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summation

The 3d-NFFT (FFT for nonequispaced data)

Notation

e define the torus T := R/Z ~ [—1/2,1/2)
o for M € 2N set Zys := {—Mf2, ..., Mjr—1}3 C Z3

FFT: f(j) — Z fkeQWik-j/M j EIM

keI

[Dutt, Rokhlin 1993] [Beylkin 1995]
[Potts, Steidl, Tasche 2001]| [Greengard, Lee 2004]
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Fast summation
o0

The 3d-NFFT (FFT for nonequispaced data)

Notation

e define the torus T := R/Z ~ [—1/2,1/2)
o for M € 2N set Zys := {—Mf2, ..., Mjr—1}3 C Z3

NFFT:  f(z;) = Y fee®™*®  2;€T’j=1,...,N
kETy,

FFT:  f() = Y fue®™™*M  jeTy,N:=|Tu|=M*
keZnr

Complexity: O(|Zam|log|Za| + N)
[Dutt, Rokhlin 1993] [Beylkin 1995]
[Potts, Steidl, Tasche 2001]| |Greengard, Lee 2004]
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Fast summation
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The 3d-NFFT (FFT for nonequispaced data)

Notation

e define the torus T := R/Z ~ [—1/2,1/2)
o for M € 2N set Zys := {—Mf2, ..., Mjr—1}3 C Z3

NFFT:  f(z;) = Y fee®™*®  2;€T’j=1,...,N
kETy,
FFT:  f() = Y fue®™™*M  jeTy,N:=|Tu|=M*
keZnr
N .
adjoint NFFT:  h(k) ::ijeﬁmk'mj kely
=1

Complexity: O(|Zam|log|Za| + N)
[Dutt, Rokhlin 1993] [Beylkin 1995]
[Potts, Steidl, Tasche 2001]| [Greengard, Lee 2004]
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ummation

N
Compute f(z;) = ZciK(a:i —xj;) forx; € [-Lf2,L/f2],j=1,...,N.

i=1

® T —xj € [_L7 L]
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Fast summation
(o] }

Fast summation based on NFFT in 1d [Potts, Steidl 2003]

Compute f(x;) ch i —xj) forxj € [-Lj2,Lf2],j=1,...,N.

I K(x I
: © : o x;—x; €[-L,L]

o extend interval at the boundaries

% e construct Kp, claim smoothness
. inx==xL

‘%Knm KL

hemnitz



ummation

Compute f(x;) ch i —xj) forxj € [-Lj2,Lf2],j=1,...,N.

o x;—x; €[-L,L]
o extend interval at the boundaries

e construct Kp, claim smoothness
inx ==L

e regularized kernel KR is smooth
and periodic with period
h:=2(L+9)

TU Chemnitz



ummation

Compute f(x;) ch i —xj) forxj € [-Lj2,Lf2],j=1,...,N.

o x;—x; €[-L,L]
o extend interval at the boundaries

e construct Kp, claim smoothness
inx ==L

e regularized kernel KR is smooth
and periodic with period
h:=2(L+9)

N
f(@5) = ciKn(wi — ;)
i=1

M/2—1

NZCZ Z beQﬂ'll(CL‘l z;)/h

:—M/z
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ummation

Compute f(x;) ch i —xj) forxj € [-Lj2,Lf2],j=1,...,N.

o x;—x; €[-L,L]
o extend interval at the boundaries

e construct Kp, claim smoothness
inx ==L

e regularized kernel KR is smooth
and periodic with period

h:=2(L+9)
N NFFT
Ti)= ciKr(z; —xj
f(=i) ; iKr (@i ) adj. NFFT
M/2—1 M/2—1 N
~ ZCZ Z b 2mil(mi—xz)/h Z El(Zcie%rilzi/h>e—27rilzj/h
l=—M/2 l=—M/2 i=1
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Coulomb interactions
0

Definition of the Coulomb interaction energy

Let N charges g; € R at positions &; € R® be given.
Coulomb interaction energy (@i := ; — x;):

E:=- o=~ N gip(x;) with @) := ‘.
3 2 24 2; e )= 24

ij=1 =
i#] i#]
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Let N charges g; € R at positions &; € R® be given.
Coulomb interaction energy (@i := ; — x;):

Bim g > A= 23 gefe) with d(@) =Y
j=1 '

S el 24 gt
i#£] ]

3d-periodic boundary conditions

choose S :=Z3, x; € BT? and set

d(x;) := ps(z;) ..
N .
- Y et |
= = llwy £ Bn
i#j if n=0

— crystals, ...

