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Abstract

We establish sensitivity analysis on the sphere. We present formulas that allow us to decompose
a function f : Sd → R into a sum of terms fu,ξ. The index u is a subset of {1, 2, . . . , d+1}, where
each term fu,ξ depends only on the variables with indices in u. In contrast to the classical
analysis of variance (ANOVA) decomposition, we additionally use the decomposition of a function
into functions with different parity, which adds the additional parameter ξ. The natural geometry
on the sphere naturally leads to the dependencies between the input variables. Using certain
orthogonal basis functions for the function approximation, we are able to model high-dimensional
functions with low-dimensional variable interactions.
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1 Introduction

Functions on the sphere arise in diverse applications, ranging from geophysics to quantum mechanics.
To efficiently analyze and approximate such functions, a deep understanding of their internal structure
is essential. The ANOVA (analysis of variance) decomposition provides a remarkably elegant framework
for understanding the structure of multivariate functions. In the classical setting, where the domain
is a tensor product space, the decomposition exhibits a particularly transparent form: component
functions corresponding to different variable subsets are orthogonal, and the hierarchical interaction
structure can be characterized cleanly. However, when the domain is the high-dimensional sphere,
this clarity gets lost. The lack of a natural product structure complicates both the definition and
computation of ANOVA components, making the extension of classical results to spherical domains
highly nontrivial.

In this paper, we develop a spherical ANOVA decomposition that allows us to split the total
variance of the function into contributions of specific groups of variables. This approach not only
yields valuable insights into variable importance but also forms the theoretical foundation for adaptive
approximation schemes.

The key difference to the classical decomposition is that we do not have a tensor product structure
of the domain here, which makes modeling more difficult and forces the introduction of additional
parameters and structures. We found that the decomposition of the function into terms of different
parity is a key ingredient for the spherical ANOVA decomposition.

Our main contributions

• We propose a spherical ANOVA decomposition for the uniform distribution on the sphere Sd.
Due to the structure of the sphere, we have to additionally distinguish between even and odd
terms and therefore introduce a parity vector.
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• We introduce reduced orthogonal bases to describe the lower dimensional terms, which we use
to implement high-dimensional function approximation on the sphere. Additionally, we define
Sobol indices on the sphere in order to apply sensitivity analysis for the spherical ANOVA
decomposition.

• We show in numerical examples that the spherical ANOVA decomposition captures the expected
non-zero spherical ANOVA terms, similar to how one would expect the terms from the classical
ANOVA decomposition.

However, extending the ANOVA decomposition from a tensor product domain to the sphere leads
to theoretical challenges arising from the geometry of the domain. In Section 2.4, we recall this
classical ANOVA decomposition. The intrinsic curvature of the sphere automatically induces variable
interactions. Even if the function has a simple structure in cartesian coordinates, the manifold’s
constraints enforce coupling between variables, effectively creating artificial interactions. Second, the
natural algebraic dependence of the variables (i.e., ∥x∥ = 1) implies that the inputs cannot vary
independently. Consequently, it is generally impossible to construct a decomposition consisting of
strictly orthogonal terms in the classical sense.

The analysis of functions on the sphere, the ball and the simplex are related. Here, we focus on
the analysis of the sphere, but the key idea can be transferred to the unit ball and the simplex. Due
to the different geometry on the unit ball and the simplex, the dependencies between the ANOVA
terms must be considered carefully. So, we leave the considerations of our approach on the ball and
the simplex open for future work.

Related work
Several alternative approaches for dimension reduction and approximation on the sphere exist. Ge-
ometric approaches such as those described in [4] attempt to approximate the data using optimal
(rotated) submanifolds. Global polynomial approximation methods for scattered data typically re-
quire a number of samples exponential in d, as described in [9].

Employing the Dirac measure for high-dimensional approximation leads to the anchored ANOVA
decomposition, see for example [18]. Due to the geometric properties on the sphere, it is not possible
to to generalize this decomposition to the sphere.

In the context of sensitivity analysis, quantifying the influence of groups of variables remains
a challenging task when inputs are correlated. As recently discussed by [19], defining the explicit
contribution of subsets of variables requires careful consideration in the presence of dependence. Recent
advances in global sensitivity analysis for dependent variables also include kernel-embedding techniques
and Shapley effects, [5] as well as random Fourier features, [28].

