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ABSTRACT

In this paper we propose an approximation method for high-dimensional 1-periodic functions based
on the multivariate ANOVA decomposition. We provide an analysis on the classical ANOVA
decomposition on the torus and prove some important properties such as the inheritance of smoothness
for Sobolev type spaces and the weighted Wiener algebra. We exploit special kinds of sparsity in
the ANOVA decomposition with the aim to approximate a function in a scattered data or black-box
approximation scenario. This method allows us to simultaneously achieve an importance ranking on
dimensions and dimension interactions which is referred to as attribute ranking in some applications.
In scattered data approximation we rely on a special algorithm based on the non-equispaced fast
Fourier transform (or NFFT) for fast multiplication with arising Fourier matrices. For black-box
approximation we choose the well-known rank-1 lattices as sampling schemes and show properties
of the appearing special lattices.

Keywords ANOVA decomposition - high-dimensional approximation - Fourier approximation

1 Introduction

The approximation of high-dimensional functions is an important and current topic with great interest in many
applications. We consider a setting of periodic functions f: T — C, d € N, over the torus T where certain data
about the function is known. Here, we distinguish between a black-box setting, i.e., f can be evaluated at points
a € T at a certain cost, and a scattered data setting, i.e., sampling points X C T¢ and function values (f(x))wex
are given. Besides the natural question of wanting to find an approximation for f, we want to consider the question
of interpretability, i.e., analyzing the importance of the dimensions and dimension interactions of the function. In
applications this is sometimes referred to as an attribute ranking.

The main tool to achieve our goals is the analysis of variance (ANOVA) decomposition [6} 45 38 |23]] which is an
important model in the analysis of dimension interactions of multivariate, high-dimensional functions. It has proved
useful in understanding the reason behind the success of certain quadrature methods for high-dimensional integration
[40.,!4,[17] and also infinite-dimensional integration [1, 19} 34]. The ANOVA decomposition decomposes a d-variate
function in 2¢ ANOVA terms where each term belongs to a subset of D := {1,2,...,d}. The single term depends only
on the variables in the corresponding subset and the number of these variables is the order of the ANOVA term. In this
paper we study the classical ANOVA decomposition for periodic functions and how it acts on the frequency domain.
The decomposition is referred to as classical since it is based on an integral projection operator. In this setting we find
relationships between ANOVA terms and the support of the frequencies as subsets of Z?. Moreover, we prove formulas
for the representation of ANOVA terms and projections.

Classical approximation methods cannot be applied for high-dimensional functions in general since the data required
increases exponentially because of the curse of dimensionality. However, the observation has been made that in practical
applications with multivariate, high-dimensional functions, often only the ANOVA terms of a low order are enough to
describe a function, see e.g. [6]. This leads to the notion of a superposition dimension ds € D that limits the order
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of the ANOVA terms involved. Using this as a sparsity assumption to circumvent the curse of dimensionality, we
consider functions where the ANOVA decomposition is mostly supported on terms of a low order, i.e., the norm of
the remaining decomposition weighed by the norm of f is small. This leads to a truncation of the decomposition
through a superposition threshold. We consider how the previously described error can be related to the decay of Fourier
coefficients and specifically the smoothness of f.

We present and analyze an approximation method that uses sensitivity analysis, cf. [47, |48 38]], on the truncated
ANOVA decomposition which is able to identify important ANOVA terms and incorporate this information in finding
an approximation. The goal is to simplify the approximation model which yields benefits in reducing the influence
of overfitting regarding the amount of data. We determine approximations of the Fourier coefficients of the function
(or learn them) by solving least-squares problems. This is done through exploiting the special structure of the system
matrix by identifying submatrices with the corresponding ANOVA terms. In the case of black-box approximations we
are using rank-1 lattices as a spatial discretization, see e.g. [24} 25} 26| 27]], and for scattered data approximation we
rely on the iterative LSQR method [42]] and the fast matrix-vector multiplications for Fourier matrices provided by the
non-equispaced fast Fourier transform (or NFFT) introduced in [31]].

The paper is organized as follows. In Section [3] we introduce the classical ANOVA decomposition and study its
behavior for periodic functions with regard to the Fourier system. We prove new formulas for the Fourier coefficients of
projections in Lemma 3.1 and ANOVA terms in Lemma [3.5] Moreover, we prove that functions in Sobolev type spaces
and the weighted Wiener algebra inherit their smoothness to the ANOVA terms, see Theorem [3.10]and Theorem [3.11]
In Section[d] we consider the truncated ANOVA decomposition and prove formulas for their Fourier coefficients, see
Lemmaf4.1and Corollary #.2] We also give direct formulas for the truncated decomposition using the projections in
Lemma [4.4|and Corollary 4.5 Furthermore, we relate Sobolev type spaces and the weighted Wiener algebra to the
previously introduced functions of low-dimensional structure and compute the errors in Theorem [.6]and Theorem 4.7}
Specifically, we consider a class of product and order-dependent weights, see [35, (13} 133} [14]], of functions with
isotropic and dominating-mixed smoothness, cf. [[16} 26 5], to obtain specific error bounds, see Corollary @] and
Corollary [4.10] In Section[5]we present an approximation method for functions that are of an low-dimensional structure,
cf. Algorithm |I] We start by considering a black-box approximation scenario with rank-1 lattices as sampling schemes
and show properties of the arising lattices in Lemma [5.3] Lemma[5.3] and Corollary [5.6] Furthermore, we discuss
scattered data approximation in Section [5.2.2] The arising approximation errors are considered in Section [6 with
main results being Theorem [6.1] Theorem[6.2] Theorem [6.3] and Theorem In Section [7/|we perform numerical
experiments with a specific benchmark function.

2 Prerequisites and Notation

We consider multivariate 1-periodic functions f: T¢ — C with spatial dimension d € N, which are square-integrable,
i.e., elements of Ly(T%). Those functions have a unique representation with regard to the Fourier system {e?"*®}, .,

as Fourier series )
f(:])) _ Z Ck(f) eka:»m,
kezd

where ¢ (f) == [ra f(z) e ™ *dx € C, k € Z%, are the Fourier coefficients of f. Given a finite index set I C Z¢,
we call the trigonometric polynomial

Srf(x) = ck(f) 7k " )

kcl

the Fourier partial sum of f with respect to the index set I.
In this paper we make use of indexing with sets. First, for a given spatial dimension d we denote with D = {1,2,...,d}
the set of coordinate indices and subsets as bold small letters, e.g., u C D. The complement of those subsets are always
with respect to D, i.e., u¢ = D\ u. For a vector « € C? we define z,, = (Ti)icu € Cl*l. There remains a small
ambiguity regarding the order of the components of x,, which can be clarified if one chooses a consistent ordering, e.g.,
ascending order which would be a natural choice.

Furthermore, we use the p-norm which is defined as
Hi€D:xz; A0} :p=0
. d » 1/p
|, = (Zi:l || ) 1<p<oo
maxiep |4 1p =00

for € RY. Note that the case 1 < p < oo can be expanded to 0 < p < 1, but then |-|| , would only be a quasi-norm.
In the case p = 0, ||-|[, is not a norm at all.
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2.1 Rank-1 lattice

In the case of black-box approximation we are going to rely on rank-1 lattice as sampling schemes, see e.g. [24} 25, 26,
27)|. For a given lattice size M € N and a generating vector z € Z% we define a rank-1 lattice

Az, M) = {azj = ﬁz mod 1:j:0,1,...,M—1}.

These lattices are useful in the evaluation of trigonometric polynomials
p € II; :== span {eQ”ik'o: kel}
over a finite index set I C Z< for given Fourier coefficients ck(p). As discussed in [37], we have

M—-1

p(z;) =p<z\j4z mod 1) =Y S clp) |2

=0 kel
k-z=l mod M

The computation of the sum over [ can be realized trough a one-dimensional FFT and therefore the evaluation of
p at all lattice nodes can be done using only this single FFT. The arithmetic complexity of this evaluation is in
O(Mlog M + d|I).

However, using a special kind of rank-1 lattice, it is possible to reconstruct the Fourier coefficients cx(p) by sampling p

at the nodes in A(z, M) in an exact and stable way. For an index set I C Z¢ we define a reconstructing rank-1 lattice
A(z, M, I) as arank-1 lattice A(z, M) such that the condition

m-z#%0 mod M VYm e D(I)\ {0}
is fulfilled with
D(I):={k—h:k,hel} )

being the difference set for I. Using the nodes of a reconstructing rank-1 lattice A(z, M, I), the Fourier coefficients
can be calculated as

M .

1 o kez

ck(p) = i E p <]‘\74z mod 1> e 2T
J=0

The calculation of all Fourier coefficients cg(p), k € I, can then be realized trough a one-dimensional FFT and the
computation of the products k - z. Consequently, the arithmetic complexity of this evaluation is again in O(M log M +
d|I1).

The principle of this reconstruction can be generalized to functions f € A“(T?) := {f € Li(T%): || f|| 4w (Tey =

> geza w(k) [ck(f)] < oo}, w: Z® — [1,00), by taking the Fourier partial sum S; f for a suitable index set / C Z%
and treating the evaluations of f as the evaluations of the trigonometric polynomial S f. Using the same idea as before,
we get

M .
~ 1 ez
ck(f) = fr = i Zof <Z€42 mod 1> e~ 2mid
]:
with a a reconstructing rank-1 lattice A(z, M, I). The error for each coefficient is
fr = cu(f) + > Ck+h(f) 3)
heAL(z,M)\{0}
with the integer dual lattice

A (z,M)={keZ' k-2=0 mod M}.

Consequently, if 3, e\ 1 (2 a1\ o} [Ch+n(f)] is small, the approximations fr are close to the Fourier coefficients ¢ (f).
For further details on this topic we refer to [26}127]] and [43, Chapter 8].
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3 The classical ANOVA decomposition of 1-periodic functions
In this section we introduce the ANOVA decomposition, see e.g. [6} 138 23], and derive new results for the periodic
setting specifically with regard to the decomposition acting on the frequency domain.

