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Abstract

We establish sensitivity analysis on the sphere. We present formulas that allow us to decompose
a function f: S? — R into a sum of terms fy, ¢. The index u is a subset of {1,2,...,d + 1}, where
each term f, ¢ depends only on the variables with indices in w. In contrast to the classical
analysis of variance (ANOVA) decomposition, we additionally use the decomposition of a function
into functions with different parity, which adds the additional parameter £&. The natural geometry
on the sphere naturally leads to the dependencies between the input variables. Using certain
orthogonal basis functions for the function approximation, we are able to model high-dimensional
functions with low-dimensional variable interactions.
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1 Introduction

Functions on the sphere arise in diverse applications, ranging from geophysics to quantum mechanics.
To efficiently analyze and approximate such functions, a deep understanding of their internal structure
is essential. The ANOVA (analysis of variance) decomposition provides a remarkably elegant framework
for understanding the structure of multivariate functions. In the classical setting, where the domain
is a tensor product space, the decomposition exhibits a particularly transparent form: component
functions corresponding to different variable subsets are orthogonal, and the hierarchical interaction
structure can be characterized cleanly. However, when the domain is the high-dimensional sphere,
this clarity gets lost. The lack of a natural product structure complicates both the definition and
computation of ANOVA components, making the extension of classical results to spherical domains
highly nontrivial.

In this paper, we develop a spherical ANOVA decomposition that allows us to split the total
variance of the function into contributions of specific groups of variables. This approach not only
yields valuable insights into variable importance but also forms the theoretical foundation for adaptive
approximation schemes.

The key difference to the classical decomposition is that we do not have a tensor product structure
of the domain here, which makes modeling more difficult and forces the introduction of additional
parameters and structures. We found that the decomposition of the function into terms of different
parity is a key ingredient for the spherical ANOVA decomposition.

Our main contributions

e We propose a spherical ANOVA decomposition for the uniform distribution on the sphere S¢.
Due to the structure of the sphere, we have to additionally distinguish between even and odd
terms and therefore introduce a parity vector.
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e We introduce reduced orthogonal bases to describe the lower dimensional terms, which we use
to implement high-dimensional function approximation on the sphere. Additionally, we define
Sobol indices on the sphere in order to apply sensitivity analysis for the spherical ANOVA
decomposition.

e We show in numerical examples that the spherical ANOVA decomposition captures the expected
non-zero spherical ANOVA terms, similar to how one would expect the terms from the classical
ANOVA decomposition.

However, extending the ANOVA decomposition from a tensor product domain to the sphere leads
to theoretical challenges arising from the geometry of the domain. In Section we recall this
classical ANOVA decomposition. The intrinsic curvature of the sphere automatically induces variable
interactions. Even if the function has a simple structure in cartesian coordinates, the manifold’s
constraints enforce coupling between variables, effectively creating artificial interactions. Second, the
natural algebraic dependence of the variables (i.e., ||| = 1) implies that the inputs cannot vary
independently. Consequently, it is generally impossible to construct a decomposition consisting of
strictly orthogonal terms in the classical sense.

The analysis of functions on the sphere, the ball and the simplex are related. Here, we focus on
the analysis of the sphere, but the key idea can be transferred to the unit ball and the simplex. Due
to the different geometry on the unit ball and the simplex, the dependencies between the ANOVA
terms must be considered carefully. So, we leave the considerations of our approach on the ball and
the simplex open for future work.

Related work

Several alternative approaches for dimension reduction and approximation on the sphere exist. Ge-
ometric approaches such as those described in [4] attempt to approximate the data using optimal
(rotated) submanifolds. Global polynomial approximation methods for scattered data typically re-
quire a number of samples exponential in d, as described in [9].

Employing the Dirac measure for high-dimensional approximation leads to the anchored ANOVA
decomposition, see for example [I8]. Due to the geometric properties on the sphere, it is not possible
to to generalize this decomposition to the sphere.

In the context of sensitivity analysis, quantifying the influence of groups of variables remains
a challenging task when inputs are correlated. As recently discussed by [19], defining the explicit
contribution of subsets of variables requires careful consideration in the presence of dependence. Recent
advances in global sensitivity analysis for dependent variables also include kernel-embedding techniques
and Shapley effects, [5] as well as random Fourier features, [28].

To date, no dedicated ANOVA decomposition for the sphere has been established in the literature.
The approach proposed in this work fills this gap and aims to identify the importance of the original
physical variables and their specific interactions.

Structure of this work
The next section is a preliminary in which we recall a collection of known concepts, definitions and
variable substitutions that we will use in this paper. We generalize the projection operator from
the classical ANOVA decomposition in Section With this, we introduce an ANOVA operator in
Section [3:2} We show properties of this operator, related to the parity, in Section [3.3

In Section [3:4] we finally introduce the spherical ANOVA decomposition, for which we show or-
thogonality and redundancy relations in Section [3.5] In Section [3.6] we highlight the problems that
naturally arise with even functions and show how we can fix them. In Section [4 we introduce the
orthogonal basis on the lower dimensional balls, which we use to describe the spherical ANOVA terms.
How we proceed numerically is described in more detail in Section [§] and finally in Section [6] we ap-
ply our algorithms to some test functions to calculate the spherical ANOVA decomposition of these
functions.

Notation
We introduce some notation, which we will use in this paper. We use bold face for vectors and matrices.



The parameter d is always the ambient dimension. We denote the sphere and ball of radius r by

={z eR"™ |zl =7},
Bd—‘rl {w c Rd—H ”:1:”2 < ’I“}

As usual, we omit the parameter r for the unit sphere S¢ and unit ball B!, Let the surface measure
on S? be denoted by pg and we assume it is normalized such that

25
dpg(x) = —F—~ = wq.
L r(5)

Furthermore, S := {—1,1}. Let [d + 1] = {1,2,...,d + 1}. For every index u C [d + 1] we denote
the corresponding partial vector of the vector @ by @, = (2;);cu. For every subset u C [d + 1] we
denote the complement by u¢ := [d + 1]\u. We compose a vector from 2 (or more) parts by writing
¢ = (@q, byc), which means for the vector ¢ that ¢,, = @, and ¢yec = @ye. We use the usual notation
for Lo-spaces and the corresponding scalar products on the domain D € {B4+1, S4},

111 o0y =/D\f(w)\2dw7 Ly(D) = {f: D= R | [|fll.,mp) <oc},

(f.0) = / f(@)g(x)dz

2 Preliminaries

In this section we collect basic concepts and results which we will use later to construct a spherical
ANOVA decomposition.

2.1 Variable substitutions on the sphere S? and the ball B?

We collect some substitutions which we will use later here. Splitting the integral over the ball into two
integrals over the sphere and the radius by using polar coordinates leads to the following basic lemma.

Lemma 2.1. For a function g: B* — R the integral on the d-dimensional ball can be decomposed into

[oteria [ [ st o

2.1.1 Variable substitutions on the sphere

Let us decompose the surface measure pi4 by the following. For every € S? and @ # u C [d + 1] we
can write as 1 = ||@y | + [|[Zue|®. From [6, Lemma A.5.4.] and Lemma follows for |u| > 2 and
Xy € Slul—1,

%\u\ 2 —
/S\vIJrIu\*l g( )dl//\ el 1 /\ v| 1_Hmv /\ -1 (331:7 1_”:1:’0” wu> d‘u‘u‘ 1(mu)d5'3v

(2.1)
1
ul=2 |y
/0 /Sm_l V1-—1r2 plvl-t /g\ul—l (120, V1 = 1224) dpt -1 (Tw) dptjo—1(20) dr.

For the case where u = i we write for @,u; € S, z,u; = (V1 — r2y,,7), where x, € SI?I=1 and
€ [-1,1]. It follows that

Slvl=
dpjp)(Toui) = V1 — 12 drd,u‘,,‘ 1(2y).

