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2000.

5



6 BIBLIOGRAPHY



Chapter 1

Introduction

1.1 The Hilbert space

Let H be a linear space (in general over the field of complex numbers). A map H×H −→ C ,
(x, y) 7→ ⟨x, y⟩ is called scalar product or inner product on H , if the following conditions
are satisfied:

(S1) ⟨x, x⟩ ≥ 0 ∀x ∈ H and ⟨x, x⟩ = 0 ⇐⇒ x = Θ ,

(S2) ⟨x, y⟩ = ⟨y, x⟩ ∀x, y ∈ H ,

(S3) ⟨αx+ βy, z⟩ = α ⟨x, z⟩+ β ⟨y, z⟩ ∀x, y, z ∈ H , ∀α, β ∈ C .

One has the Cauchy-Schwarz inequality

|⟨x, y⟩| ≤
√
⟨x, x⟩

√
⟨y, y⟩ ∀x, y ∈ H . (1.1)

Using this inequality one can show that

∥x∥ =
√
⟨x, x⟩ (1.2)

defines a norm on H . A linear space (H, ⟨., .⟩) with inner product is called unitary space, if
(H, ∥.∥) with ∥x∥ =

√
⟨x, x⟩ is a Banach space. A unitary space H is called Hilbert space, if

for all n ∈ N there exists a linearly independent system in H with exactly n elements.

Proposition 1.1 Let (H, ⟨., .⟩) be a Hilbert space.

1. The map ⟨., .⟩ : H×H −→ C , (x, y) 7→ ⟨x, y⟩ is continuous.

2. If L ⊂ H is a linear subspace of H , then

L⊥ := {x ∈ H : ⟨x, y⟩ = 0 ∀ y ∈ L}

is a closed linear subspace of H , the so called orthogonal complement of L , where
L ∩ L⊥ = {Θ} .

3. Let L ⊂ H a closed linear subspace of H . Then, each element x ∈ H admits the unique
representation x = y + z with y ∈ L and z ∈ L⊥ . Moreover,

∥x− y∥ := inf {∥x− w∥ : w ∈ L} .

The vector y is called orthogonal projection of x onto L . Furthermore, we write H =
L⊕ L⊥ .

7
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4. If L ⊂ H is a linear subspace, then L = H if and only if there exists no x∗ ∈ H \ {Θ}
such that ⟨x, x∗⟩ = 0 for all x ∈ L .

A system B = {b0, b1, . . . , bn, . . .} = {bn} ∞
n=0 ⊂ H is called linearly independent, if each finite

subsystem is linearly independent. The system B is refered to as an orthonormal system
(ONS), if ⟨bj , bk⟩ = δjk for all j, k = 0, 1, 2, . . . Remark, that each ONS is automatically linearly
independent.

Corollary 1.2 (Schmidt’s orthogonalisation method) Let {bn} ∞
n=0 be a linearly indepen-

dent system. Set

a0 =
1√

⟨b0, b0⟩
b0 .

Then ⟨a0, a0⟩ = 1 . We determine β10 ∈ C such that

ã1 = b1 + β10a0

is orthogonal w.r.t. a0 , i.e. β10 = −⟨b1, a0⟩ . Since ã1 ̸= Θ we can set

a1 =
1√

⟨ã1, ã1⟩
ã1 .

If a0, . . . , am−1 ∈ span {b0, . . . , bm−1} are determined such that

⟨aj , ak⟩ = δjk , j, k = 0, 1, . . . ,m− 1 ,

then we set

ãm = bm +
m−1∑
k=0

βmkak mit βmk = −⟨bm, ak⟩

and

am =
1√

⟨ãm, ãm⟩
ãm .

In this way we obtain an ONS {an} ∞
n=0 with the property

span {a0, . . . , an} = span {b0, . . . , bn} , n = 0, 1, 2, . . .

Corollary 1.3 Let {en} ∞
n=0 be an ONS in H ,

Lm = span {e0, . . . , em} , m = 0, 1, 2, . . . ,

and

L =

{
m∑
k=0

αkek : αk ∈ C, m = 0, 1, 2, . . .

}
.

Then
m∑
k=0

⟨x, ek⟩ ek

is the best approximation to x ∈ H by elements from Lm . The numbers γk = ⟨x, ek⟩ are
called Fourier coefficients of x w.r.t. the ONS {en} ∞

n=0 . Bessel’s inequality

∞∑
k=0

|⟨x, ek⟩|2 ≤ ∥x∥2
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holds for all x ∈ H . If L = H , then

lim
m→∞

∥∥∥∥∥x−
m∑
k=0

⟨x, ek⟩ ek

∥∥∥∥∥ = 0 , d.h. x =
∞∑
k=0

⟨x, ek⟩ ek , ∀x ∈ H .

In this case Parseval’s equality

∞∑
k=0

|⟨x, ek⟩|2 = ∥x∥2 ∀x ∈ H ,

is in force, and we call und man nennt {en} ∞
n=0 a complete orthonormal system (CONS)

in H and the map F : H −→ ℓ2 , x 7→ (⟨x, en⟩) Fourier transform, which, due to Parseval’s
equality, is an isometric isomorphism.

1.2 Linear and bounded operators

Let X and Y be linear spaces over the field K of real or complex numbers. As it is well known
a map f : X −→ Y , x 7→ f(x) is called linear, if for arbitrary x1, x2 ∈ X and α1, α2 ∈ K the
relation

f(α1x1 + α2x2) = α1f(x1) + α2f(x2)

holds. Often such a linear map is named linear operator , and instead of f(x) there is written
Ax . The set of all linear operators between X and Y is denoted by L(X,Y) . If we define

(αA+ βB)x = α(Ax) + β(Bx) , α, β ∈ K , A,B ∈ L(X,Y) ,

then L(X,Y) is a linear space over K .

Proposition 1.4 Let (X, ∥.∥X) and (Y, ∥.∥Y) be two normed spaces over the field K as well as
A ∈ L(X,Y) . Then the following assertions are equivalent:

(a) A : X −→ Y is a continuous map.

(b) A : X −→ Y is uniformly continuous.

(c) A : X −→ Y is in Θ continuous.

(d) There exists a constant M ≥ 0 such that

∥Ax∥Y ≤M ∥x∥X ∀x ∈ X . (1.3)

If there is no risk of misunderstanding, in what follows we will omit the indices of the notation
of the norms.

The set of operators A ∈ L(X,Y) , for which one (and, consequently, each) of the assertions
(a)-(d) of the Proposition 1.4 is true, will be denoted by L(X,Y) . If, for A ∈ L(X,Y) , we
define

∥A∥X→Y := sup {∥Ax∥ : x ∈ X, ∥x∥ ≤ 1} . (1.4)

then (L(X,Y), ∥.∥X→Y) becomes a normed space, the space of all bounded linear operators.
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Proposition 1.5 If Y is a Banach space, then L(X,Y) is a Banach space, too.

The elements of L(X,K) are called linear functionals. The space (L(X,K), ∥.∥X→K) of all
linear and continuous functionals is called the dual space of X and is denoted by X∗ .

Theorem 1.6 (Riesz’ representation theorem) Let H be a Hilbert space and f ∈ H∗ . Then
there exists a unique xf ∈ H , such that

f(x) = ⟨x, xf ⟩ ∀x ∈ H .

Moreover, ∥f∥H∗ = ∥xf∥H .

Consequently, H∗ and H can be identified.

Lemma 1.7 Let X and Y be normed spaces and F ⊂ L(X,Y) be a family of linear and bounded
operators, which is pointwise bounded on X , that means

sup {∥Ax∥ : A ∈ F} <∞ ∀x ∈ X .

If there are an x∗ ∈ X and an ε > 0 , such that the set of real numbers

M(x∗, ε) := {∥Ax∥ : A ∈ F , x ∈ X , ∥x− x∗∥ ≤ ε}

is bounded, then sup {∥A∥ : A ∈ F} <∞ .

The following theorem states a fundamental result in functional analysis, the principle of
uniform boundedness.

Theorem 1.8 Let X be a Banach space and Y be a normed space. If a family F ⊂ L(X,Y)
of linear and bounded operators is pointwise bounded on X , then F is uniformly bounded, i.e.
sup {∥A∥ : A ∈ F} <∞ .

