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Introduction

mixed Wiener spaces

For α > 0 and 0 < p < ∞ we define the mixed Wiener space Aα
p (Td) ⊂ L1(Td) via its norm

∥f∥Aα
p (Td) =

( ∑
k∈Zd

d∏
i=1

(1 + |ki|)αp|f̂(k)|p
) 1

p

.

They have a useful embedding into the sequence spaces

Aαf =
( d∏
i=1

(1 + |ki|)αf̂(k)
)
k∈Zd , ∥Aα : Aα

p (Td) → ℓp(Zd)∥ = 1.
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Introduction

quasi s-Numbers
For n ∈ N0, and X(Ω), Y quasi-Banach function spaces with a continuous linear embedding
T : X → Y the following (quasi) s-Numbers are defined:
▶ Sampling numbers (linear and non-linear)

ϱn(X)Y = inf
t1...tn∈Ω

inf
R:Cn→Y

sup
∥f∥X≤1

∥∥f −R
(
f(t1) . . . f(tn)

)∥∥
Y

(1)

▶ Gelfand numbers

cn(T : X → Y ) = inf
{

sup
f∈BX∩M

∥Tf∥Y : M ⊂ X linear subspace with codimM < n
}

(2)

▶ best trigonometric m-term approximation

σn(X)Y := sup
∥f∥X≤1

inf
s∈Σn

∥f − s∥Y (3)
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Introduction

Motivation

▶ Nguyen Nguyen and Sickel recently studied some s-numbers of mixed Wiener classes in [1],
however they studied neither Gelfand numbers, sampling numbers nor best m-term
approximation

▶ new results concerning sampling numbers

Proposition 1 ([2, Jahn, Ullrich and Voigtlaender 2023])
Let n, d ∈ N then it holds for a quasi-normed function space with continuous embedding into L∞

ϱn log(n)3
(
F
)
2
≲ σn

(
F
)
∞. (4)
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Introduction

Relations between s-numbers

▶ Gelfand numbers form a lower bound for the non-linear sampling numbers, in particular it
holds

ϱn
(
Aα

p (Td)
)
2
≳ cn(id : Aα

p (Td) → L2)

▶ Kolmogorov numbers form a lower bound for the linear sampling numbers, in particular it
holds

ϱlinn
(
Aα

p (Td)
)
2
≳ dn(id : Aα

p (Td) → L2)

In total the Gelfand and sampling numbers give upper and lower bounds for the non-linear
sampling numbers.
One important property of (quasi) s-numbers is, that for two operators S,R it holds

sn(R ◦ S) ≤ sn(R)s1(S) = sn(R)∥S∥
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Gelfand numbers

Theorem 2
For n, d ∈ N, 0 < p ≤ 2 and α >

(
p−1
p

)
+

it holds

cn(id : Aα
p (Td) → L2(Td)) ≍ n−(α+λ) log(n)(d−1)α (5)

where λ = 1
p − 1

2 .

Idea of proof: Rewrite
id : Aα

p (Td) → L2(Td)

as

Dα(xk)k∈Z =
( d∏

i=1

(1 + |ki|)−αxk

)
k∈Z

.
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Gelfand numbers

diagonal operator

Aα
p (Td) L2(Td)

ℓp(Zd) ℓ2(Zd)

id

Aα

Dα

B

where
B(xk)k∈Z =

1
√
2π

d

∑
k∈Z

xke
ikx, ∥B∥ = 1

cn(id : Aα
p (Td) → L2(Td)) = cn(Dα : ℓp(Zd) → ℓ2(Zd)), (6)
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Gelfand numbers

hyperbolic cross

A hyperbolic cross is a set of the form{
n ∈ Nd

0

∣∣∏d
j=1(nj + 1) ≤ c

}
. Decompose now

Nd
0 in dyadic blocks, where blocks on the same

hyperbolic layer have
▶ the same number of points
▶ the same maximal weight

Now use this decomposition on Dα. The number
of points per layer can now be computed as

