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Chapter 1

Introduction

1.1 The Hilbert space

Let H be a linear space (in general over the field of complex numbers). A map Hx H — C,
(z,y) — (x,y) is called scalar product or inner product on H, if the following conditions
are satisfied:

(S1) (z,z) >0 VzeHand (r,z) =0 < =0,

(S2) (z,y) = (y,z) Ya,yeH,

(S3) (ax + By, z) =a(z,z) + B (y,2) Vz,y,zeH, Va,feC.
One has the Cauchy-Schwarz inequality

(@, )] < V{z,2)v/(y,y) Y,y e H. (1.1)
Using this inequality one can show that
]| = v/ {z, z) (1.2)

defines a norm on H. A linear space (H, (.,.)) with inner product is called unitary space, if
(H, ||.|]) with ||z|| = \/{(x, z) is a Banach space. A unitary space H is called Hilbert space, if
for all n € N there exists a linearly independent system in H with exactly n elements.

Proposition 1.1 Let (H,(.,.)) be a Hilbert space.
1. The map (.,.) : HxH — C, (z,y) — (z,y) is continuous.
2. If L C H is a linear subspace of H, then
Lt :={zcH: (2,y) =0VyecL}

is a closed linear subspace of H, the so called orthogonal complement of L, where
LNLt ={6}.

3. Let L C H a closed linear subspace of H. Then, each element x € H admits the unique
representation © =y + z with y € L and z € L. Moreover,

|z —y| :=inf{||]z —w| : w e L} .

The vector y is called orthogonal projection of x onto L. Furthermore, we write H =
LoLt.
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4. If L C H is a linear subspace, then L = H if and only if there exists no x* € H\ {6}
such that (x,x*) =0 for all z € L.

A system B = {bg,b1,...,bp,...} = {bn}, -y C His called linearly independent, if each finite
subsystem is linearly independent. The system B is refered to as an orthonormal system
(ONS), if (bj, b) = d;;, for all j,k =0,1,2,... Remark, that each ONS is automatically linearly

independent.

Corollary 1.2 (Schmidt’s orthogonalisation method) Let {b,},~, be a linearly indepen-

dent system. Set
1

ay) = —F———— bo .
(bo, bo)

Then {(ag,ap) = 1. We determine 19 € C such that

a1 = by + Proao

is orthogonal w.r.t. ag, i.e. B19 = — (b1, ap) . Since a1 # © we can set
_ 1 -
ay = = aj .
If ag,...,am—1 € span{bo,...,bym—1} are determined such that

<aj7a’k>: jk j7k:O717‘-'7m_17

then we set

m—1
Gm =bm + > Bkar mit Bk = — (b, a)
k=0
and
1 -
a = — .
" G amy

In this way we obtain an ONS {ay}, =, with the property
span {ag,...,an} =span{by,...,bp}, n=0,1,2,...
Corollary 1.3 Let {e,}, >, be an ONS in H,

L,, =span{eg,...,em}, m=0,1,2,...,

and
L= {Zakek:ak e C, m:O,1,2,...}.
k=0
Then .
> (xen) e
k=0

is the best approximation to x € H by elements from Ly, . The numbers v, = (x,ep) are
called Fourier coefficients of = w.r.t. the ONS {e,}, =, . Bessel’s inequality

o
> e en)l” < Jlz)®

k=0
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holds for allx €e H. If L = H, then

W%gnoo x—kzo(x,ek)ek =0, d.h.x:kzo@,ek>ek, VoreH.

In this case Parseval’s equality
o0
S lasen)? = 2l Ve e H,
k=0

is in force, and we call und man nennt {e,},~, a complete orthonormal system (CONS)
in H and the map F : H — (%, x — ((x,e,)) Fourier transform, which, due to Parseval’s
equality, s an isometric isomorphism.

1.2 Linear and bounded operators

Let X and Y be linear spaces over the field K of real or complex numbers. As it is well known
amap f: X — Y, z+— f(x) is called linear, if for arbitrary z1, 22 € X and a1, a9 € K the
relation

flaazr + agxs) = aq f(z1) + aa f(x2)

holds. Often such a linear map is named linear operator , and instead of f(z) there is written
Az . The set of all linear operators between X and Y is denoted by L(X,Y). If we define

(A + pB)x = a(Ax) + B(Bz), «o,p€K, A,Be L(X,Y),
then L(X,Y) is a linear space over K.

Proposition 1.4 Let (X, |.||x) and (Y,|.||y) be two normed spaces over the field K as well as
A€ L(X,Y). Then the following assertions are equivalent:

A: X —Y is a continuous map.

(a
(

b) A: X — Y is uniformly continuous.

)

)

(c) A: X — Y isin © continuous.

(d) There exists a constant M > 0 such that

|Az|ly < M ||z||x VzeX. (1.3)

If there is no risk of misunderstanding, in what follows we will omit the indices of the notation
of the norms.

The set of operators A € L(X,Y), for which one (and, consequently, each) of the assertions
(a)-(d) of the Proposition 1.4 is true, will be denoted by £(X,Y). If, for A € £L(X,Y), we
define

[Allx vy = sup {[|Az] : z € X, [[z[| <1} . (1.4)

then (L(X,Y),|.|lx_y) becomes a normed space, the space of all bounded linear operators.
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Proposition 1.5 IfY is a Banach space, then L(X,Y) is a Banach space, too.

The elements of L(X,K) are called linear functionals. The space (£(X,K),||.||x_x) of all
linear and continuous functionals is called the dual space of X and is denoted by X*.

Theorem 1.6 (Riesz’ representation theorem) Let H be a Hilbert space and f € H* . Then
there exists a unique vy € H, such that

f(x) = (z,zy) VzeH.
Moreover, || f|lg- = l|lzfllg -
Consequently, H* and H can be identified.

Lemma 1.7 Let X and Y be normed spaces and F C L(X,Y) be a family of linear and bounded
operators, which is pointwise bounded on X, that means

sup{||Az|[: Ae F} <oo VzeX.
If there are an x* € X and an € > 0, such that the set of real numbers
M(z*e) ={||Az|| : Ae F,x e X,||lz —z*|| < ¢}
is bounded, then sup {||A| : A € F} < c0.

The following theorem states a fundamental result in functional analysis, the principle of
uniform boundedness.

Theorem 1.8 Let X be a Banach space and Y be a normed space. If a family F C L(X,Y)
of linear and bounded operators is pointwise bounded on X, then F is uniformly bounded, i.e.
sup{||A]|: A€ F} <o0.

