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Let Ω ⊂ R2 be open and nonempty. Furthermore, let 1 ≤ p ≤ ∞ andm ∈ N.
I For a multi-index α = (α1, α2) ∈ N2

0 we write |α|1 = α1 + α2 and
|α|∞ = max{α1, α2}.

I Wm,p(Ω) = {u ∈ Lp(Ω) | ∂αu ∈ Lp(Ω) ∀α ∈ N2
0 : |α|1 ≤ m}

I ‖u‖Wm,p(Ω) =
∑

0≤|α|1≤m
‖∂αu‖Lp(Ω)

I Smp W (Ω) = {u ∈ Lp(Ω) | ∂αu ∈ Lp(Ω) ∀α ∈ N2
0 : |α|∞ ≤ m}

I ‖u‖Sm
p W (Ω) =

∑
0≤|α|∞≤m

‖∂αu‖Lp(Ω)

[Draw picture]
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I Smp W (Ω) are called SOBOLEV spaces of dominating mixed smoothness.

I For this talk: "domix spaces"

I Introduced by NIKOL’SKII in 1962

I Appear as solution spaces for certain hyperbolic PDEs , see e.g.
[MAMEDOV]...

I ...but are also widely used in approximation theory.

Some easy facts:
I Smp W (Ω) is a separable BANACH space if 1 ≤ p <∞ and a HILBERT

space if p = 2.

I Trivial embedding:W 2,p(Ω) ↪→ S1
pW (Ω) ↪→W 1,p(Ω)
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What else is known?
I For 1 < p <∞: Smp W (R2) = Smp,2F (R2), see [SCHMEISSER], [VYBIRAL],

[NGUYEN] and many more...

I Some "indirect" results, for example reduced SOBOLEV inequalities in
[ADAMS]

I Some embeddings:
I [ABDULLA]: Sm

p W (R2) ↪→ C
m−1,1− 1

p (R2), m ∈ N, 1 ≤ p <∞

I [NAJAFOV, RUSTAMOVA]: S1
pW (Ω) ↪→ C(Ω) for certain domains Ω and

1 ≤ p <∞.
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[Show paper here]

Questions:
I Is the completion ofH1 ⊗H2 the entire space S1

1W
(
(0, 1)2

)
?

I Is this space embedded into the continuous functions?
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Lemma (cf. [ADAMS, FOURNIER])
Suppose (jε)ε>0 is an approximate identity. Let 1 ≤ p <∞ and
u ∈ Smp W

(
(0, 1)2

)
. If Ω ⊂ (0, 1)2 is nonempty, open, and with compact

closure in (0, 1)2, then

‖jε ∗ u− u‖Sm
p W (Ω) −→ 0 , as ε ↓ 0 .
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Proof
Let 0 < ε < dist

(
Ω, ∂(0, 1)2

)
be sufficiently small. Further, let ũ denote the

trivial extension of u to R2. If ϕ ∈ C∞c (Ω), then for any multi-index α ∈ N2
0

with |α|∞ ≤ m we have:∫
Ω

jε ∗ u(x)∂αϕ(x) dx =

∫
Ω

∫
R2

jε(y)ũ(x− y)∂αϕ(x) dy dx

=

∫
R2

jε(y)

∫
Ω

ũ(x− y)∂αϕ(x) dxdy

= (−1)|α|1
∫
R2

jε(y)

∫
Ω

∂αu(x− y)ϕ(x) dxdy

= (−1)|α|1
∫

Ω

jε ∗ ∂αu(x)ϕ(x) dx

This shows that ∂α(jε ∗ u) = jε ∗ ∂αu in D ′(Ω).
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Proof (continued)
Since u ∈ Smp W

(
(0, 1)2

)
, we have ∂αu ∈ Lp(Ω), 0 ≤ |α|∞ ≤ m. The

properties of the approximate identity jε lead to

‖jε ∗ u− u‖Sm
p W (Ω) =

∑
0≤|α|∞≤m

‖∂α(jε ∗ u)− ∂αu‖Lp(Ω)

=
∑

0≤|α|∞≤m

‖jε ∗ ∂αu− ∂αu‖Lp(Ω)

−→ 0 , as ε ↓ 0 .

