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Lecture I:
Theory of VVolterra functional equations

Classical and delay Volterra integral operators:

t
RN /O Ko(t,s)u(s)ds, tel
o (Vyu) (t) = /Oe(t) Ki(t,s)u(s)ds, tel

o Wou)(t) = /Qt(t) K(t,s)u(s)ds, tel

Here, te€l1:=[0,T] , and the delay function
(or: lag function) 6 has the form

O(t) .=t —7(t) .
We refer to = as the delay.

e Non-vanishing delay: 7(t) > 19 >0 (t € I)

e Vanishing delay: 7(0) =0, 7(t) >0 (t > 0)




Volterra functional equations

e Volterra functional integral equations (VFIES):

u(t) = g(t) + (Vw)(t) + Vow)(t), tel

e \olterra functional integro-differential equa-
tions (VFIDES):

u'(t) = a(t)u(t) + b(t)u(d(t)) + g(t)
+(Vu)(t) + Vo) (t), tel

— Special case: Delay differential equation
(DDE):

u'(t) = a(t)u(t) + bt)u(o(t)) +g(t), tel

e First-kind VFIE:

(Wou)(t) = g(t), tel
— 0(t) =qt (0 < q<1): Volterra (1897)



Vito Volterra (1860 - 1940)



DDEs; Effect of delay on solutions

EXxercise
T he solutions of the ODE

u(t) =au(t), t>0; Re(a)<O0,
satisfies

lim u(t) = 0.

t—oo

What is the asymptotic behaviour, as t — oo,
of the solutions to the DDEs

u(#) =bu(t—7), t>0, Re(b)<O,
with >0 and u(t) =1 ift <0, and
u'(t) = bu(qt), t>0, Re(b)<O,
with 0 <q<1 and u(0) =ug ?



Illustration:

u'(t) =bu(qt), u(0)=1;, b<0, 0<qg<l.

— T he solution is given by

It is an entire function of order zero.
(Comparison: For q =1, the solution is an
entire function of order one: u(t) = exp(bt).)

Example: b= -1, q=0.95:




Properties of solutions of VFIEs and VFIDES
(Representation / regularity)

e C(lassical VIES:

u(t) = g(t) + /OtK(t,s)u(s) ds, tel:=I[0,T]

Theorem (Volterra, 1896)

IfFKec C(D) (D:={(t,s): 0<s<t<T}), then
for any g € C(I) the VIE has a unique solution
u € C(I). This solution is given by

u(t) = g(t) + /Ot R(t,s)g(s)ds, tel,

where R € C(D) denotes the resolvent kernel
of K:

© @)
R(t,s) := > K;(t,s), (t,s)eD
j=1
(Neumann series of K). The jterated kernels
K; of K are defined by K;(t,s) := K(t,s) and

Kiyq(t,s) 1= /tK(t,V)Kj(V,S) dv (j>1).

S
Moreover,

KeCdD) and gecCcidd = uecd.
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e VIES: with delay function 0(t) =qt (0 <q< 1)

qt
u(t) = g(t) +/O K(t,s)u(s)ds, tecI:=I0,T]

Theorem (Andreoli (1914); Chambers (1990))
IFKe C(Dy) (Dg:={(t,s): 0<s<o(t) (tel)}),
then for any g € C(I) the VIE has a unique so-
lution u € C(I). This solution is given by

o0 qjt
u) =gt) + 3 |7 Kj(t,)g(s)ds, tel.
j=1

The iterated kernels Kj of K are defined by
Kq(t,s) := K(t,s) and

qt .
Kjpa(t:s) = [ Kt VKj(v,9)dv (> 1),

For 0 <qgq<1 the kernel K does not have a
Neumann series |

However, as for classical VIEs,

KeCdDy) and gecCcd@ = uecd.



e Classical VIDEs:

W (t) = a(t)u(t) + g(t) + /OtK(t,s)u(s) ds, tel

= VIDE is equivalent to VIE
t
u(t) = go(t) + [ H(t,s)uls)ds,
with
t
g0(t) := g + [ g(s)ds
and

t
H(t,s) = a(s)—l—/s K(v,s)dv .

Theorem: (Grossman & Miller (1970))

Ifaec C(I) and K € C(D), then for any g € C(I)
and any ug € R the VIDE has a unique solution
u € C(I) satisfying u(0) = ug. This solution is
given by

u(t) = r(t,0)ug + /Otr(t, s)g(s)ds, tel,

where the (differential) resolvent kernel r(t,s)
depends on a and K.

Moreover,

a,geCYI) and KecCiD) = uecdti).
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e VFIDEs with delay function 0(t) = qt (0 < q< 1)

o(t)
w/(t) = b(t)u(d(t)) + g(t) + /O K(t,s)u(s) ds,

with t e€I:=1[0,T] and u(0) = uyg.

Theorem: (Brunner & Hu (2007))

Assume that b, g € C4(I) and K € C4(Dy). Then
for each q € (0,1) and given ug the VFIDE has

a unique solution u e CAdtL(I) that satisfies
u(0) = uyg.

T his solution has the representation

- t
u(t) =1+ ) H;(t,s)ds uO—I—/O g(s)ds
Jj=1

H;(t,s)g(s)ds, t el

where

- 63 (t)
H (t,s) :=/ H(t,v)dv (j>1).

S
Here, the Hj;(t,s) are the iterated kernels of

H, (6.8) = b(0~1(s))8' (6~ (s)) + /;1(8) K(v.s)dv .
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e Summary:

If 0(t) =qt (0<q<1), orif 6 is nonlinear
and satisfies

(i) 6(0) =0, 0 is strictly increasing on I, and
(ii) 6(t) < gyt for some q; € (0,1), then
Smooth data = Solution of VFE is
(globally) smooth on [0, T].

e VFEs with non-vanishing delays
Assume: the delay function 6(t) =t — 7(t)
satisfies:

(D1) 7(t)>1 >0 fortel:=[ty, T]
(D2) 6 is strictly increasing on I;

(D3) 1€ CYI) for some d > 0.

