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The 3d-NFEFT

e define the torus T := R/Z ~ [-1/2,1/2)
o for M € 2N set Zps := {—Mf2, ..., M/ —1}3
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The 3d-NFEFT

e define the torus T := R/Z ~ [-1/2,1/2)
o for M € 2N set Zps := {—Mf2, ..., M/ —1}3
Fast evaluation of trigonometric sums :

NFFT:  f(z;) = Y fue®™*® 2T j=1,...,N
keI

[Dutt, Rokhlin 1993] [Beylkin 1995]
[Potts, Steidl, Tasche 2001] [Greengard, Lee 2004]
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Coulomb interactions
@00

Definition of the Coulomb inter n energy

Let N charges g; € R at positions x; € R® be given.
Coulomb interaction energy (@i := @; — x;):
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@00

Definition of the Coulomb interaction energy

Let N charges g; € R at positions x; € R® be given.
Coulomb interaction energy (@i := @; — x;):
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qiqj 1 . qi
=3 Z o] = 2 2 BP@) with o(@) =3
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3d-periodic boundary conditions
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Coulomb interactions
@00

Definition of the Coulomb interaction energy

Let N charges g; € R at positions x; € R® be given.
Coulomb interaction energy (@i := @; — x;):

N N
qz(b 1 . qi
== gip(x;) with é(x;) = .
~2 Z e~ 2 2 49 )= 2 T
1¢J

3d-periodic boundary conditions

choose S := 73, x; € BT?® and set

(x;) == ¢ps(z;)
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Coulomb interactions
@00

Definition of the Coulomb interaction energy

Let N charges g; € R at positions x; € R® be given.
Coulomb interaction energy (@i := @; — x;):

2
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3d-periodic boundary conditions

choose S := 73, x; € BT?® and set
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d(x;) == ps(z;)
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i#j if n=0
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Coulomb interactions
(o] lo}

Coulomb energy s.t. periodic boundary conditions

E(S) = %Z%‘cﬁs(%‘j) with és(@;)i= >, > v

= = llmy+ Bl
i#j if n=0

Mixed boundary conditions:

2d-periodic 1d-periodic

x; € BT? xR, S :=Z* x {0} x; € BT xR?, S :=7Z x {0}?
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Coulomb interactions
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Coulomb energy s.t. periodic boundary conditions

E(S) = %Z%‘cﬁs(%‘j) with és(@;)i= >, > v

= g+ Bnl
i#j if n=0

Mixed boundary conditions:

2d-periodic 1d-periodic

x; € BT? xR, S :=Z* x {0} x; € BT xR?, S :=7Z x {0}?
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Coulomb interactions
ooe

Fast algorithms

Non Fourier methods

e Multigrid, O(N) [Brandt, Hackbusch, Trottenberg 1977]
e Fast Multipole method, O(N) [Greengard, Rokhlin 1987]
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Coulomb interactions
ooe

Fast algorithms

Open boundary conditions - finite sums

Fast summation methods based on NFFTs  [Potts, Steidl 2003]

Periodic boundary conditions - infinite sums

Basis: Ewald summation formulas  [Ewald 1921]

e 3d-periodic: particle mesh approaches (P3M), P2NFFT, O(N log N)
[Hockney, Eastwood 1988] [Deserno, Holm 1998] [Pippig, Potts 2011]

e 2d-periodic: particle mesh like methods, O(N log N)
[Kawata, Mikami 2001] [Lindbo, Tornberg 2011]

e ld-periodic: 7

Aim: propose efficient NFFT based methods for 2d- and 1d-periodic b.c.
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3d Ewald
@000

Ewald’s idea

Idea of the Ewald summation [Ewald 1921]:

Ewald splitting

1 erf(ar) . erfc(ar) 6
o T T 4
~— ~—
long ranged, singular in O, 5
continuous short ranged

o erf(z) = = [7 e=**dt (error function)
e erfc(x) := 1 — erf(z) (complementary error function)

e a > 0 (scaling parameter)

Chemnitz Univ 0 ec b rmany



3d Ewald
[e] lee)

3d Ewald Summation

We apply L = M + % with 7 := ||&;; + Bn|| and obtain

N
qiq;
> 2 lzi; + Bnl|

71,623 i,5=1
i#j if n=0




3d Ewald Summation

Weapplyizw_i_w
N
DD DI N
nezd  ij=1 [lz:; + Bn|
i#j if n=0

e short range part can be obtained via direct evaluation after truncation

3d Ewald
[e] lee)

with r := ||@;; + Bn|| and obtain

> XN:qiq

dog=1

3
e i#j if n=0

_erfc(allzi; + Bn||)
* i + Bnl|




3d Ewald
[e] lee)