Fast NFFT based algorithm: P?NFFT, O(N log N) [Pippig, Potts 2011]
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Definition of the Coulomb interaction energy

Let N charges g; € R at positions &; € R® be given.
Coulomb interaction energy (@i := ; — x;):

A L & N
E = 3 E ”:;]“ =3 E qgip(x;) with é(x;) := E ~
i,j=1 R j=1 i=1
i i

3d-periodic boundary conditions

choose S := Z*, x; € BT?® and set B I
b(x;) := ds(x;) N KN
N . . .
=3 Y =rEa
= = lwy £ Bn| S R
i#j if n=0 . . .

— crystals, ...

Fast NFFT based algorithm: P?NFFT, O(N log N) [Pippig, Potts 2011]
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Coulomb interactions
0

Definition of the Coulomb interaction energy

Let N charges g; € R at positions &; € R® be given.
Coulomb interaction energy (@i := ; — x;):

E:=- o=~ N gip(x;) with @) := ‘.
3 2 24 2; e ! Z 24

ij=1 = i=1
i#] i#]

3d-periodic boundary conditions

choose S :=Z3, x; € BT?® and set

¢(z;) = ps(z;)

N
L qi
=% T lzi; + Bn

nes i=1
i#j if n=0

— crystals, ...

Fast NFFT based algorithm: P?NFFT, O(N log N) [Pippig, Potts 2011]
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Coulomb energy s.t. periodic boundary conditions

= = llwy+ Bn
i#j if n=0

B(S) = %Z%‘CbS(wj) with és(@):= >, > v

Mixed periodic boundary conditions:

x; € BT? xR, S := 7> x {0} x; € BT x R?, S :=7Z x {0}?
— thin liquid films, ... — nano channels, ...
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Coulomb energy s.t. periodic boundary conditions

= lwy £ Bn
i#j if n=0

B(S) = %Z%‘CbS(wj) with és(@;):= >, > v

Mixed periodic boundary conditions:

x; € BT? xR, S := 7> x {0} x; € BT x R?, S :=7Z x {0}?
— thin liquid films, ... — nano channels, ...

N o
Assume )77, ¢; = 0 = conditional convergence
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Coulomb interactions
(o] J

Coulomb energy s.t. periodic boundary conditions

N
1 . qi
= - q‘¢s T with ¢$ ZE 5 R

nes =1
i#j if n=0

Mixed periodic boundary conditions:

2d-periodic 1d-periodic

x; € BT? xR, S :=Z* x {0} x; € BT xR?, § := Z x {0}*
— thin liquid films, ... — nano channels, ...
FMM: O(N) FMM: O(N)
[Greengard, Rokhlin 1987] [Greengard, Rokhlin 1987]
MMM2D: O(N5/3) MMMI1D: O(N?)
[Arnold, Holm 2002] [Arnold, Holm 2005|

SE2P: O(Nlog N)
|[Lindbo, Tornberg 2011|

Assume Z _, ¢j = 0 = conditional convergence




Fast Ewald
®00000000

Ewald summation

Idea of the Ewald summation [Ewald 1921]:

Ewald splitting

1 erf(ar) o erfc(ar) 6
ro r r 4
~— ~—
long ranged, singular in 0, 5
continuous short ranged

o erf(z) := % N e dt (error function)
e erfc(x) := 1 — erf(z) (complementary error function)

e a > 0 (scaling parameter)
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ast Ewald
O®0000000