We start by defining the projection operator
Puf@) = [ fle)dew @
’]I‘ —|u

that integrates over the variables x,c. For |u| > 0 this operator maps a function from Ly (T?) to Lo (TI*l) by the
Cauchy-Schwarz inequality and the image P,, f depends only on the variables @, € T!%!. In the case of u = 0, the
projection gives us the integral of f. We define the index set

P = {k € Z%: kye =0} (5)

which can be identified with Z!®! using the mapping k — k,,. Note that we use the convention Z!?l = {0}. We now
prove a relationship between the Fourier coefficients of P, f and f.

Lemma 3.1. Let f € Lo(T?) and £ € Z!*\. Then
ce(Puf) = ck(f)
for k € 72 with ky, = £ and kye = 0.

Proof. We consolidate the two integrals and derive
ce(Puf) = / / f(@)dxye e 2 e %udy,,
Tlul JTd—|ul

_ f(w)efQﬂLm“dw
']I‘d

= f(x) e k@ gy — ck(f).
’]I‘d

O

Using Lemma , we are able to write Py, f as both, a d-dimensional Fourier series Py, f(x) = >_; _p ck(f) e2mik-@
and a |u|-dimensional Fourier series P, f(Tw) = Y pcziul Co(Puf) €™ Pu,
Now, we recursively define the ANOVA term for u C D

fu=Puf = fo ©6)

vCu
There exists a direct formula for the ANOVA terms f,, defined in (6).

Lemma 3.2. Leta € Ny and b € Nwithb > a. Then
b—1

> e (D0) = o

Proof. We prove an equivalent form obtained through multiplication with (—1)® and an index shift
b—a—1
b—a
—1 n+a+1 = (-1 b.
> D )=

n=0

Splitting the sum and applying the Binomial theorem yields

n=0 n=0

D ST G R

n=0

=(—1+1)=a=0

= (-1
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Lemma 3.3. Let f € Lo(T¢) with w C D. Then
fu=D (=1)P, )

vCu

Proof. We prove this statement through structural induction over the cardinality of u. For |u| = 0, i.e., u = (), we have
(=1 (Py) (@) = (Py) (z) = (Py) () = D _ ful®)
vC0
Now, let (@) be true forv C D, |v| =0,1,...,m —1,m € {1,2,...,d}, and take a subset u C D with |u| = m. We

use the notation
1 :wCwo
6wgv = .
0 : otherwise.
and start from the recursive expression in (6) to obtain

fu(m): u.f va = uf Z Z \v\ el P f)( )

vCu vCuwCv

Z Z DI (P ) () 6w

vCuwCu

We exchange the two sums and sum over the order of the ANOVA terms

S S )PP ) (@)dwce = Y (Puf) (@) D (~D)P 6 ,c,

vCuwCu wCu vCu
SDICUWIED oib ST
wCu n=|w| vCu
lv]=n
m—1
=Y (Puf)(@) > ()" Y buce
wCu n=|w| vCu
lv|=n
Applying Lemma [3.2] yields the formula. O

We proceed to present a relationship between the Fourier coefficients of f,, and f. Furthermore, we prove f,, € Lo (T!®}).
Therefore, we define the index set

F = {k € Z kye = 0,k; #0Vj € u}
which can be identified with (Z \ {0})/“! using the mapping k — k,,. Here, we use the convention (Z \ {0})!?l = {0}.
Lemma 3.4. Let u,v C D with u # v. Then ]FSLd ) N Fs,d) = (). Moreover, we have

zt= | FY.

uCD

Proof. Letu,v C D, u # v, and w.lo.g. |u| > |v]. We assume there exists a k € F N FY and first consider the
case u N v = (. Since k € Fgﬁi ) we have Euc = 0 and therefore I;:v = 0. This contradicts k € ]Fg,d). In the case of
u N # () there exists a j € v° Nu. Then k € F(d) implies that k£; = 0 which contradicts k € IF(d).

The inclusion UuCD ]F( ) C 74 is trivial since ]F(d) C 7 for every u C D. To prove Z¢ C UuCD IFE?) we take a
k € Z% and define u = {j € D: k; # 0}. Then k € Fy; and therefore k € (J, . Fy . m

Lemma 3.5. Let f € Ly(T%) withw C D and £ € Z\*!. Then

k() :ee(z\ {op™
co(fu) = 0up-co(f) :£=0
0 : otherwise

for k € 74 with ky, = £ and ky. = 0. Furthermore, f,, € LQ(T‘"‘).
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Proof. We begin by employing the direct formula (7)) to obtain

CZ(fu) = 3 Ifu(mu)e—QTriE-a:udwu

:/ Z(_l)\ulflvlpvf(xv) e 2T g
Tlul

vCu
Z \u| [v] / P, f(zy) e—27ri£-:cud$u
= Tlul
Z \ul lvlck (Pof) Oy .0
vCu
We go on to prove co(fu) = du,g - co(f). In this case, k, = 0 and g, .0 = 1 for every v C u. By the Binomial

Theorem, we have

ce(fu) = Y (=DM ley, (Pyf) dr,yy0 = colf) D (-1

vCu vCu

|ul
e Y ()0 = )b

n

For the second case, we consider an £ and with a set v C w such that ) # © = {i € u: k; = 0} # w. Then

Okyyp,0 = 1 == 0 = u \ ¥ C v and with the Binomial Theorem we get
ce(fu) = Y (=DM Pleg, Puf)dr, 0= D ()l (Puf)
vCu v°CvCu
[ul—|v| - [u| — [v°] lu|—n
=) 3 M =an 30 (T8 )
v°CvCu n=|v¢|
S (ul = 7 -
—atn) > (M) e
m=0

For the case were the entries of £ are all nonzero, only the addend where v = w is nonzero, i.e., ¢(fu) = ce(f). O

With Lemma 3.5 we have two equivalent series representations for the ANOVA term f,,, the d-dimensional Fourier
series fu(x) = D4 cpw ck(f) € 2mik® and the |u|-dimensional Fourier series fu(Tu) = Y gezu Co(fu) € 27l

with co(f,) as in Lemma The ANOVA terms have the following important property.
Corollary 3.6. Let f € Ly(T?) and w,v C D with w # v. Then the ANOVA terms f,, and f,, are orthogonal, i.e.,

(fus o)Ly (ray = 0.

Proof. We employ Lemma [3.4]and Lemma [3.5]to deduce
<fu7fv>L2('JTd) = < Z Ck(f) e27rik:~w7 Z C[(f) e27ri£-:c>L2(Td)

kerd £cFd

Z ch 5k£:0

keFD ecr(d

Having defined the ANOVA terms, we now go on to the ANOVA decomposition, cf. [6,[38]].

Theorem 3.7. Let f € Ly(T?), the ANOVA terms f,, as in (6) and the set of coordinate indices D = {1,2,...,d}.
Then f can be uniquely decomposed as

f@—’_z.f{z xz +Z Z f{z]} w{z,]} +fD Z fu wu ®)

=1 j=i+1 uCD
which we call analysis of variance (ANOVA) decomposition.
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Proof. We use that Z is the disjoint union of the sets Fgﬁi ) for u C D and obtain

Z Ju(®w) = z Z cr(f) ¥k = Z cn(f) ik

utD uCD per(d keU, cp FL”
_ 2mik-x _
= E cr(f) e = f(=z).
kezd
Since the union is disjoint, the decomposition is unique. O

Remark 3.8. The ANOVA decomposition (8) depends strongly on the projection operator P, f, see @). The integral
operator considered in this paper leads to the so called classical ANOVA decomposition. Another important variant is
the anchored decomposition where one chooses an anchor point ¢ € T¢ and the projection operator is then defined as

Puf(scu) = f(y)a Yu = Ty Yue = Cyc-

This decomposition can for example be used in methods for the integration of high-dimensional functions such as the
multivariate decomposition method, see e.g. [34,|11]]. However, the error analysis may again be based on the classical
ANOVA decomposition, see e.g. [12]].

In Figurewe have visualized the different frequency index sets thd ), u C D, for a 3-dimensional example.

3.1 Variance and Sensitivity

In order to get a notion of the importance of single terms compared to the entire function, we define the variance of a
function

)= [ @)~ col)? do
for real-valued f. In this case, we have the equivalent formulation
2 2
o?(f) = If Iy ray — leo(f)]

which yields a sensible definition for complex-valued functions f. For the ANOVA terms f,, with ) # u C D we have
co(fwu) = 0 and therefore

2
0% (fu) = 1 fulli, ez -
Lemma 3.9. Let f € Ly(T<). Then we obtain for the variance

(= 3 ()

0#uCD

Proof. We show that the right-hand side equals the left-hand side by employing Lemma |3.4{and Lemma

Z 0%(fu) = Z Z lew(f)? = Z e ()]

Q);éugD (A;éugD kE]FSLd) kEU@#uCD ]Fng)
2 2 2 2
= > lew(NI° = leo())* = 1T, ray = leol(H)I*
kezd
O
The global sensitivity indices
ol 1) = 20 € 0,1 ©)
’ a*(f) ~

for () # w C D provide a comparable score to rank the importance of ANOVA terms against each other, cf. [47] 48] [38].
Clearly, we have > 4, p o(u, f) = 1 by Lemma

We now introduce one notion of effective dimensions as proposed in [[6]. Given a fixed § € (0, 1], the general notion of
superposition dimension is defined as the minimum

min< s € D: Z o*(fu) = 00°(f)

0#uCD
lul<s
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£ o £
_788 1 s
0 0 0 0
8 -8
kq k2 kq k2
@TFy, T} N[-8,8°, F), N[-8,8)%, O F,, N [-8,8°
and F{3), N [-8,8)°

k3
[=]

A F, N[-8,8°

(e) Fﬁ{zyg} N[-8,8]°

Figure 1: The ANOVA decomposition working on the hypercube [—8, 8]% as a part of the 3-dimensional index set Z3.