Changing the variables T,u; — (V1 — r2y,, 1) gives

/S\ ol g(x dMM / /S\vl 1 1-— rgym?“) V1-— r2|v|_2 d,u|v|,1(yv) dr. (2.2)



We use (2.1)) and obtain in the special case & = (Tyc, Ty) = (r2uc, o) € ST with d = |u|+|u| -1,
Zyc € S‘u

|u| 2
/Sd x)dpg(z /‘ 3 V1= || @] / <a:uc, \/1-— |a:uc||2:cu> Aptfu)—1(%w) dTye (2.3)

|’u“_2 c|_
/ e VvV1—r? pluil=1 / 9(rzaue, V1 —1r2@y) dptjg)—1(Tw) dptjue -1 (2ue) dr.
0 uC|—1

Slul—-1

2.1.2 Integrals on spheres with radius r

For the surface integral for a sphere with radius r, we have for y = rx, € S%, y € S¢,

h(y)dpa(y) = [ h(rz) dug(ax). (2.4)

s¢ sd

We use for h: S? — R the following decomposition of the integral on the sphere,

|u|—2
/Sd @) duale Blul \/T /\ |- (.’Bu, 1= ”x“HQmHC) dﬂlu“\—l(mu“)dxu
&3 / / |
Bl lue|-1 h (@, Tue) dpjuc)—1 (Tue) Ay (2.5)
— [zul

Vi-lwa 2

Similarly, the integral on a sphere with different radius,

[ i@ anstra) & 1t [ ) )

/ i e
Bl [l |l ul Viclzul?

For balls with different radius, we have

/Bg h(y)dy = r¢ /B h(rz) dz. (2.7)

h(ra) dptg—ju|(Tuc) ATy (2.6)

2.2 Spherical harmonics
A polynomial p: R4! — R is called homogeneous of degree / if
p(re) = rip(x) for all r >0, x € R

Let 73? denote the space of real homogeneous polynomials of degree £. A polynomial is called harmonic
if it satisfies the Laplace equation

d+1 82
Ap=0, A= Z
For / =0,1,..., we denote the linear spaces of real harmonic polynomials of degree ¢ by

HE = {pePd| Ap=0}.

The restriction of a homogeneous harmonic polynomial p of degree ¢ to the sphere S? is called a
spherical harmonic of degree /. We denote the corresponding space by

H(S?) := { plsa : p homogeneous, harmonic, and of degree ¢ },

see for example [6] [7] for more details about these spaces. The spaces H¢(S?) form an orthogonal

decomposition
=P,
£=0



and any f € Ly(S?) admits the spherical harmonic expansion

oo dim(He(S%))

(
f(ll‘) = Z Z f@,m Yf,m(w)7
=0 =1

dim(He(S?))
m=1

where {Y,m} is an orthonormal basis of H,(S?) and dim(#,(S?)) denotes its dimension.

Remark 2.2 (Polynomial representatives and coordinate dependence). Each spherical harmonic
Yo.m € He(S?) is the restriction of a homogeneous harmonic polynomial P, : Rt — R of degree ,
ie.

Yom (@) = Pl,m(w)‘sd~
The polynomial P, can be expressed as a linear combination of monomials

a0 xd41 P i
L SR RERF A lal == a1 4+ + agy1 =4,

whose coeflicients are determined by the harmonicity condition AP, ,, = 0. Thus, every spherical
harmonic of degree ¢ involves monomials of total degree ¢ in the Cartesian coordinates. In particular,
the index ¢ corresponds to the total polynomial degree, while the secondary index m enumerates the
independent harmonic combinations of these monomials, forming a basis of the space

H,(S?) = span{ Pg}m(azﬂgd 11 <m < dim(H(SY) }.

Consequently, each Yy ,,, generally depends on all coordinates z1, ..., zq441, though with specific parity
and symmetry relations determined by the monomial exponents cx.

For d = 2, dim(H(S%)) = 2. In polar coordinates (x1,z2) = (rcosf,rsinf) of R2, this basis is
given by
Ye(l) = r¥cos(£h), Y;,(Q) = 7t sin(49). (2.8)

2.3 Decomposition into odd and even parts

Let the domain be D € {S? B*1}. We analyze the parity properties of the underlying functions. In
the one-dimensional case, a function f is defined as odd if f(—z) = — f(x) and as even if f(—z) = f(z)
almost everywhere. Then, an arbitrary function f is decomposed into its even and odd parts by

f(x):fe(x)+fo($)> fe(‘r): %(f(x)"i_f(_x))’ fo(:r) :%(f(l‘)—f(—a?))

Similarly, we do this for a function on S or B! by using the parity vector & = (&)} € {0,1}4+!
and defining

f@)= Y [Eefl@) (2.9)

£€{0,1}4+1

d+1
Ze: Lo(D) — Lo(D)  with  [Egf](z) = ;ﬁ > (H /#) fkox)

ke{—1,1}d+1 [ \i=1
e{-1,1}
where & = 1 belongs to an odd function in direction i and & = 0 belongs to an even function in

direction ¢. In (2.9) the construction of the terms is exactly such that one factor (—1) is added for
every i € [d 4+ 1], for which k; = —1 and &; = 1.

Definition 2.3. We denote the vector £ as the parity of the function g, if for all ¢ € [d+1], for almost
all x € D,

& =0 g(x) = g(xigripni, —i),
& =1 g(x) = —g(@yp, —i)-



For f € Lo(D) we define the corresponding function spaces

L2(§) = {f € L2(D) | f has parity &}.

The spaces Ly (&) are orthogonal, i.e.

LD = @ L&)

£€{0,1}4+1

2.4 The classical ANOVA decomposition

The classical ANOVA (analysis of variance) decomposition was introduced by Hoeffding [13] and has
been studied in many contexts, see for example [8, 16, B4, 24, 8] and references therein. Often
this model is also called high-dimensional model representation, see also [29] for an overview. The
ANOVA decomposition decomposes a d-variate function into 2¢ ANOVA terms where each term belongs
to a subset u C [d] of coordinate indices. Each single term only depends on the variables in the
corresponding subset and the number of these variables is the order of the ANOVA term. The ANOVA
decomposition is a valuable tool for understanding the structure and behavior of functions and enables
to focus on the most significant factors when constructing approximation models. It has extensively
been used for the analysis of quasi-Monte Carlo methods for integration, see e.g. [3], 20} 23] B3], [1T] and
references therein. Applications to sparse grids can be found in [2} [I0} 12} [I4].

Let D¢ € {T4,R%,[0,1]¢} be a tensor product domain, for a function f: D¢ — R the ANOVA
decomposition (Analysis of variance) is given by

d d
f(x) =f@+Zf{i}(l‘i)+ ST fup@nz) + ot fig@) =D ful®@a). (2.10)

i#j=1 uC[d]

It is common to refer to the terms f,, where |u| = ¢ collectively as the order-¢g terms. In general, there
are many possibilities for a decomposition . Indeed, an arbitrary choice of f,, for all |u| < d
can be accommodated by taking fig to be f minus all the other terms. But with some additional
conditions the decomposition is unique. Typically, one demands orthogonality of the involved terms
with respect to some density u. Examples for the application of the classical ANOVA decomposition
can be found in:

e For periodic functions on the torus T, trigonometrical polynomials are used as basis in [26] and
wavelet function in [22].

e On the cube [0, 1] the half-period cosine basis was studied in [27].
e For the use of random Fourier features for the generalized ANOVA decomposition on R see [28].
The classical ANOVA decomposition has the following properties

e The density u(x) = Hle wi(x;) is a tensor product density.

For the definition of the terms a projection operator is used, which integrates the function over
all variables not in u by

Puf= ][ P f:/ f@yd | [ w=)]- (2.11)
icu DI\ ic[d\u
e The ANOVA terms are defined by
fulzw) =Y (D)=, 1. (2.12)

vCu

o All terms are orthogonal: 0 = (fy, fv), for all w # v. This is a necessary condition for sensitivity
analysis, where the total variance of the function is the sum of the variances of the ANOVA terms.



For a generalization of the classical decomposition to some non-tensor product densities see for exam-
ple [15], 211 B0, 28]. The needed assumption there is that the domain is grid-closed to maintain at least
some tensor product structures. But this assumption is not fulfilled on the sphere. For this reason,
the aim of this paper is to define a spherical ANOVA decomposition for functions f: S? — R on the
sphere, whereby we want to retain as many properties of the classical decomposition as possible. For
the following reasons we can not apply the classical or generalized ANOVA decomposition directly to
the sphere:

e Using the classical decomposition on R¥*! or [0, 1] is not even with the generalized ANOVA
decomposition possible, since S is not a grid-closed domain in R**t!. Problems arise at the
intersection points of the axes with the sphere.

e Using spherical coordinates would lead to the loss of interpretability of the variables, which is a
key advantage of the ANOVA decomposition.

e For tensor product domains, the domain of the lower dimensional functions f, are the lower-
dimensional tensor product domains. For functions on the sphere this is not possible. If
fu:SI®I=1 - R, these functions have to be extended to higher dimensional spheres. We will
later define the spherical terms f,: B/*=1 — R, defined on lower dimensional balls, such that
they are automatically expanded to the sphere S¢.

e For the classical ANOVA decomposition, one uses an orthonormal basis in Lo and then finds a
connection between the basis functions and the ANOVA terms. This works well because of the
tensor product structure of the basis in the d-dimensional function space Lo. In contrast, on the
sphere S, there is no basis of tensor product form, which can be used for this purpose.

e Defining the projection operator by P;(f) = f(x1,...,%j-1,¢,Zj41,...,2q) for some anchor
point ¢ = (cj);-lzl leads to the anchored ANOVA decomposition, see for example [I8]. Due to the
geometric properties on the sphere, it is not possible to generalize this anchored decomposition
to the sphere. On the unit ball B*!, the anchored ANOVA decomposition with anchor point 0
can be calculated equally to the tensor product domain.

