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Coulomb interactions
o0

Definition of the Coulomb interaction energy

Let N charges ¢; € R at positions x; € R® be given.
Coulomb interaction energy (xi; := x; — x;):

N N
1 : :
1 Z B 1S i) with o) =3 0
Jeull ~ 225 o1 el
@#J .
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Definition of the Coulomb interaction energy

Let N charges ¢; € R at positions x; € R® be given.
Coulomb interaction energy (xi; := x; — x;):

N
7 1 . i3
= Z 1145 (=g wdle) with @)= L
il 2 & [zl
1#]

3d-periodic boundary conditions

choose S := 73, x; € BT* and set

d(x;) = ps(x;) D
N .
-3 Y e '
‘% = e+ Bn
i#j if n=0

T:=R/Z ~ [-1/2,1/2)
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Coulomb interactions
(o] }

Coulomb energy s.t. periodic boundary conditions

N
E(S) = %ZqﬂﬁS(wa‘) with  ¢s(z;) :=
j=1

e fully periodic: «; € BT?, S := Z3

e mixed boundary conditions:

2d-periodic 1d-periodic

x; € BT? xR, S :=Z* x {0} x; € BT x R?, S :=7Z x {0}
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3d Ewald
00000

Ewald’s idea

Idea of the Ewald summation [Ewald 1921]:

Ewald splitting

1 erf(ar) o erfc(ar) 6
ro r r 4
~— ~—
long ranged, singular in 0, 5
continuous short ranged

o erf(z) := % N e dt (error function)
e erfc(x) := 1 — erf(z) (complementary error function)

e a > 0 (scaling parameter)
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3d Ewald Summation

We apply L = w + % with 7 := ||&;; + Bn|| and obtain

N
¢
)DEDD lzi; + Bn|

nez3 i=1
i#j if n=0
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3d Ewald Summation

We apply L = M + M with 7 := ||&;; + Bn|| and obtain

N . N q}erfc(&“ﬂ?i]’ + Bn||) n
- 1
2 Z_ lzi; + Bn| > Z_ llzi; + Bn
n€Z3 =1 n€Z3 =1
i#j if n=0 i#j if n=0

e short range part can be obtained via direct evaluation after truncation
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3d Ewald Summation

We apply L = M + M with 7 := ||&;; + Bn|| and obtain

N N
g erfc(al|zi; + Bnl|)
2 2 fey+Bal |2 2 % o, +4Bn|

nez3 i=1 nez3 i=1

i#j if n=0 i#j if n=0
Z Z erf(al|zi; + Bnl) | 2701(1_
2 2 e+ Ball || VA

e short range part can be obtained via direct evaluation after truncation
e lim,_q M = 2—\;‘% = substract self potential

e write the long range part as a sum in Fourier space
— use the FFT for nonequispaced data (NFFT)

TU Chemnitz

Franziska Nestler



The 3d-NFFT

Notation

e define the torus T := R/Z ~ [—1/2,1/2)
o for M € 2N set Zys := {—Mf2, ..., Mjr—1}3 C Z3

FFT: f(j) — Z fkeQWik-j/M j EIM

keI

[Dutt, Rokhlin 1993] [Beylkin 1995]
[Potts, Steidl, Tasche 2001]| [Greengard, Lee 2004]
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3d Ewald
[e]e] le]e}

The 3d-NFFT

Notation

e define the torus T := R/Z ~ [—1/2,1/2)
o for M € 2N set Zys := {—Mf2, ..., Mjr—1}3 C Z3

NFFT:  f(z;) = Y fee®™*®  2;€T’j=1,...,N
kETy,

FFT:  f() = Y fue®™™*M  jeTy,N:=|Tu|=M*
keZnr

Complexity: O(|Zam|log|Za| + N)
[Dutt, Rokhlin 1993] [Beylkin 1995]
[Potts, Steidl, Tasche 2001]| |Greengard, Lee 2004]
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The 3d-NFFT

Notation
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kETy,
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keZnr
N .
adjoint NFFT:  h(k) ::ijeﬁmk'mj kely
=1
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3d Ewald
[e]e]e] lo}

3d Ewald Summation - long range part

Long range part of the potential

erf(a||z;; + Bn
oL (i) ZZ l|i; )

oozt = @i; + Br||

is conditional convergent.