To date, no dedicated ANOVA decomposition for the sphere has been established in the literature.
The approach proposed in this work fills this gap and aims to identify the importance of the original
physical variables and their specific interactions.

Structure of this work
The next section is a preliminary in which we recall a collection of known concepts, definitions and
variable substitutions that we will use in this paper. We generalize the projection operator from
the classical ANOVA decomposition in Section 3.1. With this, we introduce an ANOVA operator in
Section 3.2. We show properties of this operator, related to the parity, in Section 3.3.

In Section 3.4, we finally introduce the spherical ANOVA decomposition, for which we show or-
thogonality and redundancy relations in Section 3.5. In Section 3.6, we highlight the problems that
naturally arise with even functions and show how we can fix them. In Section 4, we introduce the
orthogonal basis on the lower dimensional balls, which we use to describe the spherical ANOVA terms.
How we proceed numerically is described in more detail in Section 5 and finally in Section 6 we ap-
ply our algorithms to some test functions to calculate the spherical ANOVA decomposition of these
functions.

Notation
We introduce some notation, which we will use in this paper. We use bold face for vectors and matrices.
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The parameter d is always the ambient dimension. We denote the sphere and ball of radius r by

Sdr =
{
x ∈ Rd+1 : ∥x∥2 = r

}
,

Bd+1
r =

{
x ∈ Rd+1 : ∥x∥2 ≤ r

}
.

As usual, we omit the parameter r for the unit sphere Sd and unit ball Bd+1. Let the surface measure
on Sd be denoted by µd and we assume it is normalized such that∫

Sd
dµd(x) =

2π
d+1
2

Γ
(
d+1
2

) =: ωd.

Furthermore, S0 := {−1, 1}. Let [d + 1] = {1, 2, . . . , d + 1}. For every index u ⊆ [d + 1] we denote
the corresponding partial vector of the vector x by xu = (xi)i∈u. For every subset u ⊂ [d + 1] we
denote the complement by uc := [d + 1]\u. We compose a vector from 2 (or more) parts by writing
c = (au, buc), which means for the vector c that cu = au and cuc = auc . We use the usual notation
for L2-spaces and the corresponding scalar products on the domain D ∈ {Bd+1, Sd},

∥f∥L2(D) =

∫
D
|f(x)|2dx, L2(D) = {f : D → R | ∥f∥L2(D) < ∞},

⟨f, g⟩D =

∫
D
f(x)g(x)dx.

2 Preliminaries

In this section we collect basic concepts and results which we will use later to construct a spherical
ANOVA decomposition.

2.1 Variable substitutions on the sphere Sd and the ball Bd

We collect some substitutions which we will use later here. Splitting the integral over the ball into two
integrals over the sphere and the radius by using polar coordinates leads to the following basic lemma.

Lemma 2.1. For a function g : Bd → R the integral on the d-dimensional ball can be decomposed into∫
Bd

g(x) dx =

∫ 1

0

∫
Sd−1

g(rz) rd−1 dµd−1(z) dr.

2.1.1 Variable substitutions on the sphere

Let us decompose the surface measure µd by the following. For every x ∈ Sd and ∅ ̸= u ⊂ [d+ 1] we

can write as 1 = ∥xu∥2 + ∥xuc∥2. From [6, Lemma A.5.4.] and Lemma 2.1 follows for |u| ≥ 2 and
xu ∈ S|u|−1,∫

S|v|+|u|−1

g(x) dµ|v|+|u|−1(x) =

∫
B|v|

√
1− ∥xv∥2

|u|−2 ∫
S|u|−1

g

(
xv,

√
1− ∥xv∥2xu

)
dµ|u|−1(xu) dxv

(2.1)

=

∫ 1

0

∫
S|v|−1

√
1− r2

|u|−2
r|v|−1

∫
S|u|−1

g(rzv,
√

1− r2xu) dµ|u|−1(xu) dµ|v|−1(zv) dr.

For the case where u = i we write for xv∪i ∈ S|v|, xv∪i = (
√
1− r2yv, r), where xv ∈ S|v|−1 and

r ∈ [−1, 1]. It follows that

dµ|v|(xv∪i) =
√
1− r2

|v|−2
dr dµ|v|−1(xv).