While proposing a spherical ANOVA decomposition in this paper, we will also highlight the differences
and challenges in comparison to the classical ANOVA decomposition.

3 A spherical ANOVA decomposition and its properties

Analyzing high-dimensional functions on the sphere poses a significant challenge, as separating lo-
cal dependencies from global structures is often non-trivial. The ANOVA decomposition provides a
systematic framework for this task by hierarchically decomposing the function into main effects and
higher-order interactions. This enables us not only to quantify the influence of individual variables
but also to understand the underlying coupling structure of the function.

Denote D = {u C [d + 1] | |u| # d}. For a function f: S? — R we will study a decomposition of
the form

d—1
f(@)=fo+ Z Z Ju (%) + far1(x) = Z fu(@w),

q=1 |u|=q ueD

where the component functions f,, : Bl“l — R are functions on lower-dimensional balls and fg4;: S —
R. The domain of the functions f,, is the lower-dimensional ball B!/, but naturally with this decom-
position, the terms f,, are also defined on S?. We do not need terms for the indices |u| = d, since due
to the normalization ||| = 1, the last variable would be specified, except for the sign, from fixing all
other variables. We treat all these parts of the function f in the very last term fig41;-

We propose to combine the spherical ANOVA decomposition with the decomposition into
even and odd parts. We will always use the index u for the spherical ANOVA terms and the index
£ for the parity of the term. Remember that & = 1 belongs to an odd function in direction x; and
& = 0 to an even function in direction x;. Since the function f,, does not depend on the variables x;
for i € u®, in the term f,, there can be only terms with parity vector & with &€, = 0. For that reason
we introduce the index-set

Tu = {E € {03 1}d+1 ‘ £u° = 0}7



where | Y, | = 2/*l. We study in this paper the decomposition of the form

f@) =3 fuelzw). (3.1)

ueD EGTu
In this decomposition we have in total
d—1 d+1
d+1 d+1
> ( + >2q+2d+1 => ( i >2q —24(d+1) =341 — 2% (d +1) (3.2)
A =\ a

spherical ANOVA terms.

Example 3.1. For the case d = 2, we have to include the 15 = 3% — 22 . 3 terms

[2,0, order 0
J113,0,0,0 75 f(13,00,0,0) 75 123,00,1,0) 75 f(21,(0,0,0) 75 [13},(0,0,0) 75 f(3},(0,0,0) T order 1
f{1,2,3},(0,0,0)T7f{l,Z,S},(O,O,l)Tvf{1,2,3},(0,1,O)T7f{l,Q,B},(O,l,l)Tv order 3
f{1,2,3},(1,0,0)T7f{1,2,3},(1,0,1)T7f{1,2,3},(1,1,0)T7f{1,2,3},(1,1,1)T order 3

Note that we do not need the two-dimensional terms f,, for |u| = 2.

In the following subsection we introduce an operator P, which we will use in Section [3:4] to define
the spherical ANOVA terms f ¢.
3.1 The projection operator
For an index u € D\[d + 1] and y € BI*l denote the fiber
{x ST c R 2, =y} (3.3)
and the corresponding integrals my,, : BI*l — R

Moy (Yu) = /MH Ldpg— o) (Tue),
S\/I*HyuH2

where f14_|y|(%ye) is the surface measure of the d — |u|-dimensional sphere of radius /1 — lyul® =

[T |-
We study the uniform distribution gy on the sphere. Due to (2.4)), the corresponding conditional
distribution on the lower dimensional balls B!l is the distribution

d—|v|
1= [yl /Hv‘ Ldpg—poi(@) if o] <d -1
mv(yv) = 0 s n |’U‘ —d
1 if v=1[d+1],
d—v|
wa—fol\/1 = l1yol” if o] <d -1,
70 if |v| =d,
1 if v=[d+ 1],
wd ifv=2.

Definition 3.2 (Projection operator). We define for u € D\ [d+1] the projection operator P, : La(S?) —
Ly (Elu‘) by

1
My (Yur)

Puf)) = Lo 7@ i a () (3.4)

V I*HUuH2
1 2
e I, (y 1= Iyl as) Qi1 ().
Wd—|u| Jsluel-1




xs3
)
U%

Figure 1: Visualization of Py f for d = 2: Integration over the red circle with fixed z1 = y;.

The operators P, calculate the mean of the function f on the fiber (3.3). Note that for |u| = d
this operator is not defined and for w = [d + 1] the operator P4,y is the identity operator. For
one-dimensional u = {z}7 the operator P, is

1 / 2
[(Pray fl(yi) = \/72(1 I /;d ) ) dpa—1 () = a1 /Sdi1 f <yi7 1—y: :l:uc> dppa—1(xic).

1 y

For d = 2, the operator Pyyy is illustrated in Figure

Here we see the difference to the classical ANOVA decomposition: In the tensor product setting
the projection operator has also tensor product structure, i.e. P, is a product of one-dimensional P;,
see (2.11). For the operator on the sphere, we do not have such a structure, but nevertheless
the operator P, has some properties, which we will use to define a spherical ANOVA decomposition.
First, the sequential application of the projection operator is the same the operator applied with the
smaller index set, as the following lemma shows.

Lemma 3.3. The operators P, fulfill for v C u,

Pquf: Pvf-
Proof. Due to the definition,
1 1
P, P, w) = —_— dpg_ we ) ditg— e
[PoPuf] (Yu) (59 /SMH () /S\ucw—l F(®) dptg— ) (Tue) dpta—|v| (Toe)
Vi-lyvl? Vi-llyul?
o fo ot )
=— — f (@) dpg—jo) (Toe) dpta—|u) (Tue)
My \Yu lwel—1 My (Yo lvel—1
() S Vil () S il
1
= o [ T@ () = (Pof](w0)
Vi-lyvl?
This finishes the proof. O

Applying the operator P, to a function, which depends only on the variables in u leads to the
following lemma. This will be helpful in Section [3:2] to define integral conditions for the ANOVA
operator.

Lemma 3.4. Ifu € D\@ and for a € D with a C w, the operator P, applied to a function g, : BI*l —
R, which is naturally also a function g, : S* — R, can also be written as

Wd Wi [ d |u|—1 5
[Pagu}( /[B;\ \al \/ 1- ||wu\a Ju (ya7 \/ 1- ||ya,H xu\a) dwu\a~

- wa- lal



For arbitrary v € D, which does not necessarily has to be a subset of w, denote a =uNwv. Then
|(uwUv)¢|—2
W(uv)<|-1 2 2
Pgaly) = 2L [ 1o o (91l e )
Wd—|v| Blu\al

Proof. We start with the first case where a C u, and use the definition of the operator P, applied to
the function gy,

1 T 2 1 — [|aw |
Pagdwe) = s [ (o) A () st \/ 1o el ¢ =l
a\Ya S . ya“ HyaH

lyall

1 2d7\a 1 Lyc Lu\a
= 1-— = 1dpg— d
matwa) V [yall el 79 (Tu) el 1 - Halal

1~ [lyall® 1—ya

&

(12.7) 1 1 —|u Ty\a
= 7/ ~Gu (mu)wd,\uﬁd lulg___Zw\e
Wa—lal JEiAal T 1—|lyal®

Wq— €r
_ Xd Iul/ rd7|u\71gu (wu)d u\a
Blu\al

Wq—
d-lal V1 lyal?
—d+|u|+1 d—|u|—1
Wq— xr
= "ML 1yl V1=l Gu (€u) d—ns
Wd—|a| al

1 lyal®

Wa—|u| S dtlul . i :
= 1= el V(= llyall®) (= llzwal) gu (e /1 = 1WalPTura ) d2ura
e )
d—|u|—-1
Wd—|u
- 7”/\ w V1T Il Gu (y“’ 1= HyaHQwu\a) dZy\a
Blu\a