Definition:
The points {£,} generated by

9(5,&) — glu—la M Z 1 (60 L= tO)a
are called the primary discontinuity points
(or: breaking points) induced by the delay func-
tion 6. — By (Dl): f/i _f,u—l > T0 (,u > 1).
— Assume: T such that

T =¢nmy forsome M > 1.
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— ‘Method of steps’ :
Solve VFE on I :=[¢,,€,11] (k=0,...,M).

Illustration:

a(t)
W' (t) = au(t) 4+ bu(6(t)) + /0 K(t,s)u(s) ds.
t € [0, T], with u(t) = ¢(t) for t <O0.

For t e I19:=10,£]; (= 0(t) e I :=[0(0),0]):
u'(t) = au(t) + ®¢(t).

where
0(t)
o(t) = bo(0(t)) + [ K(t,5)o(s) ds
IS known.
For t € 1= [¢4,€,41], (p=1,...,M):

u'(t) = au(t) + @,(t).

with known

a(t)
B,(t) := bu(4(t)) +/O K(t,s)u(s) ds.

Question: Regularity of solution u(t) at &, 7
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Representation of solutions:
Let 6(t) =t —7(t), 7(t) > 9 > 0. For contin-
uous data, the solution of the VFIDE

u'(t) = a(t)u(t) + b(t)u(d(t)) + g(t)

+OVu)(t) + Vou)(t), tel

(with u(t) = ¢(t), t < tg) on IW :=[¢g, ¢, 4]
IS given by

u(t) = r1(r, 00 + | " ri(t,s)g(s) ds

+Fu(t) + ®,4(t), teIW.

Here,

p—l §v41
Fu(t) == ) /g r,v(t,s)g(s)ds
v=0"5%"

pu—1
S puvs®ue) + G (t; ¢)

vr=0

and

Hl o orr(6)
Put) =Y [ ruu(t9)e(s) ds + G (t:9).

r=0
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Non-vanishing 7(t): Regularity results

¢ VFIDEs (and DDES):
u'(t) = au(t) 4+ bu(f(t)) + Vu)(t) + (Vyu)(t) :

Theorem: (Smoothing of solutions)
Assume that the given functions are arbitrarily
smooth , and Vy # 0. Then at t =¢,,

ueCt but ugCHTL (u=o0,...,M).
If b=0, thenat t=¢, (p=0,...,M),

u e C? (‘super — smoothing’).

Neutral VFIDE:

u'(t) = au(t) + bu(d(t)) + c’(6(¢))

+(Vu)(t) + (Vou)(t) :

Theorem: (Non-smoothing of solutions)
If given functions are smooth and c¢#* 0, then
at t=¢, (n=0,1,...,M),

ue CY but ug Cl
there is no smoothing at t = £, as u increases.

14



e VFIEs with non-vanishing delay: :

u(t) = g(t) + (Vu)(t) + (Vou)(t),
t € (0, T], with u(t) = ¢(t) for t <O0.

Theorem: (Smoothing of solutions)

For smooth data and Vy #= 0, the solution sat-
isfies

uecrl but u¢g CH

for py=1,... M. At t =&y = 0 the solution is
in general discontinuous; that is, u has a finite

Jump at t =¢p (except for specially chosen
initial functions ¢).

(Note:
0
u(07) = ¢(0). u(0t)=g(0) - o )Kl(O,S)cb(S) ds )
0
EXxercise: Reqgularity of solution of

u(t) = g(t) + () u(0(t)) + Wou)(t),

where

Wpu) (t) = /9 zt) K(t,s)u(s)ds ?
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e State-dependent delays

Example:

Mathematical model of population whose life
span depends on the size of the population
(crowding sffects) (Bélair, 1990):

t
u(t) = /t ey KE DG @E) ds, >0,

with u(t) = ¢(t) for t <O0.
— Survey of state-dependent DDEs:

F. Hartung, T. Krisztin, H.-O. Walther & J.
Wu, Functional differential equations with state-
dependent delays: theory and applications, in:
Handbook of Differential Equations: Ordinary Differen-
tial Equations, Vol. 3 (A. Cafada et al., eds.), pp. 435-
545, Elsevier, 2006.

— T he theory and numerical analysis of state-
dependent VFEs and VFIDES remain to be
established !
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Lecture I: Basic references

H. Brunner, Lecture Notes, 2008 Summer School
on Applied Analysis, TU Chemnitz: Sections 1
and 2.

J.K. Hale & S.M. Verduyn Lunel, Introduction
to Functional Differential Equations, Springer-
Verlag, 1993.

T. Kato & J.B. McLeod, The functional dif-
ferential equation v'(z) = ay(\x) + by(x), Bull.
Amer. Math. Soc. 77 (1971), 891-937.

A. Iserles, On the generalized pantograph func-
tional differential equation, Europ. J. Appl.
Math. 4 (1993), 1-33.

A. Bellen & M. Zennaro, Numerical Methods
for Delay Differential Equations, Oxford Uni-
versity Press, 2003. (Chapters 1 and 2)

H. Brunner, Collocation Methods for Volterra
Integral and Related Functional Differential Equa-
tions, Cambridge University Press, 2004. (Chap-
ters 2-5)

17



Lecture II:
Collocation in piecewise polynomial spaces

Mesh (or: grid) on I := [tg, T]:
I, ={tn: tg<t1 < - <tny=T},
with

€n -— (tn,tn—l—l]a hp 1= tm—l—l — tn;

h:=max{hn: 0<n <N -1} iscalled the mesh
diameter.

Definition: For givenintegers r > 1, -1 <d<r,
S{V (@) ;= {ve D) : vlep €m (0 <n<N-1)}

denotes the space of piecewise polynomials
(with respect to the given mesh I;,) of degree
r; if d > 0 these functions are globally in C4(I).