For sequences (A4,),=; C £(X,Y) of linear and bounded operators, we distinguish three conceps
of convergence:

e norm convergence: 34 € L(X,Y) : lim, o0 [|An — A||£(X7Y) =0
(denoted by A = lim,, o Ay)

e strong convergence: 34 € L(X,Y) : lim,, o [|[Anr — Az|ly =0 Ve e X
(denoted by A,, — A)

e weak convergence: 3A € L(X,Y) : lim,, o f(Apz) = f(Ax) Ve eX, VfeY*
(denoted by A, — A)
Proposition 1.9 (Banach-Steinhaus) Let X and Y be Banach spaces, Xo C X a X dense
subset and A, € L(X,Y), n=0,1,2,... Then the sequence (Ay), =, converges strongly if and

only if (Anx), =y s a Cauchy sequence for all x € Xq and the sequence of numbers (|| An|), =0
s bounded.

1.3 On the spectrum of compact operators

The spectrum o(A) of an operator A € £L(X) := £L(X,X) consists of all numbers A € C, for
which A — A : X — X is not invertible. A number X € o(A) is called eigenvalue of A, if
dim N(A — AI) > 0. The subset of £(X) of compact operators will be denoted by K(X).

Theorem 1.10 If X is a Banach space and if T € K(X), then o(T') \ {0} consists of at most
countable many eigenvalues, which only possible accumulation point is zero.
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1.4 Spaces of measurable functions

On the set S of all w.r.t. the Lebesgue measure m measurable functions f : [0,1] — C we
consider the equivalence relation

f~g = m{tel0,1]: f({t) #9()} =0,

and, in what follows, we identify the measurable function f with its coset [f]. . By S = S(0,1)
we refer to the space of all these cosets equipped with the metric

L) — e()
o= | T 17— o]

Proposition 1.11 The convergence in S is the convergence w.r.t. the measure, i.e. f, — f
in S if and only if for alle >0

lim m{te[0,1]:|fa(t)— f(t)] >e}=0.
n——oo
Proposition 1.12 The metric space S is complete and separable.

Let 1 < p < oco.By LP = LP(0,1) we denote the subset of S of all functions (more precisely,
cosets of functions) f, for which |f|? is integrable. We equip L? with the norm

1 .
I, : 17 — R, fr—></0 !f(t)|pdt> .

Proposition 1.13 The spaces (L?, ||.||,), 1 < p < 0o, are separable Banach spaces.

By L*° = L*(0,1) we denote the subset of S of essentially bounded functions, where we define
[l : L® — R,

frresssup{|f(t)]:t€[0,1]} :=inf{M e R:m{t €[0,1]:|f(t)| > M} =0}.

Proposition 1.14 (L*,||.||,) is a Banach space.
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Special classes of operators

2.1 Selfadjoint operators
For A € L(H), the adjoint operator A* € L(H) is defined by
<A£L',y> = <$7A*y> Va,ye H.

We call A € L£(H) selfadjoint, if A* = A. In all what follows we consider complex Hilbert
spaces. (i.e., H is a linear space over the field of complex numbers).

Proposition 2.1 An operator A € L(H) is selfadjoint if and only if (Az,x) e RVx € H.
Proposition 2.2 If A € L(H) is selfadjoint then
[A]l = sup{| (Az,z) [z € H, [lz]| <1} .

Since, for selfadjoint operators A, B € L(H), we have (A B)* = B*A* = B A, the product of
two selfadjoint operators is selfadjoint if and only iff BA=AB.

Let A € L(H). By N(A) and R(A) we refer to the nullspace and the image space of the
operator A, respectively,

NA) ={zeH: Az =0}, R(A)={Az:zcH}.
We recall the following assertions:
(a) A€ L(H) = N(A*) = R(A)* and R(A) = N(A*)*
(b) A € L(H) is invertible if and only if there exists an € > 0 such that

|Az|| > ¢ellz| und ||A*z||>¢e]z| VzeH.

(c) Consequently, the selfadjoint operator A € £(H) is invertible if and only if there exists an
€ > 0 such that
|[Az|| >¢e|z|| VzeH.

Proposition 2.3 If A € L(H) is selfadjoint then o(A) C R, and the eigenvectors w.r.t. differ-
ent eigenvalues are orthogonal. Moreover, o(A) C [ma, Ma] with

ma =inf {(Az,z) :x € H, |z|| =1} and Ms=sup{(Az,z):xz € H, ||z|| =1} .

13
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Definition 2.4 We call an operator A € L(H) positive, if (Ax,z) >0 for allx € H.

In view of Proposition 2.1 each positive operator is selfadjoint. For two selfadjoint operators
A,B € L(H) we write A< Bor B> A, if B— A is positive, i.e. (Az,z) < (Bz,z) Vo€ H.

Proposition 2.5 If A € L(H) is positive then the generalized Cauchy-Schwarz inequality
[(Az,y) P < (Az,2)(Ay,y) , @yeH,
holds.

Proposition 2.6 Let A, B,C € L(H) be selfadjoint and T' € L(H) . Then:

1. A<B,B<C = ALC

2. A< B=— A+C<B+C

3. A< B,B<A— A=1B

4 A>0 — T*AT > ©

5. A>0 — A" >0,neN

6. yER,O< A< = A2 <~ A
Since mal < A < Myl folgt 0 < A—myl < (Mg —ma)l, we have

(A—mal)? < (Ma —ma)(A—mal) = (Ml — A)(A—mal) + (A —mul)?,

which implies (Ml — A)(A—mal) > O.
Proposition 2.7 If A € L(H) is selfadjoint then ma, Ma € o(A) (cf. Proposition 2.3).

A sequence of operators A, € L(H) is called bounded, if the sequence (||Ay]]),=; is bounded.
A sequence of selfadjoint operators A,, € L(H), n € N, is said to be monotone, if neighter
Ap <ApsaVneNor A, > Apt1 Vn e N

Proposition 2.8 Fvery bounded and monotone sequence of selfadjoint operators is strongly
convergent.

2.2 Orthoprojections

In view of 1.1, for each closed linear subspace L. C H of a Hilbert space H there exists the
orthogonal complement L1, such that H = L ® L. Each « € H can be uniquely represented
in the form z = xp, + 21,1 with rp, € L and 21,1 € L.

Definition 2.9 The operator Pr, : H — H defined by Ppx = x1, is called orthogonal pro-
jection or orthoprojection from H onto L.

Corollary 2.10 For P = Py, we have P2 = P and 1Pl gy =1, ice. P € L(H).
Corollary 2.11 A linear operator P : H — H is an orthoprojection if and only if

(P?z,y) = (Pz,y) and (Pz,y) = (z,Py) Va,yecH.
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Proposition 2.12 Let P, Pv: H — H be two orthoprojections.

a) The product Py, Py is a projection iff PPy = PymPL . In this case R(PLPyv) = LN M.