For sequences (An)
∞
n=1 ⊂ L(X,Y) of linear and bounded operators, we distinguish three conceps

of convergence:

� norm convergence: ∃A ∈ L(X,Y) : limn→∞ ∥An −A∥L(X,Y) = 0

(denoted by A = limn→∞An)

� strong convergence: ∃A ∈ L(X,Y) : limn→∞ ∥Anx−Ax∥Y = 0 ∀x ∈ X

(denoted by An −→ A)

� weak convergence: ∃A ∈ L(X,Y) : limn→∞ f(Anx) = f(Ax) ∀x ∈ X , ∀ f ∈ Y∗

(denoted by An ⇀ A)

Proposition 1.9 (Banach-Steinhaus) Let X and Y be Banach spaces, X0 ⊂ X a X dense
subset and An ∈ L(X,Y) , n = 0, 1, 2, . . . Then the sequence (An)

∞
n=0 converges strongly if and

only if (Anx)
∞
n=0 is a Cauchy sequence for all x ∈ X0 and the sequence of numbers (∥An∥) ∞

n=0

is bounded.

1.3 On the spectrum of compact operators

The spectrum σ(A) of an operator A ∈ L(X) := L(X,X) consists of all numbers λ ∈ C , for
which A − λI : X −→ X is not invertible. A number λ ∈ σ(A) is called eigenvalue of A , if
dimN(A− λI) > 0 . The subset of L(X) of compact operators will be denoted by K(X) .

Theorem 1.10 If X is a Banach space and if T ∈ K(X) , then σ(T ) \ {0} consists of at most
countable many eigenvalues, which only possible accumulation point is zero.
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1.4 Spaces of measurable functions

On the set S of all w.r.t. the Lebesgue measure m measurable functions f : [0, 1] −→ C we
consider the equivalence relation

f ∼ g ⇐⇒ m {t ∈ [0, 1] : f(t) ̸= g(t)} = 0 ,

and, in what follows, we identify the measurable function f with its coset [f ]∼ . By S = S(0, 1)
we refer to the space of all these cosets equipped with the metric

ρ(f, g) =

∫ 1

0

|f(t)− g(t)|
1 + |f(t)− g(t)|

dt .

Proposition 1.11 The convergence in S is the convergence w.r.t. the measure, i.e. fn −→ f
in S if and only if for all ε > 0

lim
n−→∞

m {t ∈ [0, 1] : |fn(t)− f(t)| > ε} = 0 .

Proposition 1.12 The metric space S is complete and separable.

Let 1 ≤ p < ∞ . By Lp = Lp(0, 1) we denote the subset of S of all functions (more precisely,
cosets of functions) f , for which |f |p is integrable. We equip Lp with the norm

∥.∥p : L
p −→ R , f 7→

(∫ 1

0
|f(t)|p dt

) 1
p

.

Proposition 1.13 The spaces (Lp, ∥.∥p) , 1 ≤ p <∞ , are separable Banach spaces.

By L∞ = L∞(0, 1) we denote the subset of S of essentially bounded functions, where we define
∥.∥∞ : L∞ −→ R ,

f 7→ ess sup {|f(t)| : t ∈ [0, 1]} := inf {M ∈ R : m {t ∈ [0, 1] : |f(t)| > M} = 0} .

Proposition 1.14 (L∞, ∥.∥∞) is a Banach space.
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Chapter 2

Special classes of operators

2.1 Selfadjoint operators

For A ∈ L(H) , the adjoint operator A∗ ∈ L(H) is defined by

⟨Ax, y⟩ = ⟨x,A∗y⟩ ∀x, y ∈ H .

We call A ∈ L(H) selfadjoint, if A∗ = A . In all what follows we consider complex Hilbert
spaces. (i.e., H is a linear space over the field of complex numbers).

Proposition 2.1 An operator A ∈ L(H) is selfadjoint if and only if ⟨Ax, x⟩ ∈ R ∀x ∈ H .

Proposition 2.2 If A ∈ L(H) is selfadjoint then

∥A∥ = sup {| ⟨Ax, x⟩ | : x ∈ H, ∥x∥ ≤ 1} .

Since, for selfadjoint operators A,B ∈ L(H) , we have (AB)∗ = B∗A∗ = BA , the product of
two selfadjoint operators is selfadjoint if and only iff BA = AB .

Let A ∈ L(H) . By N(A) and R(A) we refer to the nullspace and the image space of the
operator A , respectively,

N(A) = {x ∈ H : Ax = Θ} , R(A) = {Ax : x ∈ H} .

We recall the following assertions:

(a) A ∈ L(H) =⇒ N(A∗) = R(A)⊥ and R(A) = N(A∗)⊥

(b) A ∈ L(H) is invertible if and only if there exists an ε > 0 such that

∥Ax∥ ≥ ε ∥x∥ und ∥A∗x∥ ≥ ε ∥x∥ ∀x ∈ H .

(c) Consequently, the selfadjoint operator A ∈ L(H) is invertible if and only if there exists an
ε > 0 such that

∥Ax∥ ≥ ε ∥x∥ ∀x ∈ H .

Proposition 2.3 If A ∈ L(H) is selfadjoint then σ(A) ⊂ R , and the eigenvectors w.r.t. differ-
ent eigenvalues are orthogonal. Moreover, σ(A) ⊂ [mA,MA] with

mA = inf {⟨Ax, x⟩ : x ∈ H, ∥x∥ = 1} and MA = sup {⟨Ax, x⟩ : x ∈ H, ∥x∥ = 1} .

13
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Definition 2.4 We call an operator A ∈ L(H) positive, if ⟨Ax, x⟩ ≥ 0 for all x ∈ H .

In view of Proposition 2.1 each positive operator is selfadjoint. For two selfadjoint operators
A,B ∈ L(H) we write A ≤ B or B ≥ A , if B −A is positive, i.e. ⟨Ax, x⟩ ≤ ⟨B x, x⟩ ∀x ∈ H .

Proposition 2.5 If A ∈ L(H) is positive then the generalized Cauchy-Schwarz inequality

| ⟨Ax, y⟩ |2 ≤ ⟨Ax, x⟩ ⟨Ay, y⟩ , x, y ∈ H ,

holds.

Proposition 2.6 Let A,B,C ∈ L(H) be selfadjoint and T ∈ L(H) . Then:

1. A ≤ B , B ≤ C =⇒ A ≤ C

2. A ≤ B =⇒ A+ C ≤ B + C

3. A ≤ B , B ≤ A =⇒ A = B

4. A ≥ Θ =⇒ T ∗AT ≥ Θ

5. A ≥ Θ =⇒ An ≥ Θ , n ∈ N

6. γ ∈ R , Θ ≤ A ≤ γI =⇒ A2 ≤ γ A

Since mAI ≤ A ≤MAI folgt 0 ≤ A−mAI ≤ (MA −mA)I , we have

(A−mAI)
2 ≤ (MA −mA)(A−mAI) = (MAI −A)(A−mAI) + (A−mAI)

2 ,

which implies (MAI −A)(A−mAI) ≥ Θ .

Proposition 2.7 If A ∈ L(H) is selfadjoint then mA,MA ∈ σ(A) (cf. Proposition 2.3).

A sequence of operators An ∈ L(H) is called bounded, if the sequence (∥An∥) ∞
n=1 is bounded.

A sequence of selfadjoint operators An ∈ L(H) , n ∈ N , is said to be monotone, if neighter
An ≤ An+1 ∀n ∈ N or An ≥ An+1 ∀n ∈ N .

Proposition 2.8 Every bounded and monotone sequence of selfadjoint operators is strongly
convergent.

2.2 Orthoprojections

In view of 1.1, for each closed linear subspace L ⊂ H of a Hilbert space H there exists the
orthogonal complement L⊥ , such that H = L ⊕ L⊥ . Each x ∈ H can be uniquely represented
in the form x = xL + xL⊥ with xL ∈ L and xL⊥ ∈ L⊥ .

Definition 2.9 The operator PL : H −→ H defined by PLx = xL is called orthogonal pro-
jection or orthoprojection from H onto L .

Corollary 2.10 For P = PL we have P 2 = P and ∥P∥L(H) = 1 , i.e. P ∈ L(H) .

Corollary 2.11 A linear operator P : H −→ H is an orthoprojection if and only if〈
P 2x, y

〉
= ⟨Px, y⟩ and ⟨Px, y⟩ = ⟨x, Py⟩ ∀x, y ∈ H .
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Proposition 2.12 Let PL, PM : H −→ H be two orthoprojections.