—  dimS¥Y(1,) =N@E —d) + (d+1).
For d = -1,

SV == {v: V]eg€m (0<n<N-1)).
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Illustration:
Approximation of the solution of the ODE

u'(t) = f(t,u(t)), te[0,T]; u(0) = uy,
by collocation in SQ)(Ih) (r=m, d=0).
Since dim Sﬁ?)(Ih) = Nm + 1, choose

Xh =

{tn+cihn: 0<ci1 <+ <em<1(0<n<N-1)}

as collocation points ( = |Xy| = Nm ),
— Find uy € Sgp(Ih) satisfying the ODE on
the finite subset X, of [0, T]:

uy, (t) = f(t,up(t)) for all te Xy,
with up(0) = uy.
Remark:
For kth-order ODEs ( k > 2),
u®(t) = £(t, ut),...,u& (1)),

choose the collocation space

S(d) d(Ih) with d:=k-—-1,

and the same set of collocation points Xy,
(since

dim S () = Nm+d+1=Nm+k).
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Questions:

e Collocation for ODEs (and VEs) in smoother
piecewise polynomial spaces:

siD(r,) with d>1 (d<r)?

e Computational form of collocation equa-
tion 7

e Global order of convergence (on I):

|lu —upllooc < ChP : p=7

e Local order of convergence (on Iy):

max{|u(t) —up(t)|: t €I} <ChP : p*>p?7

— Local superconvergence on 1y ?

e Do the above optimal orders remain true for
VFEs ?
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e Computational form of collocation equa-

tion: Let
m v—c

Li(v)=][ —=, velo,1] (G=1,...,m)
kj 3T Ok

denote the Lagrange canonical polynomials with
respect to the collocation parameters {c;} .
Setting Y, ; := uy(tn + c;hn) and

m
u’h(tn + vhy) = Z Lj(V)Yn,j, v € (0,1],
j=1

we obtain the local representation of the col-
location solution uy, € S]&?)(Ih) on the subinter-

val [tn, tn_|_1] :

up (tn + vhn) = up(tn) + hn Z 5j(V)Yn,j> v € [0,1],
j=1

with
A"
Bi(v) = /O Li(s) ds.
— Computation of {Y,;} (0<n<N-—-1):

m
Yn,i =f tn —|— Cihn, ¥Yn —I— hn Z aLan’j (’L = 1, “. ,m)
j=1

where yp = uh(tn) and Qi j L= ﬁJ(Cl)
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< The pair of equations (for 0 <n <N —1):

up, (tn + vhn) = up(tn) + hn Z 5j (V)Yn,ja v € [0,1]
j=1

(local representation of the collocation solu-

tion uy, € S&?)(Ih) on the subinterval [tn,t,41])
and

m
Yn,i — f(tn + Cihn, ¥Yn + h Z ai’an’j) (Z — 1, .o ,m)
j=1
(collocation equations for t =ty + c;hp )
represent an m-stage continuous implicit Runge-
Kutta method for solving the ODE initial-
value problem

u'(t) =f£(t,u(t)), t€[0,T; u(0)=uo

For arbitrary {c;} (andu € CI(I) withd > m + 1):

[u® — o), <ch™  (k=0,1).

— Question:
Choice of collocation parameters {c;} 7
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Convergence results for ODES: uy, € SQ)(Ih) .

o If ue Cmt+i(1):
u® —u®| < Ch™ (k=0,1) for arbitrary {c;}.

Let

1 y m
J,/:=/O s -I:II(S_Ci)dS (v € N).

o If uec C™*t2(1I) and Jy = 0:
Ju — uylloo < ML,
e Let ue Ctrt+I(T) (x <m).
If J,=0,v=0,...,k—1, and Js #0:

max{|u(t) — un(t)| : t € I;} < Ch™T*,

r=m: = {c;} are the Gauss points;

max{|u(t) — up(t)|: t € I} < Ch?™.

The underlying method is the m-stage contin-
uous implicit Runge-Kutta-Gauss method.
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Why ©O(h?™) -convergence on I, ?

Illustration:

u'(t) = a(t)u(t) +g(t), teL u(0) =ug
Collocation equation: uy € Sﬁn_l)(Ih) ;
uj, (t) = a(t)uy (t) + g(t) — 6, (t), t € I; uy(0) = uy,

where the defect function ¢4, vanishes at the
collocation points tn + c;hnp

op(t) =0 for all teXy.

= Collocation error e} := u — uy, satisfies

e, (t) = a(t)ep(t) + 5p(t), t €I, e,(0) = 0.

t
Thus, setting r(t,s) := exp (/ a(v) dV) ;
S

t
ep () =/O r(t,s)on(s)ds, tel.

— For t =tn € Ij:

n—1 1
eh(tn) — Z hg/o I'(tn, tg + Shg)(sh(tg + Shg) ds.
=0

— Recall that
5h(t€+cih€):0 fOI’izl,...,m;OSESN—l.
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— m-point interpolatory quadrature formula:
Abscissas {d;} with 0<d; <---<dm<1:

1 m
/O é(tn -+ shyp) ds = Zl wié(tn + dihn) + En(6),
J:
with quadrature weights
1 °
W; :=/0 Li(s)ds (j=1,...,m)

— Quadrature error E,(¢) .
e For arbitrary abscissas {d;} (and ¢ € C™):

En(¢)] < Qmhy' .
e If the {d;} satisfy
1 m
Ju :=/0 s” H(s—dj)ds (v=0,...,k—1)
i=1

and J. #Z=0 (1 <x<m), then
En(¢)| < Qmhy T,
provided that ¢ € C™m+~,

k. =m: The {d;} are the Gauss (-Legendre)
points (zeros of Pm(2s—1)).

k=m—1 and dm =1:
The {d;} are the Radau II points.

k=m-—2 and di =0, dm =1 (m > 2):
The {d;} are the Lobatto points.
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The collocation error e, := u — uy, satisfies

t
eh(t):/O r(t,s)on(s)ds, tel.

— For t =tn € I:

n—1 1
en(tn) = 3 hy /0 r(tn, t; 4 shy)dy (t, + shy) ds.
/=0

Set

¢n(ty + shy) := r(tn, t;, + shy)dy, (t, + shy).

Since 6,(t) =0 for t=t,+ thg e X, =
choose the collocation parameters as quadra-
ture abscissas (d;j =c¢; ) :

n—1 1 n—1
en(tn) = 3 by | "ot +sh)ds =0+ 3 heEy
(=0 ¢=0

for n=1,...,N. This implies that

n—1 n—1
len(tn)| < Y hy|Ey gl < Qmh™T* 3" hy < Cuh™*7,
(=0 ¢=0

with Cm := QmT. The optimal order (on the
mesh Iy,) is attained when k=mi < the
{c;} are the Gauss points.