(
(b) We have LLM if and only if PLPy = © .

(
(d

)
)
c) The sum Py, + P is an orthoprojection if and only if LLM .
) The difference Py, — Py is an orthoprojection if and only if M C L.
)

(e

According to Prop. 2.12,(b) we call two orthoprojections P and @ orthogonal if PQ = 0.

The inclusion M C L is equivalent to both |Pymz| < ||[Prz| Vo € H and to Pm < Py,

Corollary 2.13 If Py, P, ..., P, are orthoprojections then their sum Py+ P, + ...+ P, is an
(o]

orthoprojection if and only if they are pairwise orthogonal. A series Z P, of pairwise orthogonal

n=0
orthoprojections converges strongly to an orthoprojection.

Proposition 2.14 Let (P,),=, be a sequence of orthoprojections P, : H — H.

(a) If (P), =, is monotone, then it converges to an orthoprojection P : H — H.

(b) If the sequence (P,),=, converges weakly to an orthoprojection, then it converges strongly.
Definition 2.15 For two linear subspaces M1, Mo C H, the number

OMy, Mg) := |22 — Pil gy

where Pj = Pﬁj , j=1,2, denotes the so called opening of these subspaces.
Corollary 2.16 For two linear subspaces M1, Mo C H we have

(a) O(My,My) = O(M{,Mz) = (HoM;,Ho M,),

(b) O(My,M;) = maX{ sup  [|(I = P)z|,  sup (I — PQ)?JH} -

TEMy,[lz]|=1 yeMy, [ly[=1

Proposition 2.17 If the opening of two linear subspaces is smaller than 1 then they have equal
dimension.

Definition 2.18 A linear subspace M C H is called invariant subspace of the operator A €
LH) if Ax € M Vx € M. A linear subspace M C H s called reducing subspace of the
operator A € L(H) if M and M+ are invariant subspaces of A.

Let P = Py;.
e M invariant w.r.t. A = M invariant w.r.t. A <= PAP = AP
e M*' invariant w.r.t. A <= PAP = PA <= M invariant w.r.t. A*
e M reducing w.r.t. A <= M invariant w.r.t. A and A*

e A= A*: M reducing w.r.t. A <= M invariant w.r.t. A <= PA= AP
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e M reducing w.rt. A = Ax = PAPx+ (I — P)A(I - P)xVz € H

Example 2.19 Let H = (%(Z). For ¢ € (*(Z), we define f(t) Z GtF, t € T =
k=—o00

{z€C:|z| =1}, so that f € L2(T) and & = fr := x f( )¢k ds. For a € C(T),
27

0
the operator T°(a) : H — H defined by (To(a)g) = afj , J €Z, is linear and bounded. More-
j

over, T°(a)§ = ( Z aj_k£k> , and T°(a) is selfadjoint if and only if a(t) is real valued.
k=—o00 JEZ

The subspace HY = {5 €l?(Z): & =0,k< 0} is invariant w.r.t. T°(a) if and only if ax = 0

VE<O.

Example 2.20 For [a,b] C (0,1), we consider the orthoprojection P : L?(0,1) — L2(0,1),
u — Pu, where ( = { u(?) toel[?\b% ) Further, let k : [0,1] x [0,1] — C be a
continuous function and K (O, 1) — L2(0,1) be defined by

1
(Ku)(t):/o k(t,s)u(s)ds.

Then PKP is given by

/b k(t,s)u(s)ds t € [a,b],
0 : te(0,1)\ [a,b].

(PKP)(t) =

2.3 Isometric and unitary operators

Let (H;, (.,.);), j = 1,2, be two Hilbert spaces.

Definition 2.21 A surjective map V : Hy — Hay is called isometric operator if
(Va,Vy)y = (z,y); Va,yecH;.

An isometric operator U : H — H is called unitary operator.

Corollary 2.22 An isometric operator is invertible and linear.

Corollary 2.23 IfV € L(H,Hy), R(V) = Hy, and (Vz,Vz), = (z,z) Vo € H; then V :
H, — H, is isometric.

Definition 2.24 An operator V € L(H) is called a partial isometry if
(Va,Vz) = (x,z) YzeNV)*
Proposition 2.25 For V € L(H), the following assertions are equivalent:

(a) V is a partial isometry.
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(b) V=VV*V.
(c) V*V is an orthoprojection.

Example 2.26 Let (ey), -, be a CONS in H. Then the operator
oo
V:H—H, zr—>z<x,en+1>e

s a partial isometry.

Example 2.27 Let p(t) =1 —t?,t € [-1,1], and define the Hilbert space L?p as the space of
all w.r.t. the weight o(t) square integrable (classes of ) functions f : (—1,1) — C equipped with
the inner product

1 PR
- [ g a
The systems (01},), =y and (Uy),=, form CONS in L , where o(t) = \/11_7 and where
1 2 2 sin((n +1)0)
T =—, Ty = - ) ) n = — T A > >0,
o(t) N (cosh) \/;cos(nﬁ) n>0, U,(cosh) \/; p— n>0

are the Chebyshev polynomials of first and second kind, respectively. The relations

1 [t Tu(s)ds
V.= —————=U,1(t), —-1<t<1,n>0,
P w/l(s—t)\/1—82 1(£)

show that the operator S : Li — Li defined by

1
(SF) ) = pv. L+ [ 1)

m™J_1 S—t7

a.e.in (—1,1),

s a partial isometry.

Example 2.28 (Fourier-Plancherel-operator) The operator
F:L*R) — L*(R), g~ h,

where

—1S

h(t) = j/ :g(s) ds a.e.

1$ a unitary operator. Moreover,

d [ dot—1
(F~'h)(t) = \/7d/ P h(s)ds a.e.

and if g € L2(R) is absolutly integrable on R then

—_

ﬂSt s)ds a.e.

(Fg)(t) \/ﬂ/
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Spectral properties of selfadjoint and
compact operators

3.1 Continuous functions of selfadjoint operators

Let P(R) be the set of all algebraic polynomials with real coefficients. For a selfadjoint operator
A € L(H), by C4(R) we denote the set of all continuous functions f : [ma, M4] — R. If
f € C4(R) then we put

ma(f) =min{f(t) :ma <t < Ma}, Ma(f)=max{f(t):ma <t < Ma}

and
Ya(f) = max {[f(t)] : ma <t < My} .

Moreover, by comm(A) we refer to the set of all operators from £(H), which commute with

Ae L(H).

Proposition 3.1 If the polynomial p € P(R) is nonnegative on the spectral interval [m 4, M 4]
of the selfadjoint operator A € L(H), then p(A) > ©.