(a) The product PLPM is a projection iff PLPM = PMPL . In this case R(PLPM) = L ∩M .

(b) We have L⊥M if and only if PLPM = Θ .

(c) The sum PL + PM is an orthoprojection if and only if L⊥M .

(d) The difference PL − PM is an orthoprojection if and only if M ⊂ L .

(e) The inclusion M ⊂ L is equivalent to both ∥PMx∥ ≤ ∥PLx∥ ∀x ∈ H and to PM ≤ PL .

According to Prop. 2.12,(b) we call two orthoprojections P and Q orthogonal if P Q = Θ .

Corollary 2.13 If P0, P1, . . . , Pn are orthoprojections then their sum P0 + P1 + . . .+ Pn is an

orthoprojection if and only if they are pairwise orthogonal. A series

∞∑
n=0

Pn of pairwise orthogonal

orthoprojections converges strongly to an orthoprojection.

Proposition 2.14 Let (Pn)
∞
n=1 be a sequence of orthoprojections Pn : H −→ H .

(a) If (Pn)
∞
n=1 is monotone, then it converges to an orthoprojection P : H −→ H .

(b) If the sequence (Pn)
∞
n=1 converges weakly to an orthoprojection, then it converges strongly.

Definition 2.15 For two linear subspaces M1,M2 ⊂ H , the number

O(M1,M2) := ∥P2 − P1∥L(H) ,

where Pj = PMj
, j = 1, 2 , denotes the so called opening of these subspaces.

Corollary 2.16 For two linear subspaces M1,M2 ⊂ H we have

(a) O(M1,M2) = O(M1,M2) = (H⊖M1,H⊖M2) ,

(b) O(M1,M2) = max

{
sup

x∈M2,∥x∥=1

∥(I − P1)x∥ , sup
y∈M1,∥y∥=1

∥(I − P2)y∥

}
.

Proposition 2.17 If the opening of two linear subspaces is smaller than 1 then they have equal
dimension.

Definition 2.18 A linear subspace M ⊂ H is called invariant subspace of the operator A ∈
L(H) if Ax ∈ M ∀x ∈ M . A linear subspace M ⊂ H is called reducing subspace of the
operator A ∈ L(H) if M and M⊥ are invariant subspaces of A .

Let P = PM .

� M invariant w.r.t. A =⇒ M invariant w.r.t. A ⇐⇒ PAP = AP

� M⊥ invariant w.r.t. A ⇐⇒ PAP = PA ⇐⇒ M invariant w.r.t. A∗

� M reducing w.r.t. A ⇐⇒ M invariant w.r.t. A and A∗

� A = A∗: M reducing w.r.t. A ⇐⇒ M invariant w.r.t. A ⇐⇒ PA = AP
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� M reducing w.r.t. A =⇒ Ax = PAPx+ (I − P )A(I − P )x ∀x ∈ H

Example 2.19 Let H = ℓ2(Z) . For ξ ∈ ℓ2(Z) , we define f(t) =

∞∑
k=−∞

ξkt
k , t ∈ T :=

{z ∈ C : |z| = 1} , so that f ∈ L2(T) and ξk = f̂k :=
1

2π

∫ 2π

0
f(eis)e−iks ds . For a ∈ C(T) ,

the operator T o(a) : H −→ H defined by
(
T o(a)ξ

)
j
= âf j , j ∈ Z , is linear and bounded. More-

over, T o(a)ξ =

( ∞∑
k=−∞

âj−kξk

)
j∈Z

, and T o(a) is selfadjoint if and only if a(t) is real valued.

The subspace H+ =
{
ξ ∈ ℓ2(Z) : ξk = 0, k < 0

}
is invariant w.r.t. T o(a) if and only if âk = 0

∀ k < 0 .

Example 2.20 For [a, b] ⊂ (0, 1) , we consider the orthoprojection P : L2(0, 1) −→ L2(0, 1) ,

u 7→ Pu , where (Pu)(t) =

{
u(t) : t ∈ [a, b] ,
0 : t ∈ (0, 1) \ [a, b] . Further, let k : [0, 1]× [0, 1] −→ C be a

continuous function and K : L2(0, 1) −→ L2(0, 1) be defined by

(Ku)(t) =

∫ 1

0
k(t, s)u(s) ds .

Then PKP is given by

(PKP )(t) =


∫ b

a
k(t, s)u(s) ds : t ∈ [a, b] ,

0 : t ∈ (0, 1) \ [a, b] .

2.3 Isometric and unitary operators

Let (Hj , ⟨., .⟩j) , j = 1, 2 , be two Hilbert spaces.

Definition 2.21 A surjective map V : H1 −→ H2 is called isometric operator if

⟨V x, V y⟩2 = ⟨x, y⟩1 ∀x, y ∈ H1 .

An isometric operator U : H −→ H is called unitary operator.

Corollary 2.22 An isometric operator is invertible and linear.

Corollary 2.23 If V ∈ L(H1,H2) , R(V ) = H2 , and ⟨V x, V x⟩2 = ⟨x, x⟩ ∀x ∈ H1 then V :
H1 −→ H2 is isometric.

Definition 2.24 An operator V ∈ L(H) is called a partial isometry if

⟨V x, V x⟩ = ⟨x, x⟩ ∀x ∈ N(V )⊥ .

Proposition 2.25 For V ∈ L(H) , the following assertions are equivalent:

(a) V is a partial isometry.
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(b) V = V V ∗V .

(c) V ∗V is an orthoprojection.

Example 2.26 Let (en)
∞
n=0 be a CONS in H . Then the operator

V : H −→ H , x 7→
∞∑
n=0

⟨x, en+1⟩ en

is a partial isometry.

Example 2.27 Let φ(t) =
√
1− t2 , t ∈ [−1, 1] , and define the Hilbert space L2

φ as the space of
all w.r.t. the weight φ(t) square integrable (classes of) functions f : (−1, 1) −→ C equipped with
the inner product

⟨f, g⟩φ =

∫ 1

−1
f(t)g(t)φ(t) dt .

The systems (σTn)
∞
n=0 and (Un)

∞
n=0 form CONS in L2

φ , where σ(t) =
1√
1−t2 and where

T0(t) =
1√
π
, Tn(cosθ) =

√
2

π
cos(nθ) , n > 0 , Un(cos θ) =

√
2

π

sin((n+ 1)θ)

sin θ
, n ≥ 0 ,

are the Chebyshev polynomials of first and second kind, respectively. The relations

p.v.
1

π

∫ 1

−1

Tn(s) ds

(s− t)
√
1− s2

= Un−1(t) , −1 < t < 1 , n > 0 ,

show that the operator S : L2
φ −→ L2

φ defined by

(Sf)(t) = p.v.
1

π

∫ 1

−1

f(s) ds

s− t
, a.e. in (−1, 1) ,

is a partial isometry.

Example 2.28 (Fourier-Plancherel-operator) The operator

F : L2(R) −→ L2(R) , g 7→ h ,

where

h(t) =
1√
2π

d

dt

∫ ∞

−∞

e−ist − 1

−is
g(s) ds a.e.

is a unitary operator. Moreover,

(F−1h)(t) =
1√
2π

d

dt

∫ ∞

−∞

eist − 1

is
h(s) ds a.e.

and if g ∈ L2(R) is absolutly integrable on R then

(Fg)(t) =
1√
2π

∫ ∞

−∞
e−istg(s) ds a.e.
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Chapter 3

Spectral properties of selfadjoint and
compact operators

3.1 Continuous functions of selfadjoint operators

Let P(R) be the set of all algebraic polynomials with real coefficients. For a selfadjoint operator
A ∈ L(H) , by CA(R) we denote the set of all continuous functions f : [mA,MA] −→ R . If
f ∈ CA(R) then we put

mA(f) = min {f(t) : mA ≤ t ≤MA} , MA(f) = max {f(t) : mA ≤ t ≤MA}

and

γA(f) = max {|f(t)| : mA ≤ t ≤MA} .

Moreover, by comm(A) we refer to the set of all operators from L(H) , which commute with
A ∈ L(H) .

Proposition 3.1 If the polynomial p ∈ P(R) is nonnegative on the spectral interval [mA,MA]
of the selfadjoint operator A ∈ L(H) , then p(A) ≥ Θ .

