On SoBOLEV spaces of dominating mixed
smoothness withp =1

Kai Liittgen, TU Chemnitz

Siegmundsburg Seminar
August 1,2022

q..a..l:
UNIVERSITY OF TECHNOLOGY
IN THE EUROPEAN CAPITAL OF CULTURE

CHEMNITZ

Siegmundsburg - 01/08/2022 - K. Liittgen 0/13



Let 2 ¢ R? be open and nonempty. Furthermore, let 1 < p < co and m € N.

> For a multi-index a = (a1, a) € N we write |, = a; + ap and
||, = max{aq, as}.

> WmP(Q) = {u € LP(Q) | 9u € LP(Q) Yo € N3 : |a|; < m}
> ”uHW'"vP(Q) = Zog\ahgm ||8au||Lp(Q)
> SPW(Q) ={ue LP(Q) | 0°u € LP(Q) Yo € N§ : || 0 < m}

> ||7-"HS;"W(Q) = Zogmwgm ”aauHLp(Q)

[Draw picture]
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> S (Q) are called SoBoLEV spaces of dominating mixed smoothness.

» For this talk: "domix spaces”
» Introduced by NikoL'sKil in 1962

> Appear as solution spaces for certain hyperbolic PDEs, see e.g.
[MAMEDOV]...

> ...but are also widely used in approximation theory.

Some easy facts:

> S;'W(Q) is a separable BANACH space if 1 < p < oo and a HILBERT
spaceif p = 2.

» Trivial embedding: W??(Q) < SJW (Q) — W' ()
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What else is known?

> Forl<p<oo: S;W(R?) =S, F(R?), see [SCHMEISSER], [VYBIRAL],
[NGUYEN] and many more...

» Some "indirect" results, for example reduced SoBOLEV inequalities in
[ADAMS]

» Some embeddings:
> [ABDULLA]: S;*W (R?) — C™ M (R2), meN, 1< p< oo

> [NAJAFOV, RUSTAMOVA]: S W () — C(€2) for certain domains Q and
1<p<oo.
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[Show paper here]

Questions:
> Is the completion of ; ® H, the entire space S{W ((0,1)?)?
> Is this space embedded into the continuous functions?
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Lemma (cf. [ADAMS, FOURNIER])

Suppose (j:)e>0 is an approximate identity. Let 1 < p < oo and
ue SPW((0,1)2). If @ C (0,1) is nonempty, open, and with compact
closure in (0,1)2, then

l7e * u = ull gy ) —0, asel0.
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Proof

Let 0 < e < dist(©2,8(0, 1)) be sufficiently small. Further, let u denote the
trivial extension of u to R2. If ¢ € C2°(Q2), then for any multi-index o € N2
with |a|_ < m we have:

e u@ore= [ [ it - )o@ dyas
- [ i) | e -)o"ela)dray
= (0 [ i) [ ue— et dody

— (1)l /Q o * 0%u() () dz

This shows that 9% (j. * u) = je x 0%u in 2'(Q).
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Proof (continued)

Since u € S;"W ((0,1)?), we have 9“u € LP(Q),0 < |a|, < m. The
properties of the approximate identity ;. lead to

[l Je * u — u“S;ﬂW(Q) = Z 10 (Je * u) — aa“”m(m
0<|o| o, <m0
= Z llje * 0%u — aQUHLP(Q)
0< || ., <m0

— 0, aselO0.
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Lemma (cf. [ADAMS, FOURNIER])
Forany 1 < p < oo the set of restrictions of functions C2°(RR?) \(0 12 is dense
in ST ((0,1)2).

Lemma

For any 1 < p < oo the set of restrictions of functions
(C2(R) @ C(R))| g1z is dense in S;*W ((0,1)?).
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Proof
Letu € S7"W ((0,1)?). Foragivene > 0 we can find a ¢ € C2°(R?) such that

[Jw — 90”5;;11/1/((0,1)2) <e.

Then, by a result of [TREVES], there exists a function
1 ®@ Py € C°(R) ® C(R) such that

|I8ag0 -0 (1/)1 X wQ)HLoo(Rz) <eg

for every multi-index 0 < |o| , < m.
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Proof (continued)
But this implies:

o=t ® ¢2||sgbw((o,1)2) = Z 0% — 0% (Y1 ® wz)HLP((O,l)Z)

0<|a|<m

< Y 116% — 0% (%1 ® o)l Lo (0,12
0<|a|<m

< Y 118% — 0% (%1 ® ¥l oo ro)
0<lal<m

< Ce

Finally, by the triangle inequality:

lu—11® ¢2||sgtw((o,1)2) < lu— ‘PHS;W((OJ)z) +lle—11® 1/)2||s;nw((o,1)2)
< (C+1)e
|
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Conclusion

Forany m € Nand 1 < p < oo, the domix space S;"W ((0,1)?) coincides
with the completion of (CZ°(R) ® C2°(R))] g 1)= With respect to the
||.||S;nw((0)1)2)-norm. In particular, this is true for m = p = 1, i.e. in the
"HICKERNELL-case".

> Answer to our first question

> Let us also consider the embedding S} W ((0,1)?) — C ((0,1)?).
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Lemma (cf. [LIEB, LOSS])

Let T € 2'(R?) be a distribution and ¢ € C°(R?) be a test function. If we
set 7,¢(z) = p(x — y), then we have

1
(T, 70) — (T, 0) = / (02(B1T, 7oy 0) + 2(0eT, eyt dlt

Lemma
Lete; = (1,0)T and e = (0,1)T. Then we also have

1 1
(T,myp) = (T, p) = / Y1(01 T, Tt yre, ) Aty +/ Y2(02T, Teyyne, ) dto
0 0

1 1
+ / / Y1Y2 <6182T7 Tt1y1e1Tt2y2e2 ()0> dtl dt2 .
0 0
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Corollary (cf. [ABDULLA], [HICKERNELL ET AL.])

Suppose u € StW,.(R?). Then, for each y € R? and a.e. z € R?,

1 1
u(r +y) —u(r) = / y1 O1u(x + tiyrer) dt + / Y2 Ou(x + tayzen) dts
0 0

1 1
+ / / Y1y2 0102u(x + tiy1e1 + tayses) dty dts .
o Jo

Theorem (cf. [NAJAFOV, RUSTAMOVA))
SLW ((0,1)2) < C ((0,1)2) forall 1 < p < oo,
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Thank you for your attention!
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