However, we then only have

max{|u’(t) —u,(t)| : t € I\ {0}} < C;,h™ !
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ODEs: Collocation in smoother piecewise poly-
nomial spaces 7

o u,ec ST VM) (d=m-1):
— uy Iis divergent (as h — 0) whwn m > 4!
(Loscalzo & Talbot, 1967)

® uj < Sé(lz)(Ih) , 0<cp <cg=1:
uy, is divergent if

]__
“1.1.

C1

e w, €SP M) (m>4):

uy, is divergent if the {c;} are the Radau II
points.

(Complete convergence / divergence analysis for ODEs:
Multhei, 1979)

Remark:

The natural (and optimal) piecewise polyno-
mial spaces for (first-order) ODEs and VIDESs
are the spaces Sl(q?)(Ih) with m > 1

For VIEs the natural spaces are Sl(n__lg(lh). .
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Notes

1. Higher-order ODEs:
ul () = f(t,uct),...,uEV@) (k>2):

. . d .
— Collocation in Sl(m_)l_d(lh) with d:=k -1
and collocation points

Xh:{tn—I—Cihn: 0<C1<<Cm§1}

= Continuous Runge-Kutta-Nystrom meth-
ods.

2. The collocation solutions uy, € S]((I?)(Ih) for
the ODE

u(t) =ault), tel, wug=uy,
and vy € an__li(lh) for the ‘integrated ODE’

t
u(t) = ug —I—/O au(s)ds, tel

(Volterra integral equation), using the same set
Xy of collocation points, are identical only if
cm = 1. In particular:

— For the Gauss points: up(tn) # vp(tn) !
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Observations:

e Assume that the solution of a given func-
tional (differential or integral) equation admits
a ‘resolvent representation’ of the form

u(t) = r(t, 0)u(0) + /Otr(t,s)g(s) ds, tel

or

u(t) = g(t) + /Ot R(t,s)g(s)ds, tel.

Then the collocation solution (or a closely re-
lated ‘iterated collocation solution’) in the 'nat-
ural’ piecewise polynomial space for the given
VFE has the same superconvergence orders as
the one for ODEs.

This is true for classical Volterra integral and
integro-differential equations, and for delay dif-
ferential and Volterra functional equations with
non-vanishing delays (but not for VFEs with
vanishing delays like 6(t) =qt, 0 <q<1).

e [ he attainable order of superconvergence is
governed by the regularity of the solution u
and the choice of the collocation parameters.
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Volterra integro-differential equations:

t
w(t) = a(®)u(®) + (1) + | K(t.s)u(s)ds, tel
with continuous a, g and K. For given initial
value u(0) = ug the (unique) solution u € C1(I)
IS given by

u(t) = r(t,0)ug + /Otr(t, s)g(s)ds, tel

where the (differential) resolvent kernel r(t,s)
is defined by the resolvent equation

or

t
%: —r(t,s)a(s) —/S r(t,v)K(v,s)dv,

(0<s<t<T), with r(s,s) =1, sel.

— Collocation in SQ)(Ih): the collocation
€rror ey := u — uy has the representation

t
ep (t) :/0 r(t,s)on(s)ds, tel.
Thus: for the Gauss points {c;},

max{|ep(t)] : t € Iy} < Cmh?™,
as for ODEs !
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Volterra integral equations:

u(t) = g(t) + /OtK(t,s)u(s) ds, tel. :

For continuous g and K the (unique) solution
u c C(I) is given by

u(t) = g(t) + /Ot R(t,s)g(s)ds, tel,

where R(t,s) is the resolvent kernel of K:

@)
R(t,s) := > K;(t,s) (Neumann series),
=1

with Jiterated kernels K7 := K and

K y(t,s: :/StK(t,V)Kj(V,s) dv  (j>1).

Collocation: uy € Sﬁn__li(lh), and correspond-
ing iterated collocation solution

it t
ulf(t) = g(t)—l—/o K(t,s)uy(s)ds, tel :

- o it . it
resulting errors ey :=u—uy and ey '=u—uy,
have the representations

e (t) = oy, (t) + /Ot R(t,s)d,(s)ds, tel

and

elt(t) = ep(t) —op(t), tel:
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. t
N eg(t):/o R(t,s)6,(s)ds, tel

Collocation at Gauss points:
— Iterated collocation error at the mesh points
t=1tn (1 <n < N) satisfies

max{|elt(t)|: t e I}, \ {0}} < Cmh?®™.
But:

max{ley(t)| : t € I\ {0}} < Cmh™
only |
Note:
If cm =1, then
wt(tn) = up(tn), n=1,...,N,
and thus Eﬂ-’(tn) = eh(tn) . =
max{|ep(tn)]: 1 <n < N} < Cph?m-1

if the collocation parameters {c;} are the Radau
II points (k =m —1: zeros of (Pm —Py-1)(2s—1)).
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Lecture III:
VFEs with non-vanishing delays

Illustration: Collocation for DDE

u'(t) = f(t,u(t),u((t))), te]lo,T],

with 6(t) =t—7 (+>0); u(t) =¢(), t <O.
Primary discontinuity points: ¢, =p-7 (# > 0)
— Assume: T = &yyq for some M > 1, and
let TU = [64,€,41] (0 < p < M).

