
Characterisations (cf. [5], [6])
▶ ∥Tcosf ∥S r

p,qF (Tn) ≍ ∥Tcosf ∥Lp(Tn)

+
∑

e⊂{1,...,n}

∥∥∥2|j |rRe
m(Tcosf , 2−j, ·)

∥∥∥
Lp(ℓq,Tn)

▶ ∥Tcosf ∥S r
p,qB(Tn) ≍ ∥Tcosf ∥Lp(Tn)

+
∑

e⊂{1,...,n}

 ∑
j∈Nn

0(e)

2|j |rq ωe
m(Tcosf , 2−j)q

p

1
q

▶ ∆m,e
h =

∏
i∈e

∆m
hi ,i and ∆m,∅

h = Id

Estimate of p-Norm
▶ S r

p,qA ⊂ S1/p
p,1 B ⊂ S0

∞,1B ⊂ L∞ for

r > 1/p, 1 < p < ∞ and 0 < q ≤ ∞

▶ ∥Tcosf ∥Lp(Tn) ≲ ∥f ∥L∞(Rn) ≲ ∥f ∥S r
p,qA(Rn)

Useful Trick (cf. [3], [4])
Write f =

∑
k∈Nn

0

fk =
∑
k∈Zn

fj+k with

fj+k =

 0 , if j + k < 0 ,(
φj1+k1 · ... · φjn+knf̂

)
q , else.

Other Techniques
▶ Estimate differences ∆m,e

h Tcosfj+k by
derivatives

▶ Chain rule generates factors of sin
for change of variable

▶ RIESZ-THORIN interpolation theorem

▶ |g(cos(x))|
≤ sup

−1≤y≤1

|g(y)|
⟨2j+k(y − cos(x))⟩a

≲ 2(j+k)a sup
y∈R

|g(y)|
⟨2j+k(y − x)⟩a

The transformation
f (x1, ... , xn) → f (cos(x1), ... , cos(xn))

is bounded from
S r

p,qA(Rn) to S r
p,qA(Tn):

1

1

2

1/p

r

0 < q ≤ ∞

A = B 1

1

2

1/p

r

1 < q ≤ ∞

A = F
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Limiting Cases if A = B
▶ S r

p,qB(Rn) → S r
p,qB(Tn)

for p = 1, ∞, 0 < q ≤ ∞, r > 1/p

▶ S1/p
p,1 B(Rn) → S1/p

p,∞B(Tn)
for 1 < p < ∞

Regarding Sharpness
▶ r > 1/2p is a necessary condition

for boundedness if A ∈ {B, F}
▶ Show this using characteristic

functions similar to [1]

An Application
▶ f ∈ H s([−1, 1]) = Bs

2,2([−1, 1])

⇒ Tcosf ∈ H s(T), if s > 1/2.
▶ (Tcosf )̂ (k)

= 2
∫ 1

−1
f (x) p|k|(x) (1 − x 2)−1/2 dx

= 2⟨f , p|k|⟩L2(w dx)

with p|k|(x) = cos(|k| arccos(x))

▶
∑
n≥0

(1 + n)2s |⟨f , pn⟩|2

≈
∑
k∈Z

(1 + |k|)2s
∣∣∣(Tcosf )̂ (k)

∣∣∣2
= ∥Tcosf ∥H s(T)

▶ This means H s([−1, 1]), s > 1/2 can
be embedded into the
CHEBYSHEV-SOBOLEV-type space

L2,s
−1

2,−
1
2
([−1, 1]), cf. [2].
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