Theorem 3.2 Let A € L(H) be selfadjoint. The map P(R) — L(H), p — p(A) can be
uniquely extended to a linear and multiplicative map

CA(R) — LH), [+ f(A)
satisfying || F(A)]| < v4(f). For all f € CA(R) and g € C(lma(f), Ma(f)],R) we have
(8) ma(F)I < F(A) < Ma(f)I,
(b) comm(A) C comm(f(A4)),
(©) 9(f(4)) = (go f)(A).

Remark 3.3 Multiplicativity of the map f — f(A) (mentioned in Theorem 3.2) means that,
forall f,g € CA(R), we have (fg)(A) = f(A)g(A).

Corollary 3.4 The map C4(R) — L(H), f — f(A) is positive, i.e., f(t) >0Vt € [mg, Ma]
implies f(A) > ©.

19
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Corollary 3.5 For each positive operator A € L(H) there exists exactly one positive operator
B € L(H) with B> = A, namely B =+/A.

Corollary 3.6 If the positive operators A, B € L(H) commute then the operator AB is also
positive.

Corollary 3.7 Let A € L(H) be selfadjoint. Then the operators
1
|A| and A* = (1Al £ 4)

are positive, where

|Al = VA2 and ATA™ =0.
Proposition 3.8 (polar decomposition) For each operator A € L(H) there exists exactly

one operator V. € L(H) such that A = V\/A*A and N(A) C N(V). Moreover, V is a partial
isometry, VA*A=V*A, and I —V*V = Py(y).

3.2 Spectral decomposition of selfadjoint operators

1 : t< A % ,
1 0 t<A,
Let A e R, ex(t) = 0 \ < and, for n € N, ey, (t) =4 n(A—1t) : A—21 <t <A,
: <t,
0 A<t
Then, for a selfadjoint operator A € L(H), n € N, and A <y, we have
(Ea) O < ez\,n(A) < e)x,n+1(A) <I,
(Eb) T —ex2n(A) < [T —exn(A)* < T —ern(A),
(Ec) exn(A) <eun(A).
By Proposition 2.8 and (Ea) we get the existence of E\ € L(H) with
e,\,n(A) — E)\ =: 6)\(A) . (31)

Proposition 3.9 Assume that f € C4(R), a,b € R, and A < . Then
(a) a(E, — Ex) < f(A) (B, — Ex) if a < f(t), t €[\ p],

(b) f(A)E,—E\) <b(E,—E\) if f(t)<b,te[\pu].
Theorem 3.10 The operators Ey, A € R, are orthoprojections satisfying the following proper-
ties:
(a) Ex=0 for \<my and E\ =1 for My < \,
(

b) (A—A)Ey <O <(A-A)(I—-E)),

(
(

)
)
c) Ex< Ey for A<y,
) A(E, — E) < A(E, — E) < p(E, — Ex) for A< u,
)

(e) Exx=0if Az = \x.
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Moreover, for each A € R and each B € comm(A) the space R(E)) is a reducing subspace of B .

Proposition 3.11 For each selfadjoint operator A € L(H) and for each A € R there exists
exactly one orthoprojection E) € L(H) satisfying (b) and (e) of Theorem 3.10 and commuting

with A. Moreover,
Al —Ey)=A", AFEy=-A", (3.2)

and

A(I —2Ey) = |A|, A=|A|(I-2E). (3.3)

Corollary 3.12 For all selfadjoint operators B € comm(A) with £A < B, we have |A| < B,
i.e., |A] is the smallest selfadjoint operator with this property.

Corollary 3.13 In the sense of strong operator convergence, the one-sided limits

Eyio=limFE,, Exo=lmE,, Fiew= lim BE,, E_o= lim E
A+0 LA w A—0 S “w 400 400 Y ) Jl—00 "

exist for each A € R, where Ex_g = E\ < E)\y9.
Let O(H) C £(H) denote the set of orthoprojections in H.

Definition 3.14 A map R — OH), X — E) is called a spectral map if Ey < E, for
A<pandif E_oo =0, Esx =1. It is called left-sided continuous if Ex_q = E) for all A € R.

In what follows let A — E)\ be the spectral map defined for the selfadjoint operator A € L(H)
by (3.1).

Proposition 3.15 Let A € L(H) be selfadjoint. Then
(a) R(Exs0— E\)=NA-X)VIER,
(b) AeR\0(4) <= Fe>0: Ex=E,Vpe(A—e,X+e¢).

The numbers of o(A) which are not eigenvalues are called points of the continuous spectrum
o.(A) of the operator A, while the set o,(A) C o(A) of eigenvalues is called point spectrum
of A. Consequently, A € o.(A) if and only if Exyo = Ex and Exyc # Ex_¢ for alle > 0.

Example 3.16 Let H=L%(—1,1) and A € L(H) be defined by (Az)(t) =t x(t). We show that
0(A) =0.(A) =[-1,1].

Proposition 3.17 Let A € L(H) be selfadjoint and let U C H be the smallest closed subspace
of H containing all eigenvectors of A. Then U 1is a reducing subspace of A. Moreover, the
operator PuyA has the same eigenvectors as the operator A, while Pyyi A has no eigenvalues.

Let f :[a,b) — R be a function, let Z = {a =X < A1... < A\, = b} € Z]a,b] be a partition
of the interval [a,b], and let

S(f, Z, M) = Zf(uj) (EA]' - E)\j—l)
=0

be a respective Riemann-Stieltjes sum w.r.t. the spectral map FE), where p is a set of
numbers {p;:j=1,...,n} with \j_1 < p; < \j. By d(Z) = max {|\; = X\j_1|:j=1,...,n}
we denote the diameter of the partition Z .
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Definition 3.18 A function f : [a,b] — R is said to be Riemann-Stieltjes integrable or
uniformly Riemann-Stieltjes integrable on [a,b) w.r.t. Ey if, for each sequence (Zy,),>_; of
partitions Z,, € Zla,b] with lim,,oo d(Zy,) = 0, an arbitrary respective sequence of Riemann-
Stieltjes sums (S(f, Zm,™))m_, converges in the strong or in the norm convergence operator
topology, respectively. In this case we set

b—0
f(N) By == Tim_S(Zn)

and

b b—0
/ fN)AEy = f) AEX + f(b) (Epyo — Eb) -

Proposition 3.19 For a left-sided continuous spectral map E), any continuous function f :
[a,b] — R is uniformly Riemann-Stieltjes integrable.