If we consider a particular Hilbert space H C Lo (T¢) with norm ||-|| ;;, we modify the superposition dimension in the
sense of this space, see e.g. [41]]. For f € H and § € (0, 1] we define the modified superposition dimension as

d®P) .= min{ seD: sup Z ||qui2(Td) <1-4;. (10)

151 <1 s

Finally, we investigate how the smoothness of f translates to projections P,, f and ANOVA terms f,,. For a different
setting this has been discussed in [38] [T9] and therein called inheritance of smoothness. In our setting, we
express smoothness through special subspaces of Lo (T¢) and how f being an element of those spaces translates to the
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projections P,, f and ANOVA terms f,,. In particular, we look at Sobolev type spaces, cf. [32]],

1

2

HY(T?) = § f € Lo(T): || fllgwray = | D w’ (k) |en()]* ]| < oo
1Y

and the weighted Wiener algebra

AY(TY) = 3 € La(Th): (1fllawray = D wlk) lew(f)] < o0
kezd
with a weight function w: Z% — [1, 00) for both cases.

Theorem 3.10 (Inheritance of smoothness for Sobolev type spaces). Let f € HY(T?) with weight function w: Z¢ —
[1,00). Then for any weight function
Wy ZIM — (1, 00) with

W (k) < w(k)Vk € PP
we have Py, f € H"«(TI*) and f,, € H=(TII),

Proof. We show that the norm ||Py, f|| gw., (tiuly is finite by using Lemma
2 2 2
Yo wa@lePuf) = Y wilka) (NP < D w(k)[er(f)]
Lezivl keP(? kep(?

< 3w (k) ek (NI = IIf]

kezd
Analogously, we employ Lemmato prove f,, € H®«(Tlul)

Yo wa®lefu) = D0 wilka) er())F < D w?(k) lew(f))”

2
Hw (Td) < o0.

VA keF(® keF(®
2 2
< wk) lew(HF =11 £l ey < oo
keZ

O

Theorem 3.11 (Inheritance of smoothness for the weighted Wiener algebra). Let f € A% (T?) with weight function
w: Z% — [1,00). Then for any weight function w., : ZI*! — [1, 00) with

W (ky) < w(k)Vk € P
we have P, f € AW (TI*) and f,, € A= (T,

Proof. We use Lemmato show that P, f € A" (TI®!)
Yo wa@lee(full = D wulka) (Nl < Y wk) ler(f)]

eczlvl kep(® kep{?
< 3 wk) len (D) = Il ure) < o0
kezd

We utilize Lemmato prove f,, € A%« (Tlul)
S wal® o)l = Y walka) len(HI < S wk) fex()

Lezlul keF(d keF{®
< > w(k) [er(H)] = |11l gw(pay < oo
kezd

O

The inheritance of smoothness has special significance with regard to the numerical realization of the method presented
in Section[3] It ensures that the ANOVA terms f,, are at least as smooth as the function f in consideration which is
relevant for the quality of the approximation produced by the method.
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4 Truncated ANOVA decomposition

The number of ANOVA terms of a function is equal to the cardinality of (D) = 2¢ and therefore grows exponentially
in the dimension. This reflects the curse of dimensionality in a certain way and poses a problem for the approximation
of a function. In this section we consider truncating the ANOVA decomposition, i.e., removing certain terms f,,, and
therefore creating a certain form of sparsity. We define a subset of ANOVA terms as a subset of the power set of D,
i.e.,, U C P(D), such that the inclusion condition

uel =Y Cu:velU (11

holds, cf. [23] Chapter 3.2]. This is necessary due to the recursive definition of the ANOVA terms, see (6).
For any subset of ANOVA terms U we then define the truncated ANOVA decomposition as

Tyf = Z Ju-

uelU

A specific truncation idea can be obtained by relating to the superposition dimension dP), see (T0). For a chosen
superposition threshold d, € D (that may or may not be equal to the superposition dimension d*)), we define
Udg, = {u CD: |u|] < ds}and Ty, = Ty, . We subsequently prove properties of both Ty in general and Ty, in
particular.

Lemma 4.1. Let f € Ly(T?) and U C P(D) be a subset of ANOVA terms. Then Ty f € Lo(T%) and for k € 79 the
Fourier coefficient is

(f) ueU:keFY
T =
(T f) {0 : otherwise.

Proof. Clearly, we have Ty f € Lo(T?). Let now k € Z<. Then there exists a uy C D such that k € IFE?O) . We employ
Lemma [3.3]and obtain

(TUf / (Z fu T ) 27rilc-md Z fu mu 27rik-md:B

uelU uelU

=Y | fu(@a)e® T dmy k0 = Y k(f) Okyer0 (1= Ok, 0)

Tlul

uelU uelU
_ Ck(f) tUg € U
0 : otherwise.

O

Corollary 4.2. Let f € Ly(T?) and ds € D a superposition threshold. Then Ty, f € Lo(T?) and only the Fourier
coefficients corresponding to ds-sparse frequencies are nonzero, i.e.,

ck(Ta, f) = {Ck(f) =kl < ds

0 : otherwise.

Proof. Since Uy, is a subset of ANOVA terms, Ty, f € La(T9) follows directly from Lemma Moreover,
SueUy: keF — |k, < ds. O

The following lemma shows that the number of terms in Uy, is polynomial in d for a fixed ds and therefore allows us to
circumvent the curse of dimensionality in terms of the number of sets.

ed
wal< (),

i.e., the number of terms in Ug_ has polynomial growth in d for fixed ds € D\ {d}.

10
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Proof. We estimate the sum as follows

ds d ds dnd? ds d n,d? d ds ds d?
=3 () =X -2 (1) 5= (2) L5

n=0 n=0 n=0

Estimating the sum by the Taylor series for e?* yields the statement. O

In the following we show direct formulas for the truncated ANOVA decomposition based on the projections similarly as
for the ANOVA terms, see (7).

Lemma 4.4. Let f € Lo(T%) and U C P(D) a subset of ANOVA terms. Then we have the direct formula

Tuf=>Y > (-)F-p,r.

welU velU
uCwv

Proof. We apply equation ((7) and obtain immediately

Tof=3Y fu=> > ()PP, =3 NP, fi,c,

uwelU uelU vCu welU velU
WL
veU uelU
vCu
O
Corollary 4.5. Let f € Lo(T?) and d, € D a superposition threshold. Then we have the direct formula
d — [ul
Taf = —q)nlul (T Puf.
wf= 3 | X o (ST | pus
uCD | n=|u|
lu|<ds
Proof. Since the equality
d
- d — [ul
—1)lvl=lul = _1)n—lul
> (e = 3 (471,
veUqg, n=|u|
uCo
holds, we employ Lemma[4.4]and the formula is proven. O

The truncated ANOVA decomposition plays a major role in our approximation approach presented in Section [5]
Therefore we are interested in functions that can be approximated well by a truncated ANOVA decomposition.
Specifically, we are looking to characterize functions such that the truncation operation by Ty f for different sets U
retains most of the function, i.e., we have a relative error

IS = Toflls, __
111 e,
with ¢ > 0, and Hy, Hy certain subspaces of Lo(T%). It is especially interesting to characterize these functions by

properties like the smoothness. To this end, we start by proving general bounds for Sobolev type spaces H” (T¢) and
the weighted Wiener algebra A" (T9) to later relate this to weight functions w defined by specific kinds of smoothness.

12)

Moreover, this can be related to the superposition dimension d*P) for a § € (0, 1], see (I0). Let H; = Ly(T%) and
Hy € {H*(T%), A*(T%)} for a weight function w. If we choose truncation by a superposition threshold d, € D then
the bound on the right-hand side ¢(d;) € (0, 1) depends on d,. Moreover, we have

2
If = Ta. fllL,ray
F#0 | f

sup ST [ full2, g < (dy) (13)

2
I, 171152, <1 i >,

which follows from || f — Ty, f ||32(Td) = |ul>d. qui2(Td)' The modified superposition dimension d*?) will now

be smaller or equal to min{d, € D: e(d;) < 1 — §}, i.e., truncation by this minimum as superposition threshold is
guaranteed to be effective in relation to 4.

11



Approximation of high-dimensional periodic functions A PREPRINT

Theorem 4.6. Let f € H*(T?) with weight function w: Z¢ — [1,00). Then

I = T fluucesy _ )
||f||Hw(1rd) - minkEngD F w(k)
ugU

Proof. We employ Parseval’s identity and Lemma[&I]to derive

1 = Tofl2 e = S lenlh) —en(Tuf)P = 3 Jel)P

d
keZ kEng'D ]Fs_,,d)

ugU
w? (k)
= Z wT(k) |Ck(f)|2
k€Uycp FL”
uéU

1
minkEchD F) w?(k)

ugU

IA

2
1/l (ay -

Theorem 4.7. Let f € AY(T?) with weight function w: Z* — [1,00). Then
-T
1f = Tuflli(ra) - 1

11 ey i ey cp 0 U (R)

ugU
For f € H¥(T4) with a weight function w: Z% — [1,00) such that {1/w(k)}ecze € l2 we have

1
If = Tv fll, pey < > w7 Ml

kEngD ]Fs,,d)
ugU

Proof. We estimate the L -norm by the sum of the absolute values of the Fourier coefficients and then use Lemma4.1]

If = Toflloay < Y lew(H) —er(Tufl = D ler(f)]

kezd keUycp FE
ugU
w(k)

= 14

keUycp F”

uéU
1

< 11w (pey -

min w(k
kGngD Fgld) ( )
u¢U

Employing the Cauchy-Schwarz inequality in (T4) instead of extracting the minimum yields

1
1f = Tufllray < Z w2 (k) 1/ 11y (pay -
kEUuC’D ]FS:”
u%U
The condition {1/w(k)}rcze € ¢2 assures that the sum which appears in the bound is finite. O

In the following, we relate the truncation of f by the operator Tz, with the smoothness of f. To this end, we introduce
the weights

wP (k) =gt A+ Ik [ @+ [kD? (15)

sesupp k

12
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with supp k = {i € D: k; # 0} and parameters 3 > 0, and o > —f3. The parameters «, 3, and the weight 7,,, u C D,
regulate the decay of the Fourier coefficients. Specifically, the parameter « is regulating the isotropic smoothness and 3
the dominating mixed smoothness, cf. [7]]. Moreover, ~y controls the influence of the different dimensions. We choose a
POD (product and order-dependent) structure for y,, such that

Yu =Ty [ e (16)

scu

where T' € (0, 1]¢ is nonincreasing and v = (v;)¢_, € (0, 1]%. The POD structure is motivated by the application of
quasi-Monte Carlo methods for PDEs with random coefficients, cf. [35, (13} 33} [14]. Similar weights for isotropic and
dominating mixed smoothness have been considered in [[16} 26, 5]. Moreover, the Sobolev type spaces may also be
referred to as weighted Korobov spaces, cf. [46] for product weights and [9] for general weights.

