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‘ Introduction

mixed Wiener spaces

Fora > 0and 0 < p < oo we define the mixed Wiener space A3 (T?) C L,(T?) via its norm

=

d
I lLagerey = (3 TIC+ b1 fa0r)

kezd i=1
They have a useful embedding into the sequence spaces

d
Aof = (JTO+EDF ) egar 1 Aa = A (T = £,(Z%)] = 1.

i=1
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Introduction

quasi s-Numbers
For n € Ny, and X (92),Y quasi-Banach function spaces with a continuous linear embedding
T : X — Y the following (quasi) s-Numbers are defined:

» Sampling numbers (linear and non-linear)

Xy =, Wl o rdihy Ilx <1 7= B(st). 1Dy 0

» Gelfand numbers

n(T: X —=Y)= inf{ sup ||Tf|ly : M C X linear subspace with codim M < n} (2
feEBxNM

» best trigonometric m-term approximation

on(X)y = sup inf ||f—s|y (3)
[ fllx<15€%n
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‘ Introduction

Motivation

» Nguyen Nguyen and Sickel recently studied some s-numbers of mixed Wiener classes in [1],
however they studied neither Gelfand numbers, sampling numbers nor best m-term
approximation

> new results concerning sampling numbers
Proposition 1 ([2, Jahn, Ullrich and Voigtlaender 2023])

Let n,d € N then it holds for a quasi-normed function space with continuous embedding into L.

Onlog(n)3 (]:)2 5 On (]:)oo (4)
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‘ Introduction

Relations between s-numbers

» Gelfand numbers form a lower bound for the non-linear sampling numbers, in particular it
holds
On (.Ag‘(']f‘d))2 > cn(id .Ag‘('ﬂ“d) — Lo)
» Kolmogorov numbers form a lower bound for the linear sampling numbers, in particular it
nolde on (AS(TH), 2 dnlid : AS(T?) — L)
In total the Gelfand and sampling numbers give upper and lower bounds for the non-linear

sampling numbers.
One important property of (quasi) s-numbers is, that for two operators S, R it holds

S$n(RoS) < s,(R)s1(S) = sn(R)||S||
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Gelfand numbers

Theorem 2
Forn,d e N,0<p<2anda > (”%I)Jr it holds

cn(id : AZ(TY) = Ly(T?)) x n~ @+ Jog(n) @1 5)

where A = 1 — 1.

1
p
Idea of proof: Rewrite

id : AY(T?) — Lo(T)

as
d

Da(@iiez = ( [](+ ki) ™)

kez’
i=1 €
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A2 (T?) Ly(T9)
A, B
d d
(1) —p— 6(2)
where
B(zy)kez = s Zxke , Bl =1
7T kEZ
en(id : AS(TY) — Ly(TY)) = co(Da : 6,(Z%) — £2(2%)), (6)
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‘ Gelfand numbers

hyperbolic cross

%,

——

N
N

A hyperbolic cross is a set of the form
{n € N{| H‘;:l(nj +1) < c}. Decompose now

N¢ in dyadic blocks, where blocks on the same
hyperbolic layer have

> the same number of points
» the same maximal weight

Now use this decomposition on D,. The number
of points per layer can now be computed as

e _1 _
oy #Dj:w(]“ﬁ )x2ﬂjd—1.
j
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‘ Gelfand numbers

decomposition of the diagonal operator

We can now decompose the diagonal operator in the same way. To that end, now call D,,
restricted to the k-th layer A, then it holds,

L M e
cn(Da) < (chj(Aj)ﬂL Z Cn, (A)) + e ( Z Aj)) =51 + 52 + 53, )
=0 J=L+1 =M1

where we do an exact approximation on S; a smart approximation on S, and no approximation at
all on Ss.
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Best trigonometric m-term approximation

best m-term approximation

Theorem 3
Forn,d € Nwith0 < p <gand2 < q < ooaswellas a > ("’;—1)+itholds

n” @ Jog(n) VY S o (AF(T7)),, S 0@ log(n)( @~ Dtr ®)

where

and p = 1 if both ¢ = oo and d > 1 otherwise ;1 = 0.
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Best trigonometric m-term approximation

basis pursuit denoising
» sparse trigonometric polynomials can be approximated well via /; minimisation, even when
the data is noisy
> the previous result for best trigonometric m-term approximation ensures that for every
function f from a weighted mixed Wiener class there is such a sparse trigonometric
polynomial that approximates f well

Proposition 4 ([5, Rauhut, 2008] )

Let c* be the solution of the minimisation problem

min |[c||;  subject to ||Fxc —yl|l2 < v
then the bound y
VN

holds with high probability, if at least N > Cyn dlog(n)*log(s~1) samples were used.

[e—c*ll2 < Cy
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Best trigonometric m-term approximation

Basis pursuit denoising - numerical experiments

Figure 3: Approximation in 3 Dimensions

Figure 4: Dimension Comparison
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Sampling numbers

linear sampling numbers

Proposition 5 (see [1, Nguyen, Nguyen and Sickel, 2022])

For the Kolmogorov numbers d,, it holds for o > 0,
dy (id : AF(T?) — Lo(T?)) < n~*log(n)*@=1). (9)
Since the Kolmogorov numbers form a lower bound for the linear sampling numbers this

immediately gives the following result

oA (AF(TY)), 2 n™*log(n)*=1. (10)
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‘ Sampling numbers

non-linear sampling numbers

For the non-linear sampling numbers an analogous bound holds in terms of the Gelfand numbers
0n (AT (T)), Z n=(“F2) log(n)*(*~1. (1)

Proposition 12 together with Theorem 3 now yields
0n (AF(T), < n=(0+3) log(n)a(d-D+3(ati)+3 (12)

There is a difference of 1 in the main rate of the decay between the linear and non-linear sampling
numbers in mixed Wiener classes measured in Ls.
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tractable results

tractable bound on Gelfand numbers
Theorem 2 states
ealid s AZ(T7))z S n™ (Y log(n) =D
Where another 2¢ term is hidden by the <. For n = 4* this is a horrible bound.

Theorem 6
Let m,d € N such that p < 1 and further o« > 0 then it holds

cn(AS(T%))2 < Cn*dlog(n)* (13)
where C is a constant dependent only on p.

For s > A~! this is decaying.
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tractable results

tractable bound on the best m-term approximation

Again the original Theorem 3 states
0 (AZ(TY) | S 0™ () log(n) (@Dt
Where another 2¢ term is hidden by the <. This is again not suitable in a setting where n = d*.

Theorem 7
Let m,d € N such that p < 1 and further o. > 0 then it holds

o (AS(TY) S n Adlog(n)7 (14)

with no hidden d-dependent constants.
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tractable results

tractable bound on the best m-term approximation

Again the original Equation (12) states
0n (AS(T?), S n™(@F2) log(n)(@-D¥8tH)H
Where again a 2¢ term is hidden in the <.

Theorem 8
Foro0<p<1landa > (1%1)+ it holds

0 (AZ(T?), < Cn~*dlog(n)» . (15)

where C'is an absolute constant (and not dependent on d).
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tractable results

Thank you for your attention
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