3d Ewald Summation

erfc(ar) + erf(ar)

We apply L = with 7 := ||z;; + Bn|| and obtain

N N
qiq; erfc(a||mij —+ B'n,||)
5 — Q5 +
2 2 e+ Bal |2 2 WG g

nezd i,j=1 nezd i,j=1
L% i m—o €Z° i =0

Z Z erf (aflzi + Bnll) | Eiqg
[, + Brl Va2l

nezsd i,j=1

e short range part can be obtained via direct evaluation after truncation

e lim, g arflar) 2—\/”% = substract self energy

T

e write the long range part as a sum in Fourier space

nitz Unive



3d Ewald
[e]e] le)

An efficient algorithm

o calculate the self energy

e compute short range part: direct evaluation




3d Ewald
[e]e] le)

An efficient algorithm

o calculate the self energy
e compute short range part: direct evaluation

¢ long range part: conditional convergence
assume: charge neutrality + spherical order of summation

1 Z Z erf (a||ls — x; + Bnl|)
l®: —2; + Bn|

neZ3w 1

2
—n2|kl?/(a®B?)

_ L e T 2
= 25 2 EE——

kez3\{0}

)

where S(k) := Zj\;l gje*ik®i/B
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[e]e] le)

An efficient algorithm

o calculate the self energy
e compute short range part: direct evaluation

¢ long range part: conditional convergence
assume: charge neutrality + spherical order of summation

1 Z Z erf (a||ls — x; + Bnl|)
|le; — x5 + Bn||

neZ3w 1
211012 /(a2 B2 2
1 e~ IIkl%/(a”B%) 5
kez3\ {0}

where S(k) := Zj\;l gje*ik®i/B
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3d Ewald
[e]e] le)

An efficient algorithm

o calculate the self energy
e compute short range part: direct evaluation

¢ long range part: conditional convergence
assume: charge neutrality + spherical order of summation

1 Z Z erf (a||ls — x; + Bnl|)
l®: —2; + Bn|

neZ3w 1

2
—n2|kl?/(a®B?)

_ L e T 2
= 25 2 EE——

kez3\{0}

)

where S(k) := Zj\;l gje*ik®i/B

e truncate the infinite sum (Z* — Zas)

Franziska Nestler Chemnitz Univer;



3d Ewald
[e]e] le)

An efficient algorithm

o calculate the self energy
e compute short range part: direct evaluation

¢ long range part: conditional convergence
assume: charge neutrality + spherical order of summation

1 Z Z erf (a||ls — x; + Bnl|)
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neZ3w 1

2
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_ L e T 2
= 25 2 EE——
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)

where S(k) := Zj\;l gje*ik®i/B
e truncate the infinite sum (Z* — Zu)
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3d Ewald
[e]e] le)

An efficient algorithm

o calculate the self energy
e compute short range part: direct evaluation

¢ long range part: conditional convergence
assume: charge neutrality + spherical order of summation

1 Z Z erf (a||ls — x; + Bnl|)
l®: —2; + Bn|

neZ3w 1

2
—n2|kl?/(a®B?)

_ L e T 2
= 25 2 EE——

kez3\{0}

)

where S(k) := Zj\;l gje*ik®i/B
e truncate the infinite sum (Z* — Zu)
o S(k), k € Tnr, by adjoint 3d-NFFT
e resulting method: O(N log N)
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3d Ewald
[e]e]e] )

Computing the potentials

If we are interested in the potentials:

Write the Fourier part of the potentials in the form

2 2 22 N
72|k a“B
o= lIklIZ/( ) que%-rikrmi/B o 2mik-z; /B
||k||2 i '
=1

1
B

kez3\{0}




3d Ewald
[e]e]e] )

Computing the potentials

If we are interested in the potentials:
Write the Fourier part of the potentials in the form

1
B

kez3\{0}

2 2 22 N
72|k a“B
o= lIklIZ/( ) que%-rikrmi/B o 2mik-z; /B
||k||2 i '
=1

adjoint NFFT

NFFT
...and use adjoint NFFT 4+ NFFT

nitz Unive



2d Ewald
0

Ewald summation s.t. 2d periodic boundary conditions

under 2d-pe
We define wij = x; — x; = (Zij, Tij,3) and obtain

1 wik-&;; /B
i > E 0:q; > 1/ B OP2(||k||, 245,8) — 5 E 2:q; 05 (zi5,3)
i,j=1

kez2\{0} i,j=1

2d Fourier series k = 0 part
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under 2d-t