We now use the previously obtained bounds for general weight functions w and derive results for the weights w®?
from (I3). We focus on the subsets of ANOVA terms Uy, defined by a superposition threshold d, € D.

Corollary 4.8. Let f € A"’ (T?) with weight function from (I5) with POD structure (I6), 8 > 0, a > —f,
T € (0,1]4 and v € (0,1]% Then

If —Ta.fllL_(xe o
Lo (T?) < Tyt (2+ds)—a 9—B(ds+1) H ’Y: (17)
”fHAw""B(’]I‘d) s=1

where v* is the non-increasing rearrangement of ~.

Proof. We use Theorem and calculate the bound for the weight function w®#*Y by computing the minimum

d
M= min Tjy, (1 [k],) H (1+1kD? T
[IEllg>ds s=1 sesupp k

Since I' is non-increasing by definition, F;ﬁlﬂ has to be equal to the smallest value. The frequencies in F&d) have
exactly |u| nonzero entries, therefore we get

1 o Bldt1) i 1
M=T;' " (1+d,+1)*(1+1) min ]~
lillg>ds 5

The remaining product becomes minimal for the product of the ds 4 1 smallest entries in « which yields the statement.

O
Lemma 4.9. Letn € D and ~v € (0,1]%. Then
2
> I <
uCD s€u
|u[=n
Proof. We rewrite the sum as follows
d d d
)SRICED IEID DIEAED SR
uCD s€u i1=1  dg=i1+1 i =in_141
|lul=n
Then every single sum can be estimated by ||~y 3 ie.,
d d
2
ood <> R =1h;
i_f:i]‘_1+1 ’ij:l
forj € {2,3,...,d} with equality for j = 1. O

13
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Corollary 4.10. Let | € H“’aﬁ(Td) with weight function from with POD structure (I6), 8 > 0, a > —J3,
T € (0,1]% and v € (0,1]% Then

||f - TdsfHL2 Td ds+1
) < Dy, 11 (2+d,)~*27AldsHD H » s
1 lgge (zay s=1

where v* = (v¥)e_, is the non-increasing rearrangement of ~y. For functions with isotropic smoothness o = 0 and
dominating mixed smoothness 3 > 1/2 we have

1 = Ta fllp,_ oz : m 2
T > 27T2(¢28) - 1" vl
||f||Hw“v3(1rd) n=d,+1

where ( is the Riemann zeta function. Exponential decay for Ty, i.e., I's = ¢, 0 < ¢ < 1, such that the condition

1
19
||‘Y||2<C 2025 2 19)

holds, yields the bound
ds+1
IF = Ta Sl _ (Il VERT —2)

1 1l ggwe s ay \/1—2c2||’7|| €28~ 1)

(20)

Proof. The bound from statement (T8} is a consequence of Theorem 4.6 and can be calculated analogously to the
proof of Corollary 8] For the second statement, we calculate the constant in the bound from Theorem[4.7] We use
Lemma and the product structure of the weights w®? (k) to obtain

1
keU yop FY ) uCD pep(® \“| seu s
|u[>d, [ul>d.

)IRTAEDY —

ugg ke (Z\{0})!l (HSEU Vs 2) (Hlsi‘l(l + |k5|)26)

|u|>ds

1
Z Iull_[ﬂ%5 Z (1+ |k[)258
‘u‘C>2 sEu keZ\{0}

We find an explicit form by replacing the sums with the Riemann zeta function
1
2 |l \u|
2 Y i =20 e =2« 12
scu  kez\{0} s€u keN s€Eu

Applying Lemma[4.9|then gives us the upper bound

d
STooem2ces) -0t > [[2 < Z 2"T2 (¢(28) — 1)" |lv[|2".

n=ds+1 uCD scu n=ds+1
[ul=n

If we choose an exponential decay for I',,, i.e., [';, :== ¢",0 < ¢ < 1, the explicit upper bound becomes

. 2 2 gt d—d
> 2028 - )" Il = 1—-¢"%)
n=ds+1
where ¢ := 2¢2 (¢(28) — 1) ||7||3 with 0 < ¢ < 1 because of the condition (T9). O

The bound in Corollary [4.8]and in Corollary are independent of the spatial dimensions d of the functions f as
long as they have the same superposition threshold and the norm stays the same. This allows us to circumvent the curse
of dimensionality here and use the ANOVA terms in Uy, for a superposition threshold d,; € D. The bound can

14
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(a) bounds (I8), (I7) for 0 < a < 10, 8 =1 (b) bound (20) with = 0, 1.7287 < 5 < 10

(solid), and for « = 1, 0 < 8 < 10 (dashed)

Figure 2: Decay of errors from (I8), (Z0), and in relation to their isotropic smoothness o and dominating-mixed
smoothness 3 with d = 9, ds = 3, dimension dependent coefficients v = (1/s)?_, and order dependent coefficients

T =(m*v3)L,.

also be considered for d — oo. The dependence on the dimension d is contained within the norm ||'y||§ Choosing a
square-summable sequence {~y;}¢cy results in an upper bound for |||, for any d — oo. In this case the bound can be
made independent of d by the condition (T9).

Figureshows the different bounds for weights w™? with v = (1/s)?_, and T' = (7—*v/3")?_,, see (T3). With regard
to the superposition dimension d*P) for H*""” (T?), cf. (I0), one may interpret this as follows: Given f € Hv’ (T9),
the value e(a, 8) € (0,1) of the bound in part (a) of Figuretells us that for § = 1 — &(a, 3)? the superposition

dimension d®P) is smaller or equal to the superposition threshold d, = 3, e.g., £(0,1) ~ 0.0008 and therefore
0 = 0.99999936.

5 ANOVA approximation method

We consider the general problem of approximating a periodic function f: T¢ — C given certain function evaluations of
f. Specifically, we distinguish two approximation scenarios — black-box approximation and scattered data approximation.
In the case of black-box approximation, we are able to evaluate f at any given point = € T¢. Since the evaluations
come at a certain cost, we aim to keep them minimal or require a certain trade-off. For scattered data approximation we
have a finite set of nodes X C T¢ and know the function values y = (f(z))zcx. Here, one cannot add more nodes to
X or choose the locations of the nodes. Both scenarios have a high relevance for problems in various applications.

In this section, we consider an approximation scheme for high-dimensional, periodic functions of a low-dimensional
structure, i.e., functions with a small superposition dimension d*?) € D for a § € (0, 1] that is close to one, cf. (T0). In
this case the truncation by T4, with a small superposition threshold d, € D will be effective. It has been observed that
functions in many practical applications belong to such a class, see e.g. [6]. In Section ] we have considered errors
for functions of dominating-mixed and isotropic smoothness defined trough the decay of the Fourier coefficients and
therefore obtained an upper bound for the modified superposition dimension d*P) from (TO). Considering Figure |2} we
know that e.g. POD weights lead to a decay such that the functions are of a low-dimensional structure.

The approximation scheme can be viewed in both approximation scenarios although the details are different. We work
for now with the node set X as well as function evaluations y and keep in mind that X may also be chosen if we are in
the black-box case. The first step is to reduce the ANOVA decomposition to the terms in Uy, i.e., we approximate

faTaf= Y fu

uGUdS

The Fourier coefficients ¢, (Tq, f) can only be nonzero if the frequency k is at most dg-sparse, i.e., || k||, < ds, see
Corollary Based on this, we aim to approximate f by a Fourier partial sum Sy f with a finite index set

IC{kez suppkeUy,}. (21)

15
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The challenge is to determine an appropriate index set I. To this end, we employ a special scheme to determine
frequency locations based on the ANOVA terms and an importance ranking on them.

We call the first step active set detection and its aim is to determine an importance ranking on the terms f,, with u € Uy,
based on the global sensitivity indices o(w, f), cf. (). This information is also highly relevant to interpret relations in
our data X and y.

Based on the sensitivity indices we build an active set of ANOVA terms U C Uy, . This relates to the importance of
frequencies and therefore information on how to choose the index set I from (ZI). Reducing the number of ANOVA
terms and in turn the number of frequencies leads to a reduction of the model complexity. The effects of overfitting are
therefore lessened. In Section[5.1|we consider the details of the active set detection and in Section [5.3|the approximation
with an active set as well as approximation errors.