Theorem 3.2 Let A ∈ L(H) be selfadjoint. The map P(R) −→ L(H) , p 7→ p(A) can be
uniquely extended to a linear and multiplicative map

CA(R) −→ L(H) , f 7→ f(A)

satisfying ∥f(A)∥ ≤ γA(f) . For all f ∈ CA(R) and g ∈ C([mA(f),MA(f)],R) we have

(a) mA(f)I ≤ f(A) ≤MA(f)I ,

(b) comm(A) ⊂ comm(f(A)) ,

(c) g(f(A)) = (g ◦ f)(A) .

Remark 3.3 Multiplicativity of the map f −→ f(A) (mentioned in Theorem 3.2) means that,
for all f, g ∈ CA(R) , we have (fg)(A) = f(A)g(A) .

Corollary 3.4 The map CA(R) −→ L(H) , f 7→ f(A) is positive, i.e., f(t) ≥ 0 ∀ t ∈ [ma,MA]
implies f(A) ≥ Θ .

19
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Corollary 3.5 For each positive operator A ∈ L(H) there exists exactly one positive operator
B ∈ L(H) with B2 = A , namely B =

√
A .

Corollary 3.6 If the positive operators A,B ∈ L(H) commute then the operator AB is also
positive.

Corollary 3.7 Let A ∈ L(H) be selfadjoint. Then the operators

|A| and A± =
1

2
(|A| ±A)

are positive, where
|A| =

√
A2 and A+A− = Θ .

Proposition 3.8 (polar decomposition) For each operator A ∈ L(H) there exists exactly
one operator V ∈ L(H) such that A = V

√
A∗A and N(A) ⊂ N(V ) . Moreover, V is a partial

isometry,
√
A∗A = V ∗A , and I − V ∗V = PN(A) .

3.2 Spectral decomposition of selfadjoint operators

Let λ ∈ R , eλ(t) =

{
1 : t < λ ,

0 : λ ≤ t ,
and, for n ∈ N , eλ,n(t) =


1 : t < λ− 1

n ,

n(λ− t) : λ− 1
n ≤ t ≤ λ ,

0 : λ < t .

Then, for a selfadjoint operator A ∈ L(H) , n ∈ N , and λ ≤ µ , we have

(Ea) Θ ≤ eλ,n(A) ≤ eλ,n+1(A) ≤ I ,

(Eb) I − eλ,2n(A) ≤ [I − eλ,n(A)]
2 ≤ I − eλ,n(A) ,

(Ec) eλ,n(A) ≤ eµ,n(A) .

By Proposition 2.8 and (Ea) we get the existence of Eλ ∈ L(H) with

eλ,n(A) −→ Eλ =: eλ(A) . (3.1)

Proposition 3.9 Assume that f ∈ CA(R) , a, b ∈ R , and λ ≤ µ . Then

(a) a(Eµ − Eλ) ≤ f(A)(Eµ − Eλ) if a ≤ f(t) , t ∈ [λ, µ] ,

(b) f(A)(Eµ − Eλ) ≤ b(Eµ − Eλ) if f(t) ≤ b , t ∈ [λ, µ] .

Theorem 3.10 The operators Eλ , λ ∈ R , are orthoprojections satisfying the following proper-
ties:

(a) Eλ = Θ for λ ≤ mA and Eλ = I for MA < λ ,

(b) (A− λI)Eλ ≤ Θ ≤ (A− λI)(I − Eλ) ,

(c) Eλ ≤ Eµ for λ ≤ µ ,

(d) λ(Eµ − Eλ) ≤ A(Eµ − Eλ) ≤ µ(Eµ − Eλ) for λ ≤ µ ,

(e) Eλx = θ if Ax = λx .



3.2. SPECTRAL DECOMPOSITION OF SELFADJOINT OPERATORS 21

Moreover, for each λ ∈ R and each B ∈ comm(A) the space R(Eλ) is a reducing subspace of B .

Proposition 3.11 For each selfadjoint operator A ∈ L(H) and for each λ ∈ R there exists
exactly one orthoprojection Eλ ∈ L(H) satisfying (b) and (e) of Theorem 3.10 and commuting
with A . Moreover,

A(I − E0) = A+ , AE0 = −A− , (3.2)

and
A(I − 2E0) = |A| , A = |A|(I − 2E0) . (3.3)

Corollary 3.12 For all selfadjoint operators B ∈ comm(A) with ±A ≤ B , we have |A| ≤ B ,
i.e., |A| is the smallest selfadjoint operator with this property.

Corollary 3.13 In the sense of strong operator convergence, the one-sided limits

Eλ+0 = lim
µ↓λ

Eµ , Eλ−0 = lim
µ↑λ

Eµ , E+∞ = lim
µ↑+∞

Eµ , E−∞ = lim
µ↓−∞

Eµ

exist for each λ ∈ R , where Eλ−0 = Eλ ≤ Eλ+0 .

Let O(H) ⊂ L(H) denote the set of orthoprojections in H .

Definition 3.14 A map R −→ O(H) , λ −→ Eλ is called a spectral map if Eλ ≤ Eµ for
λ ≤ µ and if E−∞ = Θ , E∞ = I . It is called left-sided continuous if Eλ−0 = Eλ for all λ ∈ R .

In what follows let λ −→ Eλ be the spectral map defined for the selfadjoint operator A ∈ L(H)
by (3.1).

Proposition 3.15 Let A ∈ L(H) be selfadjoint. Then

(a) R(Eλ+0 − Eλ) = N(A− λI) ∀λ ∈ R ,

(b) λ ∈ R \ σ(A) ⇐⇒ ∃ ε > 0: Eλ = Eµ ∀µ ∈ (λ− ε, λ+ ε) .

The numbers of σ(A) which are not eigenvalues are called points of the continuous spectrum
σc(A) of the operator A , while the set σp(A) ⊂ σ(A) of eigenvalues is called point spectrum
of A . Consequently, λ ∈ σc(A) if and only if Eλ+0 = Eλ and Eλ+ε ̸= Eλ−ε for all ε > 0 .

Example 3.16 Let H = L2(−1, 1) and A ∈ L(H) be defined by (Ax)(t) = t x(t) . We show that
σ(A) = σc(A) = [−1, 1] .

Proposition 3.17 Let A ∈ L(H) be selfadjoint and let U ⊂ H be the smallest closed subspace
of H containing all eigenvectors of A . Then U is a reducing subspace of A . Moreover, the
operator PUA has the same eigenvectors as the operator A , while PU⊥A has no eigenvalues.

Let f : [a, b) −→ R be a function, let Z = {a = λ0 < λ1 . . . < λn = b} ∈ Z[a, b] be a partition
of the interval [a, b] , and let

S(f, Z, µ) =
n∑
j=0

f(µj)
(
Eλj − Eλj−1

)
be a respective Riemann-Stieltjes sum w.r.t. the spectral map Eλ , where µ is a set of
numbers {µj : j = 1, . . . , n} with λj−1 ≤ µj < λj . By d(Z) = max {|λj − λj−1| : j = 1, . . . , n}
we denote the diameter of the partition Z .
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Definition 3.18 A function f : [a, b] −→ R is said to be Riemann-Stieltjes integrable or
uniformly Riemann-Stieltjes integrable on [a, b) w.r.t. Eλ if, for each sequence (Zm)

∞
m=1 of

partitions Zm ∈ Z[a, b] with limm→∞ d(Zm) = 0 , an arbitrary respective sequence of Riemann-
Stieltjes sums (S(f, Zm, µ

m))mm=1 converges in the strong or in the norm convergence operator
topology, respectively. In this case we set∫ b−0

a
f(λ) dEλ := lim

m→∞
S(Zm)

and ∫ b

a
f(λ) dEλ :=

∫ b−0

a
f(λ) dEλ + f(b) (Eb+0 − Eb) .

Proposition 3.19 For a left-sided continuous spectral map Eλ , any continuous function f :
[a, b] −→ R is uniformly Riemann-Stieltjes integrable.

For f ∈ C([a, b],R) we set J b
a (f) :=

∫ b−0
a f(λ) dEλ . Then, for f, g ∈ C([a, b],R) , the following

rules hold:

1. J b
a (f) = J c

a (f) + J b
c (f) , a < c < b .