Ewald Summation

1 erfe(ar) | erf(ar)

We apply | — = + with r := ||@;; + Bn|| and obtain
r r r
N
PORD DI ]
= =z + Bn|
i#j if n=0
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Fast Ewald
O®0000000

Ewald Summation

1 erfe(ar) + erf(ar) with r := ||&s; + Bn| and obtain

We apply | — =
r r r

N N
)DRID DINSEL N Do S e R
nes =1 |zi; + Bn| wes ot ||zi; + Bn||

i#£j if n=0 i#j if n=0

e short range part can be obtained via direct evaluation after truncation

TU Chemnitz
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ast Ewald
O®0000000

Ewald Summation

1 erfe(ar) + erf(ar) with r := ||&s; + Bn| and obtain

We apply | — =
r r r
N N
i erfc(al|zi; + Bn
S Y mrmicll X ekl |t
nes  i=1 Tij n nes  i=1 Lij
i#£j if n=0 i#j if n=0
ZZ erf(al|l@i; + Bn|) | 27aq‘
=z + Bl v

e short range part can be obtained via direct evaluation after truncation
e lim,_q M = 2—\;‘% = substract self potential

e write the long range part as a sum in Fourier space

TU Chemnitz
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ast Ewald
O®0000000

Ewald Summation

L(a;) = Z Z erf(al|z;; + Bnl|)

nes i=1 |w” + Bn”

e write the long range part as a sum in Fourier space

Franziska Nestler TU Chemnitz



Fast Ewald
0O0@000000

Ewald summation s.t. 2d-periodic boundary conditions

Long range
We write @;; = (&4, %i5,3) and obtain for ¢122x{0} (:1:])

oE Zq 2R Bii/BQP2 (| ||, 245.5)

kez2 \{o} i=1

mz] 3)

2d Fourier series k = 0 part
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Fast Ewald
0O0@000000

Ewald summation s.t. 2d-periodic boundary conditions

Long range
We write @;; = (&4, %i5,3) and obtain for ¢122x{0} (:1:])

oE Zq 2R Bii/BQP2 (| ||, 245.5)

kez2 \{o} i=1

mz] 3)

2d Fourier series k = 0 part

TN

“1 08 -06 -04 02 0 02 04 06 08 1

27"’W‘/Berfc( '”E, +ar)+e72"kT/Berfc(—B —a'r)
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Fast Ewald
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Ewald summation s.t. 2d-periodic boundary conditions

Long range

We write @;; = (&4, %i5,3) and obtain for ¢122x{0} (:1:])

2ik-@ B ~\p2
E E q:e 15/ B QP2 (|| k||, :5,3) ?(@s5,3)
kez2 \{o} i=1
2d Fourier series k = 0 part
.
o .
p2
. O (k,7) “
1
03 k — 1 R
o k=2 .
k=3 o
o
od
/_\\
-1 -08 -06 -04 -02 o 02 04 0.6 0.8 1 u*l -08 -06 -04 -02 o 0.2 04 06 08 1

7T/ Bogte( TE 4 ar) 4o~ 27k/ Beorie( Tk —ar) @82(7,) - éeﬂﬁﬂ +ry/merf(ar)
%

hemnitz



Fast Ewald
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A fast algorithm I

wik-&;; N
55 Sz oy € FI BTN 02 (|IK|, i5,3)

Vk: O (k,-) € C(R)

35O (k,)

Regularization:

® x;; 3 are absolutely
bounded Kg(k,-)

e we are just interested in
©r2(k,-) over a finite
interval (white area)

2 Kp(k, /2 — he) =
J
35 577 O (k, /2 = he)

—hfy 0 L hp
—h/2+ he hf2 — he

hemnitz



Fast Ewald
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A fast algorithm I

wik-&;; N
55 Sz oy € FI BTN 02 (|IK|, i5,3)

Vk: O (k,-) € C(R)

35O (k,)

Regularization:

® x;; 3 are absolutely
bounded Kg(k,-)

e we are just interested in
©r2(k,-) over a finite
interval (white area)

2 Kp(k, /2 — he) =
J
2557 O (/2 — he)

e construct a smooth and
periodic function Kg(k,-)

e ¢ < (0,1/2) determines the
size of the areas at the
boundaries
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Fast Ewald
O000@0000

A fast algorithm II

ik-a@; N
35 Drezrfoy & T/ B T 0P (|||, 3i5,8)

e truncate the infinite sum, Z? — Ty = {—M/2 ..., 5 /2 — 1}?

