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The 3d-NFFT

n

o define the torus T := R/Z ~ [—1/2,1/2)
o for M € 2N set Zas := {—Mf2, ..., M/ —1}3

Fast evaluation of trigonometric sums :

NFFT:  f(m;) = Y fue®™*®  2;€T’j=1,...,N
keZn

[Dutt, Rokhlin 1993] [Beylkin 1995]
[Potts, Steidl, Tasche 2001] [Greengard, Lee 2004]
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The 3d-NFFT

o define the torus T := R/Z ~ [—1/2,1/2)
o for M € 2N set Zas := {—Mf2, ..., M/ —1}3

Fast evaluation of trigonometric sums :

NFFT:  f(m;) = Y fue®™*®  2;€T’j=1,...,N
kEZnr
FET:  f() = Y fue®™*M  jeTy,N:i=|Tu|=M*
kEZnr
N
adjoint NFFT:  h(k) =Y fie 2"F®%  keIy
j=1

Complexity: O(|Za|log|Za|+ N)
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Definition of the Coulomb interaction energy

Let N charges ¢; € R at positions x; € R® be given.
Coulomb interaction energy (xi; := x; — x;):

1<~ g
E:=- *4
2 ;1 lli; |l

i#]
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Definition of the Coulomb interaction energy

Let N charges ¢; € R at positions x; € R® be given.
Coulomb interaction energy (xi; := x; — x;):

N N
1 . S :
3 Z o] = 220 %0 with o) =3 ph.
i,j=1 j=1 1% N
i i#]
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Definition of the Coulomb interaction energy

Let N charges ¢; € R at positions x; € R® be given.
Coulomb interaction energy (xi; := x; — x;):

i,j=1 = i=1
i#] i#]

3d-periodic boundary conditions

choose S := Z3, x; € BT® and set 5
¢(z;) = ps(z;) L
N 5
-> > i
= llwy £ Bnl
i#j if n=0

GG _INS e IR
- Z ”w] §;q]¢)(m1) with  ¢(a;) ._Z”%H.
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Definition of the Coulomb interaction energy

Let N charges ¢; € R at positions x; € R® be given.
Coulomb interaction energy (xi; := x; — x;):

N
1 Z 44 _%qu(wj) with  ¢(z;) :=
j=1

351

= — [l |
A i#]
3d-periodic boundary conditions
choose S := Z3, x; € BT® and set e
p(x;) := ¢s(x;) 2L
N . 0 .
T Y mim EDED
= llwy £ Bnl ]
i#j if n=0 . . .
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Definition of the Coulomb interaction energy

Let N charges ¢; € R at positions x; € R® be given.
Coulomb interaction energy (xi; := x; — x;):

i,j=1 = i=1
i#] i#]

3d-periodic boundary conditions

choose S := Z3, x; € BT® and set

B(x;) == ps(x;)

N
_ qi
=2, X llz:; + Bnl|

nes 3=
i#j if n=0

@9 _LINS o VN
9 Z ”w] _ijzlqjgb(wj) with ¢(m.7) _Z”:E”H
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Coulomb energy s.t. periodic boundary conditions

qi

1 N
E(S) =5 aés(x;) with ¢s(z;) = @5 + Bnl|
j=1 N

e fully periodic: «; € BT*, S := Z?

e mixed boundary conditions:

x; € BT? xR, S := 7> x {0} x; € BT x R?, S := Z x {0}?
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Convergence

os(@) =y, Y, T—wmr S=12°) 2 x {0}/ Zx {0}’

= = llwy+ Bn
i#£j if n=0

o if Zjv:1 q¢; = 0 = we have conditional convergence

e = define the order of summation
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Convergence
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= = llwy+ Bn
i#j if n=0
e if 3757, ¢; = 0 = we have conditional convergence
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o usually, a spherical summation order is applied:

2= i D
\

n [nl<s
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Fast algorithms

Non Fourier methods
e Multigrid, O(N) [Brandt, Hackbusch, Trottenberg 1977]
e Fast Multipole method, O(N) [Greengard, Rokhlin 1987]
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Fast algorithms

conditions - finite sums

Fast summation methods based on NFFTs  [Potts, Steidl 2003]




Fast algorithms
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Basis: Ewald summation formulas [Ewald 1921]
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Fast algorithms