Representation in Fourier space

assume charge neutrality + spherical order of summation to obtain

L 1 *"2\|’°|| /(a®B?) N 2rik-ax;;/B -

kez3\{0}
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3d Ewald
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3d Ewald Summation - long range part

Long range part of the potential

erf(a||z;; + Bn
oL (i) ZZ l|i; )

oozt = @i; + Br||

is conditional convergent.

Representation in Fourier space

assume charge neutrality + spherical order of summation to obtain

L 1 *"2\|’°|| /(a®B?) N 2rik-ax;;/B -

keZ3\{0}

e Fourier coefficients tend to zero exponentially fast
e Fourier coefficients are singular in k = 0

e the k = 0 term represents the order of summation

TU Chemnitz



3d Ewald
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Fast Algorithm: P2NFFT O(Nlog N)  [Pippig, Potts 2011]

O(N log N) Algorithm:

e Fourier part:

o2 IKI2 /(a2 B%) N

1 2rik-x;;/B
P D e DL
kez3\{0} i=1
—m2|k|?/(a?B?) [N ) .
1 Z QW (Z qie27r1k-mi/B) o 2mikx; /B
kezZ3\{0} i=1

e direct: short range part, self potentials, k = 0 terms

TU Chemnitz
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3d Ewald
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Fast Algorithm: P2NFFT O(Nlog N)  [Pippig, Potts 2011]

O(N log N) Algorithm:
e Fourier part: truncate the infinite sum (Z* — Zy)

o2 IKI2 /(a2 B%) N

1 2rik-x;;/B
P D e DL
kez3\{0} i=1
—m2|k|?/(a?B?) [N ) .
1 Z QW (Z qie27r1k-mi/B) o 2mika; /B
kez3\{0} i=1

adjoint NFFT

o direct: short range part, self potentials, k = 0 terms
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Fast Algorithm: P2NFFT O(Nlog N)  [Pippig, Potts 2011]

O(N log N) Algorithm:
e Fourier part: truncate the infinite sum (Z* — Zy)

o2 IKI2 /(a2 B%) N

1 2rik-x;;/B
P D e DL
kez3\{0} i=1
—m2||kl|?/(a?*B?) [N ) .
1 Z QW (Z qie27r1k-mi/B> o 2mika; /B
kez3\{0} i=1

adjoint NFFT

NFFT
e direct: short range part, self potentials, k = 0 terms
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2d Ewald
®00000

Ewald summation s.t. 2d-periodic boundary conditions

Long range part under 2d-periodic b.c. [Grzybowski, Gwoézdz, Brodka, 2
S )

We write @;; = (&4, %i5,3) and obtain for ¢122x{0} (:1:])

oE Zq 2R Bii/BQP2 (| ||, 245.5)

keZQ\{o} i=1

mz] 3)

2d Fourier series k = 0 part
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2d Ewald
®00000

Ewald summation s.t. 2d-periodic boundary conditions

Long range
We write @;; = (&4, %i5,3) and obtain for ¢122x{0} (:1:])

oE Zq 2R Bii/BQP2 (| ||, 245.5)

kez2 \{o} i=1

mz] 3)

2d Fourier series k = 0 part

TN

“1 08 -06 -04 02 0 02 04 06 08 1

27"’W‘/Berfc( '”E, +ar)+e72"kT/Berfc(—B —a'r)
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2d Ewald
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Ewald summation s.t. 2d-periodic boundary conditions

Long range

We write @;; = (&4, %i5,3) and obtain for ¢122x{0} (:1:])