�
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Lemma (cf. [ADAMS, FOURNIER])
For any 1 ≤ p <∞ the set of restrictions of functions C∞c (R2)

∣∣
(0,1)2

is dense
in Smp W

(
(0, 1)2

)
.

Lemma
For any 1 ≤ p <∞ the set of restrictions of functions
(C∞c (R)⊗ C∞c (R))|(0,1)2 is dense in Smp W

(
(0, 1)2

)
.
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Proof
Let u ∈ Smp W

(
(0, 1)2

)
. For a given ε > 0 we can find a ϕ ∈ C∞c (R2) such that

‖u− ϕ‖Sm
p W ((0,1)2) < ε .

Then, by a result of [TREVES], there exists a function
ψ1 ⊗ ψ2 ∈ C∞c (R)⊗ C∞c (R) such that

‖∂αϕ− ∂α (ψ1 ⊗ ψ2)‖L∞(R2) < ε

for every multi-index 0 ≤ |α|∞ ≤ m.
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Proof (continued)
But this implies:

‖ϕ− ψ1 ⊗ ψ2‖Sm
p W ((0,1)2) =

∑
0≤|α|≤m

‖∂αϕ− ∂α (ψ1 ⊗ ψ2)‖Lp((0,1)2)

≤
∑

0≤|α|≤m

‖∂αϕ− ∂α (ψ1 ⊗ ψ2)‖L∞((0,1)2)

≤
∑

0≤|α|≤m

‖∂αϕ− ∂α (ψ1 ⊗ ψ2)‖L∞(R2)

≤ Cε

Finally, by the triangle inequality:

‖u− ψ1 ⊗ ψ2‖Sm
p W ((0,1)2) ≤ ‖u− ϕ‖Sm

p W ((0,1)2) + ‖ϕ− ψ1 ⊗ ψ2‖Sm
p W ((0,1)2)

≤ (C + 1)ε

�
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Conclusion
For anym ∈ N and 1 ≤ p <∞, the domix space Smp W

(
(0, 1)2

)
coincides

with the completion of (C∞c (R)⊗ C∞c (R))|(0,1)2 with respect to the
‖·‖Sm

p W ((0,1)2)-norm. In particular, this is true form = p = 1, i.e. in the
"HICKERNELL-case".

I Answer to our first question

I Let us also consider the embedding S1
pW

(
(0, 1)2

)
↪→ C

(
(0, 1)2

)
.
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Lemma (cf. [LIEB, LOSS])
Let T ∈ D ′(R2) be a distribution and ϕ ∈ C∞c (R2) be a test function. If we
set τyϕ(x) = ϕ(x− y), then we have

〈T, τyϕ〉 − 〈T, ϕ〉 =

∫ 1

0

(
y1〈∂1T, τtyϕ〉+ y2〈∂2T, τtyϕ〉

)
dt

Lemma
Let e1 = (1, 0)T and e2 = (0, 1)T. Then we also have

〈T, τyϕ〉 − 〈T, ϕ〉 =

∫ 1

0

y1〈∂1T, τt1y1e1ϕ〉dt1 +

∫ 1

0

y2〈∂2T, τt2y2e2ϕ〉dt2

+

∫ 1

0

∫ 1

0

y1y2〈∂1∂2T, τt1y1e1τt2y2e2ϕ〉dt1 dt2 .
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Corollary (cf. [ABDULLA], [HICKERNELL ET AL.])
Suppose u ∈ S1

1Wloc(R2). Then, for each y ∈ R2 and a.e. x ∈ R2,

u(x+ y)− u(x) =

∫ 1

0

y1 ∂1u(x+ t1y1e1) dt1 +

∫ 1

0

y2 ∂2u(x+ t2y2e2) dt2

+

∫ 1

0

∫ 1

0

y1y2 ∂1∂2u(x+ t1y1e1 + t2y2e2) dt1 dt2 .

Theorem (cf. [NAJAFOV, RUSTAMOVA])
S1
pW

(
(0, 1)2

)
↪→ C

(
(0, 1)2

)
for all 1 ≤ p <∞.
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