Open boundary conditions - finite sums

Fast summation methods based on NFFTs  [Potts, Steidl 2003]

Periodic boundary conditions - infinite sums

Basis: Ewald summation formulas [Ewald 1921]

e 3d-periodic: particle mesh approaches (P3M), P2NFFT, O(N log N)
[Hockney, Eastwood 1988| [Deserno, Holm 1998| [Pippig, Potts 2011]
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Open boundary conditions - finite sums
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Fast algorithms

Open boundary conditions - finite sums

Fast summation methods based on NFFTs  [Potts, Steidl 2003]

Periodic boundary conditions - infinite sums

Basis: Ewald summation formulas [Ewald 1921]

e 3d-periodic: particle mesh approaches (P3M), P2NFFT, O(N log N)
[Hockney, Eastwood 1988| [Deserno, Holm 1998| [Pippig, Potts 2011]

e 2d-periodic: particle mesh like methods, O(N log N)
|[Kawata, Mikami 2001| [Lindbo, Tornberg 2011]

e ld-periodic: ?

Aim: propose efficient NFFT based methods for 2d- and 1d-periodic b.c.
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Ewald’s idea

Idea of the Ewald summation [Ewald 1921]:

Ewald splitting
8
1 erf(ar) - erfc(ar) 6
ro r i 4
N—— N——
long ranged, singular in O, )
continuous short ranged
% o0z o4 06 08 1
2
o erf(z) := % Jo e " dt (error function)

e erfc(z) := 1 — erf(z) (complementary error function)

e a > 0 (scaling parameter)

TU Chemnitz



3d Ewald Summation
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3d Ewald Summation

We apply - = M + M with r := ||@;; + Bn|| and obtain

N N
PDID DI D DD DR L
- T
= = i+ Bn| | & llz:; + Bnl
i#£j if n=0 i#j if n=0

e short range part can be obtained via direct evaluation after truncation
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3d Ewald Summation

We apply - = M + M with r := ||@;; + Bn|| and obtain
N N
i erfc(a||zi; + Bn

S Oy a3 efeles e

= = i+ Bn| | & lzi; + Bn||
1#j if n=0 i#j if n=0
Z Z erf(a||zi; + Bn||) 20 ¢
Sy PRI | 22,
2" Ty Bl || VA

e short range part can be obtained via direct evaluation after truncation
e lim,_,o M = \/"7% = substract self potential

o write the long range part as a sum in Fourier space

TU Chemnitz
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3d Ewald Summation - long range part

Franziska Nest

Long range part of the potential

erf(a||@i; + Bn
o) ZZ (allzs; + Brl)

2 2 [y + B

is conditional convergent.

Representation in Fourier space

assume charge neutrality + spherical order of summation to obtain

e~ lIkl?/(a®B%) N A

1 A7
L (m) = > Z 2mik-wi; /B | POLTR
92 (25) = 75 [1]12 e S ( qzml) -

kEZs\{O} =1
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3d Ewald Summation - long range part

Long range part of the potential

erf(a||@i; + Bn
Sh(e) i ZZ (allzs; + Brl)

2 2 [y + B

is conditional convergent.

Representation in Fourier space

assume charge neutrality + spherical order of summation to obtain

e~ lIkl?/(a®B%) N A

1 A7
L (m) = > Z 2mik-wi; /B | POLTR
92 (25) = 75 [1]12 e S ( qzml) -

kEZs\{O} =1

e Fourier coefficients tend to zero exponentially fast

e Fourier coefficients are singular in k = 0




3d Ewald Summation - long range part

Long range part of the potential

erf(a||@i; + Bn
(o) = 3 3 g crallen + Brl)

e 2ij + Bn||

is conditional convergent.