TU Chemnitz



Fast Ewald
O000@0000

A fast algorithm II

The 2d Fourie
ik-x;; N
35 Lkezav(oy & 2P T X, :0P (K, 3is3)

e truncate the infinite sum, Z? — Ty = {—M/2 ..., 5 /2 — 1}?
e for M € 2N large enough we find for each k = ||k|| # 0 (k € Z;)
M/2—1
5=0P2(k, x45,3) = Kr(k,ij,3) & Z by, je2milwis 3 /h
l=—M/2

TU Chemnitz



ast Ewald
O000@0000

A fast algorithm II

The 2d Fourie

ik-a@; N
35 Drezrnfoy & 0%/ B T 0P (|||, 3i5,8)

e truncate the infinite sum, Z? — Ty = {—M/2 ..., 5 /2 — 1}?
e for M € 2N large enough we find for each k = ||k|| # 0 (k € Z;)
M/2—1
5=0P2(k, x45,3) = Kr(k,ij,3) & Z by, je2milwis 3 /h
l=—M/2

. . A T T Z; . .
* we obtain with &; := (%5, 222, ©:2) the approximation

k1 k1
Mj2—1 N 27 | ko | &5 —2ri | ko &
ORI SIS DI DI TIRL e L
i=1

RET 5 \{0} I=—M/2

Franziska Nestler TU Chemnitz



Fast Ewald
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A fast algorithm II

The 2d Fourie
ik-x;; N
35 Lkezav(oy & 2P T X, :0P (K, 3is3)

e truncate the infinite sum, Z? — Ty = {—M/2 ..., 5 /2 — 1}?
e for M € 2N large enough we find for each k = ||k|| # 0 (k € Z;)
M/2—1
5=0P2(k, x45,3) = Kr(k,ij,3) & Z by, je2milwis 3 /h
l=—M/2

. . A Xy ZTg ° ZTq . .
e we obtain with @, := (“5*, “2%, ©:2) the approximation

k1 k1
M/2—1 ormi | ko | @&, —27i | ko &
D~ > D> bk Z‘h e :

RET 5 \{0} I=—M/2

3d adj. NFFT

3d NFFT

Franziska Nestler TU Chemnitz



ast Ewald
O000@0000

A fast algorithm II

The 2d Fourier s
ik-a@; N
35 Drezrnfoy & 0%/ B T 0P (|||, 3i5,8)

e truncate the infinite sum, Z? — Ty = {—M/2 ..., 5 /2 — 1}?
e for M € 2N large enough we find for each k = ||k|| # 0 (k € Z;)
M/2—1
5=0P2(k, x45,3) = Kr(k,ij,3) & Z by, je2milwis 3 /h
l=—M/2

* we obtain with &; := (%5, 222, ©:2) the approximation

k1 k1
M/2—1 ormi | ko | @&, —27i | ko &
D~ > D bk Z‘h e :

RET 5\ {0} I=—M/2

3d adj. NFFT

3d NFFT
e analog for the k£ = 0 term

Franziska Nestler TU Chemnitz
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Ewald summation s.t. 1d periodic boundary conditions

o range part under i . [Porto 2000]

We write :cij = (l’ij 1, i'ij) and obtain for ¢%>< {O}Q(CIZ]‘)

=Y 3 quet 01/ BGP (8] i ) - BZ%@“ 13311}

kGZ\{O} i=1

1d Fourier series k = 0 part
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Fast Ewald
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Ewald summation s.t. 1d periodic boundary conditions