/]B\u\
/]B\u\

Wd—|a|
d—|u|—1
Wa— / /
= ﬁ/ 1- ||wu\a,H2 Ju <ya7 1- HyaHQwu\a) dwu\a'
Wd—|a| Jplu\al
For arbitrary v € D, which does not necessarily has to be a subset of u, Let a = uNw,
P _ 1 d — 1 ”wu\a”2
[ ’Ugu}(y’v) - el gu(acu) /A\vc|,1(mvc), set r = _ o
Mo (Yo) Jslvel=t 1= [yl
V1i-llyw 2
[v¢]=1
1- Hy'UH2 1 T (wUv)e Ty\a
B Moy (Yo) val 7 Jol@wuwe-1 9 (@a) dpiuuo)ei—1 -] 4 2
¥ i 1= [yl L=yl
2\v"|71
_ 1= |lyo|l Ju () d T (yUv)e d Ty\a
B Mo (Yo) Blu\al T slwuwe|—1 Hituovyel—1 2 2
" L= [l L=yl
Wiuuv|c—1 2|’UC‘71 |luUv|¢—2 Ty\a
= URICU R Sl 2
v ¥ L=yl
|lv¢|—1 luUv|¢—2
Wiuuw|c—1 2 2 2
= 1- Yo / 1- Ty\a Ju (yuy 1-— Yo Lo a) dmu a
U el R VI 90l 2aa ) du,

|
Wiuyv|c—1 2 Mkl 2

= 1= [lys|] tal 1- Hmu\aH Gu | Ya,\/ 1 — [yl Tu\a | dTu\a-
B u\a

Wd—|v|

This finishes the proof. O

3.2 The ANOVA operator and the integral conditions

Every function f € Ly(S?) can be decomposed arbitrarily in the form , if we choose arbitrary terms
for f,, for [u| < d—1 and simply choose the remainder that is missing from f as the term figz41)(x).
For classical ANOVA decomposition, orthogonality is required to get a unique decomposition. This
goes hand in hand with the condition that certain mean values of the ANOVA terms are zero. In the
following we propose similar integral conditions also for the spherical ANOVA decomposition.
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Definition 3.5. For a function f € Lo(S?%), we introduce ANOVA operators A,,, which calculates for
every u € D\[d + 1] the parts

Aof = Paf = 5 | (@) duata)

[Auf](@a) = [Puf] (@) = Y [Aof](@2) i< |ul<d—1,
[As @) = f@) = Y [Aufl(@o).
veD\[d+1]

In this definition the terms A, f: Bl*l — R depend only on the variables x,,.

Another formula for the terms, which follows by induction directly from the iterative definition of
the operator A,, is

Auf =Y (1) PIp, 1. (3.5)

vCu

This is similar to the definition of the classical ANOVA decomposition, see Section Additionally,
all terms sum up to the original function, and we obtain the decomposition on the sphere,

f(il:) = Z [-Auf](wu> (3'6)

A closer look at Deﬁnition and equation ([3.6)) reveals that, for the definition to be well-defined, for
any function f consisting of a single term, f = A, f, it must hold that

Aaf{f 1fu:a’a

0 otherwise.

This automatically means by (3.5) that for a@ # @ and a function f with f = A, f,

[Auf}(yu) ifad>u

) (3.7)
0 in all other cases.

[PaAuf](Ya) = {

The terms defined in Definition are orthogonal with respect to the uniform measure on the
sphere S%, which the following theorem shows.

Theorem 3.6. For u,v € D and v # u the terms Ay f and A, f, defined in Definition [3.5, are
orthogonal with respect to the surface measure on S?,

(Awf, Av f)sa = 0.

Proof. Set w =wuNw. If w= @, we skip the following first step and proceed with the inner integral.
Otherwise let without loss of generality u\w # @, then

(Aufs Ay fhos = / Auf] () [Auf] (20) dsa(e)

-/ /
w / lwe|—1
Bl — ||z w| VI [ (12

For the inner integral we have

[Awf] () [Av [](®0) dita-jw|(Bwe) Ao

2
1— [zl

o [E29 wH2 _
Lo Al @) Ao @) (), b= \/ I \/ ol

~ lwe|—1 uc u\w
1= [ /Mwli/uc‘ I[Aufl(mmAvf](wv)duw—l( . H2>d -

1= 2w 1= |zwll

|lw€|—1 z
1~ ||z Ldufl () | [Aef] (20) dpjue u\w
/B' vl b /sb“’ - “ (\/1— Iz | ) V1= lzul®

11



Again, we proceed with the inner integral by

Lyc 1
/‘uc‘_1 [Avf] (wv) d,u\uc\—l 2 = [ —1 /\u‘:|—1 [-Avﬂ(wv) dﬂlucl—l(wuc)
S 1 — || @ 1 — ||| S Vi Teal?
1
- S [Pul Ao f]) () = 0.
2
1= [|zwll Moy (Yu)
These terms are zero due to (3.7)). O

For the classical ANOVA decomposition with tensor product structure, it is enough to require that
P, A, f =0 for all i € u due to the tensor product structure of the operator P,. On the sphere,
these conditions are slightly more complicated since the projection operator P, is not the product of
one-dimensional projections.

Lemma 3.7. The operators Ay, in Definition[3.5 fulfill condition ([3.7)) if the integral conditions

d—|u|—1
oz/m . 1 - |Twal® [Auf] (ya, 1—||ya||2wu\a) dy\a (3.8)

foralla C u,y, € Blel

0=y lal® =2 [ T ol ] (v 1 Tl = ) desa, (39)
Bua

for alla C u,yq eBlelo<r<y/1- Hya||2,m =-1,0,1,...,d — |u| —2
are fulfilled.

Proof. In Lemma we applied the projection operator P, to a function, which depends only on
the variables «,. The function A, f is such a function. Hence, this lemma follows directly from
Lemma, [3.4] O

These conditions are similar to the integral conditions for the classical ANOVA decomposition,
where we fix one yq in fy,(2,) and integrate over all other variables. These integrals then vanish for
all y4. Shortly, the ANOVA terms have to fulfill . For the classical ANOVA decomposition due
to the tensor product structure , it is enough to demand Py f,, for all 7 € w. In the spherical
case, this is much more complicated and we have to demand the integral conditions in Lemma [3.7 As
we will see in the next subsection, only odd functions A, f fulfill these conditions.

3.3 The parity of the terms A, f

In Definition we defined operators A,, which split a spherical function into lower dimensional
terms. In Lemma [3.7] we showed integral conditions that the terms A, f have to fulfill. In fact, only
odd functions fulfill these conditions.

Theorem 3.8. Let a function g € Lo(B"™), where n = |u| < d — 1. That the function g fulfills the
integral conditions (3.8)) and (3.9)) is equivalent to the function g being odd in every direction.

Proof. If the function g is odd, it easily follows that and hold true, so one direction follows
directly.

For the other direction, let g € Lo(B™) be arbitrary and fulfill the integral conditions (3.8) and
(3-9). Then, decompose g into its even and odd parts g¢ like in .

Let us fix i € {1,...,n}. Then, for yj,\i and m = 0 states that

1
2 2
0= \/1 — NYppall” — 2 / 9 (y[n]\i, \/1 — Nyppall” =2 xz) da;

12



forall 0 <r <4/1-— Hy[n]\iHQ. Using the decomposition (2.9) of g into odd and even parts, in this
integral of the terms g¢ with £ = 1 are zero, such that we have

1
0= \/1 — [lyapall® = 72 / 1 > g (y[n]\ia \/1 — [lygapll® = 72 xl) da;

T ge{o}m
£:=0

/\/ I=|lypaps P =72
—V1=|lyppill?=r? tc{0.1}n

£i=0

That means, that the function G = > ¢cio1;» ge is orthogonal to all step functions of the form
1/ (z;). The symmetric indicator functions of arbitrary step functions are a linear combination of
the indicator functions of the form 1;_,. (). Furthermore, it follows that G is also orthogonal to all
step functions on B™, which are supported on a tensor-product domain and are even in x; direction.
Since step functions are dense in Ly (B™), it follows that

(G,h)p,mny =0 forall even h € Lo(B"™) with h(x) = h(xp\;, 23) a.e.

