
Properties and embeddings of SOBOLEV spaces of
dominating mixed smoothness

Kai Lüttgen, TU Chemnitz
(in collaboration with Tino Ullrich)

Hasenwinkel Workshop
December 5, 2022

Hasenwinkel · 05/12/2022 · K. Lüttgen 0 / 13 www.tu-chemnitz.de/~luek/index.html.en

www.tu-chemnitz.de/~luek/index.html.en


I For this talk: "dominating mixed" shortened to just "domix"

I Original idea of domix smoothness can be traced back to [BABENKO] and
[NIKOL’SKII]

I Since then domix spaces appeared in many contexts
I Statistics and probability theory [CLEANTHOUS, GEORGIADIS, PORCU]

I Solution spaces for hyperbolic PDEs [MAMEDOV]

I Quantum Mechanics [YSERENTANT]

I Approximation theory [DŨNG, TEMLYAKOV, ULLRICH]
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I A domain Ω ⊂ Rn is a nonempty, open and connected set.

I Form ∈ N0 and 1 ≤ p <∞ the (isotropic) SOBOLEV spaces on a domain
Ω are defined as

Wm,p(Ω) = {u ∈ Lp(Ω) | ∂αu ∈ Lp(Ω) for all α ∈ Nn0 : |α|1 ≤ m}

with norm ‖u‖Wm,p(Ω) =
∑

0≤|α|1≤m
‖∂αu‖Lp(Ω).

I Similarly, the domix SOBOLEV are defined as

Smp W (Ω) = {u ∈ Lp(Ω) | ∂αu ∈ Lp(Ω) for all α ∈ Nn0 : |α|∞ ≤ m}

with norm ‖u‖Sm
p W (Ω) =

∑
0≤|α|∞≤m

‖∂αu‖Lp(Ω).

I These are intrinsic definitions.
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Visualisation for n = 2

k : ∂k1

l : ∂l2

W 1,p W 2,p W 3,p W 4,pW 1,p W 2,p W 3,p W 4,p

S1
pW

S2
pW

S3
pW

S4
pW

I By construction:Wm,p(Ω) ⊃ Smp W (Ω) ⊃Wnm,p(Ω)
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I Literature on properties of Smp W (Ω) is not as expansive as forWm,p(Ω).

I What usually happens in the literature:
I Sm

p W (Rn) = Sm
p,2F (Rn) for 1 < p < ∞, then continue with Sr

p,qF (Rn) (see
for example [VYBÍRAL])

I On Ω only extrinsically defined spaces{
u ∈ Lp(Ω)

∣∣ ∃v ∈ Sm
p W (Rn) such that v|Ω = u

}
are considered (see for example [ABDULLA]).

"Problems"
I Case p = 1 is rarely covered.
I Extrinsically defined spaces are usually smaller than their intrinsic

counterparts.
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A density problem
I [HICKERNELL, SLOAN, WASILKOWSKI] consider the spaces

closSm
1 W((0,1)n) W

m,1
(
(0, 1)

)
⊗ . . .⊗Wm,1

(
(0, 1)

)
.

I Does this construction actually yield Sm1 W ((0, 1)n)?

Domix variant of the MEYERS-SERRIN theorem
C∞(Ω) is dense in Sm1 W (Ω).
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Lemma [L., ULLRICH]
If ∂Ω is continuous, then the restrictions to Ω of functions in C∞c (Rn) are
also dense in Sm1 W (Ω).

Lemma [L., ULLRICH]
If ∂Ω is continuous, then restrictions to Ω of functions in the n-fold tensor
product C∞c (R)⊗ . . .⊗ C∞c (R) are dense in Sm1 W (Ω).

Corollary [L., ULLRICH]
In the above setting, restrictions to Ω of functions in the n-fold tensor
productWm,1(R)⊗ . . .⊗Wm,1(R) are dense in Sm1 W (Ω) as well.
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Distribution theory lends a hand
I Consider the HEAVISIDE step function:

Θ(t) =


1 , t > 0

1/2 , t = 0

0 , t < 0

1

I DefineH1 : Rn → R by settingH1(x) = Θ(x1) · . . . ·Θ(xn).

I H1 is a fundamental solution of /∂ = ∂1 . . . ∂n, i.e. we have

/∂H1 = δ0 in D ′(Rn) .
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I Let now u ∈ S1
1W (Ω). For any η ∈ C∞c (Ω) the pointwise product ηu

belongs to E ′(Rn), i.e. it is a compactly supported distribution.

I By a general result of distribution theory we have

ηu = H1 ∗ /∂(ηu) in E ′(Rn) .

I As it turns out, this equality also holds classically, that is for a.e. x ∈ Rn
we have

η(x)u(x) = H1 ∗ /∂(ηu)(x) =

∫ xn

−∞
. . .

∫ x1

−∞
/∂(ηu)(t) dt1 . . . dtn .

I It can also be shown thatH1 ∗ /∂(ηu) ∈ C(Rn).
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A simple embedding

I Consider now a compact
setK ⊂ Ω. Ω

K

I By choosing η ∈ C∞c (Ω) such that η ≡ 1 onK we see that

u = ηu = H1 ∗ /∂(ηu) ∈ C(K) .

Lemma [L., ULLRICH]
S1

1W (Ω) ⊂ C(Ω)

Hasenwinkel · 05/12/2022 · K. Lüttgen 9 / 13 www.tu-chemnitz.de/~luek/index.html.en

www.tu-chemnitz.de/~luek/index.html.en


The case Ω = Rn

I Fix a cutoff function η ∈ C∞c
(
B1/3(0)

)
such that η ≡ 1 on B1/4(0).

I Translate this fixed function η to get ηx0 .

η
0

ηx0

x0
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I Let u ∈ S1
1W (Rn). Then:

sup
x∈B1/4(x0)

|u(x)| ≤
∫
B1/3(x0)

∣∣/∂(ηx0
u)
∣∣

≤
∑

0≤|α|∞≤1

cα

∫
B1/3(x0)

∣∣∂1−αηx0

∣∣ · |∂αu|
≤ sup

0≤|α|∞≤1

‖∂αηx0
‖
L∞
(
B1/3(x0)

) ∑
0≤|α|∞≤1

cα

∫
B1/3(x0)

|∂αu|

≤ Cn,η ‖u‖
S1
1W
(
B1/3(x0)

)
≤ Cn,η ‖u‖S1

1W (Rn)
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I Since

sup
x∈Rn

|u(x)| = sup
x0∈Rn

sup
x∈B1/3(x0)

|u(x)| ≤ Cn,η ‖u‖S1
1W (Rn)

we can improve on the previous embedding theorem:

Theorem [L., ULLRICH]
S1

1W (Rn) ⊂ C(Rn) ∩ L∞(Rn)

I We are able to derive a sampling inequality as well:

Lemma [L., ULLRICH]
∑
k∈Zn

|u(k)| ≤ Cn,η
∑
k∈Zn

‖u‖
S1
1W
(
B1/3(k)

) ≤ Cn,η ‖u‖S1
1W (Rn)

Hasenwinkel · 05/12/2022 · K. Lüttgen 12 / 13 www.tu-chemnitz.de/~luek/index.html.en

www.tu-chemnitz.de/~luek/index.html.en


Thank you for your attention!

Download this talk at
www.tu-chemnitz.de/~luek/index.html.en

...or scan this QR code!
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