Representation in Fourier space

assume charge neutrality + spherical order of summation to obtain

L 1 IR /ETE) &L, kB, AT (o
the) =1y 3 T etk (S e )
=1

keZ3\{0}

e Fourier coefficients tend to zero exponentially fast
e Fourier coefficients are singular in k = 0

e the k = 0 term represents the order of summation

Franziska Nestler TU Chemnitz



Fast Algorithm

e choose a good splitting parameter o
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Fast Algorithm

e choose a good splitting parameter o
e compute the short range parts of the potentials by direct summation

e compute the self potentials and the k = 0 terms
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Fast Algorithm

e choose a good splitting parameter o

e compute the short range parts of the potentials by direct summation

compute the self potentials and the k = 0 terms

o Fourier part:

2002 /(n2R2Y N
e~ IElI%/(a®B%) Zqie27rik:.mij/3
2
R

1
B 2
kez3\{0}

1 Z o2 lIKII/(a? B2) (i\’: arikm, B\ —2riks /B
= ——e— gie i e J
B &l p

kez3\{0}
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Fast Algorithm

e choose a good splitting parameter o

e compute the short range parts of the potentials by direct summation

compute the self potentials and the k = 0 terms

e Fourier part: truncate the infinite sum (Z3 — Tu)

2002 /(n2R2Y N
e~ IElI%/(a®B%) Zqie27rik:.mij/3
2
R

1
B 2
kez3\{0}

1 Z o2 lIKII/(a? B2) (i\’: arikm, B\ —2riks /B
= ——e— gie i e J
B &l p

kez3\{0}

adjoint NFFT
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Fast Algorithm

e choose a good splitting parameter o

e compute the short range parts of the potentials by direct summation

compute the self potentials and the k = 0 terms

e Fourier part: truncate the infinite sum (Z3 — Tu)

2002 /(n2R2Y N
e~ IElI%/(a®B%) Zqie2ﬂ’ik.wij/3
2
R

1
B 2
kez3\{0}

1 Z o2 lIKII/(a? B2) (i arikm, B\ —2riks /B
= ——e— gie i e J
B &l p

kez3\{0}

adjoint NFFT

NFFT
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Fast Algorithm

e choose a good splitting parameter o

e compute the short range parts of the potentials by direct summation

compute the self potentials and the k = 0 terms

e Fourier part: truncate the infinite sum (Z* — Tps)

2002 /(n2R2Y N
e~ IElI%/(a®B%) Zqie2ﬂ’ik.wij/3
2
R

1
B 2
kez3\{0}

1 Z o2 lIKII/(a? B2) (i arikm, B\ —2riks /B
= ——e— gie i e J
B &l p

kez3\{0}

adjoint NFFT

NFFT
o Bz = %Zé\;l qjpzs ()
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Fast Algorithm

e choose a good splitting parameter o

e compute the short range parts of the potentials by direct summation

compute the self potentials and the k = 0 terms

e Fourier part: truncate the infinite sum (Z* — Tps)

o2kl /(0% B2) N

1 2wik-x;; /B
B Z k]2 Zqie !
kez3\{0} i=1
2 2 2 p2 N
1 —72|| k[ /(a®B*) P
:E Z € Hk“z Zqie27r1kmz/3 e 2nik-x; /B
kez3\{0} i=1

adjoint NFFT

NFFT

N
o Bz = % Ej:l qjpzs ()
e complexity: O(N log N), prefactor depends on required accuracy

Franziska Nestler TU Chemnitz



Ewald summation s.t. 2d-periodic boundary conditions

Long range part und

We write Tij = (i’z‘j, mij,g) and obtain for ¢%2><{0} (:L'])

1 ol 2T
rik-2;; /B
o > > e’ i/ @p2(||k||a$ij,3)—732 ) 4:08 (w45,3)
a=il

kez2\{0} i=1

2d Fourier series k = 0 part




Ewald summation s.t. 2d-periodic boundary conditions

Long range part und

We write Tij = (i’z‘j, mij,g) and obtain for ¢%2><{0} (:L'])

1 ol 2T
rik-2;; /B
o > > e’ i/ @p2(||k||a$ij,3)—732 ) 4:08 (w45,3)
a=il

kez2\{0} i=1

2d Fourier series k = 0 part

“1 -08 -06 -04 -02 0 02 04 06 08 1

e2’rkT/Berfc(—;§ +ar)+e_2"kr/5erfc(—;‘g —a'r)

k




Ewald summation s.t. 2d-periodic boundary conditions

Long range part und

We write Tij = (i’z‘j, mij,g) and obtain for ¢%2><{0} (:L'])