5.1 Active set detection

The method assumes that the underlying function f is of a low-dimensional structure, i.e., f ~ T,_f for some
superposition threshold ds; € D. The goal in the active set detection step is to determine an importance ranking for the
ANOVA terms. In order to do this, we choose an appropriate search index set. Since we have no a-priori knowledge
about the importance of the ANOVA terms or the smoothness of the function f, we work with order-dependent finite
index sets In = {0}, 1y € (Z\ {0}),..., 14, € (Z\ {0})%. This achieves that two ANOVA terms f,, and f, with

|u| = |v| are supported on equivalent index sets. We then use the projection operator
Pul = {k € Z% ky € I, kyc =0} (22)
to project the index sets and obtain
IUs)= |J Pulju (23)
ucUg,
This leads to the approximation by a Fourier partial sum
f(x) = Ta, f(x) = Sy, ) f(x) = Z cr(f) 2™k, (24)
kel(Uay)

The Fourier coefficients ck(f) in (24) are unknown and we aim to determine approximations for them from the data X
and y. To this end, we consider the least-squares problem

2
(25)
2

fsol = argmin Hy - FI(Uds)f'
Fecl a0

If the Fourier matrix has full rank, the elements of the solution

with Fourier matrix Fry, ) = (62”“‘“'“)

reX,kel(Uqg,)"
vector foor = (fr)ker(u ,.) are the unique least-squares approximation to the Fourier coefficients, i.e., fx ~ ck(f),
with respect to X and y. Depending on the approximation scenario, there are different methods of solving least-squares
problems of the type (25). We refer to Section [5.2]for details.

We use the approximate Fourier coefficients fk to build the approximate Fourier partial sum
St f@) = iy, f@) = > fre®™*® (26)
kel(Ua,)

which provides an initial approximation to the function f. In order to achieve a Fourier matrix Fyy, ) with full rank
and combat the effects of overfitting, we may need to severely limit the number of frequencies in the order-dependent
sets Iy, Io, ..., Iq,. Details on this will be considered in the following subsections for the specific approximation
scenarios.

In order to determine an importance ranking on the ANOVA terms, we assume that the global sensitivity indices of
SﬁUd ) f and f behave similarly, i.e., it holds that

o(u1, Sﬁuds)f) < Q(’UJQ,S?EUdS)f) = o(u1, f) < o(us, f) 27

for uy,us € Uy,. This allows us to use a threshold vector € € [0, 1]% to define an active set of ANOVA terms that
only contains the important terms with respect to €

U)(f)y ={vCD:JuecUy:vCuand Q(%SﬁUds)ﬁ > Elul}- (28)

The inclusion condition (TT)) is fulfilled by definition. We reduce the ANOVA decomposition to this set of terms to
determine an approximation for f in Section[5.3]

16
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5.2 Least-squares approximation

In this section, we discuss the solution of least-squares problems of the form

2
_ min Hy -Fro)f (29)
feclw) 2
with a Fourier matrix Fy(y) = (e2™+®) ex ker(u)- Here, U is an arbitrary subset of ANOVA terms and for each term
we have a given finite frequency index set I, C (Z\ {0})/*I. The set
I(U) = | Pul (30)
uwelU

is obtained through the projections (22).

The following remark shows that the Fourier matrix can be structured with respect to the ANOVA terms. Moreover, we
can decompose the matrix-vector multiplications with both, Fy;y and its adjoint FI*(U).

Remark 5.1. Let Fy(yy be a Fourier matrix with respect to a node set X and an index set 1(U) with a subset of ANOVA
terms U C P(D) and index sets I, C (Z\ {0})!*|, w € U. Then

Ff: (Ful Fu2 Fun)f
where uy,us, ..., u, with n = |U| is a numbering of the subsets of coordinate indices in U such that f' =

N T

(ful fuZ fun> . The Fourier matrices are F,, = (ezﬂw'%)

wEXLET, The matrix-vector product with F'

can therefore be decomposed as
Ff=> Fufu
uclU
with vector components fu. For the adjoint product F* f with a vector f € CIX| we obtain the result & € CU)! py
computing the products
a,=F,f, YueUl.
Then we have the result vector & = (G, Quy * - dun)—r.

5.2.1 Black-box scenario

In the case of black-box approximation, i.e., the set X can be chosen, we have to determine an appropriate special
discretization for index sets of the type I(U). Here, we have different possibilities. One might think of rank-1 lattices
that have been used for integration before, see e.g. [8]], and approximation, see e.g. [26}30]. For a general introduction
to lattice rules, we refer to Section [2.1] Sparse grid sampling related to the Smolyak algorithm is a further possibility,
cf. [15 21} 22} 23]

In the following, we focus on using reconstructing single rank-1 lattice for function approximation. If we have a
reconstructing single rank-1 lattice A(z, M, I(U)) C Z for a generating vector z € Z? and size M € N with respect
to an index set I(U), then

FroyFroy=M -1 (31)
with I the identity matrix, see [43, Chapter 8.2]. Then the solution to problem is unique and given by the
multiplication of the Moore-Penrose inverse FIT ) with y, see e.g. [3]. Through the property (3T) the Moore-Penrose
inverse is simplified to

1
t *
Froy = aFrwys (32)

i.e., a multiplication with the adjoint matrix. This allows us to efficiently compute approximations for the Fourier
coefficients of f if the nodes form a reconstructing rank-1 lattice.

It remains the issue of determining such a reconstructing rank-1 lattice given an index set of type I(U). In [43] Theorem
8.16] it was shown that reconstructing lattices exist if the lattice size M is sufficiently large. Since the evaluations of f
come at a certain cost, it is necessary to consider the lattice size for our special types of index sets which we do in the
following.

An important quantity to get estimations on the lattice size is the difference set D(I(U)) from (2) since the result [43]
Theorem 8.16] tells us that there exists a reconstructing rank-1 lattice with prime cardinality

[I(U)] < M < [D(I(V))].
In the following, we proof properties and show estimates on the cardinality of both I(U) and D(I(U)).
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Lemma 5.2. Let U C P (D) be a subset of ANOVA terms and I,, C ZI™, w € U, finite symmetric frequency sets. Then
we have
DUW)) = | J{k—h: ke Pyl heP,L,}.
uclU

vCu

Proof. Ttis easy to see that | Juc{k — h: k € Py Iy, h € P,I,} CD(I(U)) since P, I,, C I(U) forevery u € U

vCu
andv € U forall v C u € U due to (TI)). In order to show the other inclusion we take an element £ € D(I(U)). By
the uniqueness property of the ANOVA decomposition we know that there exists w, v € U such that £ = k — h with
k € P,I, and h € P, I,,. Taking the symmetry of the index sets I,, into account, we have proven the statement. [

The following lemma gives an estimate for the size of the difference set of index sets of type I(U) if there exists an
upper bound on the cardinality of the term dependent sets I, .

Lemma 5.3. Let U be a subset of ANOVA terms and I, € (7 \ {0})!*,w € U, symmetric frequency sets. Then the
cardinality of the difference set of I(U) is bounded by

DA< Y Y Hul || < 27U max |, (33)

uelU vCu

Proof. We estimate the cardinality of the difference set by applying Lemma[5.2]
IDAWNI< DD Wl o] -
uwelU vCu

Here, we do not have equality since the union in Lemma[5.2]is not necessarily disjoint. Applying the upper bound on
the cardinality of the sets [,,, we arrive at

Z Z | [Io| < Z Z glgglfuIQ < glgg\[uf gmaxuev|ul Z 1

uelU vCu uwelU vCu uelU

< gmaxuevll |7 max |1, |* .
uelU
O
Remark 5.4. The cardinality of U, is bounded by (e - d/d)%, see Lemma Therefore the estimate in (33) becomes

s < (25

ds
L.
)
In the following, we consider special term-dependent frequency index sets of the structure
I = {e e (Z\ {OD)U: w(k) < N, for k € Z¢ with ky, = £, kye = 0} (34)

with a subset of coordinate indices §) # u C D, a weight function w: Z% — [1, c0) and cut-off N,, € N. For a given
subset of ANOVA terms U C P(D) we estimate the cardinalities of both, I(U) and the difference set D(1(U)).

Lemma 5.5. Let U C P(D) be a subset of ANOVA terms, Iy = {0}, and I,,, ) # u € U, finite frequency sets as in
(B4) for a weight function w: Z¢ — [1,00) and N,, € N. Moreover, let hyin: N — [1,00) and hypax: N — [1,00) be
functions such that

€ hnin (N ) < uenl}i\r{lw} [Lu| and e Hu| < C hmax(Nuypax)
With Umin = argming,ep gy Hul, Umax = argmax, ey |lul, and 0 < ¢ < C. Then we have for the asymptotic
behavior of the cardinality of I(U)

C hmin (N

Umin

) <

The constants do not depend on the spatial dimension d.
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Proof. Since the projected sets P, [,,, u € U, are disjoint, we have

O =) Ll

uelU

In order to show the upper bound, we estimate the cardinality of each index set by hpax

Dl €Y Chimax(Nupo) < Chimax(Nug) Y 1= 1U] C hinax(Nu,,,,)-

uelU uwelU uelU

The lower bound follows with similar arguments. O

Corollary 5.6. Let U C P(D) be a subset of ANOVA terms, Iy = {0}, and I,,, O # u € U, finite symmetric frequency

sets as in (34) for a weight function w: Z¢ — [1,00) and N,, € N. Moreover, let hyax be a function as in Lemma

Then
IDI(U))| < C? 2mwev v T 12 (Nu,,,)-

max

Proof. The corollary is a direct consequence of Lemma[5.3|and Lemma 5.5 O

We may apply [43] Algorithm 8.17] to construct the reconstructing rank-1 lattice A(z, M, I(U)) via a component-by-
component approach. Choosing the set X = A(z, M, I(U)) as sampling nodes yields a Moore-Penrose inverse of type
(32) and we are able to compute the solution to (29) by multiplying with the adjoint Fourier matrix. This computation
can be done efficiently using a lattice fast Fourier transform or LFFT, see [43| Section 8.2.2].