Changing the variables xv∪i → (
√
1− r2yv, r) gives∫

S|v|
g(x) dµ|v|(x) =

∫ 1

−1

∫
S|v|−1

g
(√

1− r2yv, r
)√

1− r2
|v|−2

dµ|v|−1(yv) dr. (2.2)
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We use (2.1) and obtain in the special case x = (xuc ,xu) = (rzuc ,xu) ∈ Sd with d = |u|+ |uc|−1,
zuc ∈ S|uc|−1∫

Sd
g(x) dµd(x) =

∫
B|uc|

√
1− ∥xuc∥2

|u|−2 ∫
S|u|−1

g

(
xuc ,

√
1− ∥xuc∥2xu

)
dµ|u|−1(xu) dxuc (2.3)

=

∫ 1

0

∫
S|uc|−1

√
1− r2

|u|−2
r|u

c|−1

∫
S|u|−1

g(rzuc ,
√

1− r2xu) dµ|u|−1(xu) dµ|uc|−1(zuc) dr.

2.1.2 Integrals on spheres with radius r

For the surface integral for a sphere with radius r, we have for y = rx, x ∈ Sd,y ∈ Sdr ,∫
Sdr

h(y) dµd(y) = rd
∫
Sd

h(rx) dµd(x). (2.4)

We use for h : Sd → R the following decomposition of the integral on the sphere,∫
Sd

h(x) dµd(x)
(2.3)
=

∫
B|u|

√
1− ∥xu∥2

|uc|−2 ∫
S|uc|−1

h

(
xu,

√
1− ∥xu∥2xuc

)
dµ|uc|−1(xuc) dxu

(2.4)
=

∫
B|u|

1√
1− ∥xu∥2

∫
S|u

c|−1√
1−∥xu∥2

h (xu,xuc) dµ|uc|−1(xuc) dxu. (2.5)

Similarly, the integral on a sphere with different radius,∫
Sdr

h(rx) dµd(rx)
(2.4)
= rd

∫
Sd

h(rx) dµd(x)

(2.5)
= rd

∫
B|u|

1√
1− ∥xu∥2

∫
S|u

c|−1√
1−∥xu∥2

h(rx) dµd−|u|(xuc) dxu. (2.6)

For balls with different radius, we have∫
Bd
r

h(y) dy = rd
∫
Bd

h(rx) dx. (2.7)

2.2 Spherical harmonics

A polynomial p : Rd+1 → R is called homogeneous of degree ℓ if

p(rx) = rℓp(x) for all r > 0, x ∈ Rd+1.

Let Pd
ℓ denote the space of real homogeneous polynomials of degree ℓ. A polynomial is called harmonic

if it satisfies the Laplace equation

∆p = 0, ∆ =

d+1∑
i=1

∂2

∂x2
i

.

For ℓ = 0, 1, . . . , we denote the linear spaces of real harmonic polynomials of degree ℓ by

Hd
ℓ := {p ∈ Pd

ℓ | ∆p = 0}.

The restriction of a homogeneous harmonic polynomial p of degree ℓ to the sphere Sd is called a
spherical harmonic of degree ℓ. We denote the corresponding space by

Hℓ(Sd) :=
{
p|Sd : p homogeneous, harmonic, and of degree ℓ

}
,

see for example [6, 7] for more details about these spaces. The spaces Hℓ(Sd) form an orthogonal
decomposition

L2(Sd) =
∞⊕
ℓ=0

Hℓ(Sd),
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and any f ∈ L2(Sd) admits the spherical harmonic expansion

f(x) =

∞∑
ℓ=0

dim(Hℓ(Sd))∑
m=1

f̂ℓ,m Yℓ,m(x),

where {Yℓ,m}dim(Hℓ(Sd))
m=1 is an orthonormal basis of Hℓ(Sd) and dim(Hℓ(Sd)) denotes its dimension.

Remark 2.2 (Polynomial representatives and coordinate dependence). Each spherical harmonic
Yℓ,m ∈ Hℓ(Sd) is the restriction of a homogeneous harmonic polynomial Pℓ,m : Rd+1 → R of degree ℓ,
i.e.

Yℓ,m(x) = Pℓ,m(x)
∣∣
Sd .