Hence G must vanish almost everywhere. Inserting the definitions of the functions g¢ from (2.9)) into
G gives then

- - Y LY ( k,ff)gw@w)
/=1

¢ge{o,1}n ge{0,1}m ke{-1,1}"

i i

=5 > ¥ ( k§f>g(k@w)
(=1

gcfo,1}m ke{—1,1}n
p { }

=

kY sekon ¥ (11

ke{-1,1}" seg{()j}n =1
=% > gkoz) > NG
ke{-1,1}" Empi€{0,1}n=1 \ e

=5 | 2"g(x) +2"g(@ i, —) |
—_— ——

k=1 k=1-2e;
since all the other terms cancel out. It follows directly that g(z) = —g([n)\i, —2:). Similarly, this is
true for all other ¢ € {1,...,n}, such that g is odd in all directions. O

3.4 The definition of the spherical ANOVA decomposition

While the decomposition into even and odd parts is straightforward in Euclidean space, the algebraic
constraint of the sphere introduces specific dependencies between the variables. Here we discuss how
multivariate parity impacts the linear independence of the basis terms and identify which symmetry
patterns lead to redundant representations.

The ANOVA operators A, from Definition [3.5] produce only odd terms. This means, in the spherical
ANOVA decomposition only terms of the form f,, ¢ with £ = (1,,,04¢) are produced by applying
Ay to the function f itself and all even parts of a function f are contained in the last term Ayg411f.

To include the even terms also in the lower-dimensional terms of the spherical ANOVA decompo-
sition, we propose to define a spherical ANOVA decomposition of the form by the following.

Definition 3.9. For a function f € Ly(S?) we use the decomposition into even and odd parts as
defined in (2.9)) and the projection operator defined in (3.4). With these ingredients we introduce the
spherical ANOVA decomposition of the form (3.1]) by

13



1. The constant term:
1
foo=Pof = [ (@) duo).
Wq Jsd

2. The mixed terms: For all v € D\@ and u 2 v set £ = (14,0,c) € {0,1}4L. If d + 1 ¢ v, then
d+1¢ w and let

fur(10,0ve) (@u) = Pu [Ea,0,0f (@) = D far1s.0,0)(Ta) if |v] < Ju| <d -1,

vCaCu
111,100, (@) = [, 0,0 f] (@) = Y. far1,.000)(Ta).
vCa€eD\[d+1]
3. The pure even terms: For all u C [d]\@ let
fu,O(wu) =P, '—*Of Z fa 0 ma
aCu

We will discuss in Section [3.5] why we do not include the terms where d + 1 € w with &34, = 0.
Our definition of spherical ANOVA terms is of the form (3.1), all the terms f,, ¢ have parity £ and

H&f E: fa& ma

acD
supp&Ca

In Example we considered the case d = 2. A visualization of all the possible indices u and
corresponding & for the terms fy, ¢ for d = 3 can be found in Figure [2l There we show the totality
of all terms f, ¢. Later, in Section we will explain which of these terms we have to omit due to
redundancy on the sphere.

The terms in Definition can be calculated more easily by the following.

Lemma 3.10. The Definition is equivalent to this definition of spherical ANOVA terms,

1. The constant term:
_ 1
foo = PoZof = - [ (@) dui(a),
Wd Jsd

2. The mized terms: For all @ # v C [d+ 1] and u D v set € = (14,0,¢) € {0,1}4FL. Ifd+1 ¢ v,
then d+ 1 ¢ w and let

Fu(tu0ue) (@) = > (=) P [E R, 0,0 - (3.10)
vCaCu
3. The pure even terms: For all u C [d]\@ let
u,0\Lu) = - ~le u Eo Lo ).
fuo(@u) = Y (1)1, [Eo f] (2)
aCu

Proof. This proof is similar to the proof of { - ) for the classical ANOVA decomposition using in-
duction: For w = v the sum in is just one summand, namely Py[Z(1, 0,.)/f]- For the induction
step let (3.10) be fulfilled for all u D v with |u| < k and choose u O v with |u| = k+ 1. Then, due to
the alternating sum of binomial coeflicients,

fu,(lu,Ovc)(xu):P [ =(1,,0 c)f mu Z fa (15,04¢) (za)

vCaCu

=P, [ Sy Oc)f fBu Z Z ‘al lble[ =(1, Oc)f]

vCaCuvCbCla
|u\b|—1

= Pu[Eap 000 f(@a)] = D > ( \b|) 1) Py[E(1,.0,0) /]

vCbCu k=0

= Py [E(1y,000)f(@u)] + Z (—)I=PIPy 20, 0,00 f]

vCbCu

= 3 (~)MPIRE, 0,0 f)-

vCbCu
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For the pure even case, the proof is the same with v = @. O

In our spherical ANOVA decomposition we have separated the parities and established the hier-
archy. Our proposed definition of a spherical ANOVA decomposition has similarities to the classical
ANOVA decomposition, whereby we cannot transfer all properties of the classical ANOVA decomposi-
tion to the sphere. See Section 6] for example functions and their decomposition into spherical ANOVA
terms.

In our decomposition we have some orthogonality for the spherical ANOVA terms, which we will
show in the following section.

3.5 Orthogonality and Redundancy

The decomposition into parity parts belonging to the parity vectors & € {0,1}9*! see also (2.9),
is an orthogonal decomposition, which also means that for the spherical ANOVA terms defined in
Definition [3.9) we have the orthogonality for all u, @ with u # 4,

<fu,£7f{,,7é>8d =0 iff;éé

Unfortunately, we do not have orthogonality for spherical ANOVA terms with the same parity vector

£. Even worse, the equation Zjill x? = 1 on the sphere naturally leads to redundancy of the even
terms. Every even function h(zq41) can also be written as a h(z3,,) = h(1 — 2} —--- — 23), which is
a function depending on the variables x1 to x4. Additionally, fz(xl, ...,xq) is even in all directions.

For that reason we propose to omit some terms in the Definition Namely by the substitution

d

2 _ 2

C1%1+1—1_§ Ty
i=1

we propose in Definition to omit all terms, which depend on z44; and where the dependence is
even, i.e.,
fue=0 ifd+1cwuand g4 =0.

Instead of z441 one could also choose one other specific variable. For simplicity, we will stick to z441
in the following. In Figure 2| we illustrate the omitted terms for the case d = 3. In total this means,
the number of non-zero terms in the decomposition (3.1]) reduces to

d—2
d\ . d
3+l _9d(g4+1)— 2t —9d =34+l _9od (g4 9) — (1+2)¢ 24=1 4 od
<+);i d+2) =1+ +( )27+
=231 21 (d+2)+d297 1 + 27 =2.3% — 277 1(d + 2). (3.11)

3.6 The challenges with the even terms

The aim of this paper is to construct a spherical ANOVA decomposition of the form , which
combines a decomposition into ANOVA terms with the decomposition into parity parts. In Section [3.3]
we showed that the terms A,, should be odd in all directions 7 € w. This means that with the operator
A, we could only represent functions f, which have non-zero spherical ANOVA terms only for w with
& = (14,0,c). We also include even parts of the function f in our decomposition in Definition
We analyze these parts here in more detail.

If the function f is a sum of terms, which are odd in all direction, the Definition [3.9| coincides with
the decomposition, which we would expect from the classical ANOVA decomposition: Consider for
example

flx)=  x23 + 2x32] +0.05z5
—— —

f{1,2},e1+e2 f{3,4},E3+E4 f{5},25

for more details about the calculations see [A] We marked in Figure [2] all the terms, which are odd in
all directions. We do not need to do anything else for these terms.