We define wij = x; — x; = (Zij, Tij,3) and obtain

1 s
53 g/ P Ok a1s0) - VTS O wo)
kez2\{0} i,j=1 5,j=1
2d Fourier series k = 0 part

P2 (k,r)

03 k — 1

0 k=2
k=3
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Ewald summation s.t. 2d periodic boundary conditions

under 2d-t
We define wij = x; — x; = (Zij, Tij,3) and obtain

1 wik-&;; /B
i > E 0:q; > 1/ B OP2(||k||, 245,8) — 5 E 2:q; 05 (zi5,3)
i,j=1

kez2\{0} i,j=1

2d Fourier series k = 0 part
.
os .
p2
. or%(k,r) .
w2
03] k — 1 R
v k=2 o
k=43 o
o1
- as
-1 -08 -06 -04 -02 o 02 04 06 08 1 u-l -08 -06 -04 -02 o 02 04 06 08 1

k




2d Ewald
(o] J

A fast algorithm

Long rang

1 N NZ3 &
ik-@;;/B ™
B O e 23/ BOP(|k||, wi5,3) -5 > 44,05 (wij,3)
k#01,5=1 =

e truncate the infinite sum




2d Ewald
(o] J

A fast algorithm

1 N VT Al
ik-@;: /B ™
1B SN qigge™ R i/ Ber(|lk||, xi; ) —5 > 4:a;08 (wi5,3)
k20 14,j=1 =

e truncate the infinite sum, assume that |z;; 3| < h for all 4, j
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2d Ewald
(o] J

A fast algorithm

1 By \f &
2rik-&;,; /B op2 » ™ 2
1B >3 qigge™ R i/ Ber (|||, xi;,3) —5 D 4ig;05% (wi5,8)
k#£0i,j=1 =
e truncate the infinite sum, assume that |z;; 3| < h for all 4, j

choose ¢ > 0, V remaining k = ||k|| # 0 construct a smooth function

—(h+e) h+e

_Jer (k) :r|<h
Ry (r) = {Bk(w) ch<|r|<h+e or2(k, )




2d Ewald
(o] J

A fast algorithm

— Z Z 0iq; > 1 BOP(|Ik|), i5,3) Z 419,08 (xij,)

k:;éOz,] 1 3,j=1

e truncate the infinite sum, assume that |z;; 3| < h for all 4, j
e choose € > 0, V remaining k = ||k|| # 0 construct a smooth function

Ri(r) = O I < e
kAT = Bg(r) th<|rl<h+e OP2(k, )
m/2—1
Rk('f‘ Z bk le7rll'r/(h+5)
l=—m/2 T 3 I

o m € 2N sufficiently large
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A fast algorithm

— Z Z 0iq;e”™* F/BOP(|Ik|, i5,3) Z 49505 (xij,3)

k:;éOz,] 1 3,j=1

e truncate the infinite sum, assume that |z;; 3| < h for all 4, j
e choose € > 0, V remaining k = ||k|| # 0 construct a smooth function

2 —(h +e) h+e
Ru(r) i[O sl <n
k T Br(r) th<|rl<h+e OP2(k, )
m/2—1
Rk('f‘ Z bk lCTrllr/(h+E)
l=—m/2 1 ; ‘

o m € 2N sufficiently large

e replace ©P2(||k||,-) by the Fourier sums




2d Ewald
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A fast algorithm

Long range t

m/2—1

— Z > byl Sk, D2 Z 70,05 (wij,3)

k:;rEOl—fm/z i,j=1

e truncate the infinite sum, assume that |z;; 3| < h for all 4, j
e choose € > 0, V remaining k = ||k|| # 0 construct a smooth function

Ry o= [OF ) clr < h o
kAT) = Bg(r) th<|r|<h+e OP2(k, )
m/2—1
Rk('l‘ Z bk le7rllr/(h+s)
l=—m/2 T : T
—h h

o m € 2N sufficiently large
e replace ©P2(||k||,-) by the Fourier sums

N
e by adjoint NFFT: S(k,1) := Y _ gje’™k®i/Brmilejs/ (o) (j o£ 0)
j=1
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2d Ewald
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A fast algorithm