The polynomial Pℓ,m can be expressed as a linear combination of monomials

xα1
1 xα2

2 · · ·xαd+1

d+1 , |α| := α1 + · · ·+ αd+1 = ℓ,

whose coefficients are determined by the harmonicity condition ∆Pℓ,m = 0. Thus, every spherical
harmonic of degree ℓ involves monomials of total degree ℓ in the Cartesian coordinates. In particular,
the index ℓ corresponds to the total polynomial degree, while the secondary index m enumerates the
independent harmonic combinations of these monomials, forming a basis of the space

Hℓ(Sd) = span
{
Pℓ,m(x)

∣∣
Sd : 1 ≤ m ≤ dim(Hℓ(Sd))

}
.

Consequently, each Yℓ,m generally depends on all coordinates x1, . . . , xd+1, though with specific parity
and symmetry relations determined by the monomial exponents α.

For d = 2, dim(Hℓ(Sd)) = 2. In polar coordinates (x1, x2) = (r cos θ, r sin θ) of R2, this basis is
given by

Y
(1)
ℓ = rℓ cos(ℓθ), Y

(2)
ℓ = rℓ sin(ℓθ). (2.8)

2.3 Decomposition into odd and even parts

Let the domain be D ∈ {Sd,Bd+1}. We analyze the parity properties of the underlying functions. In
the one-dimensional case, a function f is defined as odd if f(−x) = −f(x) and as even if f(−x) = f(x)
almost everywhere. Then, an arbitrary function f is decomposed into its even and odd parts by

f(x) = fe(x) + fo(x), fe(x) =
1
2 (f(x) + f(−x)), fo(x) =

1
2 (f(x)− f(−x)).

Similarly, we do this for a function on Sd or Bd+1 by using the parity vector ξ = (ξi)
d+1
i=1 ∈ {0, 1}d+1

and defining

f(x) =
∑

ξ∈{0,1}d+1

[Ξξf ](x), (2.9)

Ξξ : L2(D) → L2(D) with [Ξξf ](x) :=
1

2d+1

∑
k∈{−1,1}d+1


(

d+1∏
i=1

kξii

)
︸ ︷︷ ︸

∈{−1,1}

f(k ⊙ x)


where ξi = 1 belongs to an odd function in direction i and ξi = 0 belongs to an even function in
direction i. In (2.9) the construction of the terms is exactly such that one factor (−1) is added for
every i ∈ [d+ 1], for which ki = −1 and ξi = 1.

Definition 2.3. We denote the vector ξ as the parity of the function g, if for all i ∈ [d+1], for almost
all x ∈ D,

ξi = 0 ⇔ g(x) = g(x[d+1]\i,−xi),

ξi = 1 ⇔ g(x) = −g(x[d+1]\i,−xi).
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For f ∈ L2(D) we define the corresponding function spaces

L2(ξ) = {f ∈ L2(D) | f has parity ξ}.

The spaces L2(ξ) are orthogonal, i.e.

L2(D) =
⊕

ξ∈{0,1}d+1

L2(ξ).

2.4 The classical ANOVA decomposition

The classical ANOVA (analysis of variance) decomposition was introduced by Hoeffding [13] and has
been studied in many contexts, see for example [8, 16, 34, 24, 18] and references therein. Often
this model is also called high-dimensional model representation, see also [29] for an overview. The
ANOVA decomposition decomposes a d-variate function into 2d ANOVA terms where each term belongs
to a subset u ⊆ [d] of coordinate indices. Each single term only depends on the variables in the
corresponding subset and the number of these variables is the order of the ANOVA term. The ANOVA
decomposition is a valuable tool for understanding the structure and behavior of functions and enables
to focus on the most significant factors when constructing approximation models. It has extensively
been used for the analysis of quasi-Monte Carlo methods for integration, see e.g. [3, 20, 23, 33, 11] and
references therein. Applications to sparse grids can be found in [2, 10, 12, 14].

Let Dd ∈ {Td,Rd, [0, 1]d} be a tensor product domain, for a function f : Dd → R the ANOVA
decomposition (Analysis of variance) is given by

f(x) = f∅ +

d∑
i=1

f{i}(xi) +

d∑
i̸=j=1

f{i,j}(xi, xj) + · · ·+ f[d](x) =
∑
u⊆[d]

fu(xu). (2.10)

It is common to refer to the terms fu where |u| = q collectively as the order-q terms. In general, there
are many possibilities for a decomposition (2.10). Indeed, an arbitrary choice of fu for all |u| < d
can be accommodated by taking f[d] to be f minus all the other terms. But with some additional
conditions the decomposition is unique. Typically, one demands orthogonality of the involved terms
with respect to some density µ. Examples for the application of the classical ANOVA decomposition
can be found in:

• For periodic functions on the torus Td, trigonometrical polynomials are used as basis in [26] and
wavelet function in [22].