Collocation for DDE in S](q?)(lh) , with
constrained mesh I,

- U

p=0
(containing the points {¢,} ). I, is defined
by the local meshes

I(u) — {t(“) £ = t(u) t(u) << t(ﬂ) =&,41)

— Local representation of uy on [t(“) t( 1]

for t = t¢ +vh{"”, v e [0,1]; h{" = tggl 641):

wy(6) =y + {3 g Y,
j=1

with y$ = up, (t49), Yg? = uf (44 + c;hi{™).
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— Collocation points:

M ()
Xn = J X/,
/J/:

with

Xﬁ“’) :={t§1“)—|—cih$1”): i=1,....m 0<n<N-1}

For u=0,...,M: generate uy, € SQ)(Ih) by

and prescribed 0<cy<---<cm<1.

uj, (6) = £, up(8), up(0(8))), ¢ € XY,
with known uy(¢,) and (when p = 0)
u(0(ty” + ¢;hi?)) = ¢(0(t5” + c;hi)).
— Choose 6-invariant mesh:
oAy =11 for p=1,..., M.
Note that here we have
oty + b)) =¥V + b (u> 1),

since 0 is linear.
— If 6 is nonlinear:

9(131(1“) 4 cihg“)) _ tg“_l) 4+ Eihg“_l)

for some ¢; € (0,1].
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— Collocation solution uy, € Sﬁ?)(Ih) ;
u/ht — f(t7 uh(t>7 uh(t - T))7 t € Xha
with uy,(t) := ¢(t) if t € [—7,0].
Using the local representation of uy, on B tl(quzl]'

up (68 + vhiY) =y +0{0 S B()Y, v e [0,1]

n,j’
=1

we obtain (setting tflui) = 4" + ¢;h)

Y = ¢ [0y 4 n) iai,ym) o |

J ni’ T ni
J=1

with
@flfjg =u, (¢ + b - ) (i=1,...,m).
= (/" +cihyl")
If the mesh 1, is 6-invariant:

—1 —1 —1
w (67— ) = up (67 e ™) = ),
when 6 is linear. For nonlinear 6 we have

up (0(649)) = up (68 + gh{ ).

= m-Stage continuous implicit Runge-Kutta
method for the DDE

uv®) =f(,ut),u(t —7)), tel
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Optimal convergence estimates

Assume that the delay function 6(t) =t — 7(t)
satisfies:

(D1) 1(t)>71 >0 fortel:=[ty, T]

(D2) 6 is strictly increasing on I;

(D3) 7€ CYI) for some d > 0.

T heorem: (Bellen (1984))
Suppose that the mesh I, in SQ)(Ih) is 0-invariant,
and let the collocation parameters {c;} satisfy

1 m
J. :=/ s’ [[ (s —¢j)ds =0,
0 .=
1=1
v=0,...,k—1, for some k with 1 <k <m.
If the given functions in the DDE (including 6)
are sufficiently smooth, then:
(@)  |[u—upfoo < Crnh™+1.

(b)  max{|ju(t) —uy(t)|: t € I} < C;hmTs,

Here, h:= max(u){h(“)}.
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Summary: Constrained and é-invariant meshes

e Primary discontinuity points (or: breaking
points) {&,} induced by the delay function 6 :

0(&u) =&u—1 (=21, & :=0),
with £, —¢§, 1217 >0 forall p>1.
— Assume: T =¢&p\y4q for some M > 1.

e Definition:

A mesh I, on I:=][0,T] is called a con-
strained mesh if it contains the primary dis-
continuity points {£,} induced by 0, i.e.,

M
Ih = U Ih'u
p=0
is defined by the local meshes

1 = (1 g =0 < el <<t =€)

e Definition:
A constrained mesh I, issaid to be 6-invariant
if

o 1 — 1Y for =1, M;
that is, if
oty =t (n=0,1,...,N)

for u=1,..., M.
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Superconvergence analysis: VFIDEs

Let 0(t) =t —7(t), 7(t) > 79> 0. For t € [{,&,41]
the collocation error ey :=u—uy associated
with the collocation equation

uf (t) = a(t)uy(t) + b(t)u((t)) + g(t)

+(Vup) (t) + (Vowp(t) —on(t), tel

with 4,(t) =0 for t e Xy , has the represen-
tation

en(t) = r1(t.gen() + | " r1(t,s)dy(s) ds

+F,(t) + ®,(t), eI
Here,

p—1 1
Fu(t) == ) /SV-I_ . (t,s)dy(s) ds+

vr=0
p—1 .
S puv(t)en(&) + G (t;4)  and
v=0

Hed Ry ()
B,u(t) =3 /5 r (b, 8)dy(s) ds + GP(t; ¢),

vr=0
with
t
dy, (t) 1= /0 5,(s) ds .
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Equation for collocation error:

en(®) = ri(t,&en(60) + [ " r1(t, s)dy(s) ds

+FL(t) + Bu(t), teIW),
with

nloce,
F(t) = Z/ (6, s)dy (s) ds+
v=0"5¥

p—1 .
S puv(t)en(&) + G (t;¢)  and
vr=0

p—1  pu—v
B,,(t) ;= Z/ (t)ru,y(t,s)dh(s)ds—I—G&z)(t;¢).

vr=0

— b=t
If the mesh I, is 6-invariant, then

() =t (v=0,...,p).

Hence, we can estimate the integrals by em-
ploying the techniques used for non-delay VIDES
(and ODEs).

An analogous error representation holds for VFIEs.
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Superconvergence results for VFIDEs and VFIEs
with non-vanishing delays:

T heorem: (Bellen (1984); Brunner (2004))
Let the delay function 6(t) =t — 7(t) satisfy
(D1) 7(t)>719>0 fortel:=[ty, T]

(D2) 0 s strictly increasing on I;

(D3) 7 e CY4I), with sufficiently large d.
Then:

For sufficiently smooth data (including the ini-
tial function ¢ ), the collocation solutions in
sOa,) (for VFIDEs) or in SV (for
VFIEs) possess the same optimal orders of
local superconvergence on I, as the ones for
classical VIDEs and VIEs with similarly smooth
data if, and only if, the underlying mesh I, is
f-invariant.

For example, if the {c;} are the Gauss points:
max{|u(t) — u,(t)| : t € I} < C} h?™
for VFIDEs, and
max{[u(t) — ujf(t)| : t € I \ {0}} < Cjh%"™
for VFIEs.
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Remarks:

e Fully discretised collocation equations:
The integrals occurring in the collocation equa-
tions for VFIDEs and VFIEs,
1
/0 K (Y, 409 4 sh{)8:(s) ds

n,’

and

/O ' K (694,60 + sh{)Li(s) ds,
can in general not be found analytically and
thus have to be approximated by appropriate
quadrature formulas.