For f € C([a,b],R) we set J2(f) := [7° f(\)dEy . Then, for f,g € C([a,b],R), the following
rules hold:

L. J2f) =Tf)+T2f),a<e<b.
N(E—E)=J4f),a<c<d<b.

(
2. JY
L(f+9) =TI+ Tg) . Ti(af) =adl(f), a €R.
(
(

S

3.

S

4. TN fg) = T2H)Tb(g)-
5. JN(f) > Ot f(t) >0Vt e [a,0].

Proposition 3.20 If A € L(H) is selfadjoint, f € Cla,b], if a <my < My < b, and if E) is

the spectral map of A, then
b—0

f(A) = fA)dEy.

Moreover, comm(A) = comm {E) : A € R} .

To each operator A € £(H) one can associate its real part Re A = 3(A+A*) and its imaginary
part ImA = (A — A*). Then
A=ReA+ilmA and A*=ReA—-ilmA,

Re A and Im A are selfadjoint operators. Conversely, if A = A 4+ 1 Ay with selfadjoint operators
Aj € L(H) then Ay =ReA and Ay =ImA.

We call an operator A € £L(H) normal if A*A = A A*. An operator A € L(H) is normal if and
only if Re A and Im A commute, which is also equivalent to

A*A=AA* = (ReA)? + (ImA)2.

For a selfadjoint operator A € L(H) and a function f = fi +1ifa € C4(C) with f; € C4(R),
the operator

f(A) = f1(A) +1ifa(A)
is well defined, where f1(A) = Re f(A) and f2(A) = Im f(A). Moreover,
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L fA) = f(4),
2. (Af+ug)(A) =Af(A)+ng(A), f,9 € Ca(C), A,neC,
3. (f9)(A) = f(A)g(4), f.g € Ca(C).
If, for a selfadjoint operator A € L£(H), we define 14 = cos(A) 4 i sin(4) =: V, then V*V =

VV*=1,ie., V is a unitary operator.

3.3 Compact operators

It is well known that a linear operator T' : H — H is compact if and only if 7" maps each
bounded sequence (xy,),~; with z,, € H into a precompact sequence (T z,),~; . A sequence
(), = is called precompact if each subsequence possesses a convergent subsequence. The
set of linear compact operators is denoted by K(H), and it is well known that (H) C £(H).
Moreover, K(H) is a closed set (w.r.t. the operator norm topology).

Example 3.21 Let h: [0,1]> — C be a Lebesque measurable function with

// |h(t,s)]?dsdt < co.
[0,1)2

Then the operator T : L2(0,1) — L2(0,1) defined by

(Tu)(t) = /0 (e, s)uls) ds
15 a compact operator.
Proposition 3.22 If T € K(H) then R(I —T) is closed.
Corollary 3.23 IfT € K and A € C\ {0} then R(T — \I) is closed.

Proposition 3.24 For a compact operator T € L(H) we have:
(a) If N € C and Aim N(T — \I) = oo then A =0.
(b) The only possible accumulation point of the set of eigenvalues of T is zero.

(c) If X € C and if there is a sequence (xy), > , Tn € H, such that xo # O, (T — X )zg = 0O,

n=0 >

and (T — M )xpt1 =z, n=0,1,2,..., then A=0.

Corollary 3.25 If T € K(H) then dim N(T — \I) < oo for all A € C\ {0} , o(T)\ {0} consists
only of at most countably many eigenvalues, which can only accumulate in 0. If A # 0 is an
eigenvalue of T' then A is an eigenvalue of T* . In any case 0 € o(T).

Proposition 3.26 To each compact and selfadjoint operator T € L(H) there exist a finite
sequence or a zero sequence of real numbers \g, A1, ... with |Ao| > |A1| > |A2| > ... and pairwise
orthonormal elements e;, € H such that

Tx:Z/\k<x,ek>ek VereH.
k
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If we define Pyx = (x,ex) er, x € H, then Py is an orthoprojection and P,P; = © for k # j as
well as
T=> MP,
k

where in the case of infinite many eigenvalues the series converges in the operator norm.

Proposition 3.27 A linear operator T : H — H is compact if and only if there is a sequence
of linear operators with finite dimensional range which converges in the operator norm to T .

Example 3.28 The operator K : L2(—1,1) — L2(—1,1), where o(t) = (1 —tz)_% , defined by

1
(Ku)(t) = 1/ o(s)Inl|s —t|u(s)ds

T J-1

is compact. We give its diagonal representation according to Proposition 3.26.



Chapter 4

Spectral integrals

4.1 In general unbounded operators

An operator A : D(A) C H — H is called linear, if its domain D(A) is a linear subspace of
H and if for all z,y € D(A), \,u € C we have ANz + py) = XAz + pAy. The set of all such
linear operators is denoted by L(H). An operator A € L(H) is called a restriction B € L(H)
(or B is a extension, denoted by A C B or by B D A of A) if D(A) C D(B) and Az = Bz
Vo € D(A). For A,B € L(H) and X\ € C we define

¢ DINA)=D(A) and (AA)z = Az, z € D(A),
e DIA+B)=D(A)ND(B) and (A+ B)x =Ax+ Bx,x € D(A+ B),
e D(AB)={x € D(B): Bx € D(A)} and (AB)x = A(Bz), z € D(AB).
Consequently, D(A —XI) = D(A) VA€ L(H), A € C. For 4, € L(H), n € N, we say that

A= lim A, if
n—oo

e D(A) = {x € H:3np=no(x) with x € ﬁ D(An)} and

n=ng

Az = lim A,z Vx e D(A).

n—o0
Of course, 7111};@ A, € L(H) . Furthermore, for A € L(H) we define

e comm(A)={Be L(H): Bxe D(A), ABx=BAxVzec D(A)}.
Example 4.1 Let us consider two examples of unbounded operators:

a = L2 =4 : 2)z(t)]? 00 T =tax(t).
(a) H=L"(R), D(A) {eH /Rt](t)|dt< },(A )(t) = tx(t)

(b) H=L%*R), D(B) = S(R) := {x € C*[R): ?lellg 1tz ™ (t)| < oo, Vn,m € NO} ,

(Bx)(t) = —a"(t) + t2x(t) .

25
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Definition 4.2 If A € L(H) and D(A) = H then the adjoint operator A* € L(H) can be
uniquely defined by

D(A*) = {y € H :sup{|(Az,y)|: = € D(A), |z = 1} < oo}

and

(Az,y) = (z, A*y) Yz e D(A), Yy e D(A*).
If AC B then B* C A*.

Definition 4.3 Let A € L(H) and D(A) = H. A number A € C is called regular point of A if
there exists an operator Ry € L(H) such that

Ry(A-XDx=xzVzxe DA and (A-—ANI)Ryx=xzVzrecH.