. [Porto 2000]

We write :cij = (l’ij 1, i'ij) and obtain for ¢%>< {O}Q(CIZ]‘)

2 Tikx;
5 2 Zq ek /BQPL (k| |24 ) - qulepl (B2l

kEZ\{0} i=1
1d Fourier series k = 0 part
. o7 (,)
- k=1
oz k=2
. k=3
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Fast Ewald
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Ewald summation s.t. 1d periodic boundary conditions

. [Porto 2000]

We write :cij = (l’ij 1, i'ij) and obtain for ¢%>< {O}Q(CIZ]‘)

2 Tikx;
5 2 Zq ek /BQPL (k| |24 ) - qulepl (B2l

kEZ\{0} i=1
1d Fourier series k = 0 part
’
0es ,
o4 or(k,r) 2
039 .
0s
25
0z k=1
o2 k=2 ’
b3 s
N e = .
ocs 0s
o o5 0% w02 © o2 or o5 o5 1 \ o5 5 % w2 0 oz o5 o5 o5 1
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A fast algorithm

The 1d Fourier sum

mika; N =
23 venqoy € E TN 0P [kl ||&511)

e regularization of ©P1(|kl,) on

[=h/2,h/2]

507 (k)

2 Kp(k,hf2 — he) =
i
2 20l (k,hf2 — he)

—hf2 7

9
—h/2 + he

Kg(k,h/2) =0
7 2 Kn(k,hf2)
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Fast Ewald
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A fast algorithm

The 1d Fourier sum
wikxj; N ) »
23 venqoy € E TN 0P [kl ||&511)

e regularization of ©P1(|kl,) on ]
[=/2,/2] 3O (k)

e claim vanishing derivatives at
the boundary

9K (k,h/2 — he) =

ard ;
2 20l (k,hf2 — he)

e rotate and extend the function
to the torus hT? (constant
value over the striped area)

—hf2 7

o
R 2 Kp(k,hf2) =0
—h/2 + he
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A fast algorithm

The 1d Fourier sum

Fast Ewald
0O00000e00

wikxj; N ) »
23 venqoy € E TN 0P [kl ||&511)

e regularization of ©P1(|kl,) on
[="/2, /2]

e claim vanishing derivatives at
the boundary

e rotate and extend the function
to the torus hT? (constant
value over the striped area)

e result: periodically smooth
function in 2 variables

e approximate by bivariate
trigonometric polynomials

e proceed as for 2d-periodic b.c.

507 (k)

20 Kp(kh/2 — he) =

ar. ;
2 20l (k,hf2 — he)

—hf2 7

o
R 2 Kp(k,hf2) =0
—h/2 + he

hemnitz



Fast Ewald
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Summary

Structure is the same as for 3d-periodic s

e Near field, self interactions
e Far field

® adjoint 3d NFFT
® Multiplikation with the Fourier coefficients
® 3d NFFT

Challenges

e Many precomputation steps: construct regularizations and compute
the Fourier coefficients via the FFT.

e additional parameters throw regularization:
degree of smoothness, regularization parameter ¢, ...
— optimal choice? exact error control?

e Especially choice of ¢ is important.
To obtain first numerical results: tuned € by hand.

TU Chemnitz
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How to reduce precomputation costs?

For k large enough:

i
h-periodization or2(k, ) !
i

'
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
i

h

—ia e

Ok, )~ Y O (k,r +nh)

n=—oc

Poisson summation:

oo oo 2
S ©P2(k, k) = % ) (h2lj2B-I: B2l2)ef7r2l2/(a2h2)77r2k2/(a2B2)eZ7rilr/h
™

n=-—oo l=—o0
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Fast Ewald
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How to reduce precomputation costs?