1 ol 2T
rik-2;; /B
o > > e’ i/ @p2(||k||a$ij,3)—732 ) 4:08 (w45,3)
a=il

kez2\{0} i=1

2d Fourier series k = 0 part
.
os .
p2
(k)
12
o3 k=1 .
. k=+2 o
k=13 o
o
0s
-1 -08 -06 -04 -02 o 02 04 06 08 1 0-1 -08 -06 -04 -02 o 02 04 06 08 1
2rkr/B k. —2nkr/B nk _ p2 _ 1 _—a?r2
e erfc( e +ar)+e erfc(&B our) @)0 (r) =_e J,-rﬁerf(ar)

k




A fast algorithm I

The 2d Fourier sum

N wik-&; 5 ..
35 Lkezz\ (o} 2oimr die” I/ BOPR(|[K ||, zij,5)

s of the function ©P2(k, r)

e for each r we have OP?(k,r) ~ k%™ as k — oo
e for each k we have OP%(k,-) € C*(R)
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A fast algorithm I

The 2d Fourier sum
N wik-&; 5 ..
% ZkeZ2\{0} 2ic1 qie”™F® JﬂB@p?(”""”a Ti5,3)

Properties of the function ©P?(k, )

e for each r we have OP?(k,r) ~ k%™ as k — oo
e for each k we have OP%(k,-) € C*(R)

e assume that |zi;3] < h for all 4, j
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A fast algorithm I

The 2d Fourier sum
N wik-&; 5 ..
% ZkeZ2\{0} 2ic1 qie”™F® JﬂB@p?(”""”a Ti5,3)

Properties of the function ©P?(k, )

e for each r we have OP?(k,r) ~ k%™ as k — oo
e for each k we have OP%(k,-) € C*(R)

e assume that |zi;3] < h for all 4, j
e choose € > 0, for each k = ||k|| construct a smooth+periodic function

—(h + &) h+e

_Jer? (k) il <h or2(k, )
Ri(r) = {Bk(r) Th<|r|<h+e
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A fast algorithm I

The 2d Fourier sum
N wik-&; 5 ..
% ZkeZ2\{0} 2ic1 qie”™F® JﬂB@p?(”""”a Ti5,3)

Properties of the function ©P?(k, )

e for each r we have OP?(k,r) ~ k%™ as k — oo
e for each k we have OP%(k,-) € C*(R)

e assume that |zi;3] < h for all 4, j
e choose € > 0, for each k = ||k|| construct a smooth+periodic function

—(h + &) h+e
_ Jerikr) :lr<h P2 (k, )
Ri(r) = {Bk(r) Th<|r|<h+e
e sufficiently smooth (o o) ‘
T 0 [
_h h
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A fast algorithm II

e truncate the infinite sum, Z> — I, = {—M/2 ..., 5 /> — 1}?
e for M € 2N large enough we find for each k = ||k|| #0 (k € Z;)
M/2—1
Rk(T) ~ Z bk,le””r/(}”@

l=—M/2
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A fast algorithm II

e truncate the infinite sum, Z> — I, = {—M/2 ..., 5 /> — 1}?
e for M € 2N large enough we find for each k = ||k|| #0 (k € Z;)
M/2—1
OP2(k,7) = R(r) & > b/ vir| <h

l=—M/2
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A fast algorithm II

e truncate the infinite sum, Z> — I, = {—M/2 ..., 5 /> — 1}?
e for M € 2N large enough we find for each k = ||k|| # 0 (k € Z;)
M/2—1
OP2(k,7) = R(r) & > b/ vir| <h

l=—M/2

. . ~ xT; xT; xT;
e we obtain with &; := ( 61 2,2 5,3 )

B ° B *2(h+te)
N

1
55 2 D’ mE/ PO (k|| 2i;5)

2B et o=t
k1 k1
) M/2—1 2ni| kg | -&; —2ri ko | -&;
~ I
Nop o 2 2 ki Zqze e

B kET\{0} I=—M/2
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A fast algorithm II

e truncate the infinite sum, Z> — I, = {—M/2 ..., 5 /> — 1}?
e for M € 2N large enough we find for each k = ||k|| # 0 (k € Z;)
M/2—1
OP2(k,7) = R(r) & > b/ vir| <h

l=—M/2

e we obtain with &; := (z“ Tiz _Zis )