The set of all A € C which are not regular points of A is called the spectrum of A and denoted
by o(A). The set p(A) = C\ o(A) is called the resolvent set of A.

Proposition 4.4 Let A € L(H) with D(A) = H. Then, p(A) is open, i.e., o(A) is closed.
Moreover,
comm(A) = comm(R)) VYA€ p(A).

If \, € p(A) then
R)\ - RH = ()\ - ,LL)R“R)\ and R)\R“ = RuR)\.

If A € p(A) one also writes Ry = (A — AI)~!, since in this case A — AT : D(A) — H is a
bijection with a bounded inverse.

Definition 4.5 An operator A € L(H) is called symmetric if
DA)=H and (Axy) = (z,Ay) Yz,y € D(A).

We say that A € L(H) is selfadjoint if A = A*.
Proposition 4.6 For A € L(H) the following conditions are equivalent:

(a) A is symmetric.

(b) AcC A*.

(¢) D(A)=H and (Az,z) e RVz € D(A).
An operator A € L(H) is selfadjoint if and only if

D(A)=H, (Az,z)cRVzecD(A), and D(A*) C D(A).
The graph of A € L(H) is defined as the set
I'A) ={(z,Az) 2 € D(A)} CH x H.

For A, B € L(H), the relation A C B is equivalent to I'(A) C I'(B) . Let us H x H equip with
the inner product
((@1,91), (22, Y2 ) mxm = (T1,22) + (y1,92) -
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Then, the operator A € L(H) is called a closed operator, if I'(A) is a closed subset of H x H.
This is equivalent to

xn € D(A), 2y — z, yp=Azx, —y = z€ D(A), y=Ax.
The well-known closed graph theorem says that a closed operator A € L(H) with D(A) = H is
in L(H).
Corollary 4.7 If A € L(H) is selfadjoint, if B € L(H) is symmetric, and if A C B then
A=B.If Ae L(H) is symmetric with D(A) = H then A € L(H).

Definition 4.8 An operator A € L(H) is called closable, if there exists a closed operator
B € L(H) such that AC B.

Corollary 4.9 If A is closable then there exists a smallest closed extension A, the closure of
A, in the sense that A C B for every closed extension B of A. If A € L(H) is closable then

T'(A) = T(4).

Example 4.10 We show that, for each Hilbert space, there exists a linear operator which is not
closable.

Remark 4.11 If A € L(H) is closed with D(A) = H then X € p(A) if and only if R(A—\) =H
and A — X : D(A) — H is a bijection.

4.2 Selfadjoint operators

Proposition 4.12 Let f : R — R be a continuous function, Ey be a left-sided continuous spec-
tral map, Jn(f) = ffgo f(AN)dEy, D(A) = {x €eH: le Jn(f)a:} ,and Ax = ILm Jn(f)x.
Then A= J(f) € L(H) is a selfadjoint operator, for which we also write

n—0

A=J(f) = /_oo FN)dE, == lim FNdE, .

n—oo J_ .

If f is bounded then A € L(H).
Proposition 4.13 Let A € L(H) be a selfadjoint operator. Then
(a) o(4) CR,
(b) Ry = (A — X))~ is normal if A € p(A) and selfadjoint if X € p(A) NR,

o0
(c) there exists a unique spectral map Ey with A = / ANdE) . Moreover,
—o0
comm(A) = comm(E)).

The following Lemma is needed for the proof of Proposition 4.13,(c).
Lemma 4.14 Let A € L(H).

(a) If A=V~ A*A is the polar decomposition of A (cf. Proposition 3.8) then A* = V*y/ A A*
is the polar decomposition of A*. Moreover, /A A* = V\/A*AV* .

(b) If A is normal then there exists a unitary operator V€ L(H) such that VA = AV and

A=VVA*A.
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4.3 Spectral integrals

By a real function algebra F on a set {) we understand a system of functions f : 2 — R
satisfying
leF and f,geF, o, € R= af + By, fg € F.

Definition 4.15 A linear and multiplicative map
J:F— L(H)

on a real function algebra F defined on the set Q) is called spectral integral on F, if the
following conditions are fulfilled:

1. Ja)=1I,
2. J()r=TJf)VfeF,
3. J(f)>OVfeF, ={feF: flw)>0Ywel.

Let comm(J) ={Ae€ LH): TJ(f)A=AT(f)Vf e F}. Then J(f) € comm(J) Vf e F.If
x € H then J, : F — R, f— (J(f)x,z) is a positive linear functional.

Remark 4.16 If J : F — L(H) is linear and if T(f?) = T(f)?, T(f)T(g9) = T(9)T(f) for
all f € F then J : F — L(H) is multiplicative, since in this case

AT(fg) = T((f+9°) =T ((f—9*) =T(f+9)?-T(f—9)?
= [T +2T(HT(9) +T(9)?] — [T(f)? =2T(H)T(9) + T(9)*] =4T(f)T(9) .

Example 4.17 Let F = Cu(R) be the real function algebra of all bounded and continuous
functions f :R — R and let Ay : H— H, g+ fg, where H =L*[R). Then

J:F— LH), [ Af
18 a spectral integral.

Example 4.18 Let F = Cu(R) and let A € L(H) be a selfadjoint operator with the spectral
map Ey, A € R (c¢f. Proposition 4.13). Then

Ta: CoB) — LED), fo f(A) = [ fOVdE,
defines a spectral integral. Moreover, since (cf. Section 3.2)

0o
E)\,l < / e)\,n(ﬂ) dEu < E,

— 00

we get Ex = lm Ja(er,) in view of the left-sided continuity of E .
n—-=o0

Definition 4.19 A spectral integral J : F — L(H) is called o-positive if f, € F, fn T F, and
f >0 implies le TJo(fn) >0V e H.

Proposition 4.20 (Dini) Let (Q2,d) be a compact metric space and (fy), = be a sequence of
continuous functions fn : Q@ — R with f, T f and f > 0. If oy, := inf {fp(w) : w € Q} then

lim o, > 0.
n—oo
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Corollary 4.21 For each selfadjoint operator A € L(H), the spectral integral J4 (cf. Example
4.18) is o-positive.