2. J b
a (f) (Ed − Ec) = J d

c (f) , a ≤ c < d ≤ b .

3. J b
a (f + g) = J b

a (f) + J b
a (g) , J b

a (αf) = αJ b
a (f) , α ∈ R .

4. J b
a (fg) = J b

a (f)J b
a (g) .

5. J b
a (f) ≥ Θ if f(t) ≥ 0 ∀ t ∈ [a, b] .

Proposition 3.20 If A ∈ L(H) is selfadjoint, f ∈ C[a, b] , if a ≤ mA ≤ MA < b , and if Eλ is
the spectral map of A , then

f(A) =

∫ b−0

a
f(λ) dEλ .

Moreover, comm(A) = comm {Eλ : λ ∈ R} .

To each operator A ∈ L(H) one can associate its real part ReA = 1
2(A+A∗) and its imaginary

part ImA = 1
2i(A−A∗) . Then

A = ReA+ i ImA and A∗ = ReA− i ImA ,

ReA and ImA are selfadjoint operators. Conversely, if A = A1 + iA2 with selfadjoint operators
Aj ∈ L(H) then A1 = ReA and A2 = ImA .

We call an operator A ∈ L(H) normal if A∗A = AA∗ . An operator A ∈ L(H) is normal if and
only if ReA and ImA commute, which is also equivalent to

A∗A = AA∗ = (ReA)2 + (ImA)2 .

For a selfadjoint operator A ∈ L(H) and a function f = f1 + i f2 ∈ CA(C) with fj ∈ CA(R) ,
the operator

f(A) = f1(A) + i f2(A)

is well defined, where f1(A) = Re f(A) and f2(A) = Im f(A) . Moreover,
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1. f(A)∗ = f(A) ,

2. (λf + µg)(A) = λf(A) + µg(A) , f, g ∈ CA(C) , λ, µ ∈ C ,

3. (fg)(A) = f(A)g(A) , f, g ∈ CA(C) .

If, for a selfadjoint operator A ∈ L(H) , we define eiA = cos(A) + i sin(A) =: V , then V ∗V =
V V ∗ = I , i.e., V is a unitary operator.

3.3 Compact operators

It is well known that a linear operator T : H −→ H is compact if and only if T maps each
bounded sequence (xn)

∞
n=1 with xn ∈ H into a precompact sequence (T xn)

∞
n=1 . A sequence

(xn)
∞
n=1 is called precompact if each subsequence possesses a convergent subsequence. The

set of linear compact operators is denoted by K(H) , and it is well known that K(H) ⊂ L(H) .
Moreover, K(H) is a closed set (w.r.t. the operator norm topology).

Example 3.21 Let h : [0, 1]2 −→ C be a Lebesgue measurable function with∫∫
[0,1]2

|h(t, s)|2 ds dt <∞ .

Then the operator T : L2(0, 1) −→ L2(0, 1) defined by

(Tu)(t) =

∫ 1

0
h(t, s)u(s) ds

is a compact operator.

Proposition 3.22 If T ∈ K(H) then R(I − T ) is closed.

Corollary 3.23 If T ∈ K and λ ∈ C \ {0} then R(T − λI) is closed.

Proposition 3.24 For a compact operator T ∈ L(H) we have:

(a) If λ ∈ C and dimN(T − λI) = ∞ then λ = 0 .

(b) The only possible accumulation point of the set of eigenvalues of T is zero.

(c) If λ ∈ C and if there is a sequence (xn)
∞
n=0 , xn ∈ H , such that x0 ̸= Θ , (T − λI)x0 = Θ ,

and (T − λI)xn+1 = xn , n = 0, 1, 2, . . . , then λ = 0 .

Corollary 3.25 If T ∈ K(H) then dimN(T −λI) <∞ for all λ ∈ C \ {0} , σ(T ) \ {0} consists
only of at most countably many eigenvalues, which can only accumulate in 0 . If λ ̸= 0 is an
eigenvalue of T then λ is an eigenvalue of T ∗ . In any case 0 ∈ σ(T ) .

Proposition 3.26 To each compact and selfadjoint operator T ∈ L(H) there exist a finite
sequence or a zero sequence of real numbers λ0, λ1, . . . with |λ0| ≥ |λ1| ≥ |λ2| ≥ . . . and pairwise
orthonormal elements ek ∈ H such that

T x =
∑
k

λk ⟨x, ek⟩ ek ∀x ∈ H .
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If we define Pkx = ⟨x, ek⟩ ek , x ∈ H , then Pk is an orthoprojection and PkPj = Θ for k ̸= j as
well as

T =
∑
k

λkPk ,

where in the case of infinite many eigenvalues the series converges in the operator norm.

Proposition 3.27 A linear operator T : H −→ H is compact if and only if there is a sequence
of linear operators with finite dimensional range which converges in the operator norm to T .

Example 3.28 The operator K : L2
σ(−1, 1) −→ L2

σ(−1, 1) , where σ(t) = (1− t2)−
1
2 , defined by

(K u)(t) =
1

π

∫ 1

−1
σ(s) ln |s− t|u(s) ds

is compact. We give its diagonal representation according to Proposition 3.26.



Chapter 4

Spectral integrals

4.1 In general unbounded operators

An operator A : D(A) ⊂ H −→ H is called linear, if its domain D(A) is a linear subspace of
H and if for all x, y ∈ D(A) , λ, µ ∈ C we have A(λx+ µ y) = λAx+ µAy . The set of all such
linear operators is denoted by L(H) . An operator A ∈ L(H) is called a restriction B ∈ L(H)
(or B is a extension, denoted by A ⊂ B or by B ⊃ A of A) if D(A) ⊂ D(B) and Ax = B x
∀x ∈ D(A) . For A,B ∈ L(H) and λ ∈ C we define

� D(λA) = D(A) and (λA)x = λAx , x ∈ D(A) ,

� D(A+B) = D(A) ∩D(B) and (A+B)x = Ax+B x , x ∈ D(A+B) ,

� D(AB) = {x ∈ D(B) : B x ∈ D(A)} and (AB)x = A(B x) , x ∈ D(AB) .

Consequently, D(A − λ I) = D(A) ∀A ∈ L(H), λ ∈ C . For An ∈ L(H) , n ∈ N , we say that
A = lim

n→∞
An if

� D(A) =

{
x ∈ H : ∃n0 = n0(x) with x ∈

∞⋂
n=n0

D(An)

}
and

Ax = lim
n→∞

Anx ∀x ∈ D(A) .

Of course, lim
n→∞

An ∈ L(H) . Furthermore, for A ∈ L(H) we define

� comm(A) = {B ∈ L(H) : B x ∈ D(A), AB x = BAx ∀x ∈ D(A)} .

Example 4.1 Let us consider two examples of unbounded operators:

(a) H = L2(R) , D(A) =

{
x ∈ H :

∫
R
t2|x(t)|2dt <∞

}
, (Ax)(t) = t x(t) .

(b) H = L2(R) , D(B) = S(R) :=
{
x ∈ C∞(R) : sup

t∈R
|tnx(m)(t)| <∞, ∀n,m ∈ N0

}
,

(B x)(t) = −x′′(t) + t2x(t) .

25
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Definition 4.2 If A ∈ L(H) and D(A) = H then the adjoint operator A∗ ∈ L(H) can be
uniquely defined by

D(A∗) =
{
y ∈ H : sup {| ⟨Ax, y⟩ | : x ∈ D(A), ∥x∥ = 1} <∞

}
and

⟨Ax, y⟩ = ⟨x,A∗y⟩ ∀x ∈ D(A) , ∀ y ∈ D(A∗) .

If A ⊂ B then B∗ ⊂ A∗ .

Definition 4.3 Let A ∈ L(H) and D(A) = H . A number λ ∈ C is called regular point of A if
there exists an operator Rλ ∈ L(H) such that

Rλ(A− λ I)x = x ∀x ∈ D(A) and (A− λ I)Rλx = x ∀x ∈ H .

The set of all λ ∈ C which are not regular points of A is called the spectrum of A and denoted
by σ(A) . The set ρ(A) = C \ σ(A) is called the resolvent set of A .

Proposition 4.4 Let A ∈ L(H) with D(A) = H . Then, ρ(A) is open, i.e., σ(A) is closed.
Moreover,

comm(A) = comm(Rλ) ∀λ ∈ ρ(A) .