2ik-@ B ~\p2
E E q:e 15/ B QP2 (|| k||, :5,3) ?(@s5,3)
kez2 \{o} i=1
2d Fourier series k = 0 part
.
o .
p2
. O (k,7) “
1
03 k — 1 R
o k=2 .
k=3 o
o
od
/_\\
-1 -08 -06 -04 -02 o 02 04 0.6 0.8 1 u*l -08 -06 -04 -02 o 0.2 04 06 08 1

7T/ Bogte( TE 4 ar) 4o~ 27k/ Beorie( Tk —ar) @82(7,) - éeﬂﬁﬂ +ry/merf(ar)
%
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2d Ewald
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A fast algorithm I

N ik &, ;
35 Dkez2\ (o} Loima 46T E/BOP2 (|||, mij,3)

Properties of ©P2(k, )

o Vr: @P2(k, 1) ~ k2

as k — 00
o Vk: OP%(K,.) € C(R) Ky(k,-) | Kn(k,)
: s 3 3 2 Kp(k, k2 — he) =
Regularization: i o ks he)
® x;; 3 are absolutely | |
bounded : : ‘
. . . Y 0 | h/2
® we are just interested in | |
OP2(k, -) over a finite —tf2+he "/2 = he

interval (white area)
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A fast algorithm I

N ik &, ;
35 Dkez2\ (o} Loima 46T E/BOP2 (|||, mij,3)

Properties of ©P2(k, )

o Vr: @P2(k, 1) ~ k2

as k — 00
o Vk: OP%(K,.) € C(R) Ky(k,-) | Kn(k,)
: s 3 3 2 Kp(k, k2 — he) =
Regularization: i o ks he)
® x;; 3 are absolutely | |
bounded : : ‘
. . . Y 0 | h/2
® we are just interested in | |
OP2(k, -) over a finite —tf2+he "/2 = he

interval (white area)
Kg(k,) : AT - R

— ¢ € (0,1/2) determines the size of the areas

at the boundaries

e construct a smooth and
periodic function Kg(k,-)
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2d Ewald
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A fast algorithm II

The 2d Fouri
N ik-@; B
35 Lkerz\ (o} izt die”" T POPR(|IK|, zij,3)

e truncate the infinite sum, Z? — Ty = {—M/2 ..., 5 /2 — 1}?
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2d Ewald
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A fast algorithm II

The 2d Fourie

N ik-@;;
35 Loker2\(0y Di Gi€” ™ T BOP2(| k||, zis,3)

e truncate the infinite sum, Z? — Ty = {—M/2 ..., 5 /2 — 1}?
e for M € 2N large enough we find for each k = ||k|| # 0 (k € Z;)
M/2—-1
sz(k, :l?ij73) = KR(k,xij,g) ~ Z bk,lezﬂ'”x”‘j/h
l=—M/2

Franziska Nestler TU Chemnitz



2d Ewald
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A fast algorithm II

The 2d Fourie

N ik-@;;
35 Loker2\(0y Di Gi€” ™ T BOP2(| k||, zis,3)

e truncate the infinite sum, Z? — Ty = {—M/2 ..., 5 /2 — 1}?
e for M € 2N large enough we find for each k = ||k|| # 0 (k € Z;)
M/2—-1
sz(k, :l?ij73) = KR(k,xij,g) ~ Z bk,lezﬂ'”x”‘j/h
l=—M/2

. . A T T Z; . .
* we obtain with &; := (%5, 222, ©:2) the approximation

k1 k1
Mj2—1 N 27 | ko | &5 —2ri | ko &
OEID SIS SR I DIUTIRL e L
i=1

RET 5 \{0} I=—M/2

Franziska Nestler
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2d Ewald
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A fast algorithm II

The 2d Fourier s
N ik, ; B
25 Ekez2\{0} Sy g i/ BOP2(||k||, wij,3)

e truncate the infinite sum, Z? — Ty = {—M/2 ..., 5 /2 — 1}?
e for M € 2N large enough we find for each k = ||k|| # 0 (k € Z;)
M/2—-1
sz(k, :l?ij73) = KR(k,xij,g) ~ Z bk,lezﬂ'”x”j/h
l=—M/2