B ° B *2(h+te)
N

1 2wik-&;; /B 2
2B D 2w POR Ikl i)
keT \{0} i=1

k1 k1
) M/2—1 2ni| kg | -@; —27i ko | -&;
= l l
Nop o 2 2 ki Zqze e

B kET\{0} I=—M/2
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A fast algorithm II

e truncate the infinite sum, Z> — I, = {—M/2 ..., 5 /> — 1}?
e for M € 2N large enough we find for each k = ||k|| # 0 (k € Z;)
M/2—1
OP2(k,7) = R(r) & > b/ vir| <h
l=—M/2

. . ~ xT; xT; xT;
e we obtain with &; := ( 61 2,2 5,3 )

B ° B *2(h+te)
N

1
55 O 2 ae® N E PO (k]| 2 )

B ez oy izt

k1 k1

) M/2—1 omi | ko | @ —2ri ko | -&;
~ !
Nop o 2 2 ki Zqze e

B kET\{0} I=—M/2

3d adj. NFFT

3d NFFT
o fast computation with NFFTs
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A fast algorithm II

e truncate the infinite sum, Z> — I, = {—M/2 ..., 5 /> — 1}?
e for M € 2N large enough we find for each k = ||k|| # 0 (k € Z;)
M/2—1
OP2(k,7) = R(r) & > b/ vir| <h
l=—M/2

. . ~ xT; xT; xT;
e we obtain with &; := ( 61 2,2 5,3 )

B ° B *2(h+te)
N

1
55 O 2 ae® N E PO (k]| 2 )

B ez oy izt

k1 k1

) M/2—1 omi | ko | @ —2ri ko | -&;
~ !
Nop o 2 2 ki Zqze e

B kET\{0} I=—M/2

3d adj. NFFT

3d NFFT
o fast computation with NFFTs

e analog for the k = 0 term
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Ewald summation s.t. 1d periodic boundary conditions

Long range part under [Porto 2000]
i —_— .. .. 3 L .
We write @;; = (24,1, Z;;) and obtain for 7 foy2 (5)

N N
2 Tikx;; ~ 1 =
20 S ad B (k@ l) — > a8 (1)
=1

kez\{0} i=1

1d Fourier series k =0 part




Ewald summation s.t. 1d periodic boundary conditions

Long range part under [Porto 2000]

We write @;; = (24,1, &:;) and obtain for ¢}, (032 (5)

N N
2 Tikx;; ~ 1 =
20 S ad B (k@ l) — > a8 (1)
=1

kez\{0} i=1
1d Fourier series k =0 part
O (k, )
- k=1
02 k=2
. -

S1 08 06 -04 02 0 02 04 06 08 1

orl(k,r) = Lexp —Tg"2k2 —r2¢2) de
t B2t
0




Ewald summation s.t. 1d periodic boundary conditions

We write @;; = (24,1, &:;) and obtain for ¢}, (032 (5)

N N
2 Tikx;; ~ 1 =
20 S ad B (k@ l) — > a8 (1)
=1

kez\{0} i=1
1d Fourier series k =0 part
.
ous i
o4 or(k,r) o
oz .
o
2
0z k=1
o2 k=2 ’
0.15 A" o i 18
0.1] o 1
oo 0s




A fast algorithm

Assume ||&;;]| < h and choose € > 0.

1d Regularization for each k£ > 0: orl(k,-)

._ OrPl(k,r) :|r|<h
Ry (r) := {Bk(r) ch<|r|<h+e

oo sufficiently smooth

o vanishing derivates up to a certain order
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A fast algorithm

Assume ||&;;]| < h and choose € > 0.

1d Regularization for each k£ > 0: orl(k,-)
~(hte) he
OrPl(k,r) :|r|<h " "
R = ’ -
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e rotate, i.e., consider R24(x) := Ry (|||)

e constant outside the ball K} .(0,0):
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e Approximation by 2d Fourier sum

M/2—1 )
Rf@)~ 30 bggemt/ (09

l1,lp=—M/2

— analogously in the case k =0
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e 3d-Ewald formulas suggest a fast algorithm based on NFFTs

e also NFFT based fast summation methods for open boundary
conditions

e proposed a new approach for NFFT based fast Ewald summation
under mixed boundary conditions  [Nestler, Potts 2013]

e based on constructing regularizations of the Fourier coefficients
e have implemented 2d algorithm

e currently testing the method and working on 1d implementation
e results will be published soon

e open questions: optimal choice of parameters, error estimates

Thank you for your attention!
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