If λ, µ ∈ ρ(A) then

Rλ −Rµ = (λ− µ)RµRλ and RλRµ = RµRλ .

If λ ∈ ρ(A) one also writes Rλ = (A − λI)−1 , since in this case A − λT : D(A) −→ H is a
bijection with a bounded inverse.

Definition 4.5 An operator A ∈ L(H) is called symmetric if

D(A) = H and ⟨Ax, y⟩ = ⟨x,A y⟩ ∀x, y ∈ D(A) .

We say that A ∈ L(H) is selfadjoint if A = A∗ .

Proposition 4.6 For A ∈ L(H) the following conditions are equivalent:

(a) A is symmetric.

(b) A ⊂ A∗ .

(c) D(A) = H and ⟨Ax, x⟩ ∈ R ∀x ∈ D(A) .

An operator A ∈ L(H) is selfadjoint if and only if

D(A) = H , ⟨Ax, x⟩ ∈ R ∀x ∈ D(A) , and D(A∗) ⊂ D(A) .

The graph of A ∈ L(H) is defined as the set

Γ(A) = {(x,Ax) : x ∈ D(A)} ⊂ H×H .

For A,B ∈ L(H) , the relation A ⊂ B is equivalent to Γ(A) ⊂ Γ(B) . Let us H×H equip with
the inner product

⟨(x1, y1), (x2, y2)⟩H×H := ⟨x1, x2⟩+ ⟨y1, y2⟩ .
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Then, the operator A ∈ L(H) is called a closed operator, if Γ(A) is a closed subset of H×H .
This is equivalent to

xn ∈ D(A) , xn −→ x , yn = Axn −→ y =⇒ x ∈ D(A) , y = Ax .

The well-known closed graph theorem says that a closed operator A ∈ L(H) with D(A) = H is
in L(H) .

Corollary 4.7 If A ∈ L(H) is selfadjoint, if B ∈ L(H) is symmetric, and if A ⊂ B then
A = B . If A ∈ L(H) is symmetric with D(A) = H then A ∈ L(H) .

Definition 4.8 An operator A ∈ L(H) is called closable, if there exists a closed operator
B ∈ L(H) such that A ⊂ B .

Corollary 4.9 If A is closable then there exists a smallest closed extension A , the closure of
A , in the sense that A ⊂ B for every closed extension B of A . If A ∈ L(H) is closable then
Γ(A) = Γ(A) .

Example 4.10 We show that, for each Hilbert space, there exists a linear operator which is not
closable.

Remark 4.11 If A ∈ L(H) is closed with D(A) = H then λ ∈ ρ(A) if and only if R(A−λI) = H
and A− λI : D(A) −→ H is a bijection.

4.2 Selfadjoint operators

Proposition 4.12 Let f : R −→ R be a continuous function, Eλ be a left-sided continuous spec-

tral map, Jn(f) =
∫ n−0
−n f(λ) dEλ , D(A) =

{
x ∈ H : ∃ lim

n→∞
Jn(f)x

}
, and Ax = lim

n→∞
Jn(f)x .

Then A = J(f) ∈ L(H) is a selfadjoint operator, for which we also write

A = J(f) =

∫ ∞

−∞
f(λ) dEλ := lim

n→∞

∫ n−0

−n
f(λ) dEλ .

If f is bounded then A ∈ L(H) .

Proposition 4.13 Let A ∈ L(H) be a selfadjoint operator. Then

(a) σ(A) ⊂ R ,

(b) Rλ = (A− λI)−1 is normal if λ ∈ ρ(A) and selfadjoint if λ ∈ ρ(A) ∩ R ,

(c) there exists a unique spectral map Eλ with A =

∫ ∞

−∞
λ dEλ . Moreover,

comm(A) = comm(Eλ) .

The following Lemma is needed for the proof of Proposition 4.13,(c).

Lemma 4.14 Let A ∈ L(H) .

(a) If A = V
√
A∗A is the polar decomposition of A (cf. Proposition 3.8) then A∗ = V ∗√AA∗

is the polar decomposition of A∗ . Moreover,
√
AA∗ = V

√
A∗AV ∗ .

(b) If A is normal then there exists a unitary operator V ∈ L(H) such that V A = AV and
A = V

√
A∗A .
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4.3 Spectral integrals

By a real function algebra F on a set Ω we understand a system of functions f : Ω −→ R
satisfying

1 ∈ F and f, g ∈ F , α, β ∈ R =⇒ αf + βg, fg ∈ F .

Definition 4.15 A linear and multiplicative map

J : F −→ L(H)

on a real function algebra F defined on the set Ω is called spectral integral on F , if the
following conditions are fulfilled:

1. J (1) = I ,

2. J (f)∗ = J (f) ∀ f ∈ F ,

3. J (f) ≥ Θ ∀ f ∈ F+ := {f ∈ F : f(ω) ≥ 0 ∀ω ∈ Ω} .

Let comm(J ) = {A ∈ L(H) : J (f)A = AJ (f) ∀ f ∈ F} . Then J (f) ∈ comm(J ) ∀ f ∈ F . If
x ∈ H then Jx : F −→ R , f 7→ ⟨J (f)x, x⟩ is a positive linear functional.

Remark 4.16 If J : F −→ L(H) is linear and if J (f2) = J (f)2 , J (f)J (g) = J (g)J (f) for
all f ∈ F then J : F −→ L(H) is multiplicative, since in this case

4J (fg) = J
(
(f + g)2

)
− J

(
(f − g)2

)
= J (f + g)2 − J (f − g)2

=
[
J (f)2 + 2J (f)J (g) + J (g)2

]
−
[
J (f)2 − 2J (f)J (g) + J (g)2

]
= 4J (f)J (g) .

Example 4.17 Let F = Cb(R) be the real function algebra of all bounded and continuous
functions f : R −→ R and let Af : H −→ H , g 7→ fg , where H = L2(R) . Then

J : F −→ L(H) , f 7→ Af

is a spectral integral.

Example 4.18 Let F = Cb(R) and let A ∈ L(H) be a selfadjoint operator with the spectral
map Eλ , λ ∈ R (cf. Proposition 4.13). Then

JA : Cb(R) −→ L(H) , f 7→ f(A) =

∫ ∞

−∞
f(λ) dEλ

defines a spectral integral. Moreover, since (cf. Section 3.2)

Eλ− 1
n
≤
∫ ∞

−∞
eλ,n(µ) dEµ ≤ Eλ

we get Eλ = lim
n−→∞

JA(eλ,n) in view of the left-sided continuity of Eλ .

Definition 4.19 A spectral integral J : F −→ L(H) is called σ-positive if fn ∈ F , fn ↑ F , and
f ≥ 0 implies lim

n→∞
Jx(fn) ≥ 0 ∀x ∈ H .

Proposition 4.20 (Dini) Let (Ω, d) be a compact metric space and (fn)
∞
n=1 be a sequence of

continuous functions fn : Ω −→ R with fn ↑ f and f ≥ 0 . If αn := inf {fn(ω) : ω ∈ Ω} then
lim
n→∞

αn ≥ 0 .
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Corollary 4.21 For each selfadjoint operator A ∈ L(H) , the spectral integral JA (cf. Example
4.18) is σ-positive.

In what follows let F be a real function algebra on Ω and J : F −→ L(H) be a σ-positive
spectral integral. We set F+ := {f : Ω −→ [0,∞] : ∃ fn ∈ F+ with fn ↑ f} . Of course, f ∈ F+

iff ∃ gn ∈ F+ : f =
∞∑
n=0

gn .

Proposition 4.22 If (fn)
∞
n=1 and (gn)

∞
n=1 are two monotone non-decreasing sequences from F

with lim
n→∞

fn ≤ lim
n→∞

gn , then

lim
n→∞

Jx(fn) ≤ lim
n→∞

Jx(gn) ∀x ∈ H .

� With the help of Proposition 4.22 we can define

J +
x (f) = lim

n→∞
Jx(fn) , f ∈ F+ ,

where fn ∈ F+ with fn ↑ f .

� If fn ∈ F+ , fn ↑ f , then f2n ↑ f2 and, consequently, J +
x (f2) = lim

n→∞
Jx(f2n) . It follows

J +
x (f2) = lim

n→∞
∥J (fn)x∥2 . (4.1)

� For f ∈ F+ , fn ∈ F+ , and fn ↑ f , we define

D(J +(f)) = {x ∈ H : (J (fn)x)
∞
n=0 is a Cauchy sequence}

and
J +(f)x = lim

n→∞
J (fn)x .