— Use m-point interpolatory quadrature
with abscissas given by the collocation points.
= Order of quadrature error is (at least) equal
to the local order of the exact collocation so-

lution.

e Non-monotonic delay functions:
See monograph by Bellen & Zennaro (2003); also:
Brunner & Maset (2008).
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A. Bellen & M. Zennaro, Numerical Methods
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Lecture 1V:
VFEs with vanishing delays

Volterra functional equations (on I := [0, T]):

o U/(t) =a(t)u(t) + b(t)u(d(t)) + Veu)(t) ,

o u(t) =g(t) + (Vyu)(t) ;

e u(t) =g(t)+ b(t)ulo(t)) + (Vou)(t) ;

Volterra integral operators (C(I) — C(I))
Vu)(t) = /OtKO(t,s)u(s)ds
(Vpu)(t) = /0 " K.t s)uls) ds.

Also: Wou)(t) = /;(t) K(t,s)u(s)ds.

Assume that the delay function 6 = 6(t)
satisfies:

(D1) 6(0) =0; 0(t) < gyt forsome q7 € (0,1);
(D2) @6 is strictly increasing in I;
(D3) 6 e Cd(I) for some d > 1.

— Pantograph equation:

u'(t) = au(t) +bu(qt), t €1 :
Ot) =qt=t—-(1—-q)t, 0<g<1.
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Illustration: Pantograph DDE: 6(t) = qt

u'(t) = au(t) +bu(qt), t€[0,T] (0<qg<1),

with u(0) = uy.
Collocation solution uy, € S&?)(Ih), with uniform
mesh Iy:

uil(t) = auh(t) -+ buh(qt), t € Xy, U.h(O) = ug.
Define:
I.__ q
q =[5 q
For the collocation points t =tn 4+ c;h € en,
the images q(tn + c;h) satisfy

_ q
c1], qll:=7

e Phasel. 0 <n< qI
q(tn —I— Clh) - (tn,tn_|_]_) for a_" 1= ]_7 ..., 1T,

e Phase II. ql <n < dl!
q(tn + c;h) < tnp for some i< m.

e Phase III: gll<n<N-1
q(tn +c;h) <t forall i=1,... m.
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Continuous implicit Runge-Kutta method:
uy, € SQ)(Ih), with uniform Iy:

m
uh(tn -+ Vh) = uh(tn) + h Z ﬁj(V)Yn,j7 , 'V € [0, 1].

j=1
Let Yn = (Yn’l,...,Yn.m )T - R’l’l .

e Phasel. 0<n<K qI
= Linear algebraic systems for Yn:

[Zm — h(An + Bi(q))]Yn = 1y,
e PhaseII. ql<n<ql!

[Zm — h(An + BE (@) Yo = vl + Bl(@) Y, 1.
e Phase III: qgll<n<N-1

[Zm — hAn]Yn = I'EI + BﬁII(Q)Yﬁa

for some n < n. Here, Z;m denotes the identity
matrix in IR**M and A, is the Runge-Kutta
matrix corresponding to the ODE part in the
pantograph DDE.

46



Collocation solutions for VFIDES

u'(t) = a(t)u(t) + b(t)u(d(t))

+(Vu)(t) + (Vyu)(t),i t €1,

with delay function 6 satisfying

(D1) 6(0) =0; 0(t) <qqt forsomeqy € (0,1);
(D2) 6 is strictly increasing in I;

(D3) 6 e Cd(1) for some d > 0.

Let Ij, ;={{tn: 0=ty <ty <. ---<tpn=T}, with
en .— (tn,tn_|_]_]7 hn — tn_l_]_ — tn, h = rr(]a)X{hn}

n
e Collocation space:

SO1) :={veCI): View €mm (0<n< N-1)},

with = dim (S (1;,) = Nm + 1.
e Collocation equation: Find uy € Sﬁr?)(Ih)
so that for all t € Xj,,

uj,(6) = a(t)up(t) 4+ b(t)uy(0(t))

+Vuy) (t) + (Veup) (t) ,
with uh(O) = uy.
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— Structure of algebraic equations for Yn in
the local representation of uy,

() = up(tn) + b > Bi(V) Yy ve[0,1]
j=1

e Phasel:T 0<n<K qI

[Zm — h(An + Bi((l)) — hz(cn + CEI(QD]YH — r£-

e Phasell: q!<n<dgl

[Zm — h(An + Blqu(Q)) — h? (Cn + CE(Q))]YH

= + h[B(q) + hCl(q)] Yy_1.

e PhaseIII: qll<n<N-1

[Zm — h(An + hCn)]Yn

=y +hiBy" (@) + G ()] Y5,

for some n < n.
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Collocation solutions for VFIEs

u(t) =g(t) + Vu)®) + Vyu)(t), te[0,T],
with

t
(Vu)(t) = /O Ko (t,s)u(s) ds

and

o(t)
(Vou)(t) = /0 K, (t,s)u(s)ds .

€en .— (tn,tn_l_]_], hn = tn_|_]_ — tn, h = r?a)X{hn}
1n

e Collocation space:
S I == {v: Vley € Tm_1 (0<n <N}
e Collocation points:
Xh::{tn—l—Ckhn: OS?’LSN—].},

with 0<ci < ---<em<1.
e Collocation equation: Find uy € Sg_l%(lh)
so that

up(t) = g(t) + (Vuy)(t) + Veup)(t), t e Xy,.

< Iterated collocation solution:

ult(t) := g(t) + (Vup) (t) + Vpup)(t), t el

Note that wlt(t) = u,(t) for all te Xy .
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VFEs with vanishing delays:
Global (super-) convergence on uniform Iy:

o u,eSUN(T) for the VFIE

u(t) = g(t) + (Vu)(t) + (Vpu)(t), t e I:

T heorem: (B. & Hu (2005))
(i) For general {cy}:

Ju - upfloo < Crmh™ .

(ii) If the {cy} are the m Gauss pointsin (0,1):

Ju— ult||o < Cmh™T1.

o uy,c ST, for the VFIDE

u'(t) = au(t) + bu(6(t)) + (Vu)(t) + (Vpu)(t), t € I

T heorem: (B. & Hu (2007))
(i) For general {c;}:

lu — uploo < Cmh™ .