But as soon as some even term is involved, we run into challenges. We begin with an easy example
which shows the problems of the underlying dependence of the variables on the sphere.
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Legend: Colors for &
blue: £ = (0,0,0,0)"
red: £ =(1,0,0,0)"

green: £ =(0,1,0,0)" {1,2,3,4}
magenta: & = (0,0,1,0)"
. €=(0,0,0,1)7
orange: £ = (1,1,0,0)7 %E
: 4 € uand & = 0 (redundant) 1101
0011
0101
1001
u
£
{1,2} {1,3} {2,3} {1,4} {2,4} {3,4}
0000 1000 0000 1000 0000 0100

{2}
0000

{4}

%)

0000

Figure 2: Visualization of all possible indices u and & of the terms f, ¢ for the case d = 3. As
calculated in , we have in total 49 terms. In Definition we defined these terms iteratively. We
illustrate this definition by using different colors for the terms belonging to different parity vectors .
In Section we explain which terms have to be omitted due to redundancies on the sphere. We have
grayed out the corresponding vectors &. This reduces the decomposition to 34 terms, as calculated

in (3.11)). We mark all terms where we do not have the challenges in Section E with a .
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Example 3.11. Let the function be f(x) = 2%, which is a pure even function, which depends only on
x1, but due to the fact that Z?Zl x? = 1 on the sphere, the operators P, applied to this function give

Pt = 2
Pf =27,
Pz-f:é(l—x?) i=12,...,d+1},
Pijuaf = a1 for a C [d + 1]\{1},
1 2 2 1 2
P = 1-— c|_ ac) = ——— (1 — a f 1]\ {1}.
tay f wd—|a|( HUCaH)/S‘aCP1 x7 dptjge|—1(Tac) i+1-]a| (1= llzall®) or a C [d+ 1]\{1}

For details about the calculation of the involved integrals, see also Appendix [A] Despite the function

depending only on x1, the application of the operator P, on the function leads to non-constant terms,
even if 1 ¢ w. In this easy example, we would expect that the spherical ANOVA decomposition is
fzo0= ﬁ, fryo = 3 — ﬁ and all other terms are zero. The Definition with the operator P,
leads to a much more complicated decomposition than the expected one, it introduces unnecessarily
additional terms. This is due to the natural dependence of the terms f, ¢ if some entry of &, is zero.
Namely, Definition [3.9]leads to

f@,Ozﬁv f{l},OZ:L'%_ﬁa
1
fiiyo = g(l —a?) — ﬁa friyvo = Puaf — fryo — frivo — foo = —fliyo-

And also similar for the higher order terms, which are not zero with this definition we have that

friyva,0 = —fao foralla C{2,3,...,d+1}.
Our desired function f = % is completely included in two terms, more precisely, f = fz.0 + fayo-
The only non-zero terms are fg ¢ with a C w = {1}. All the other terms cancel each other out, such

that we can set them to zero.

This example shows how we will modify Definition To mitigate the problem of dependencies
and make our spherical ANOVA decomposition more similar to the classical decomposition, we show
the following.

Lemma 3.12. Let the function f(x) have the form f(x) = g(x,), depend on all variables in u and
have parity &, i.e. S¢f = f. Let furthermore the parity vector § have the form § = (1y,04¢) T with
v C u. Then for all @ # b C [d+1]\u we have for the spherical ANOVA terms defined in Definition[3.9

that
> fave (3.12)

vCaCu

Proof. We illustrate the indices in this proof in Figure [3]
We do the proof by induction over the order |b|. First, let b = 4. Then by definition,

qui{:PuUi[Eﬁﬂ_ Z fa,E— Hﬁf Z fu.E_ Z faUzﬁ

vCaCuUi vCaCu vCaCu

Z faui,{-

vCaCu

@ e

Figure 3: Illustration of the indices u,v,b C [d + 1] in the proof of Lemma
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Thereby we used that

f=> fae (3.13)

vCaCu

Tt follows (3.12)) for b = {i}. For the induction step assume that (3.12)) holds for all b with |b| < k and
choose now b with |b| = k, then

fuub,e = PutbZe f] — Z fag

vCaCuUb
=PulEefl= D fae— Do D fabe— D faube
vCaCu o#bcbvCalu vCaCu
== ) Jaem ) D Jahe = D Jame
vCaCu @;ﬁl;Cb vCaCu vCaCu
—_———— = —_——
=0, due to =0 due to induction assumption
Hence, (3.12) is also fulfilled for b with |u| = k. O

For the spherical ANOVA decomposition we want that a function of the form f(x) = g(x,), which
depends on all the variables x,, and not on the variables x,c, has only non-zero spherical ANOVA
terms fg ¢ if @ C u. The Definition @ does not fulfill this necessarily. But with the previous lemma,
we are able to modify the decomposition by setting fauae = 0 for all @ C [d+ 1]\u and @ C u.
Then, we do not have an analytical spherical ANOVA decomposition anymore, but the decomposition
is much more similar to the classical ANOVA decomposition.

We will show in the following how to compute the spherical ANOVA decomposition numerically.

4 Choice of basis

For periodic functions one can write every function in Ly(T?) with the Fourier series. There is a direct
connection between the index k of the Fourier coefficients and the ANOVA terms f,, i.e. which parts
of the Fourier series belong to which ANOVA term, see [26]. Similarly, for orthogonal polynomials
with tensor product structure, there is an easy connection between the ANOVA index u and the
frequency indices. See also [35] for an overview about different basis choices for modeling the ANOVA
decomposition on tensor product domains.

In our case here, with the sphere as domain, we do not have a tensor product structure of the
domain available. However, for every spherical ANOVA term f, ¢ we construct in the following a
basis By.¢.

4.1 The one-dimensional terms

Let i € [d + 1]. To describe the space of one-dimensional spherical ANOVA terms f{;; ¢ with a basis
Byiy,e, we may choose an orthogonal basis 7 (2;), such that

1
St = (mo(s), me(e:))se = / i (s) me) () daz,

-1

which means that the basis functions have to be orthogonal on [—1,1] with respect to m;(z;) ~

V1= x%diz, which are the Gegenbauer polynomials with parameter o = %, usually denoted by
Cy, see [1]. For k € N define
15
1< T(a+k—1) E—2i
cy = — 1) ——=(2x)" "

Céa) (z) = —a + 2a(1 + a)z?.
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For one-dimensional terms, there are only the two possibilities: even and odd functions. The Gegen-
bauer polynomials have the nice property that for odd k they are odd functions and for even k they are

even functions. Since the linear spaces of odd and even function on [—1, 1] are orthogonal with respect
d—2
to m;(z;) ~ /1 —a? ~, we receive an orthogonal basis of the space of odd functions on [—1,1] for

describing the one-dimensional odd spherical ANOVA terms in Definition by

d—
Bie={C' V@) |-}

which depend on the ambient dimension d. For the even one-dimensional term, naturally a basis can
be constructed by the even Gegenbauer polynomials. Let u = {i}, then due to our Definition

sz{i},g = Pg&iPif — PoPof =0,

which means that the coefficient for the constant in the even one-dimensional term is zero, such that
an even basis for f;) o reads

d—
Bio={c\' @ a1y} .

4.2 The higher-dimensional terms

For describing the spherical ANOVA terms f,, ¢ on the domain B!l we are searching for an orthogonal
basis By.¢ = {Nk(Tw) | o € B}, with orthogonality with respect to the weight function 1, (,,) ~

d—1—|u|
\i 1— ||z , since then the basis is orthogonal on S¢ with respect to the uniform measure on
the sphere pg. Changing coordinates to polar coordinates, this weight function becomes

d—1—|u|
My (L) ~ V1 — 12 ,

which leads us to the Jacobi polynomials.

Remark 4.1. Jacobi polynomials P%?(x) form an orthonormal basis in Ls([—1,1]) with respect
to the weight (1 — )% (1 + z)?. For polynomials on [0,1] we use the substitution ¢+ = 72 — 1, which
means that

1
Sos = / PEB PP ()(1— 1) (1 + 1) di
—1

1
= 4/ PP (2r — 1) PP (202 — 1) [2(1 — r2)])*(2r)Pr dr
0
1
=4. 2‘”5/0 PP — )PP (22 — 1) (1 — 1) r P+ ar,

With this, an orthogonal basis on B”, used in the literature [0 Prop. 11.1.13], [1, Prop. 5.2.1] is
the following. For N e N, 0 < j < % and 1<k < dim(?—lN,gj(SW)) define

d—1—|u| N_g2jqd=2
Ph(x)=P, % T 2a)? - 1)Yin—o(x). (4.1)

These form an orthogonal basis of the space of orthogonal polynomials of degree exact N with respect
to the inner product

(f(@w) 9(Tu))se = <f(wu)vg(a’u)>(lﬂa\u\,mu) =c - (@) g(Tu) M (Tw)dTw,

where c is a normalization constant.
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4.2.1 The two-dimensional terms

In the two-dimensional case the spherical harmonics are precisely the cosine and sine functions. For
the sake of simplicity of the notation, we will construct here a basis for the terms fr; 5} ¢, but for all
other two-dimensional terms the procedure is the same.

In two-dimensional polar coordinates (z1,22) = (rcos6,rsinf), as basis Yz y_2;(x) we use (2.8).
Then, the orthogonal basis in for B2 reads

N =25

a-3 .
{Pj 2 (2r* = 1)rV " cos((N — 2j)9)}
NeNo,0<i< T

92 N-2j 5 —2j . .
U{ : 2 (27’ — 1)7”N J S]n((N — 2])9)} . (42)

N
NENp,0<5< 5

In polar coordinates, the parity vector & = (£;,&2,04_1)" defines the parity by
g(?", 9) = (_1)519(7'3 _9)7 g(rv 9) = (_1)529(T7 ™= 0)

In we have to classify the basis functions to the parity vectors and furthermore, due to the
dependencies of the spherical ANOVA terms we have to be careful additionally and have to omit some
of the basis functions, which are already included in the terms of lower order 0 or 1.