Long range t

m/2—1 N
N
= E > byl S, DI 5z > 2:q;08° (wij,3)
k:;éOZ——m/z dhg=1l

e truncate the infinite sum, assume that |z;; 3| < h for all 4, j
e choose € > 0, V remaining k = ||k|| # 0 construct a smooth function

Ry o= [OF ) clr < h o
kAT) = Bg(r) th<|r|<h+e OP2(k, )
m/2—1
Rk('l‘ Z bk le7rllr/(h+s)
l=—m/2 T : T
—h h

o m € 2N sufficiently large
e replace ©P2(||k||,-) by the Fourier sums

N

e by adjoint NFFT: S(k,1) := Y _ qje*™k®i/Bimileja/(hte) (k£ 0)
j=1

e analog for the k = 0 part
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1d-Ewald summation [Porto 2000]

Define &;; := (zi,2 — 2,2, %:,3 — j,3). Long range part contains a 1d Fourier
series with coefficients

~~

@Pl(k, &) = /0 le—-,r2k2/(B2t2)—HiijH2t2dt (k £0)

+ extra term for k = 0




1d Ewald
o

1d-Ewald summation [Porto 2000]

Define &;; := (zi,2 — 2,2, %:,3 — j,3). Long range part contains a 1d Fourier
series with coefficients

@pl(k:, &) = /0 %e—-,r2k2/(B2t2)—HiijHztzdt (k £0)

+ extra term for k = 0

Idea for a fast algorithm:
e assume that ||@;;|| < h for all ¢, j

e choose ¢ > 0 and construct
1d regularization (k # 0)
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o

1d-Ewald summation [Porto 2000]

Define &;; := (zi,2 — 2,2, %:,3 — j,3). Long range part contains a 1d Fourier
series with coefficients

@pl(k:, &) = /0 %e—ﬂ2k2/(32t2)_”iijH2t2dt (k £0)

+ extra term for k = 0

Idea for a fast algorithm:
e assume that ||@;;|| < h for all ¢, j 3

e choose € > 0 and construct
1d regularization (k # 0)

e rotate to obtain 2d-regularization
Rk(-, ) S 2(h + E)Tz

e approximate Ry(-,-) by bivariate
trigonometric polynomials
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1d-Ewald summation [Porto 2000]

Define &;; := (zi,2 — 2,2, %:,3 — j,3). Long range part contains a 1d Fourier
series with coefficients

@pl(k:, &) = /0 %e—ﬂ2k2/(32t2)_”iijH2t2dt (k £0)

+ extra term for k = 0

Idea for a fast algorithm:
e assume that ||@;;|| < h for all ¢, j 3

e choose € > 0 and construct
1d regularization (k # 0)

e rotate to obtain 2d-regularization
Rk(-, ) S 2(h + E)Tz

e approximate Ry(-,-) by bivariate
trigonometric polynomials

e analog for the £k = 0 term
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Conclusion

Conclusion

e 3d case: Ewald formula + NFFTs = fast algorithm

e open b.c.: regularization + NFFTs = fast summation




Conclusion
o

Conclusion

e 3d case: Ewald formula + NFFTs = fast algorithm

e open b.c.: regularization + NFFTs = fast summation

e now for mixed b.c.: combine fast summation approach + Ewald
formulas = new fast methods




Conclusion
o

Conclusion

e 3d case: Ewald formula + NFFTs = fast algorithm
e open b.c.: regularization + NFFTs = fast summation

e now for mixed b.c.: combine fast summation approach + Ewald
formulas = new fast methods

e have implemented 2d algorithm, currently testing the method
e working on 1d implementation

e results will be published soon

Franziska Nestler Chemnitz Univer;



Conclusion
o

Conclusion

e 3d case: Ewald formula + NFFTs = fast algorithm
e open b.c.: regularization + NFFTs = fast summation

e now for mixed b.c.: combine fast summation approach + Ewald
formulas = new fast methods

e have implemented 2d algorithm, currently testing the method
e working on 1d implementation
e results will be published soon

e open questions: optimal choice of parameters, error estimates

Chemnitz University of Techn 7, Germany



Conclusion
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Conclusion

e 3d case: Ewald formula + NFFTs = fast algorithm
e open b.c.: regularization + NFFTs = fast summation

e now for mixed b.c.: combine fast summation approach + Ewald
formulas = new fast methods

e have implemented 2d algorithm, currently testing the method
e working on 1d implementation
e results will be published soon

e open questions: optimal choice of parameters, error estimates

Thank you for your attention!
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