In what follows let F be a real function algebra on Q and J : F — L(H) be a o-positive
spectral integral. We set F+ := {f: Q — [0,00] : 3 f,, € F with f, T f} . Of course, f € F*

iff Agn € Fr:f=> gn-

n=0

Proposition 4.22 If (f,), =, and (gn),=, are two monotone non-decreasing sequences from F

with lim f, < lim g, , then
n—oo n—oo
lim 7,(fn,) < lim J,(9,) VaxeH.
n—oo n— oo
e With the help of Proposition 4.22 we can define
TA(f) = lm To(fn), feFT,
where f, € F4 with f, 1 f.

e If f, € Fo\, fn 1 f,then f21 2 and, consequently, J, (f?) = li_>m T (f2) . It follows
T = lm [T (F)al? (1)

o For fe Ft, f,€ Fr,and f, T f, we define
DIT*(f) ={z e H: (J(fn)x),=, is a Cauchy sequence}

and

Ty = T T(fa).
Proposition 4.23 The definiton of JT(f) is correct, i.e. independently from the choice of the
sequence (fp), =0 - In particular, T*(f) = J(f) V[ € F4. Moreover,
(a) D(T*(f) ={z e H: T (f?) < oo},
(b) comm(J) C (J*(f)) VfeF".

Corollary 4.24 Fach o-positive spectral integral J : F — L(H) is continuous from below and
continuous from above. Moreover, for all f,g € F*,

(a) f < g implies D(T1(g)) € D(TT(f)) and (T (f)z,z) < (T(9)x,z) as well as (cf.
Proposition 4.22)
|7 =7 (1%) < 76 = |7+ @)

(b) Tt (af)=aT T (f) Ya >0,

() TH(f+9) =T (f)+T*(9),

(d) T (f29%) = T;H(f?) withx € D(T(g)) and y = T (g)x, where J,5(f?) = oo is possible,
) T
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o0
Proposition 4.25 If f, € F' and f = an then f € F+. Moreover, x € H and

n=0
sup {

imply T (fle =Y T (fu)z.
n=0

:nENO}::co<oo

Y T (fr)e
k=0

In what follows we need the following two additional properties of a real function algebra F :
(f1) f € F implies |f| € F,

(f2) fn € Fy and f, | f imply f € Fy.
If condition (f1) is fulfilled then, for f, g € F, the functions

tgt|f - . +g—|f -
max {£.g) = LIS =90 i (1. g) = THI 120
and, consequently, f* = max{f,0} , f~ = —min{f,0} = (—f)* belong also to F.

Corollary 4.26 Let F satisfy condition (f2). If fn € F, fu T f (fud f), and fr < g (fn>9)
for some g € F, then f € F.

Corollary 4.27 Let F satisfy (f1) and (f2). Then f € Fy implies /f € Fy .

Proposition 4.28 Let F satisfy (f1) and (f2) and define ¥ = X(F) = {M CQ:xym € F} .
Then, % is a o-algebra on Q2. Moreover, a function f : Q — [—00,00] is X-measurable if and
only if f* e Ft.

Example 4.29 For each function algebra F there exists a smallest function algebra h(F) sat-
isfying F C h(F) and (f1), (f2). In case F = C(R) or F = Cy(R) we have that h(F) is the
set of all Borel measurable or of all bounded Borel measurable functions f : R — R, where
the respective o-algebra X is (in both cases) the o-algebra of all Borel measurable sets of R, the
smallest o-algebra containing all intervals [a,b), —0o < a < b < c0.

Let J : F — L(H) be a o-positive spectral integral. If F does not satisfy (f1), then we assume
that all functions from F are bounded.

Definition 4.30 A function ¢ : Q@ — [—00, 0] is called Lebesgue integrable w.r.t. J if, for

each x € H , there exist monotone non decreasing sequences (fn), =0 » (9n)peo With frn,gn € Fy

e+ lim g, = lim f, and lim | J(fn+ gn)z| < 0.
n—oo n— o0 n—oo
The set of all these functions is denoted by L(Q, F,T) .

Theorem 4.31 We have F C F := L(Q,F,J), and J:’-:J‘s a function algebra satisfying (f1)
and (f2). For each function algebra Foy with F C Fo C F, there exists a uniquely defined o-
positive spectral integral Jo : Fo — L(H) with Jo(f) = T(f) Vf € F. Moreover, Jo(p)r =
nlgrolo J(fn —gn)x Yz € H (c¢f. Definition 4.30) and comm(J) = comm(J).

We remark that J : F —s L(H) is called Lebesgue’s extension and Jj : h(F) — L£(H)
Borel’s extension of J : F — L(H).



Chapter 5

Differential operators in L*(a, b)

In what follows let —co < a < b < oo. A function f : (a,b) — C is called absolutely
continuous, if there exists a locally integrable function g : (a,b) — C (we write g € Li (a,b))
such that

f(x) :f(c)+/xg(y)dy Ve (a,b), Ve € (a,b).

In this case we write g = f’. By A, (a,b) we denote the set of all n — 1 times continuously
differentiable functions f : (a,b) — C, for which (=1 : (a,b) — C is absolutely continuous.

Proposition 5.1 For alln € N and € > 0 there exists a constant ¢y = co(n,e) such that
/ 179 (z |2da:<5/ |70 () dl‘+co/ If(x)?dx Vfe A, (0,1), Vj=01,...,n—1.

Corollary 5.2 If f € A,(a,b)NL%(a,b) and f € L%(a,b) then fO) € L2(a,b),j =0,1,...,n.
We set W2(a,b) = {f € A-(a,b) NL2(a,b) : f) € L%(a,b)} . (Sobolev space of order r)

Corollary 5.3 If f € W2(a,b) then f9) € Cla,b], j =0,1,...,7 — 1, where in case of b= co
(a = —o0) we have f9)(00) =0 (f¥)(—c0) =0), j=0,1,...,7 —1.

By D : Ai(a,b) — L (a,b) we denote the differential operator Df = f’. Define

loc

and

D(A;) = WZ(a,b), A.f=(-iD)"f.
Proposition 5.4 We have
(a) AY is symmetric,
b
(b) R(A%) = {g € C¥(a,b): / tg(x)de=0,j=0,1,...,r — 1} =: C§5.(a,b),
() (A7) =4,, Ar= A7,
(d) D(AD) = {f € Wi(a,b) : fD)(a) = fD(b) =0, j =0,1,....,r — 1} = W'(a,b).

31
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Corollary 5.5 In case (a,b) = R the operator A, is selfadjoint. If (a,b) # R then AQ and A,
are not selfadjoint.

Proposition 5.6 In case (a,b) =R we have o(Az,) = [0,00) and o(A2—1) = R.

We call a symmetric operator A € L(H) positive definite if there exists a constant v > 0 such
that (Az,z) > 42 ||z||? for all 2 € D(A).

Example 5.7 If —0o < a < b < oo then the operators AY, and Aigr are positive definite. For

ezample, in case (a,b) =R or (a,b) = (0,00) the operator AY. is not positive definite.