The selection rule is based on the polynomial degree N and the resulting parity vector &1y €
{0,1}? of the term fy¢. The term N — 25 has the same parity as IV, such that a distinction between
even and odd N is useful. We exclude all constant (N = 0) and linear (N = 1) terms. For the purely
even parity & = (0,0), we additionally exclude quadratic terms (N = 2) that decompose into sums
of univariate functions. The parity is determined by N and the angular function type, as detailed in
Table [Il There the basis functions for constructing By, 2} ¢ are summarized.

N J Type Form £(12) Action Reason
0 0 cos 1 (0,0)  Omit Covered by fz,0
1 0 cos I (0,1)  Omit Covered by f(1 e}
1 0 sin X (1,0)  Omit Covered by f(2 e,}
2 0 cos x?—x3 (0,0) Omit Sum of 1d terms
2 1 cos x3+x3 (0,00 Omit Sum of 1d terms
2 0 sin 122 (1,1) Keep True interaction
> 3, odd 0<5< # cos (1,0) Keep
> 3, odd j=57 cos (1,0)  Omit Redundancy
>3,0dd 0<j< A3 sin (0,1) Keep
> 3, odd j=5 sin (0,1)  Omit Redundancy
>4,even 0<j< % -2 cos (0,0) Keep
>4, even % —-1<5< % cos (0,0)  Omit Redundancy
>4, even 0<j< % sin (1,1) Keep

Table 1: Classification and selection of two-dimensional basis functions based on degree N and angular
frequency m = N — 2j. Terms marked as Omit are redundant with lower-order ANOVA terms.

The case N = 2:
A rationale for discarding the terms with N = 2 for € = (0, 0) is the specific geometry of the sphere. The
radial term P; (272 —1) and the angular term 72 cos(26) correspond to linear combinations of 2% and z3.
Since the even one-dimensional terms f{;; ¢ already span the space of x? (orthogonalized against the
constant), including these N = 2 terms in the interaction basis would introduce linear dependencies.
In contrast, the term 72sin(26) ~ ;25 is kept as it belongs to the parity class €2y = (1,1) and
represents a pure interaction that cannot be formed by sums of univariate functions.
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For N > 3 only the parity £;1,2y = (1,1) is carefree. Concerning the other cases, we have additional
redundancy, which leads to more omitted terms. The reason for this is as follows.

The case &2, = (0,0):
Let N be even, then the space of homogeneous polynomials in two variables x; and zs of the form
x%’%%z with 2k +2¢ = N has dimension £ + 1, which includes the two one-dimensional terms z{ and
oY, This means from the possibilities for j, namely 0 < j < % we can keep only % — 1 and have to
omit two, which are redundant.

The case &2 = (1,0):
Let N be odd, then the space of homogeneous polynomials in two variables ;1 and x5 of the form

221220 with 2k 41+ 2¢ = N has dimension & NELwhich includes the two one- dimensional term 21V,

This means from the possibilities for j, namely 0 S j< X = L

one, which is redundant. The case {1 2} = (0, 1) is similar.
A similar approach can be used for higher-dimensional terms. However, we will limit ourselves here

to this explanation for two-dimensional terms. We do reduce the redundancy between the terms of

different order. However these terms are not necessarily orthogonal.

we can keep only =1 and have to omit

5 Low dimensional approximation

In many applications, functions on the sphere depend on a large number of variables but are effec-
tively dominated by terms of low order. The ANOVA decomposition allows us to identify this effective
dimension and approximate the function by a sum of terms involving only a few variables. This is
particularly valuable for mitigating the curse of dimensionality and for developing efficient quadra-
ture or interpolation algorithms. Approaches for low dimensional approximation without the ANOVA
decomposition can be found for example in [36].

Similar to the approaches [26] [22] for the classical ANOVA decomposition or [28] for the generalized
ANOVA decomposition, we propose to approximate the function f using only low-dimensional terms,
ie.,

f~fo+ Z Z fue for some ¢ < d.

1<ul<q€ETu

The next step is to approximate every term by using the specific basis By, ¢ = {772‘7‘5};@61“ introduced

in Section [4
fug(@a) = D ap s (@) (5.1)

k€T,

Substituting the basis expansion (5.1)) into the truncated ANOVA decomposition leads to the global

approximation ansatz
f@rae+ > 3 3 ot ntt(@a).

1<|u|<q&€Yw k€L,

u,€

To determine the unknown coefficients a;"*, we rely on a set of sampling nodes

X ={zW, . . e} cs?

and the corresponding function values f = (f(z™),..., f(z®™)))T € RM. Let N denote the total
number of basis functions in the truncated expansion and let @ € RN be the vector stacking all
coeflicients a;:’s. Evaluating the approximation ansatz at the sampling nodes yields the linear system
of equations

Aa =y,

where the system matrix A € RM* contains the evaluations of the basis functions. Specifically, the
entry A; ¢ corresponds to the ¢-th basis function evaluated at the i-th sampling node x®),

In practical applications, the number of samples M is typically chosen to be larger than the number
of unknowns N, resulting in an overdetermined system. Consequently, we seek the coefficient vector
a that minimizes the residual in the Euclidean norm, solving the least squares problem

ggﬂig]lv |Ac — yll2. (5.2)
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While this problem can be solved using direct methods (e.g., via QR decomposition or SVD), the
dimensions of A can become large for high-dimensional approximations. Moreover, as discussed in
previous sections, the basis on the sphere may exhibit linear dependencies or ill-conditioning for certain
parity combinations. To address these challenges efficiently, we propose to solve using the LSQR
algorithm [25]. LSQR is an iterative Krylov subspace method that is particularly well-suited for large,
sparse, or ill-conditioned systems and possesses intrinsic regularization properties when the iteration
is terminated early.

Due to the dependence of the terms of different order, the following procedure may be beneficial: We
propose to do the approximation first using all terms of order one. Then, we do a second approximation
for the residuum using all terms of order 2, which could be done further. In Section [6] and Figure [ we
apply both possibilities, the plain LSQR with all terms at once and the iterative increase of the order
of the terms.

5.1 Variances for sensitivity analysis

Global sensitivity analysis has become a cornerstone of computer experiments, providing essential
insights into the input-output dependencies of numerical simulation models. Building on the founda-
tional works [32], [31], the field has evolved significantly over the last two decades, yielding a wide array
of advanced statistical methodologies and refinements of the original Sobol” indices.

While classical variance-based sensitivity analysis (Sobol’ indices) relies on the orthogonality of the
ANOVA terms to decompose the total variance into a sum of partial variances, this property assumes
independent input variables. On the sphere S?, the inputs are intrinsically coupled via the constraint
|lz|]| = 1. Consequently, for even-parity terms, a strict orthogonality cannot be maintained, and the
covariance between interaction terms is generally non-zero. Despite this lack of perfect orthogonality,
the variances o2( fu,¢) remain meaningful sensitivity measures for the following reasons:

e Following the framework of sensitivity analysis for dependent variables, see for example [I7], 28],
the contribution of a variable is always a combination of its marginal effect and its correlation
with other variables. On the sphere, these correlations are not artifacts but physical properties
of the domain. Our indices capture the combined effect of a variable and its induced changes on
the sphere.

e A crucial advantage of our proposed construction is the rigorous exclusion of redundant basis
terms. By ensuring that our dictionary of basis functions is linearly independent, we prevent
variance inflation. In a redundant system, variance could be arbitrarily shifted between linearly
dependent terms (e.g., between f; and a redundant part of f 2), leading to unstable and unin-
terpretable indices. Our restrictive construction ensures that the computed variances are stable
and reflect the intrinsic coupling of the sphere rather than numerical artifacts.