(ii) For the Gauss points {c,}:

Ju - upfloc < Crah™ 1.
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VIDEs with vanishing delays:
Local superconvergence on uniform I,

Collocation solution uy, € Sfr(lii_d(Ih) (d :=k-1),
with uniform mesh 1, for

u®(t) = a(t)u(t) + b(t)u(o(t))

+(Vu)(t) + (Vyu)(t) t € I:=[0,T],
with delay function 6(t) =qt (0 < q< 1).

T heorem: (B. & Hu (2007) (k=1); B. (2008))
If the {c;} are the Gauss points :

) 2m i —
rtré?}): [uv/(t) —up”(t)] < Cr(a) { h™+2  if m > 2,

for j=0,...,k—1 and all qe€ (0,1) .

Special case: Pantograph DDE:

u'(t) = a(t)ut) + b(t)u(qt) (0<g<1).

The proofs of the optimal local superconver-
gence results for VFIDEs and VFIEs are based
on the representations of the solutions

ey, ‘= u—u Of the error equations.
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VFIEs with vanishing delays:
Local superconvergence on uniform I

Collocation solution uy, € an__li(lh) and cor-
responding iterated collocation solution uif
for

u(t) = g(t) + (Vu)(t) + Vew)(t), t€[0,T],
with 6(t) =qt (0<q<1)

— QObservation: (B. (1997))

t
u(t)=u0—l—/0q(b/q)u(s)ds, t>0, 0<q<1:

If collocation is at Gauss points, then uit(h)
is not the (m, m)-Padé approximant to u(h):

lu(h) — up(h)| = O(hP") with p*<2m—+1.

T heorem: (B. & Hu (2005))
If the {cy} are the Gauss points and m > 2 :

' h+2 o q=1/2
T?x lu(t) — uif(t)l < Ch(q) and m even,
€lh hm+1l  otherwise.

Comparison: For q=1 (classical VIE):
max{|u(t) — ujf(t)| : t €I\ {0}} < Cjh?™.
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Open Problem:

Superconvergence analysis of iterated collo-
cation solution “if corresponding to

uy, € S](m__li(Ih) (on uniform mesh I,) for the
VFIEs

u(t) = g(t) +b(t)ud(t)) + (Veu)(t), t€[0,T],
and

u(t) = g(t)+b(t)u(0(t))+Weu)(t), t € [0,T],
with

t
(Wpu) (t) = /9 ) K (6 9)u(s) ds,

and 0(t) =qt (0<g<1)7?
— Ill-posed problem (Denisov & Lorenzi (1997))

Special case:

u(t) = g(t) + b(t)u(6(t)), t € [0,T]
(Liu (1995): m = 1).
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Representation of collocation errors: VFIDESs
The collocation error e, :==u —uy for

u® () = a(t)u(t) + b(t)u(o(t))

+(Vu)(t) + (Vpu)(t) (k>1),

with vanishing delay function 6(t) (e.g. 6(t) = qt )
satisfies the VFIDE

el (t) = a(t)epn(t) + b(t)en(8(t)) + 5, (t)

+(Vey)(t) + (Vgep)(t), t € [0,T],

with e (0) =0, j=0,...,k— 1. The defect
function 6 (t) is piecewise smooth and van-
ishes on Xy, .

For a(t) =0, V=0 the solution of the error
equation is given by

63 (t)
en(t) = dy () + z / Hy j(t,s)dp(s) ds, t € [0,7],

where the kernels Hy ; are smooth and

_ g k—1
dy, (t) 1= /Ot (t(k _)1)! 5 (s) ds .

For t =tn (uniform mesh), 6)(tn) = tq,; + b
where

dnj = [#(tn)/h] €N, ;= (tn)/h—qy; €[0,1).
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For 0(t) =qt, t =thn =nh (1 <n <N):

00 qjtn
en(tn) = dp(tn) + 3 [ 7" Hyj(tn,$)dy(s) ds,
=1

with
1J(t—s)k_1
dy, (t) ;= ) d if k>1,
n(t) = [ gy h®ds f k>
and
dh(t) L= 5h(t) it k=0.

(Recall that §,(t) =0 for t e Xy .)

Since 6)(tn) = tq,; + mjh , we have

qjtn tqn
/O Hy ;(tn, s)d,(s) ds = /O  Hy ;(tn, s)dy(s) ds

Tn.j
+h /O "H(tn, tq, ; + sh)dy (b, ; + sh) ds .

(etc.)
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Collocation on (quasi-) geometric meshes

I. Non-vanishing delay techniques:
On [0, tg] (with suitably small tg = tg(q; N) > 0),
assume given initial approximation to u(t).
— Choose geometric macro-mesh on [tg, T]
given by

{& :=q"" T :0< u<k}, k==r(qN),
with appropriate « such that &g :=tg— 0 as
N — co. — Local (uniform) meshes:
Iﬁ“) =t - = t(()“) < tg”) < - < tl(\?) =¢,1}-

=- Collocation solution uy, € SI(I?)(Ih) (at Gauss
points, and on the global 6-invariant mesh

k—1
I, = |J I\*) for the VFIDE
p=0

u'(t) = a(t)u(t) + b(t)u(0(t)) + (Vu)(t) + (Vou)(t) :

= max|u(t) — uy(t)| < CH(q)N"™ .
tGIh

(Bellen (2002) (DDEs), Bellen, B., Maset & Torelli
(2006) (VFIDEs))
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II. Vanishing delay techniques:
(Brunner, Hu & Lin (2001), B. & Hu (2007))
Global geometric mesh on [0,T]:

I, ={tn = t§¥ := dN"2T: 0 < n < N},

with suitably chosen d =d(q;m,N) € (0,1) .
Collocation in Sl(q?)(Ih) for VFIDE

u'(t) = a(t)u(t) + b(t)u(d(t)) + (Vu)(t) + (Vou)(t),
using the Gauss points, vields

max [u(t) — up(t)| < C,(q)N~(2m—en)
tEIh

where ez — 0, as N — 0.

Question:

Numerical comparison of collocation solutions
on quasi-geometric meshes (approach of Bellen
et al.) and on geometric meshes (approach
of Brunner & Hu) 7

Remark:

The variable stepsize code RADARDS (Guglielmi

& Hairer (2001, 2005)), when applied to pantograph-
type DDEs, appears to generate meshes Iy,
with stepsizes {hp} that show exponential-like
growth (Guglieimi (2006)).