• On the cube [0, 1] the half-period cosine basis was studied in [27].

• For the use of random Fourier features for the generalized ANOVA decomposition on Rd see [28].

The classical ANOVA decomposition has the following properties

• The density µ(x) =
∏d

i=1 µi(xi) is a tensor product density.

• For the definition of the terms a projection operator is used, which integrates the function over
all variables not in u by

Puf =

[∏
i∈u

Pi

]
f =

∫
D|d\u|

f(x) d

 ∏
i∈[d]\u

µi(xi)

 . (2.11)

• The ANOVA terms are defined by

fu(xu) =
∑
v⊆u

(−1)|u|−|v|Pvf. (2.12)

• All terms are orthogonal: 0 = ⟨fu, fv⟩µ for all u ̸= v. This is a necessary condition for sensitivity
analysis, where the total variance of the function is the sum of the variances of the ANOVA terms.
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For a generalization of the classical decomposition to some non-tensor product densities see for exam-
ple [15, 21, 30, 28]. The needed assumption there is that the domain is grid-closed to maintain at least
some tensor product structures. But this assumption is not fulfilled on the sphere. For this reason,
the aim of this paper is to define a spherical ANOVA decomposition for functions f : Sd → R on the
sphere, whereby we want to retain as many properties of the classical decomposition as possible. For
the following reasons we can not apply the classical or generalized ANOVA decomposition directly to
the sphere:

• Using the classical decomposition on Rd+1 or [0, 1]d+1 is not even with the generalized ANOVA
decomposition possible, since Sd is not a grid-closed domain in Rd+1. Problems arise at the
intersection points of the axes with the sphere.

• Using spherical coordinates would lead to the loss of interpretability of the variables, which is a
key advantage of the ANOVA decomposition.

• For tensor product domains, the domain of the lower dimensional functions fu are the lower-
dimensional tensor product domains. For functions on the sphere this is not possible. If
fu : S|u|−1 → R, these functions have to be extended to higher dimensional spheres. We will
later define the spherical terms fu : B|u|−1 → R, defined on lower dimensional balls, such that
they are automatically expanded to the sphere Sd.

• For the classical ANOVA decomposition, one uses an orthonormal basis in L2 and then finds a
connection between the basis functions and the ANOVA terms. This works well because of the
tensor product structure of the basis in the d-dimensional function space L2. In contrast, on the
sphere Sd, there is no basis of tensor product form, which can be used for this purpose.

• Defining the projection operator by Pj(f) = f(x1, . . . , xj−1, cj , xj+1, . . . , xd) for some anchor
point c = (cj)

d
j=1 leads to the anchored ANOVA decomposition, see for example [18]. Due to the

geometric properties on the sphere, it is not possible to generalize this anchored decomposition
to the sphere. On the unit ball Bd+1, the anchored ANOVA decomposition with anchor point 0
can be calculated equally to the tensor product domain.

While proposing a spherical ANOVA decomposition in this paper, we will also highlight the differences
and challenges in comparison to the classical ANOVA decomposition.

3 A spherical ANOVA decomposition and its properties

Analyzing high-dimensional functions on the sphere poses a significant challenge, as separating lo-
cal dependencies from global structures is often non-trivial. The ANOVA decomposition provides a
systematic framework for this task by hierarchically decomposing the function into main effects and
higher-order interactions. This enables us not only to quantify the influence of individual variables
but also to understand the underlying coupling structure of the function.

Denote D := {u ⊆ [d + 1] | |u| ̸= d}. For a function f : Sd → R we will study a decomposition of
the form

f(x) = f∅ +

d−1∑
q=1

∑
|u|=q

fu (xu) + fd+1(x) =
∑
u∈D

fu(xu),

where the component functions fu : B|u| → R are functions on lower-dimensional balls and fd+1 : Sd →
R. The domain of the functions fu is the lower-dimensional ball B|u|, but naturally with this decom-
position, the terms fu are also defined on Sd. We do not need terms for the indices |u| = d, since due
to the normalization ∥x∥ = 1, the last variable would be specified, except for the sign, from fixing all
other variables. We treat all these parts of the function f in the very last term f[d+1].