5.2.2 Scattered data scenario

In this section, we consider the scenario of scattered data approximation, i.e., we have a fixed set of nodes X C T4,
Here, we aim to solve the least-squares problem with the iterative LSQR method [42]. Specifically, we are
interested in the matrix-free variant, i.e., we do not have to construct the system matrix Fy ) € CHXLIMI explicitly.
The curse of dimensionality would quickly lead to the size of the matrix becoming intractable. The matrix-free variant
requires two algorithms, one which takes a vector @ € C/(U)| as an input and returns the result of the matrix-vector
multiplication F7(;7ya and one that takes a € CHX1 as an input and returns the result of FI*(U)EL. If we take Remark
into account, it is only necessary to provide algorithms for fast multiplication with Fourier matrices Fr,, € CHX1Hul
uel.

The existence of such algorithms depends on the choice of the specific index sets I,,. For full grids, i.e., frequency sets
of the type

N, Ny .
Iu:G}(,:{keZ|u|:—2<ki<2—1,1:1,2,...,|u|},Nu€2N,

the non-equispaced fast Fourier transform (NFFT) was introduced in [31]. Moreover, for hyperbolic cross index sets of
the form )
L=HM= ) G
jeN)!
ldll,=n
with G, = x ‘S’ilé’n and Gns = (=271 2ne~1)ll N 7, we have the non-equispaced hyperbolic cross fast Fourier
transform (NHCFFT), cf. [L10].

5.3 Approximation with active set

Now that we have obtained the active set U )(f )y from (28], we aim to construct an approximation using only these
ANOVA terms. The global sensitivity indices o(u, SﬁUd ) f) calculated from the approximation SﬁUd\) f in (26)

provide us with a basis to choose term-dependent frequency index sets I, C (Z\ {0})I*, 0 #u ¢ U )(f )y A higher
sensitivity index suggests that the term is more important to the function and therefore a larger corresponding index set
could be advisable.

We project the index sets as before to obtain I (U )(f )y) see (30). Note that in general and depending on the threshold &,
we have reduced the number of frequencies significantly. This is a sensible measure to reduce the effects of overfitting.
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Now, we approximate f by the Fourier partial sum
flx) ~ TU;)yf(:c) ~ SI(U;L)f(m) — Z cu(f) 2Tk,
kel(UE))

The Fourier coefficients cg (f) are again unknown and we determine them by least-squares approximation from X and
y. The unique solution is given by

~ 112

fo= agmin |y F, 0 f (35)
S0 f C|I(U§(E) )| I(Ux,y) 2
c Y

if the Fourier matrix F’, has full rank. Details on how to solve this system for

— (e2frik:-m)
w) wEX KEI(US),)
scattered data and black-box approximation can be found in Section[5.2] We use the elements of the solutions vector

faa = (f k) e [y to form the approximate Fourier partial sum and our solution
f(z) ~ SI(U;L)f(‘B) ~ SiiU;)y)f(w) = Y fermiks
keI(US))

The following algorithm summarizes the proposed method.

Algorithm 1 ANOVA Approximation Method

Input: X C T¢ finite node set
y = (f(x))xex function values
ds €D superposition threshold
1: Choose finite order-dependent search sets I; C Z \ {0},..., 14, C (Z\ {0})%.
2: Compute solution of least-squares problem (25).
30 fol = (fk)k:el(Uds) A al“gminfedlwdS)‘ Hy - FI(Uds)f )
4: Compute global sensitivity indices for approximation S;%Ud ) f using (9).

2

H(Sf(uds )f)“HLQ(Td)

L2(Td>7 CO<S§((U"S>f>

6: Choose threshold vector € € [0, 1]% and build active set.

7: U)(f)y — {'u CD:3uelUy:vCu and g(u,Sf(Ud )f) > qm}

8: Use information from global sensitivity indices to choose finite index sets I, C (Z \ {0})*/ per ANOVA term in
us),.

9: Compute solution of least-squares problem (33).

Q,UEUds

2

5: g(u,S’ﬁUds)f) — .

}((Uds )f

. . 112
10: fsol = (fk)kGI(U)(f,)y) <~ argmlnfedlwg(e,)y)l Hy - FI(U)((E)y)f }2
Output: f, € C,k e I(U )(f )y) approximations to Fourier

coefficients cg(f)
o(u, Sfy, 1) €[0,1],u € Uy, global sensitivity indices of ST, | f
or importance ranking on the terms

6 Error analysis

The error of our approximation method measured in the norm of some space H C Lo (T%) can be decomposed into
multiple components by the triangle inequality

|7 -850t < 15 =Tosly +|Tor -S|,

ANOVA truncation error

approximation error

for an active set of ANOVA terms U C Uy, with superposition threshold ds € D. We distinguish between the ANOVA
truncation error and the approximation error. Here, the analysis of the ANOVA truncation error is independent of the
concrete approximation problem and the scenario (scattered data or black-box).
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6.1 ANOVA truncation error

The ANOVA truncation error is related to the truncation of the ANOVA decomposition to the set U, with superposition
threshold ds € D and the active set U C Uy, . We can separate the ANOVA truncation error as follows

If =Tofllg < If =Ta.fllg+|Ta.f = Toflly- (36)

truncation by d active set truncation

Here, we bring T4, in with the aim to relate the error to our function class of low-order interactions, see (I];ZI) To control
the second term, we require assumptions on the sensitivity indices of the ANOVA terms in Uy, \ U. Since the error is
only related to the structure of the function it can be considered independently of any specific approximation scenario
like black-box or scattered data approximation. We show bounds for this error in the case that f is an element of a
Sobolev type space H (T?) or a Wiener algebra A" (T%) and H is La(T%) or Lo (T9).

Theorem 6.1. Let f € H"(T9) with a weight function w: Z¢ — [1, 00) and superposition dimension AP, see (T0),
Sforad € (0,1). If there exists a subset of ANOVA terms U C Uyp) such that

_ o*(fu)
Q(uvf) - O_Q(f)

<e, e>0,

Sor every u € Uysp) \ U then

1f = Tuflln, e
L2M) < VT=6+ /|Ugem \ U] <.
I1f 1l (pay

Proof. The ANOVA truncation error can be separated as in (36). We prove an upper bound for the active set truncation.
With Parseval’s equality and the assumption on the global sensitivity indices, we estimate

ITacor f = Tofliyen = Y, D lea(HF <o) Vaen \Ule. (37

ueUd(Sp) \U kG]Fi,,d)

Clearly, we have 02(f) < [|71I%, (zs) < II/]

2
Hw (Td)* O

Theorem 6.2. Let f € A (T?) with a weight function w: Z* — [1,00). If there exsists a subset of ANOVA terms
U CU,, ds €D, such that
Zk@pgp ek ()]
> keza [ck(f)]

<e1,e1>0 (38)

foreveryu € Uy, \ U and we have
”f - TdsfHLoo(Td)
11l 4w ()

< €9, €2 > 0,

then
If = Tuflly ray

11| aw (ray

§€2+\/‘Uds\U|€1.

Proof. We split the ANOVA truncation error as in (36) and prove an upper bound for the second part. To this end, we
estimate the L, norm of f by the absolute values of its Fourier coefficients and apply to obtain

ITa,f = Tofll_an < D>, Dl <|Us \Uler Y len(f)]

ueUg \U ke]FLd) kezd

Naturally, it holds that } _, ;. [cx(f)| < || f]

Aw(ray Which leads to the desired estimate. O

Note that in order to prove a bound for the error in L, we formulated a condition on an ¢; equivalent of the global
sensitivity indices o(u, f) in accordance with the Wiener algebra norm.
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6.2 Approximation error
In this section, we focus on the approximation error which we separate into two parts as well

HTUf - Sﬁu)fHH <||Tuf = Srw)fl|; + HSI(U)f - S;fU)fHH (39)

truncation error

aliasing error

with H € {La(T%), Loo (T¢)}, a subset of ANOVA terms U C P (D), and a finite frequency index set I(U) C Z¢ of
structure (30) with sets I,, as in (34). The truncation error remains independent of the approximation scenario and can
be estimated by the norms in A" and H".

Lemma 6.3. Let f € HY(T%), w: Z% — [1,00) a weight function, and I(U) C Z< a finite frequency index set of type
(BO) with U C P(D). Then the relative truncation error can be estimated as

”TUf* SI(U)fHLZ(Td) < 1

1S e (e = mingey No

(40)

If in addition we have Lezd w%(k) < 00, we can estimate

1
<2 X mw (41)

uel per(\p, I,

| Tuvf - SI(U)fHLOO(W)
||f||Hw(1l‘d)

Proof. In order to prove (@0) we employ Parseval’s identity and use the weight w(k)

U)2 2
(RN D D DR TN D DI DEer - oN0s]

uelU kEF.(ud)\Pqu uelU keF.(ud)\Pqu
1 2 2 1 2
S T P S e e

u€U ™ keF\Py I,

For the bound (1) we estimate the norm by the absolute sum of the Fourier coefficients and use the Cauchy-Schwarz
inequality

[tof = Sirfl o= X = X E )

keU, cp FENI(U) keU, o FEONI(U)

1
<Ml | X gy

uelU kEFS_,_d)\Pqu

O

Lemma 6.4. Let f € A¥(T?) with w: Z¢ — [1,00) a weight function such that 3" 4 w%(k) < oo, and I(U) C 74

a finite frequency index set of type (30) with U C P(D) and sets I, as in (34). Then the relative truncation error can
be estimated as

7o = Sinflheeny )1 o

. ,max CYIAY
T minuey Nu wel | &= wi(k)

Proof. The proof requires similar steps to the proof of Lemma[6.3] O

For the aliasing error in (39)), we start by considering the black-box approximation case where we solve the least-squares
problem as described in Section[5.2}
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Theorem 6.5. Let f € H*(T?) with a weight function w: Z% — [1,00) such that Y4 74 wg(k) <ooand I(U) C 74

a finite frequency index set of type (B0) with sets I, as in @ Moreover, we have a reconstructing rank-1 lattice
A(z, M, I(U)) for a generating vector z € 7% and lattice size M € N. Then the aliasing error can be estimated as

