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Theory: cos-composition

• Periodization via cosine composition
(Tcosf )(x1, ..., xd) = f (cos x1, ..., cos xd)

• Important: Preserves regularity, i.e. continuity of
the operator

Tcos : H
smix([−1, 1]d)→ Hsmix(Td)

• Thus: Approximation of periodic functions via
Fourier functions lifts to the non-periodic setting
to Chebyshev polynomials

Algorithm: Subsampling

• Node set in [−1, 1]d→ frame inCd→ subsampling
• Existence: Via Kadison-Singer [MSS]
• Algorithm: Based on [BSS] and developed further
in [BSU]

• Initial node set: random points, Chebyshev dis-
tributed∏d

i=1

(
π
√
1− x2i

)−1
dx
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Chebyshev BasisRecovers Non-periodicFunctions Efficiently
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Numerical experiments

• (Tensored) test function
f (x) =

−
1
4x
2 − 12x +

1
2 ,−1 ≤ x ≤ 0

1
8x
2 − 12x +

1
2 , 0 < x ≤ 1

(smoothness s = 2.5)
• Hyperbolic cross

Λ := {k ∈ Nd0 :
d∏
i=1

max{1, ki} ≤ R},

m := #Λ

•M := ⌈4m logm⌉ random points {xi}Mi=1 (Cheby-shev measure)
• Subsample ui = [

ηk(x
i)
]
k∈Λ with ηk(xi) =∏d

ℓ=1 Tkℓ(x
i
ℓ), Tk(x) =

√
2
min{1,k}

cos(k arccos(x))

→{xj}j∈J with#J := n = O(m)
• f (x) ≈∑

k∈Λ ckηk(x) via least squares
ηk1(x

j1) · · · ηkm(xj1)... ...
ηk1(x

jn) · · · ηkm(xjn)



ck1...
ckm

 ≈

f (xj1)...
f (xjn)


• (Chebyshev) L2-error ≲ n−s(log n)(d−1)s+1/2
• For comparison: Uniform samples and half-
period cosine basis gives (Lebesgue) L2-error ≲
n−(1−ε)min{1.5,s}
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