For k large enough:

i
h-periodization or2(k, ) !
i

'
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
i

h

—hfa hf2

Ok, )~ Y O (k,r +nh)

n=—oc

Poisson summation:

oo oo 2 " . . . . . .
S ©P2(k, k) = % ) (hQ:QBﬁ B2l2)efﬂzlz/(oﬁhz)fﬂzkz/(asz)eZ‘frilr/h
™

n=-—oo l=—o0

— Fourier coefficients are given analytically
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Numerical results I [Nestler, Pippig, Potts 2013 (Preprint)]

—1 -1
10 ) — M =16, =0.115 10
P 0.115
» LT 0.145 »
0 ‘ 1 [ =128, = 0.170 070 1
_ M = 256, = 0.190
= a
% &
& 1077 1 91077 1
5 4
4
10-10 |- T ] 10-10 | -]
ey \ s \ TS \ s \
10 0.5 1 L5 2 2.5 10 0.5 1 15 2 2.5
splitting parameter o splitting parameter o
Figure : Achieved rms errors for a 2d-periodic (left) and the corresponding

3d-periodic computation (right) with N = 300 particles.




Results
oeo

Numerical results II [Nestler, Pippig, Potts 2013 (Preprint)]

—1 -1
10 M =16, = 0.030 10
0.085
» 0115 »
w07 [ =128, = 0.160 070 1
. M = 256, = 0.160
= 2
51077 91077 ]
& 4
4
10*10 - 10*1U - |
13 \ s \ s 13 \ \ s
10 0.5 1 L5 2 2.5 10 0.5 1 15 2 2.5
splitting parameter o splitting parameter o
Figure : Achieved rms errors for a 1d-periodic (left) and the corresponding

3d-periodic computation (right) with N = 300 particles.




Numerical results III [Nestler, Pippig, Potts 2013 (Preprint)]

e~
107 ¢ E 14} 1
10t ? < é 1.2+ B
: o : Z
- RIS 1
1071 E E 3
r 0.6 - i
1072 " E
£ —a—~ NlogN 0.4 -
Lo Lol Lol M L Lol Lol Lol Ll L
10% 10* 10° 106 10% 104 10° 108
#charges N ##charges N

Figure : Run times without precomputations (left) and accuracy (right) for 2d-
(o) and 3d-periodic (*) boundary conditions.

# charges | 300 | 8-300 | 82-300 | 83-300 | 8*-300
FFT size | 16° | 328 | 643 | 1283 | 2563
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Conclusion

e new approach to fast Ewald summation under mixed boundary
conditions: [Nestler, Pippig, Potts 2013 (Preprint)]
o 2d-periodic: Ewald + fast summation in 1d
o ld-periodic: Ewald + fast summation in 2d
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e new approach to fast Ewald summation under mixed boundary
conditions: [Nestler, Pippig, Potts 2013 (Preprint)]
o 2d-periodic: Ewald + fast summation in 1d
o ld-periodic: Ewald + fast summation in 2d
e good choice of parameters: accuracy and computation times
comparable to 3d-periodic implementation (|Pippig, Potts 2011])

ka Nestler TU Chemnitz



Conclusion

e new approach to fast Ewald summation under mixed boundary
conditions: [Nestler, Pippig, Potts 2013 (Preprint)]
o 2d-periodic: Ewald + fast summation in 1d
o ld-periodic: Ewald + fast summation in 2d
e good choice of parameters: accuracy and computation times
comparable to 3d-periodic implementation (|Pippig, Potts 2011])
e open questions/ tasks:

e reduce precomputation costs
e error estimates
e automatic tuning of the parameters
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Conclusion

e new approach to fast Ewald summation under mixed boundary
conditions: [Nestler, Pippig, Potts 2013 (Preprint)]
o 2d-periodic: Ewald + fast summation in 1d
o ld-periodic: Ewald + fast summation in 2d
e good choice of parameters: accuracy and computation times
comparable to 3d-periodic implementation (|Pippig, Potts 2011])
e open questions/ tasks:

e reduce precomputation costs
e error estimates
e automatic tuning of the parameters

Thank you for your attention!
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