HSI(U)f S z]VII(U))f‘
| ]

1
L0 < 1y . 42)

2
Hw (T4) kez\1(U) (k)

Furthermore, if f € AY(T%) we get for the Lo -norm
——
/]

Lo (T4) < 1

(43)

Aw (T4) = infreza oy wik)
Proof. We show the bound (42) by first applying Parseval’s identity and (3]

IS S (z,M,I(U)) H
H IU)f I(U) f Lo (T4) kezI(:U)

‘ 2

()

= Y > Cktn(f)

kcI(U) |heAt(z,M)\{0}

We then incorporate the weight and utilize the Cauchy-Schwarz inequality to obtain

z, k+h
HSI(U f— SI(U)MJ(U fHL () > > W%Jrh(f)

kel(U) |heAt(z,M)\{0}

<y Yo wik+h) (N ] x

kel(U) \heAt(z,M)\{0}

1
8 2 w2(k + h)

heAL(z,M)\{0}

From [43] Lemma 8.13] we know that for fixed k € I(U) we have disjoint sets
My = {k+h: h e At(z,M)\ {0}} CZ%\ I(U).
This means we are able to estimate

Yo Wkt h) o) = Y W@ lee( NI

heAL(z,M)\{0} et
< 3 w0 leel£) = 1 wry
Lezd

such that )
A(z M,I(U))
HSI(U)f S fHL 1y S <Ny Y > W2kt h)

keI(U) heAL (z,M)\{0}
Using that the sets M, are disjoint and UkeI(U) My, C Z2\ I(U) yields

)DRED DINLES S e

keI(U) heAL(z,M)\{0} kel(U) L€ My,
- Y e e

- 2 — 2 ’

lGUkeI(U) My, w (E) LEZANI(U) w (K)

The L,-bound follows directly from [43] Theorem 8.14]. O
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In the following we consider the approximation error for scattered data approximation with a fixed node set X C T¢.
Previously, we assumed that the index set /(U) and the node set X are such that the Fourier matrix Fy gy has full
rank. In this case the least-squares problem has a unique solution. Assuming that the nodes in X are i.i.d. random
variables that are uniformly distributed in T, it is possible to achieve good bounds on the approximation error, see
(2, 20, 29, 139].

Lemma 6.6. Let f € HY(T%) with a weight function w: Z% — [1,00) such that .., w%(k) <00, X CTla
finite set of i.i.d. uniformly distributed points, y = (f(x))wex, and [(U) C Z% a finite frequency index set of type
@B0) with U C P(D) a subset of ANOVA terms and sets I, as in (B4). If for the number of frequencies we have
[I(U)] < sl m > 0, then

eex |(f = S1in ) @)|

sup < Hmax 9? Uy
17 g0 rty <1 | X| )

8rk?log | X| Z 1

2
29 NN (k)

with a probability of at least 1 — 3 |X|17Tf0r Oy = Hf — SI(U)fHLQ(Td) and Kk = %

Proof. The setting of this lemma is a special case of [39, Theorem 5.1]. O

The following theorem deals with the actual approximation error by incorporating the previous lemma.

Theorem 6.7. Let f € H*(T?) with a weight function w: Z% — [1,00) such that ;4 w%(k) <oo, [(U)CZ%

finite frequency index set of type (30) with sets I, as in (34). Moreover, U C P(D), and SI)%U) [ are the corresponding
approximate Fourier partial sum obtained through the scattered data approximation method described in Section If
the elements of X C T¢ are i.i.d. random variables uniformly distributed on T and for the number of frequencies we

have |[1(U)| < #glpqu > 0, then

s - 5501

1 [z (pay

Lo (T4) 2 2 log | X| 1
=\ P HI(U)“‘{ ‘Xl kezg\:I(U) w?(k)

with a probability of at least 1 — 3| X|" ™" for 01y = Hf — SI(U)f||L2('J1‘d) and Kk = HT\/‘F’

Proof. We denote the Fourier coefficients with ¢ = (cx(f))ker(v) and the approximate Fourier coefficients computed
by Algorithmwith f =( fk) ker(v)- With Parseval’s identity as well as the Moore-Penrose inverse we obtain

fro — e(f)

‘ 2

-

HSI(U)f—SﬁU)fHLQ(Td) - Z

keI(U)

2

:H< I*(U)FI(U)) Froywy—¢
2

-1
= H (FionFry)  Fi (u = Frw)e)
2

We use the properties of the spectral norm and estimate further

<

’ (Fier Frn) F

) |y — Frane|,

S =S ) @)

2 xeX

= H (FI*(U)FI(U))_I Frv)

Applying [39, Theorem 2.3] yields

2 2
HSI(U)f B SﬁU)fHLQ(Td) < HfHHS:l(l:d)Sl \/|X| wezx |(f - SI(U)f) ($)| :

sup
Hf”Hw('u'd)Sl
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Finally, we use Lemma [6.6]to obtain our bound

10 X 1
HSIU)f SI(UfH Ly S [ | B g|X| 3

2
H.f”Hw(lrd)<1 |X| kGZd\I(U) w (k)

with a probability of at least 1 — 3| X|" " O

This concludes the consideration of the error of the presented method in both approximation scenarios. We were able to
achieve bounds for Lo and L, for functions in weighted Wiener algebras and Sobolev type spaces.

7 Numerical Results

We present numerical results for the method described in Sectionfor a test function f: [0,1)? — R,
f(x) = Ba(x1)Ba(xs) + B2(22) Ba(w6) + B2(23) Ba(w7) + Ba(24) Ba(2s) Bs (), (44)

where By, B4 and Bg are parts of univariate, shifted, scaled and dilated B-splines of order 2, 4, and 6, respectively, see
Figure |3| for illustration. Their Fourier series is given by

Bj(z) =¢; Zblncj () cos(t - k) e?™k®

keZ

with sinc(x) := sin(x)/x and the constants c¢o = 1/3/4, ¢4 = 1/315/604, cg = /277200/655177 such that

| B; ||L2(1rd) = 1. This allows the direct computation of the Fourier coefficients cx (f) and the norm || f||; , pa). The
ANOVA terms f,, are only nonzero for

we U =P{1,5}) UP({2,6}) UP{3,7}) UP({4,8,9}).

The function f therefore has an exact low-dimensional structure for d; = 3, i.e., T3 f = f. This leads to ds = 3 being
the optimal choice for the superposition threshold with no error caused by ANOVA truncation since it corresponds to
the superposition dimension d*P) for § = 1, see (13). In an approximation scenario with an unknown function f this
information is of course not known.

‘We consider two errors

R e

ANl (ro)

Hy - (SﬁUd@.)f(w))““GXHz

and
yll

) Ly =

€0, = (45)

Here, the error €4, can be regarded as a training error since it is taken at the given sampling set X and the error €1,, as a
type of generalization error since it measures the error in the Fourier coefficients. Since our goal is to find the important
ANOVA terms, i.e., the terms in U™, we expect to have an interval (or gap) in which to choose the order-dependent
threshold & € [0, 1]%. Therefore, we define

70 — 0 : assumption is not fulfilled
(al9) b)) : assumption is fulfilled

with 1 < j < ds and
0 max{g(u,sﬁ%)f); we Uy \U" |ul = j}7
bU) = min{g(u,SﬁUds)f): u e U™, |ul :j}.

Here, the assumption (27) is to be understood for every order of terms, i.e., for w and v with |u| = |v| = j.

Remark 7.1. The norm occurring in the error €1,, can be calculated using Parseval’s identity
2 2
2 » 2
| =s¥u | =1k + X JeD=F = D lewlh)]
: kel(Ua,) kel(Ua,)

which is possible since we know the exact Fourier coefficients and the norm of the function f. In general, this error
cannot be computed.
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(a) B-spline B> (b) B-spline B4
2l |
1.5+ *
1 |- -
0.5 |
(S i 1 1 | =
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(c) B-spline Bg
Figure 3: B-splines By, By, and Bg over T 2 [0, 1).

7.1 Scattered Data Approximation

For our numerical experiments we use one sampling set X C T? of uniformly distributed nodes with M = |X| =
2.5 - 10, and an evaluation vector y = (f(x))zcx. We are going to start by choosing three as the superposition
threshold ds while later reducing it to two which allows us to see the effect of truncating an ANOVA term. Our
primary aim for now is to detect the ANOVA terms in U* which we achieve using the first step of our method, see
Section To this end, we choose a frequency index set I(Uy,) C Z°, cf. (24), through order-dependent sets
Io = {0 , Il = {—N1/2, .. .7N1/2 — 1}, IQ = {—N2/2,. .. ,N2/2 — 1}2, and];; = {—N3/27. .. ,N3/2 — 1}3 with
N1, N2, N3 € 2N. The method gives us an approximation SﬁUds) f

Results of numerical experiments with the function f from (@4)) and different choices for the bandwidths Ny, N3, and
N3 are displayed in Table|l} They show that it is indeed possible to detect the ANOVA terms in U* using trigonometric
polynomials of small degrees. Moreover, both errors are roughly of the same order. Since our number of samples M is
fixed, we are looking for values IN such that one balances the effects of underfitting and overfitting. The experiments
suggest that the choice in examples 5 and 8 is close to optimal. In Figure[d we depicted the global sensitivity indices
o(u, SﬁUds)f), cf. Algorithm , for example 8 from Table The one-dimensional sets {i},i =1, ..., 9, all have large

indices as they are all in U* while the two dimensional sets

{1,5},{2,6},{3,7},{4,8},{4,9},{8,9} € U”
are clearly separated from the two dimensional sets in Uy, \ U*. The same holds for the one three-dimensional term

{4,8,9} € U*. The size of the intervals | (4) suitable to choose the parameters & 4 is especially relevant since it separates
important from unimportant terms.