We propose to combine the spherical ANOVA decomposition (3) with the decomposition (2.9) into
even and odd parts. We will always use the index u for the spherical ANOVA terms and the index
ξ for the parity of the term. Remember that ξi = 1 belongs to an odd function in direction xi and
ξi = 0 to an even function in direction xi. Since the function fu does not depend on the variables xi

for i ∈ uc, in the term fu there can be only terms with parity vector ξ with ξuc = 0. For that reason
we introduce the index-set

Υu := {ξ ∈ {0, 1}d+1 | ξuc = 0},
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where |Υu| = 2|u|. We study in this paper the decomposition of the form

f(x) =
∑
u∈D

∑
ξ∈Υu

fu,ξ(xu). (3.1)

In this decomposition we have in total

d−1∑
q=0

(
d+ 1

q

)
2q + 2d+1 =

d+1∑
q=0

(
d+ 1

q

)
2q − 2d (d+ 1) = 3d+1 − 2d (d+ 1) (3.2)

spherical ANOVA terms.

Example 3.1. For the case d = 2, we have to include the 15 = 33 − 22 · 3 terms

f∅,0, order 0

f{1},(1,0,0)⊤ , f{1},(0,0,0)⊤ , f{2},(0,1,0)⊤ , f{2},(0,0,0)⊤ , f{3},(0,0,1)⊤ , f{3},(0,0,0)⊤ , order 1

f{1,2,3},(0,0,0)⊤ , f{1,2,3},(0,0,1)⊤ , f{1,2,3},(0,1,0)⊤ , f{1,2,3},(0,1,1)⊤ , order 3

f{1,2,3},(1,0,0)⊤ , f{1,2,3},(1,0,1)⊤ , f{1,2,3},(1,1,0)⊤ , f{1,2,3},(1,1,1)⊤ order 3

Note that we do not need the two-dimensional terms fu for |u| = 2.

In the following subsection we introduce an operator Pu, which we will use in Section 3.4 to define
the spherical ANOVA terms fu,ξ.

3.1 The projection operator

For an index u ∈ D\[d+ 1] and y ∈ B|u| denote the fiber

{x ∈ Sd ⊂ Rd+1 : xu = y} (3.3)

and the corresponding integrals mu : B|u| → R

mu(yu) :=

∫
S|u

c|−1√
1−∥yu∥2

1 dµd−|u|(xuc),

where µd−|u|(xuc) is the surface measure of the d − |u|-dimensional sphere of radius

√
1− ∥yu∥2 =

∥xuc∥.
We study the uniform distribution µd on the sphere. Due to (2.4), the corresponding conditional

distribution on the lower dimensional balls B|u|, is the distribution

mv(yv) =


√
1− ∥yv∥2

d−|v| ∫
Sd−|v|

1 dµd−|v|(x) if |v| ≤ d− 1

0 if |v| = d,

1 if v = [d+ 1],

=


ωd−|v|

√
1− ∥yv∥2

d−|v|
if |v| ≤ d− 1,

0 if |v| = d,

1 if v = [d+ 1],

ωd if v = ∅.

Definition 3.2 (Projection operator). We define for u ∈ D\[d+1] the projection operator Pu : L2(Sd) →
L2(B|u|) by

[Puf ](yu) :=
1

mu(yu)

∫
S|u

c|−1√
1−∥yu∥2

f(x) dµ|uc|−1(xuc) (3.4)

=
1

ωd−|u|

∫
S|uc|−1

f

(
yu,

√
1− ∥yu∥2xuc

)
dµ|uc|−1(xuc).
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x1

x2

x3

y1

S1√
1−y2

1

Figure 1: Visualization of P{1}f for d = 2: Integration over the red circle with fixed x1 = y1.

The operators Pu calculate the mean of the function f on the fiber (3.3). Note that for |u| = d
this operator is not defined and for u = [d + 1] the operator P[d+1] is the identity operator. For
one-dimensional u = {i}, the operator Pu is

[P{i}f ](yi) =
1

ωd−1

√
1− y2

i

d−1

∫
Sd−1√

1−y2
i

f(x) dµd−1(x[d+1]\i) =
1

ωd−1

∫
Sd−1

f

(
yi,

√
1− y2

i xuc

)
dµd−1(xic).