Proposition 4.23 The definiton of J +(f) is correct, i.e. independently from the choice of the
sequence (fn)

∞
n=0 . In particular, J +(f) = J (f) ∀ f ∈ F+ . Moreover,

(a) D(J +(f)) =
{
x ∈ H : J +

x (f2) <∞
}
,

(b) comm(J ) ⊂ (J +(f)) ∀ f ∈ F+ .

Corollary 4.24 Each σ-positive spectral integral J : F −→ L(H) is continuous from below and
continuous from above. Moreover, for all f, g ∈ F+ ,

(a) f ≤ g implies D(J +(g)) ⊂ D(J +(f)) and ⟨J +(f)x, x⟩ ≤ ⟨J (g)x, x⟩ as well as (cf.
Proposition 4.22)

∥J (f)∥2 = J +
x (f2) ≤ J +

x (g2) =
∥∥J +(g)

∥∥2 ,
(b) J +(αf) = αJ +(f) ∀α > 0 ,

(c) J +(f + g) = J +(f) + J +(g) ,

(d) J +
x (f2g2) = J +

y (f2) with x ∈ D(J +(g)) and y = J +(g)x , where J +
y (f2) = ∞ is possible,

(e) J +(fg)x = J +(f)J +(g)x if x ∈ D(J +(g)) and J +
x (f2g2) <∞ .
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Proposition 4.25 If fn ∈ F+ and f =
∞∑
n=0

fn then f ∈ F+ . Moreover, x ∈ H and

sup

{∥∥∥∥∥
n∑
k=0

J +(fk)x

∥∥∥∥∥ : n ∈ N0

}
=: c0 <∞

imply J +(f)x =
∞∑
n=0

J +(fn)x .

In what follows we need the following two additional properties of a real function algebra F :

(f1) f ∈ F implies |f | ∈ F ,

(f2) fn ∈ F+ and fn ↓ f imply f ∈ F+ .

If condition (f1) is fulfilled then, for f, g ∈ F , the functions

max {f, g} =
f + g + |f − g|

2
, min {f, g} =

f + g − |f − g|
2

,

and, consequently, f+ = max {f, 0} , f− = −min {f, 0} = (−f)+ belong also to F .

Corollary 4.26 Let F satisfy condition (f2). If fn ∈ F , fn ↑ f (fn ↓ f) , and fn ≤ g (fn ≥ g)
for some g ∈ F , then f ∈ F .

Corollary 4.27 Let F satisfy (f1) and (f2). Then f ∈ F+ implies
√
f ∈ F+ .

Proposition 4.28 Let F satisfy (f1) and (f2) and define Σ = Σ(F) = {M ⊂ Ω : χM ∈ F} .
Then, Σ is a σ-algebra on Ω . Moreover, a function f : Ω −→ [−∞,∞] is Σ-measurable if and
only if f± ∈ F+ .

Example 4.29 For each function algebra F there exists a smallest function algebra h(F) sat-
isfying F ⊂ h(F) and (f1), (f2). In case F = C(R) or F = Cb(R) we have that h(F) is the
set of all Borel measurable or of all bounded Borel measurable functions f : R −→ R , where
the respective σ-algebra Σ is (in both cases) the σ-algebra of all Borel measurable sets of R , the
smallest σ-algebra containing all intervals [a, b) , −∞ < a < b <∞ .

Let J : F −→ L(H) be a σ-positive spectral integral. If F does not satisfy (f1), then we assume
that all functions from F are bounded.

Definition 4.30 A function φ : Ω −→ [−∞,∞] is called Lebesgue integrable w.r.t. J if, for
each x ∈ H , there exist monotone non decreasing sequences (fn)

∞
n=0 , (gn)

∞
n=0 with fn, gn ∈ F+ ,

φ+ lim
n→∞

gn = lim
n→∞

fn and lim
n→∞

∥J (fn + gn)x∥ <∞ .

The set of all these functions is denoted by L(Ω,F ,J ) .

Theorem 4.31 We have F ⊂ F̃ := L(Ω,F ,J ) , and F̃ is a function algebra satisfying (f1)
and (f2). For each function algebra F0 with F ⊂ F0 ⊂ F̃ , there exists a uniquely defined σ-
positive spectral integral J0 : F0 −→ L(H) with J0(f) = J (f) ∀ f ∈ F . Moreover, J0(φ)x =
lim
n→∞

J (fn − gn)x ∀x ∈ H (cf. Definition 4.30) and comm(J ) = comm(J̃ ) .

We remark that J0 : F̃ −→ L(H) is called Lebesgue’s extension and J0 : h(F) −→ L(H)
Borel’s extension of J : F −→ L(H) .
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Differential operators in L2(a, b)

In what follows let −∞ ≤ a < b ≤ ∞ . A function f : (a, b) −→ C is called absolutely
continuous, if there exists a locally integrable function g : (a, b) −→ C (we write g ∈ L1

loc(a, b))
such that

f(x) = f(c) +

∫ x

c
g(y) dy ∀x ∈ (a, b) , ∀ c ∈ (a, b) .

In this case we write g = f ′ . By An(a, b) we denote the set of all n − 1 times continuously
differentiable functions f : (a, b) −→ C , for which f (n−1) : (a, b) −→ C is absolutely continuous.

Proposition 5.1 For all n ∈ N and ε > 0 there exists a constant c0 = c0(n, ε) such that∫ 1

0
|f (j)(x)|2 dx ≤ ε

∫ 1

0
|f (n)(x)|2 dx+ c0

∫ 1

0
|f(x)|2 dx ∀ f ∈ An(0, 1) , ∀ j = 0, 1, . . . , n− 1 .

Corollary 5.2 If f ∈ An(a, b)∩L2(a, b) and f (n) ∈ L2(a, b) then f (j) ∈ L2(a, b) , j = 0, 1, . . . , n .

We set W2
r(a, b) =

{
f ∈ Ar(a, b) ∩ L2(a, b) : f (r) ∈ L2(a, b)

}
. (Sobolev space of order r)

Corollary 5.3 If f ∈ W2
r(a, b) then f (j) ∈ C[a, b] , j = 0, 1, . . . , r − 1 , where in case of b = ∞

(a = −∞) we have f (j)(∞) = 0 (f (j)(−∞) = 0), j = 0, 1, . . . , r − 1 .

By D : A1(a, b) −→ L1
loc(a, b) we denote the differential operator Df = f ′ . Define

D(A0
r) = C∞

0 (a, b) , A0
rf = (−iD)rf

and

D(Ar) = W2
r(a, b) , Arf = (−iD)rf .

Proposition 5.4 We have

(a) A0
r is symmetric,

(b) R(A0
r) =

{
g ∈ C∞

0 (a, b) :

∫ b

a
xjg(x) dx = 0, j = 0, 1, . . . , r − 1

}
=: C∞

0,r(a, b) ,

(c)
(
A0
r

)∗
= Ar , A

∗
r = A0

r ,

(d) D(A0
r) =

{
f ∈ W2

r(a, b) : f
(j)(a) = f (j)(b) = 0, j = 0, 1, . . . , r − 1

}
=: W2,0

r (a, b) .
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Corollary 5.5 In case (a, b) = R the operator Ar is selfadjoint. If (a, b) ̸= R then A0
r and Ar

are not selfadjoint.

Proposition 5.6 In case (a, b) = R we have σ(A2r) = [0,∞) and σ(A2r−1) = R .

We call a symmetric operator A ∈ L(H) positive definite if there exists a constant γ > 0 such
that ⟨Ax, x⟩ ≥ γ2 ∥x∥2 for all x ∈ D(A) .

Example 5.7 If −∞ < a < b < ∞ then the operators A0
2r and A0

2r are positive definite. For

example, in case (a, b) = R or (a, b) = (0,∞) the operator A0
2r is not positive definite.