Since there exists IV, and € such that we are able to recover the set of ANOVA terms U™, we set U )(f ) — U* from now
on. We aim to improve our approximation quality with the given data by solving the minimization problem (33). Here,
we could choose individual index sets for every ANOVA term in U* to form I(U*) based on the global sensitivity
indices, but for our function order-dependence can be maintained. Table 2] shows the results of the approximation using
the index set I(U™).
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size of index sets relative errors
N |I(Uy)] E0, €L, I 1@ 16)
1 [256,32,8] 65704 47-107% 4.8-1073 (0.0,0.021

(3.0-107%,0.019
(1.2-107%,0.026
2 [256,32,16] 320392 21-107% 24-1073 (0.0,0.021
(7.2-107°,0.019
(2.5-107%,0.026

)
)
)
)
)
)
3 [256,32,32] 2539336 26-1072 2.8-102 (0.0,0.016)
(8.3-1075,0.015)

(2.5-107%,0.023)

4 [256,64,8] 173992 4.4-107° 4.7-107° (0.0,0.021)
(1.1-1077,0.019)

(1.1-1078,0.026)

5 [256,64,16] 428680 1.6-107° 1.9-1073 (0.0,0.021)
(1.8-107%,0.019)
)

)

)

)

)

)

)

)

)

)

)

)

(1.6-107%,0.026

6 [256,64,32] 2647624 25-107% 32-1077 (0.0,0.015
(4.0-107%,0.015
(2.9-1072,0.022

7 [512,64,8] 176296 44-107% 4.7-1073 (0.0,0.021

(1.1-1077,0.019
(1.1-107%,0.026
8 [512,64,16] 430984 1.6-107° 1.9-1073 (0.0,0.021
(1.8-107%,0.019
(1.6-107%,0.026
9 [512,64,32] 2649928 2.5-1072 3.2-1072 (0.0,0.015
(4.0-107%,0.015
(2.9-1072,0.022)

Table 1: Results of detection step for important ANOVA terms with M = 2.5 - 105 uniformly distributed nodes
(N = [N1, N2, N3)).

size of index sets relative errors
N ‘I(U*)| €ty €Ly
1 [1024,64,64] 283069 56-100* 6.3-107*
2 [1024,128,32] 135773 6.0-107% 6.4-107*
4 [1024,128,64] 356029 27-107% 3.1-107¢
5 [1024,256,64] 649405 20-107% 2.7-107*

Table 2: Results for approximation with active set U* and M = 2.5 - 10% uniformly distributed nodes (N =
[N1, N2, Ns)).

The number of terms in U* is significantly smaller than in U4, such that we are able to increase /N while balancing the
effects of over- and underfitting. We observe that the reduction of the ANOVA terms to U™ yields benefit with regard to
approximation quality due to the reduction in model complexity.

Now that we have experiments with no truncation error in the ANOVA decomposition, i.e., Ts f = f, we repeat the
tests with a superposition threshold ds = 2. In this case, it is not possible to detect the ANOVA term f{4 g 9} Which

results in the set UT := U* \ {4, 8,9} being optimal for the detection step. For the following tests, we use the same
nodes as we did previously.
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Figure 4: Behavior of the global sensitivity indices o(u, S;%Ud ) f) for the example 8 from Table

size of index sets relative errors

N |I(Ug) £t €L, W, 1@

1 [256, 16] 10396 9.4-1072 9.4-1072 (0.0,0.021)
(3.0-107°,0.020)

2 [256,32] 36892 9.3-107% 9.4-102 (0.0,0.021)
(3.0-107%,0.020)

3 [256,64] 145180 9.1-1072 9.6-1072 (0.0,0.021)
(4.8 -107°,0.020)

4 [256,128] 582940 82-107% 1.1-107" (0.0,0.021)
(2.3-107%,0.020)

Table 3: Results of detection step for important ANOVA terms with M = 2.5 - 105 uniformly distributed nodes and
superposition threshold ds = 2, (IN = [Ny, N3)).

The results of the experiments in Table [3|show that it is possible to determine the terms in U T. Since three-dimensional
terms are not included, the term fy4 g 9} is not in the approximation which results in the larger errors compared to
Table[Il

Since there exists N € N2 and ¢ > 0 such that U)(f )y = U™, we use U™ for the next approximation step with suitable

index sets (U ™). The results for different choices of Ny and N, are displayed in Table We are able to achieve better
errors with the smaller index sets. Obviously, the influence of the cutoff error is dominating such that a large benefit in
taking many additional frequencies cannot be observed.

7.2 Black-Box Approximation
In the following numerical experiments we aim to find reconstructing rank-1 lattice, see Section for the function f.

In the first step, our goal is to determine the set of ANOVA terms U™ and later use it to improve our approximation
quality. As discussed in [28], the function f works well with hyperbolic cross index sets of dominating mixed
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size of index sets relative errors
N |I(U+)‘ 2 €L,
1 [1024, 16] 10558 9.3-1072 9.3.1072
2 [1024, 32] 14974 9.3-1072 9.3.102
3 [1024, 64] 33022 9.3-1072 94-1072
4 [1024,128] 105982 9.1-1072 9.5-1072

Table 4: Approximation results for active set U™ with M = 2.5 - 10° uniformly distributed nodes (N = [Ny, Na)).

smoothness 3/2. Therefore, we define

HY =qkez/: J] (+lk))? <N NeN (46)

sesupp k

We choose as order-dependent index sets Iy = {0}, [; = ’Hf“, I, = Hévz, and I3 = ’Hévl with N1, No, N3 € N
to obtain I(Uy,) as in @ The method then gives us a reconstructing rank-1 lattice X = A(z, M, I(Ug,)) with
generating Vector z € 7Z” and lattice sizes M € N by employing the component-by-component construction from [43|
Algorithm 8.17]. The approximation is defined as S:X H(Ua.) I

Table [5] shows results of numerical experiments with f, see (44), and different choices for the parameters Ny, No, and
N3. We can see that there exist an € such that it is possible to detect the active set of terms U™ in every test scenario.
The lattice size increases with the growing index set as expected. Note that is sufficient to use an index set of 3481
frequencies and a lattice with only 46351 evaluations in order to detect the active set of ANOVA terms.

Now, we set the active set U (e )y = U*. The aim is again to improve our approximation quality by solving the
minimization problem (33). We also maintain the order—dependence of the set I(U™*) based on the structure of the
function. Table@shows the results of the approximation using the index set 7(U™*). Larger cutoff parameters N; become
possible such that we are able to achieve a good approximation error with relatively small lattice sizes in relation to our
problem dimension. The sizes of our reconstructing lattices stay manageable as well.

size of index sets relative errors
N |I(Uy,) £, €L, M 1M 1@ 16
[102, 102, 102] 3481 2.8-1072 3.0-1072 47351 (0.0,0.021

)

(3.4-107°,0.019)

(5.7-107°,0.025)

[103,103,107] 11203 1.0-107% 1.0-107% 490277 (0.0,0.021)
(1.7-1077,0.019)

(5.7-1077,0.026)

[10%,10%,107%] 16891 7.0-107% 7.1-107° 1114489 (0.0,0.021)
)
)
)
)
)

(3.5-10719,0.019
(5.3-107%,0.026
[10°,10%, 107 17341 7.0-1072 7.0-107° 2349307 (0.0,0.021
(1.7-1072,0.019
(2.8-1072,0.026

Table 5: Results of detection step for important ANOVA terms (IN = [Ny, N3, N3]).

8 Summary

In this paper we considered the classical ANOVA decomposition for periodic functions. We studied different index

sets ]P’Sii ) and IFELd ) for the projections P,, f and ANOVA terms f,,, respectively, and proved their properties as well as
formulas for the Fourier coefficients. For functions in Sobolev type spaces H" (T¢) and the weighted Wiener algebra
A" (T%) we showed that a function inherits its smoothness to both the projections and ANOVA terms.
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109,106, 10° 13495 5.0-107%* 5.0-107* 5691109

size of index sets relative errors
N |I(Ug,) €, €L, M
[10%,10%,10%] 2243 24-107% 2.6-107% 157243
[10°,10°,10°] 6565 8.3-107% 83-107% 1346881
[106,105,10°] 7591 7.7-107% 7.7-107% 883391
[ ]

Table 6: Results of detection step for important ANOVA terms (IN = [Ny, Na, N3)).

Moreover, we related the smoothness of a function characterized by the decay of its Fourier coefficients to the class of
functions of a low-dimensional structure and considered relative errors for L., and Ly weighed by the corresponding
Sobolev and Wiener algebra norms. This lead to an upper bound for the modified superposition dimension d*P) in
those spaces. For product and order-dependent weights w®” we were able to obtain specific bounds.

We introduced an approximation method for high-dimensional functions that are of a low-dimensional structure in
Section[5} The method can be employed in black-box and scattered data approximation. In the former scenario one
needs a special discretization for the index sets of type I(U), e.g., rank-1 lattice, and in the latter an algorithm to realize
an efficient multiplication with the Fourier matrices. We proved results for the error of the method, see Section[6] in Ly
and L. An L, bound in the scattered data case for the aliasing error in (39) is still open. Here, one needs to consider
estimating the quantity

sup | Z| f=Sianf) ()]

HfHAw(-ﬂ-d)<1 | xeX

Numerical experiments with a benchmark function were successfully performed in Section[7} The active set detection
works well for this function in both approximation scenarios and even for small degrees of trigonometric polynomials.
A definite goal is to perform experiments on real-world data sets and try to determine attribute rankings.

Moreover, it is possible to consider a similar analysis of the ANOVA decomposition in weighted Lebesgue spaces
with orthogonal polynomials as bases, e.g., the Chebyshev system. This would also allow a generalization of the
approximation method to a non-periodic setting, cf. [44].
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