. . A Xy ZTg ° ZTq . .
e we obtain with @, := (“5*, “2%, ©:2) the approximation

k1 k1
M/2—1 ormi | ko | @&, —27i | ko &
D~ > D bk Z‘h : e :

RET 5 \{0} I=—M/2

3d adj. NFFT

3d NFFT

Franziska Nestler

TU Chemnitz



2d Ewald
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A fast algorithm II

The 2d Fourier s
N ik, ; B
25 Ekez2\{0} Sy g i/ BOP2(||k||, wij,3)

e truncate the infinite sum, Z? — Ty = {—M/2 ..., 5 /2 — 1}?
e for M € 2N large enough we find for each k = ||k|| # 0 (k € Z;)
M/2—-1

OP2(k, wij3) = Kr(k,zij8) & » by e eigs/h
l=—M/2

* we obtain with &; := (%5, 222, ©:2) the approximation

k1 k1
M/2—1 ormi | ko | @&, —27i | ko &
D~ > D bk Z‘h : e :

RET 5 \{0} I=—M/2

3d adj. NFFT

3d NFFT
e analog for the k = 0 term

Franziska Nestler TU Chemnitz



2d Ewald
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Some numerical results

optimal choice of the parameters? (especially €)

[ ]
e to obtain first numerical results: tuned ¢ by hand
e we obtain acceptable errors in comparison to the 3d-periodic method
—1 —~1
10 ' " M =16, =0.115 10
-7 32,¢
Ly 1 = 198,2 = 0.170 w0t 1
. ----M = 256, = 0.190 1,4"‘
B N
& 1077 F B 51077 F b
g 4 \\ I
4
10-10 |- s /,,/“/—— i 10-10 |- \‘\ I
P s s s P s s ‘
10 05 1 15 2 25 10 05 1 15 2 25

splitting parameter o splitting parameter o

Figure : Achieved rms errors for a 2d-periodic (left) and the corresponding
3d-periodic computation (right) with N = 300 particles.




2d Ewald
O000e0

Structure is the same as for 3d-periodic systems

e Near field, self interactions
e Far field

® adjoint 3d NFFT
® Multiplikation with the Fourier coefficients
® 3d NFFT

e for each ||k|| we have to construct the regularization and compute the
Fourier coefficients via the FFT
— many precomputation steps

e more parameters: degree of smoothness, regularization parameter ¢, ...
— optimal choice? exact error control?

TU Chemnitz
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How to reduce precomputation costs?

For k large enough:

h-periodization

'
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
i

h

—hfy hf2

O2(k, )~ Y O (k,r +nh)

n=—oc

Poisson summation:

oo oo 2
S ©P2(k, k) = % ) (h2lj2B-I: B2l2)ef7r2l2/(a2h2)77r2k2/(a2B2)eZ7rilr/h
™

n=-—oo l=—o0
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How to reduce precomputation costs?

For k large enough:

h-periodization

'
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
i

h

—hfy hf2

O2(k, )~ Y O (k,r +nh)

n=—oc

Poisson summation:

oo oo 2 " . . . . . .
S ©P2(k, k) = % ) (hQ:QBﬁ B2l2)efﬂzlz/(oﬁhz)fﬂzkz/(asz)eZ‘frilr/h
™

n=-—oo l=—o0

— Fourier coefficients are given analytically

TU Chemnitz



1d Ewald
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Ewald summation s.t. 1d periodic boundary conditions

o range part under i . [Porto 2000]

We write :cij = (l’ij 1, i'ij) and obtain for ¢%>< {O}Q(CIZ]‘)

=Y 3 quet 1/ BoP (8] s ) - BZ%@“ 13311}

kGZ\{O} i=1

1d Fourier series k = 0 part
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1d Ewald
®0

Ewald summation s.t. 1d periodic boundary conditions

o range part under i . [Porto 2000]