For x, y ∈ D(A) we define ⟨x, y⟩A := ⟨Ax, y⟩ . If A ∈ L(H) is positive definite then ⟨., .⟩A is an
inner product on the linear space D(A) . The completion of the space H0

A := (D(A), ⟨., .⟩) is
isomorphic to a linear subspace HA of H . This Hilbert space (HA, ⟨., .⟩A) is called the energetic
space of the positive definite operator A ∈ L(H) . The norm in HA is denoted by ∥.∥A , i.e.
∥x∥A =

√
⟨x, x⟩A . Consequently, D(A) ⊂ HA ⊂ H . Moreover,

∥x∥ ≤ 1

γ
∥x∥A ∀x ∈ HA , (5.1)

and
⟨x, y⟩A = ⟨Ax, y⟩ ∀x ∈ D(A) , ∀ y ∈ HA . (5.2)

In what follows let A ∈ L(H) be positive definite.

Proposition 5.8 An element x ∈ H belongs to HA if and only if there is a sequence (xn)
∞
n=1

with xn ∈ D(A) , which is a Cauchy sequence in H0
A and for which lim

n→∞
∥xn − x∥ = 0 .

Example 5.9 Let −∞ < a < b <∞ . The energetic space of the operator A0
2r equals W

2,0
r (a, b) .

Proposition 5.10 There exists exactly one selfadjoint operator B ∈ L(H) such that D(B) ⊂
HA and ⟨Bx, y⟩ = ⟨x, y⟩A for all x ∈ D(B) and all y ∈ HA . Moreover, ⟨Bx, x⟩ ≥ γ2 ∥x∥2 for
all x ∈ D(B) and D(B) = D(A∗) ∩HA .

We remark that D(B) = {x ∈ HA : ∃ x̃ ∈ H with ⟨x, y⟩A = ⟨x̃, y⟩ ∀ y ∈ HA} and Bx = x̃ . Of
course, for x ∈ D(A) we have, taking into account (5.2),

⟨Bx, y⟩ = ⟨x, y⟩A = ⟨Ax, y⟩ ∀ y ∈ H ,

such that Bx = Ax . Consequently, A ⊂ B . The operator B is called Friedrichs’ extension of
the operator A and denoted by AF .

Example 5.11 Friedrichs extension A0,F
2r of A0

2r is given by

D(A0,F
2r ) =

{
f ∈ W2

2r(a, b) : f
(j)(a) = f (j)(b) = 0 , j = 0, 1, . . . , r − 1

}
and

A0,F
2r f = (−iD)2rf .
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The formalism of quantum
mechanics

Consider a system of N (in general electrical charged) particles within an electromagnetic field
and set n = 3N . By q1, . . . , qn we denote the cartesian spatial coordinates (i.e., q3j−2, q3j1 and
q3j are the spatial coordinates of the jth particle) and by p1, . . . , pn the momentum coordinates
(i.e., p3j−k = mj q̇3j−k , k = 0, 1, 2 , j = 1, . . . , N). Then, the Hamiltonian differential equations
can be written as

q̇ =
∂H(q, p)

∂p
, ṗ = −∂H(q, p)

∂q
,

where the Hamiltonian function H(q, p) equals the total energy of the system. In the case of
one charged particle in an electrical fiel E with potential V (i.e., E(q) = −gradV (q)) we have

H(q, p) =
|p|2

2m
+ V (q) =

1

2m

3∑
j=1

p2j + V (q1, q2, q3)

and, consequently,

q̇j =
pj
m
, ṗj = −∂V (q1, q2, q3)

∂qj
, j = 1, 2, 3 .

These considerations are due to classical mechanics. In quantum mechanics, the state of the
system at time t ∈ R is described by a state function ψt : Rn −→ C , x 7→ ψt(x) : If A ⊂ Rn is
a measurable set, then ∫

A
|ψt(x)|2 dx

equals the probability for q(t) ∈ A . Hence, we assume that

∫
Rn

|ψt(x)|2 dx = 1 , in particular

ψt ∈ L2(Rn) ∀ t ∈ R . The function ψ : Rn × R −→ C , (x, t) 7→ ψt(x) is called wave function.
Hence, L2(Rn) is the state space of the system. The expectation value of the coordinate qj at
the state ψ = ψt is equal to

qψj =

∫
Rn

xj |ψ(x)|2 dx = ⟨xjψ,ψ⟩ ,

the respective variance is equal to

varψ(qj) =

∫
Rn

(xj − qψj )
2|ψ(x)|2 dx =

〈
(xj − qψj )ψ, (xj − qψj )ψ

〉
,
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and the dispersion σψ(qj) =
√
varψ(qj) . Consequently, we assign the operator of multiplication

by xj to the spatial coordinate qj . To the momentum coordinate pj we assign the differentiation

operator Dj =
h−

i
∂
∂xj

, where h− ≈ 10−34Js denotes the Planck constant. We obtain

pψj =
h−

i

∫
Rn

∂ψ(x)

∂xj
ψ(x) dx = ⟨Djψ,ψ⟩ ,

varψ(pj) =

∫
Rn

∣∣∣∣(h−i ∂

∂xj
− pψj

)
ψ(x)

∣∣∣∣2 dx =
〈
(Dj − pψj )ψ, (Dj − pjψ)ψ

〉
,

σψ(pj) =
√
varψ(pj) .

Remark 6.1 Let A,B ∈ L(H) be hermitian operators (i.e. ⟨Ax, x⟩ = ⟨x,Ax⟩ ∀x ∈ D(A)).
Define ax := ⟨Ax, x⟩ and bx := ⟨Bx, x⟩ as well as

σx(A) := ∥(A− axI)x∥ , σx(B) := ∥(B − bxI)x∥ .

Then we have the uncertainty relation

σx(A)σx(B) ≥ 1

2
|⟨(AB −BA)x, x⟩| ∀x ∈ D(AB) ∩D(BA) .

Corollary 6.2 (Heisenberg’s uncertainty relation) For all states ψ ∈ C∞
0 (Rn) ,

σψ(qj)σpsi(qj) ≥
h−

2
∥ψ∥2 , j = 1, . . . , n .

The wave function satisfies the Schrödinger equation

ih−
∂ψ(x, t)

∂t
= Sψ(x, t) , (6.1)

where the Schrödinger operator S operates on ψ only w.r.t. the spatial coordinates. The
operator S is obtained from the Hamiltonian function H(q, p) using the following rules:

1. Represent H(q, p) as a sum of

(a) pure quadratic terms in pj ,

(b) terms V (q) depending only on q ,

(c) terms of the form 1
2 [pjfj(q) + fj(q)pj ] .

2. Replace qj by the multiplication operator by xj and pj by the differentiation operator Dj .

The expectation value of the Schrödinger operator at the state ψ equals ⟨Sψ, ψ⟩ and should be
real for all states ψ ∈ D(S) . Consequently, S has to be a hermitian operator (cf. Proposition
4.6). The evolution operators U(t) , t ∈ R are defined as follows:

U(t)ψ is equal to the state at time t ∈ R , if ψ is the state of the system at time 0 .

Consequently, the following conditions have to be satisfied (H = L2(Rn)):

(a) D(U(t)) = H ∀ t ∈ R ,

(b) U(0) = I ,
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(c) U(t) ∈ L(H) ∀ t ∈ R ,

(d) U(t1 + t2) = U(t1)U(t2) = U(t2)U(t1) , ∀ t1, t2 ∈ R ,

(e) lim
s→t

∥U(s)ψ − U(t)ψ∥ = 0 , ∀ t ∈ R , ∀ψ ∈ H ,

(f) ∥U(t)ψ∥ = ∥ψ∥ , ∀ t ∈ R , ∀ψ ∈ H ,

(g) R(U(t)) = H , ∀ t ∈ R .

Definition 6.3 We call a family {U(t) : t ∈ R} of operators with the properties (a)–(g) a (one-
parametric) strongly continuous group of unitary operators. The operator A ∈ L(H)
defined by

D(A) =
{
x ∈ H : ∃ lim

t→0
t−1[U(t)− I]x ∈ H

}
, Ax = lim

t→0
t−1[U(t)− I]x ,

is the infinitesimal generator of this group.

Proposition 6.4 Let A ∈ L(H) be the infinitesimal generator of the strongly continuous group
{U(t) : t ∈ R} of unitary operators.

(a) The operator S = iA is selfadjoint.

(b) For each x0 ∈ D(S) , the function U(t)x0 , t ∈ R , is the unique solution of the initial value
problem

ẋ = −iSx , x(0) = x0 .

In particular, U(t)x ∈ D(S) for all x ∈ D(S) and for all t ∈ R .
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