For z,y € D(A) we define (x,y) 4, := (Az,y) . If A € L(H) is positive definite then (.,.) , is an
inner product on the linear space D(A). The completion of the space HY := (D(A), (.,.)) is
isomorphic to a linear subspace H4 of H. This Hilbert space (H 4, (.,.) ) is called the energetic
space of the positive definite operator A € L(H). The norm in Hy is denoted by ||.|| 4 , i.e.
|z|| 4 = \/(z,z) 4 . Consequently, D(A) C Hy C H. Moreover,

1
Izl < ~llzlls Ve € Ha, (5.1)

and
(z,y)4 = (Az,y) Ve D(A), VyecHy. (5.2)

In what follows let A € L(H) be positive definite.

Proposition 5.8 An element x € H belongs to Hy if and only if there is a sequence (xy), >,
with x, € D(A), which is a Cauchy sequence in HY and for which lim |z, — x| =0.
n—o0

Example 5.9 Let —0co < a < b < 0. The energetic space of the operatorf& equals Wg’o(a, b).

Proposition 5.10 There exists exactly one selfadjoint operator B € L(H) such that D(B) C
H,4 and (Bz,y) = (x,y) 4 for all x € D(B) and all y € Hy. Moreover, (Bx,z) > 4% |z|? for
allz € D(B) and D(B) = D(A*)NHy4.

We remark that D(B) = {x € Hy : 37 € H with (z,y), = (Z,y) Yy € Ha} and Bz = z. Of
course, for x € D(A) we have, taking into account (5.2),

(Bz,y) = (z,y) 4 = (Az,y) VyeH,

such that Bz = Ax . Consequently, A C B. The operator B is called Friedrichs’ extension of
the operator A and denoted by A,

Example 5.11 Friedrichs extension Ag;,F of AS. is given by
DAY = {r e Wi (a,0): fO(a) = FPB) =0, j=0,1,...,r 1}

and
AY f = (—iD)*"f.



Chapter 6

The formalism of quantum
mechanics

Consider a system of N (in general electrical charged) particles within an electromagnetic field

and set n =3N . By q1,..., ¢, we denote the cartesian spatial coordinates (i.e., g3j—2, ¢35, and
g3; are the spatial coordinates of the jth particle) and by pi,...,p, the momentum coordinates
(i.e., p3j—k = mjdsj—k, k=0,1,2, j =1,...,N). Then, the Hamiltonian differential equations
can be written as

._ OH(qp) . _0H(gp)

q= ap y P= g )

where the Hamiltonian function H(q,p) equals the total energy of the system. In the case of
one charged particle in an electrical fiel E with potential V' (i.e., E(q) = —grad V(q)) we have

3
pl? 1
H(q,p) = om T Vig) = . > i+ Vi, g, 43)
j=1
and, consequently,
. p] . 8‘/(‘117(127%) .
] AR A =1,2,3.
q] m7 p] 8q] ) J ) &y

These considerations are due to classical mechanics. In quantum mechanics, the state of the
system at time ¢ € R is described by a state function ¢, : R" — C, z — ¢y(z) : If A CR" is

a measurable set, then
[ @ iz
A

equals the probability for ¢(t) € A. Hence, we assume that / Wt(x)\Q dr = 1, in particular
R’I’L

Yy € L2(R") Yt € R. The function ¢ : R* x R — C, (z,t) + 9;(z) is called wave function.
Hence, L?(R") is the state space of the system. The expectation value of the coordinate q; at
the state ¥ = 1 is equal to

i = [ al@P o = (a0

the respective variance is equal to
vary(q;) = /Rn(xj — ¢} (@) do = <(afj — ), () — q}”)w> ,

33
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and the dispersion oy (qj) = /vary(q;) . Consequently, we assign the operator of multiplication
by x; to the spatial coordinate g; . To the momentum coordinate p; we assign the differentiation

operator D; = % a%j , where i ~ 10734Js denotes the Planck constant. We obtain

" o[ 0Y(x) ——

) 2
vty = [ |(§ o o) vie)| do= (s =y (0 = i)
op(pj) = 1/vary(p)).

Remark 6.1 Let A, B € L(H) be hermitian operators (i.e. (Az,z) = (z,Az) Vo € D(A)).
Define a, := (Ax,z) and b, := (Bx, ) as well as

0x(A) = (A —aeD)zl| ,  0u(B):=[[(B —baI)z]| .
Then we have the uncertainty relation

05(A)oy(B) > = |((AB — BA)z,z)| V€ D(AB) N D(BA).

N | =

Corollary 6.2 (Heisenberg’s uncertainty relation) For all states ¢ € C5°(R"),

. h 2 .
ou(ap)opsi(ay) = o Iwl* . j=1,....n.

The wave function satisfies the Schrodinger equation
Ot (x, 1)

ih

T

where the Schrodinger operator S operates on ¢ only w.r.t. the spatial coordinates. The
operator S is obtained from the Hamiltonian function H(q,p) using the following rules:

= Sip(z, 1), (6.1)

1. Represent H(q,p) as a sum of

(a) pure quadratic terms in pj,
(b) terms V(q) depending only on ¢,
(c) terms of the form % pifi(a) + fi(a)p4] .
2. Replace ¢; by the multiplication operator by x; and p; by the differentiation operator D; .

The expectation value of the Schrodinger operator at the state 1 equals (S, ) and should be
real for all states ¢ € D(S). Consequently, S has to be a hermitian operator (cf. Proposition
4.6). The evolution operators U(t), t € R are defined as follows:

U(t)y is equal to the state at time ¢ € R, if ¢ is the state of the system at time 0.
Consequently, the following conditions have to be satisfied (H = L2(R")):

(a) D(U®)=HVYtecR,
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(¢) U(t)e LH)VteR,

(d) Uty +1t) = Ut)U(ts) = Ult2)U(t1), Vi1, t2 € R,
(¢) i [U(s)y ~ U] =0. vt € R, Vo € H,

() 0Ol =¥l , vt R, vy € H,

(g) R(U(#)=H,VtecR.

Definition 6.3 We call a family {U(t) : t € R} of operators with the properties (a)-(g) a (one-
parametric) strongly continuous group of unitary operators. The operator A € L(H)
defined by

D(A) = {m €H: I lim ™' [U(t) ~ Iz € H} . Ar = limt ' [U(®t) — 1)z,

t—0

is the infinitesimal generator of this group.

Proposition 6.4 Let A € L(H) be the infinitesimal generator of the strongly continuous group
{U(t) : t € R} of unitary operators.

(a) The operator S = iA is selfadjoint.

(b) For each 2° € D(S), the function U(t)x°, t € R, is the unique solution of the initial value
problem
i=—iSz, 2(0)=a".

In particular, U(t)x € D(S) for all x € D(S) and for allt € R.
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