57



Multiple vanishing delays:

The attainable order of local superconvergence
at t=t;y =h for the double pantograph
equation,

u'(t) = au(t) + byu(qyt) + bau(qat), ¢ € [0,T],

where 0<qy <qg <1, is discussed in Znhao,
Xu & Qiao (2005); see also Qiu, Mitsui & Kuang
(1999) and Liu & Li (2004).

e Optimal superconvergence of uy, € S]&?)(Ih)
on uniform meshes I}, for the multiple delay
VFIDE

u'(t) = a(t)u(t) + > bj(t)u(d;(t))

j=1

+ Z (VQJU)(t)a t € [OaT]a
j=1

where 6;(t) =qjt, 0<qi <---<aqr<1.

T heorem: (B. (2008))
Collocation at Gauss points leads to

max{|u(t) — uy(t)| : ¢ € Iy} < Ch(q)h™ 2
forany q:=(qy,...,q9r) (r>2) andall m > 2.
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e Optimal orders of superconvergence of

uy € an__l%(lh) and corresponding uﬂ? , ONn uni-
form meshes, for VFIES with multiple vanishing
delays,

u(t) =g(t) + > (Vo,u)(t), t<[0,T],
i=1

where 6;(t) =qt, 0 <q; <---<qr<1:

T heorem: (B., 2008)

Local superconvergence for up oOr ult  with
p*=m+4+2 (m > 2) is not possible. If the
{c;} are the Gauss points, then the optimal
local order of convergence on uniform meshes
I}, is described by

max{|u(t) — ult(t)| t € I \ {0}} < Ciy(q)h™T1

for all q:=(q,...,qr ). It coincides with the
optimal global order of superconvergence of ui}f
on I.
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‘Integral-algebraic’ VFEs
(VFEs with non-local comstraints)

Illustration:

u'(t) = F(t,u(t), u(d(t)), w(t), w(o(t))), te[0,T],

0=g(t) + ett) k(t —s)G(s,u(s),w(s))ds,

with delay function 6(t) satisfying 6(0) =0
(etc.).

(Collocation for delay DAEs with non-vanishing delays
and local (algebraic) constraints was studied by Hauber
(1997).)

— Open problem: For 6(t) =qt (0<g< 1),
the convergence analysis ( h — 0 ) of colloca-
tion solutions uy, € Sfr:_l%(lh) (with uniform Iy,)
for the first-kind VFIE ( — Volterra (1897) !)

0= g(t) + /qtt K(t,s)u(s)ds, t e [0,T],

where g(0) =0, g € C1(I); |K(t,t) > kg > 0 and
K € C1(Dy), is open.

o q=20:

n ]-_Ci
|lu — up|lcc — O & 1] —<1.
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V. Concluding Remarks:
Current and future research work

e DDEs and VFEs with non-monotonic
(vanishing) delay functions
— Illustration:

0(t) = ait + (g2 — q1)tsin?(wt) t >0,
with 0<qgqi1<qe<1, w=>1.

Brunner & Maset (2008); B. & Guglielmi (2008)

e VFEs with weakly singular kernels
VFIDEs and VFIEs corresponding to delay in-
tegral operators of the form

Vpaw)(®) = [ (k) K (t, us) ds
and
t
Wo,aw)(8) i= [ (t—)""K(t,s)u(s) ds,

0(t)
with 0<a<1.

< 0(t) =t —1(t), 7(t) > 79 > O
Brunner, Appl. Numer. Math. 57 (2007), 533-548.

— t)=qt (0<q<11):
Current work with Q.-Y. Hu (collocation) and D. Schotzau
(discontinuous Galerkin method).
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e Analysis of asymptotic stability (and con-
tractivity) of collocation solutions on uniform
meshes for VFIDEs with vanishing delays
(e.g. for 6(t) =qt (0<q<1)?

T he solutions of the pantograph DDE
u'(t) = au(t) + bu(qgt), t>0,
satisfy t“—[?o u(t) =0 if
Re(a) <0 and |b| < |al. (1)

— Open Problem 1:
For which {c;} does the collocation solution

up € SQ)(Ih) , with uniform I, , satisfy

im un(t) =0 ?
t—o0

Special case: m=1,q=1/2 : ¢ €[1/2,1]
(Buhmann, Ngrsett & Iserles (1994); Liu, Wang &
Hu (2005)).

— Open Problem 2:
Assume (1). For which (continuous) kg and
ky are the solutions of the VFIDE

W' (t) = au(t) 4+ bu(qt) + /O kot — s)u(s) ds

+/Oqt kq(t —s)u(s)ds, t >0,

asymptotically stable 7
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e DEs and VFEs with advanced arguments

Illustration:

u'(t) = au(t) + bu(qt), t>0, q>1 :

— Ill-posed problem !
— Numerical analysis remains open.

Application:
Modelling of cell growth: steady-state distribution
of population of cells that grow and divide (each mother

cell divides into ¢ > 1 daughter cells of same size).

See, e.g., Hall & Wake (1989,1990-+), Wall (2007);
also: Marshall, van Brunt & Wake (2004) and refer-

ences.
e Design of VFE software

— Extension of RADARS5 to VFIDEs (and
VFIEs) ?

(See www.unige.ch/“hairer  for details of
RADARS.)

64



e Collocation for VFEs with state-dependent
delays

Illustration:

Population growth with ‘crowding effects’ (Bélair
(1991)):

t
u(t) = /t ey PE G ds, >0

— Attainable order of (super-) convergence of
iterated collocation solution corresponding to
collocation solution uy, € S]En__li(Ih) 7

Current work with Stefano Maset (Trieste)

e Partial VFIEs

Illustration:

Time-stepping for (semi-discretised) system cor-
responding to the partial VFIDE

t
0 — Au = /O k(t — s)G(u(s, ), u(6(s),-)) ds,

withx € Q c Rl (d =1,2), u(t,0) = ug(x) (plus
homogeneous BCs), 6(0) = 0, and

G(u,w)=auP+bw', p>1, r>1.
(— J. Wu, Theory and Applications of Partial Func-
tional Differential Equations, Springer-Verlag, 1996)
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