Lemma 5.1. The spherical ANOVA terms defined in Definition [3.9 have mean zero, i.e.,
Py fue=0 foralluecD\@ and all § € Ty,

Proof. Since the spherical ANOVA terms f, ¢ defined in Definition have parity &, the mean is
automatically zero, if the function f, ¢ is odd in at least one direction. The only remaining case is
when € = 0. But in this case we have for u # &,

P@fu,OZP!Z Pu[EOf](wa)_ Zfa,o(xa) :sz_PQI Zfa,o(wa)

aCu aCu

=Py Z fa,O(wa) = Z P@fa,O(wa)'
I#aCu F#aCu

By induction this finishes the proof by using the induction assumption. O

Using the previous lemma, the variances of the spherical ANOVA terms can be easily calculated
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by

02 (fug): / | fue () / fug(@a) dpa(x))? dpa( / | fue (@) dpa()

Rl LT CRIENERTES

which is a weighted variance of the term f, on Bl®l. In Sectlon I we introduced the ba81s B¢, which
is orthogonal with respect to the weight function m,. Using the approximation (5.1]), the variances
are approximated by

o (fug) = > fue@)|® = >

reX reX

Z a}i’snk (@)

k€L,

Since terms with different parity vector are orthogonal with respect to m,, we define for w # & the
Sobol indices on the sphere,

Y art(@a)

k€T,

=: Su, (5.3)

1
Su = 02(]‘) Z (fuf

EE€ET EGT xeX

where o%(f) is the variance of the data vector f and the expression S, can be calculated easily using
parts of the the matrix A and the coefficient vector a. We interpret the normalized ratio S, and its
approximation Sy, not strictly as a percentage of disjoint variance, but as a relative importance index
reflecting the stable amplitude of the corresponding spherical interaction terms.

For the classical ANOVA decomposition the Sobol indices (or sometimes called global sensitivity
indices) also denote the fraction of the variance of the ANOVA term and the total variance of the
function. Due to the orthogonality between all terms, they sum up to one.

6 Examples and numerical tests

In this chapter, we evaluate the practical applicability and accuracy of the derived spherical ANOVA
decomposition through numerical experiments. The primary objective is to demonstrate that the
proposed spherical ANOVA decomposition provides a meaningful and interpretable representation of
functions on S

To this end, we consider a set of test functions with known interaction structures. We compute
the variances of the individual ANOVA terms S, from numerically using the proposed basis
approximation and the LSQR solver in Python.

Let us consider the following test functions fa, fg, fo: S'° = R, defined by

falx) = xlwg + ngfri + 0.05z5
fe(x) = 1‘21%
folx) = x‘f + x%

i= sin(x1) 4 7 sin?(22) + 0.1 23 sin(x)

2,2 2

)
)
)
x) = 5125 + 24 + €™ + 10sin(3 7as) 25
)
) = wia5Ts
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Figure 4: Approximated Sobol indices (5.3) for the different test functions. We plot the results from
LSQR with all terms up to order ¢ = 2 together (red) and the procedure of increasing the order of the
used terms iteratively (blue). Note that we use logarithmic scaling.



The spherical ANOVA decomposition of some of these functions is calculated in details in Ap-
pendix For the numerical tests we draw M = 10000 random samples on the sphere S'°, which is
relatively sparse in this dimension, and use the basis described in Section [4] of order up to ¢ = 2 and
polynomials of maximal total order N = 10. We use to approximate the Sobol indices with this
basis. In Figure [ we illustrate the resulting indices.

e If all parts of the function are odd functions, like for f4, the non-zero terms are detected easily.
One can see in the diagram that it can happen that plain LSQR puts some variance in one-
dimensional terms, which should be zero.

e The function fp consists of one term with mixed parity. We clearly see here the effect, that the
terms f{y ;) for i > 2 are not zero, but in the order of magnitude of the Sobol indices S,, one can
see that despite the dependence of the terms, our algorithm is able to detect the two important

term f{1’2}70 and f{2}70.

e The function fo is a sum of two even functions. Our algorithm clearly detects these two one-
dimensional terms. Due to the dependence of the even terms, we get some variance for the terms
with w = {2,4} for i > 3, the reason was described in Here, the order of magnitude of the
misleading terms is slightly smaller for the case where we use LSQR with all terms of order 0, 1
and 2 together.

e If there are other terms than polynomials involved, like in the function fp, we still are able to
detect the seven non-zero terms in the spherical ANOVA decomposition.

e fg is the Ishigami function, where we are able to find the three non-zero terms.

e The function fr is a term of order 3, which means that our approximation with terms of order
maximal ¢ = 2 could not model the function exactly. However, also here we see clearly the
non-zero terms belonging to u C {1, 2, 3}.

6.1 Summary and outlook

The spherical ANOVA decomposition is a powerful mathematical framework designed to analyze high-
dimensional functions defined on the high-dimensional sphere S?. Unlike the classical ANOVA, this
approach respects the intrinsic geometry of the sphere, making it essential for problems involving
directional data or isotropic constraints.

Our decomposition allows for the breakdown of a complex function into a sum of orthogonal terms,
where each term represents the contribution of specific subsets of variables. This reveals the effective
dimension of the function.

By calculating global to Sobol indices, we can quantify how much variance is driven by single
variables versus complex interactions, effectively opening the black box of high-dimensional models.
We are able to construct sparse approximation algorithms that avoid the curse of dimensionality by
identifying that a function is dominated by low-order interactions. It paves the way for designing
specialized cubature rules that focus computational effort only on the relevant subspaces identified by
the ANOVA terms. In fields dealing with normalized feature vectors (such as text embeddings or gene
expression profiles), our spherical ANOVA decomposition can serve as a robust feature selection and
noise reduction tool.
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test functions. We use in the following these integrals frequently,
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o fa(x) = x123 + 22325 + 0.0525
The parity decomposition (2.9)) of this function is

x5 ifé¢=e; +e
2wz  if&=e3+ey
0.05x5 if&=e;5

0 otherwise .

Eefa=

Applying the operators P, to this function yields that

P{1,2}fA = 1113%
Py fa = 2x325
P{5}fA = 0.051‘5

Since all the terms are odd in all directions, the spherical ANOVA decomposition from Defini-
tion [3.9] directly gives that

f@,O = Oa
_ 3
f{1,2},el+eg = T1To

f{3,4}763+€4 = 21‘3262
f{5}765 = 0.05.%5,

and all other terms are zero.

o fp(x) = xou?
The parity decomposition (2.9)) of this function is

_ rox?  f € =ey
\:ng =

0 otherwise .
Applying the operators P, with 2 € u to this function yields that

1
P fp = affz(l — a3)

Ppioy fB = 2017

1
Poyuafp = 7@/ (1= |@al® = 23)27 ditg—ja)—1(Tac\2)
Wd—1—|al| gd—la|-1
T2 .
=@ |zal® — 23) if a C [d+1)\{1,2}

Py oyuafe = I8 if a C [d+1]\{1,2}

Here we see that the spherical ANOVA decomposition from Definition blurs the original
function (which depends only on the variables x; and x5 also to the other variables due to the
geometric properties on the sphere. But with the cancellations from Section we describe
the spherical ANOVA decomposition by

fo,0=0,
1 1
f2,e2 = El’2 — E:I,‘g
1 1
F(1,2).e0 = T2} — ST+ E:c%.

All other terms are zero.

o fo(x)=ai+a3
This is a pure even function, such that the parity decomposition of this function is

— ri+a3 ifE=0
Eefo = .
0 otherwise .

28



Applying the operators P, to this function yields due to the Beta function,

1 Wd—1 ! d—2
Pgm‘f = o fedpa(x) = y / x‘ll(l — :C%) 2 day
1

_ F(%) ' 201 Sy P F(%) ' 3/2 5
—ﬁr(g)2/0t(1 D t—ﬁr(g)/ot (1-1F at
_ MY TErE) ) v sy o 3 3
T VAT T(HE) T Vm 4An(HE)  4AT(HE) 4534l T (d+3)(d+ 1)
Pyuas = wit [* x3(1 — x%)% dzo
Wd 1
_]Xﬂ;)2/dd1—wﬂfl<ﬁ_:wd;> ltU%l ﬂ%gdt
0

_ D) TENE) _ D) sve _ T 1
CVAL() T(HY) VA T(EE)  2r(EE)  d+1
1 2

Py fo =1+ (1 —27),
1-23)%, ie€{2,3,...,.d+1},

1- x%)2 + x%v

Ppyfo = g
Py fo = ﬁ(

Pyyfo = ﬁ(l — 2?2 + %(1 —2?) i€{3,4,5,...,d+ 1}
Prigyfe = af 4+ a3,

The spherical ANOVA decomposition of this function, with regard to the cancellations in Sec-
tion [3.6] then is

oo = d+9
20T @+ 3)d+1)
3

_ _ A4

f1,€1_0a fl,O Ty (d+3)(d+1)7
1

J— — 27 —

f2,€2703 f270—$2 d—f—l’

and all other terms are zero.
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