (see [34]) Let 1 <p < oo and r > 0. Then

|| I— A(m7 da S) |S;,pB<Td) - LP<Td)||

2-mr if 1<p<2,
(d-1)(3-3) g—mr if 2<p<oo,

~
—~

m

mGNO.

Theorem 11 (see [34], [45]) Let 1 < p < oo and r > 1/p. Then there is a constant
¢ > 0 such that

|7~ AGm, d, D) |}, B(T) — Ly(T)|| < em@ D01 gm e Ny,

Now we turn to the efficiency of these Smolyak algorithms. Both operators A(m,d, S)
and A(m, d, D) use approximately K := m9~! 2™ information about the function which
is to be approximated. This implies
11— A(m,d,S)[S;,B(T?) — L,(T%)|
g { K" (log K)@-1r if 1<p<2,

1 1)

K (log K) D023 if 2 < p< oo,

as well as
|1 — A(m,d, D) |S; ,B(T*) — L,(T)|| < cK " (log K)* DU+1=1/p)
The operator A(m,d, S) is optimal in the sense of linear widths.
Proposition 6 (/38, Thm. 3.4.4]) Let r > 0. Then
Ak (S52B(T?), Ly(T%) < K" (log K)\* 1", K eN.
Remark 20 Proposition 6 has a certain history. We mention only earlier work of

Babenko, Mityagin and Galeev, see |38] for details.

6.4 Optimal Recovery of Functions from Besov Spaces of Dom-

inating Mixed Smoothness

Let
K

Ui (f.)(x) =Y (&) v(x)

J=1
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denote a general sampling operator for a class F' of continuous, periodic functions

defined on T¢, where

5::{617"'7€K}7 gier]rd’ i:1727"'>K7

is a fixed set of sampling points and ¢; : T — C, j = 1,..., K, are fixed, continuous,

periodic functions. Then the quantity

prc(F, Ly(T%)) :=inf inf  sup || f — Ug(f,&) L, (T
£ YV f|F|<1

measures the optimal rate of approximate recovery of the functions taken from F. We

are interested in the case, when F' =S B(T%), 1 <p < oo, r > 1/p.

Theorem 12 (see [34], [45]) Let 1 < p < oo and r > 1/p. Then there exist positive
constants c1 and cy such that for all K € N

o K~ (log K)“"V (K. d,p) < pr(S;,B(TY), Ly(T?))
< ¢ K" (log K)(dfl)(wrlfl/p) 7

where

(log K)VG=%)  if 2<p< oo,

(43)
1 if 1<p<?2.

n(K,d,p) = {

Remark 21 The Smolyak algorithm uses samples of a very specific structure. Theo-
rem 12 tells us that allowing arbitrary sets of sampling points of the same cardinality

we can not do much better. The difference is at most (log K)@=1/2,

6.5 A final remark to the approximation of eigenfunctions

The classes Sy "W (R%) = 5217"2" ' B(R%) allow a characterization in terms of the Fourier

transform, see [33, Chapt. 2|. In fact

=/, f[u el 1P dg) "

is an equivalent norm. If we compare this with the extra regularity of the eigenfunctions

of the Hamilton operator then we are close. Switching to the tensor product

W3 (R?) ®a, W3 (R?) @ay - - - ®ay Wi (R?)
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then this space can be characterized by using the norm

N 1/2
= 1 i2 F 2d i = ,2,3
1= (f JTaviepizrora) ™, e e
A further modification by considering
W3 (R?) ®ay Wi (R?) ®a, - .. Qay Ws (R?)

leads to the norm
N 1/2
1= (a2 I+ iR Erord) .
1=2

For eigenfunctions u € H'(R3Y) of physical relevance the latter norm is finite. Because
of their exponential decay it will be enough to approximate them on some cube @) :=
[—M, M]¢. Daubechies wavelets have a compact support. If we apply the Smolyak
algorithm with respect to the partial sum operator of the Daubechies expansion then

inside () we need to consider only those summands (u, 5 ;) ¥; z, where

QNsupp ;5 # 0.

This leads to

> > (u, V55) ¥k

Jite HiNSmo ) k2 k3)| <27i M
i=1,...,N

for some M > M but independent of m. The number of information we use is at most

K =< m3¥~12™ By using the same principles as above we obtain the estimate
11— A(m, d, L) [W3(Q) @ay -+ ®ay W2 (Q) = La(Q)]| = K (log K)®V V. (44)

The influence of the dimension is only of logarithmic order.
Now we turn back to our examples from the very beginning. By ignoring the constants
behind =< we find with K = 10

(log K)*

——— = 0.186 (log 10)*.

We had not fixed the basis of the logarithm before. Changing the basis of the logarithm
means we change the constant C'(3N) in (44). As long as we do not have estimates of

C'(d) we can not give precise bounds for the error !
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6.6 Open problems

There are many, of course. Here are two of some importance.

e Calculate C'(d) in Theorems 7-12
e Estimates of C'(d) from below and above

e Search for specific regularity properties of solutions and introduce new classes of
functions (they should be smaller than the usual Sobolev or Besov spaces). One
possible approach uses the philosophy that not all variables are equally important.
Problems of such type occur in the mathematics of finance. This leads to weighted
spaces. We refer to the monographs of Novak and Wozniakowski |26] for a very

recent overview.

In a particular part of mathematics, namely the Information based complexity, there
is even some interest to switch from highdimensional to d — oo. Then the asymptotic
behaviour of C(d) if d tends to infinity is of interest. We omit details and refer to [26].
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