We write :cij = (l’ij 1, i'ij) and obtain for ¢%>< {O}Q(CIZ]‘)

2 Tikx;
5 2 Zq ek /B QP (k| |24 ) - qulepl (B2l

kez\{0} i=1
1d Fourier series k = 0 part
. o7 (,)
- k=1
o2 k=2
. k=3
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1d Ewald
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Ewald summation s.t. 1d periodic boundary conditions

. [Porto 2000]

We write :cij = (l’ij 1, i'ij) and obtain for ¢%>< {O}Q(CIZ]‘)

2 Tikx;
5 2 Zq ek /B QP (k| |24 ) - qulepl (B2l

kEZ\{0} i=1
1d Fourier series k = 0 part
’
0es ,
o4 or(k,r) 2
039 .
0s
25
0z k=1
o2 k=2 ’
b3 s
N e = .
ocs 0s
o o5 0% w02 © o2 or o5 o5 1 \ o5 5 % w2 0 oz o5 o5 o5 1

hemnitz
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A fast algorithm

The 1d Fourier sum

N ik -
% Lrenjoy Lims G POPL(K, [|Z45)

e regularization of ©P1(|kl,) on

[=h/2,h/2]

507 (k)

2 Kp(k,hf2 — he) =
i
2 20l (k,hf2 — he)

—hf2 7

9
—h/2 + he

Kg(k,h/2) =0
7 2 Kn(k,hf2)

TU Chemnitz



1d Ewald
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A fast algorithm

The 1d Fourier sum
N mikzi; -
2 Y hen (o) imy i€/ BOPL([K], || Z4511)

e regularization of ©P1(|kl,) on ]
[=/2,/2] 3O (k)

e claim vanishing derivatives at
the boundary

9K (k,h/2 — he) =

ard ;
2 20l (k,hf2 — he)

e rotate and extend the function
to the torus hT? (constant
value over the striped area)

—hf2 7

o
R 2 Kp(k,hf2) =0
—h/2 + he
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A fast algorithm

The 1d Fourier sum

1d Ewald
(o] J

N ik -
% Lrenjoy Lims G POPL(K, [|Z45)

e regularization of ©P1(|kl,) on
[="/2, /2]

e claim vanishing derivatives at
the boundary

e rotate and extend the function
to the torus hT? (constant
value over the striped area)

e result: periodically smooth
function in 2 variables

e approximate by bivariate
trigonometric polynomials

e proceed as for 2d-periodic b.c.

507 (k)

20 Kp(kh/2 — he) =

ar. ;
2 20l (k,hf2 — he)

—hf2 7

o
R 2 Kp(k,hf2) =0
—h/2 + he
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Conclusion

Conclusion

e 3d-periodic: Ewald + NFFT — fast algorithm [Pippig, Potts 2011]

e open boundary conditions: NFFT based fast summation
[Potts, Steidl 2003]
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e 3d-periodic: Ewald + NFFT — fast algorithm [Pippig, Potts 2011]

e open boundary conditions: NFFT based fast summation
[Potts, Steidl 2003]

e new approach to fast Ewald summation under mixed boundary
conditions: |Nestler, Pippig, Potts 2013 (Preprint)]

o 2d-periodic: Ewald + fast summation in 1d
e ld-periodic: Ewald + fast summation in 2d
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to 3d-periodic implementation
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Conclusion

Conclusion

e 3d-periodic: Ewald + NFFT — fast algorithm [Pippig, Potts 2011]

e open boundary conditions: NFFT based fast summation
[Potts, Steidl 2003]
e new approach to fast Ewald summation under mixed boundary
conditions: |Nestler, Pippig, Potts 2013 (Preprint)]
o 2d-periodic: Ewald + fast summation in 1d
e ld-periodic: Ewald + fast summation in 2d
e good choice of parameters: errors and computation times comparable
to 3d-periodic implementation
e open questions/ tasks:

e reduce precomputation costs
e error estimates
e automatic tuning of the parameters

Thank you for your attention!
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