Cj := #□j = 2j
(
j + d− 1

j

)
≍ 2jjd−1.
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Gelfand numbers

decomposition of the diagonal operator

We can now decompose the diagonal operator in the same way. To that end, now call Dα

restricted to the k-th layer ∆k then it holds,

cn
(
Dα

)
≤
( L∑

j=0

cnj (∆j) +

M∑
j=L+1

cnj (∆j) + c1
( ∞∑
j=M+1

∆j

))
=: S1 + S2 + S3, (7)

where we do an exact approximation on S1 a smart approximation on S2 and no approximation at
all on S3.
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Best trigonometric m-term approximation

best m-term approximation

Theorem 3
For n, d ∈ N with 0 < p ≤ q and 2 ≤ q ≤ ∞ as well as α >

(
p−1
p

)
+

it holds

n−(α+λ) log(n)(d−1)α ≲ σn

(
Aα

p (Td)
)
q
≲ n−(α+λ) log(n)(d−1)α+µ (8)

where
λ =

1

p
− 1

2
,

and µ = 1
2 if both q = ∞ and d > 1 otherwise µ = 0.
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Best trigonometric m-term approximation

basis pursuit denoising
▶ sparse trigonometric polynomials can be approximated well via l1 minimisation, even when

the data is noisy
▶ the previous result for best trigonometric m-term approximation ensures that for every

function f from a weighted mixed Wiener class there is such a sparse trigonometric
polynomial that approximates f well

Proposition 4 ([5, Rauhut, 2008] )
Let c∗ be the solution of the minimisation problem

min ∥c∥1 subject to ∥FXc− y∥2 ≤ ν

then the bound
∥c− c∗∥2 ≤ C1

ν√
N

holds with high probability, if at least N ≥ C0 nd log(n)4 log(ε−1) samples were used.
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Best trigonometric m-term approximation

Basis pursuit denoising - numerical experiments
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Figure 3: Approximation in 3 Dimensions

`1
`2

ANOVA

0 500 1,000 1,500 2,000 2,500

10−6

10−5

10−4

10−3

10−2

Number of Samples

A
p
p
ro
x
im

at
io
n
E
rr
o
r

Figure 4: Dimension Comparison
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Sampling numbers

linear sampling numbers

Proposition 5 (see [1, Nguyen, Nguyen and Sickel, 2022])
For the Kolmogorov numbers dn it holds for α > 0,

dn
(
id : Aα

1 (Td) → L2(Td)
)
≍ n−α log(n)α(d−1). (9)

Since the Kolmogorov numbers form a lower bound for the linear sampling numbers this
immediately gives the following result

ϱlinn
(
Aα

1 (Td)
)
2
≳ n−α log(n)α(d−1). (10)
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Sampling numbers

non-linear sampling numbers

For the non-linear sampling numbers an analogous bound holds in terms of the Gelfand numbers

ϱn
(
Aα

1 (Td)
)
2
≳ n−(α+ 1

2 ) log(n)α(d−1). (11)

Proposition 12 together with Theorem 3 now yields

ϱn
(
Aα

1 (Td)
)
2
≲ n−(α+ 1

2 ) log(n)α(d−1)+3(α+ 1
2 )+

1
2 (12)

There is a difference of 1
2 in the main rate of the decay between the linear and non-linear sampling

numbers in mixed Wiener classes measured in L2.
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tractable results

tractable bound on Gelfand numbers

Theorem 2 states
cn(id : Aα

p (Td))2 ≲ n−(α+λ) log(n)(d−1)α

Where another 2d term is hidden by the ≲. For n = ds this is a horrible bound.

Theorem 6
Let m, d ∈ N such that p ≤ 1 and further α > 0 then it holds

cn(Aα
p (Td))2 ≤ Cn−λd log(n)λ (13)

where C is a constant dependent only on p.

For s > λ−1 this is decaying.
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tractable results

tractable bound on the best m-term approximation

Again the original Theorem 3 states

σn

(
Aα

p (Td)
)
q
≲ n−(α+λ) log(n)(d−1)α+µ

Where another 2d term is hidden by the ≲. This is again not suitable in a setting where n = ds.

Theorem 7
Let m, d ∈ N such that p ≤ 1 and further α > 0 then it holds

σn

(
Aα

p (Td)
)
∞ ≲ n−λd log(n)

1
p (14)

with no hidden d-dependent constants.
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tractable results

tractable bound on the best m-term approximation

Again the original Equation (12) states

ϱn
(
Aα

1 (Td)
)
2
≲ n−(α+ 1

2 ) log(n)α(d−1)+3(α+ 1
2 )+

1
2

Where again a 2d term is hidden in the ≲.

Theorem 8
For 0 < p ≤ 1 and α >

(
p−1
p

)
+

it holds

ϱn
(
Aα

p (Td)
)
2
≤ Cn−λd log(n)

1
p+3λ. (15)

where C is an absolute constant (and not dependent on d).
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tractable results

Thank you for your attention
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