For d = 2, the operator P{1} is illustrated in Figure 1.
Here we see the difference to the classical ANOVA decomposition: In the tensor product setting

the projection operator has also tensor product structure, i.e. Pu is a product of one-dimensional Pi,
see (2.11). For the operator (3.4) on the sphere, we do not have such a structure, but nevertheless
the operator Pu has some properties, which we will use to define a spherical ANOVA decomposition.
First, the sequential application of the projection operator is the same the operator applied with the
smaller index set, as the following lemma shows.

Lemma 3.3. The operators Pu fulfill for v ⊂ u,

PvPuf = Pvf.

Proof. Due to the definition,

[PvPuf ] (yu) =
1

mv(yv)

∫
S|v

c|−1√
1−∥yv∥2

1

mu(yu)

∫
S|u

c|−1√
1−∥yu∥2

f(x) dµd−|u|(xuc) dµd−|v|(xvc)

=
1

mu(yu)

∫
S|u

c|−1√
1−∥yu∥2

1

mv(yv)

∫
S|v

c|−1√
1−∥yv∥2

f(x) dµd−|v|(xvc) dµd−|u|(xuc)

=
1

mv(yv)

∫
S|v

c|−1√
1−∥yv∥2

f(x) dµd−|v|(xvc) = [Pvf ] (yv).

This finishes the proof.

Applying the operator Pa to a function, which depends only on the variables in u leads to the
following lemma. This will be helpful in Section 3.2 to define integral conditions for the ANOVA
operator.

Lemma 3.4. If u ∈ D\∅ and for a ∈ D with a ⊂ u, the operator Pa applied to a function gu : B|u| →
R, which is naturally also a function gu : Sd → R, can also be written as

[Pagu] (ya) =
ωd−|u|

ωd−|a|

∫
B|u\a|

√
1− ∥xu\a∥

2
d−|u|−1

gu

(
ya,

√
1− ∥ya∥2xu\a

)
dxu\a.
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For arbitrary v ∈ D, which does not necessarily has to be a subset of u, denote a = u ∩ v. Then

[Pvgu](yv) =
ω|(u∪v)c|−1

ωd−|v|

∫
B|u\a|

√
1− ∥xu\a∥

2
|(u∪v)c|−2

gu

(
ya,

√
1− ∥yv∥2 xu\a

)
dxu\a.

Proof. We start with the first case where a ⊂ u, and use the definition of the operator Pa applied to
the function gu,

[Pagu](ya) =
1

ma(ya)

∫
Sd−|a|√

1−∥ya∥

gu(xu) dµd−|a|(xac) set r =

√
1− ∥xu\a∥2

1− ∥ya∥2
=

√
1− ∥xu∥2

1− ∥ya∥2
,

(2.6)
=

1

ma(ya)

√
1− ∥ya∥2

d−|a| ∫
B|u\a|

1

r
gu (xu)

∫
S|u

c|−1
r

1 dµd−|a|

 xuc√
1− ∥ya∥2

 d
xu\a√

1− ∥ya∥2

(2.7)
=

1

ωd−|a|

∫
B|u\a|

1

r
gu (xu)ωd−|u|r

d−|u| d
xu\a√

1− ∥ya∥2

=
ωd−|u|

ωd−|a|

∫
B|u\a|

rd−|u|−1gu (xu) d
xu\a√

1− ∥ya∥2

=
ωd−|u|

ωd−|a|

√
1− ∥ya∥2

−d+|u|+1 ∫
B|u\a|

√
1− ∥xu∥2

d−|u|−1

gu (xu) d
xu\a√

1− ∥ya∥2

=
ωd−|u|

ωd−|a|

√
1− ∥ya∥2

−d+|u|+1 ∫
B|u\a|

√(
1− ∥ya∥2

) (
1− ∥xu\a∥2

)d−|u|−1

gu

(
ya,

√
1− ∥ya∥2xu\a

)
dxu\a

=
ωd−|u|

ωd−|a|

∫
B|u\a|

√
1− ∥xu\a∥2

d−|u|−1

gu

(
ya,

√
1− ∥ya∥2xu\a

)
dxu\a

=
ωd−|u|

ωd−|a|

∫
B|u\a|

√
1− ∥xu\a∥2

d−|u|−1

gu

(
ya,

√
1− ∥ya∥2xu\a

)
dxu\a.

For arbitrary v ∈ D, which does not necessarily has to be a subset of u, Let a = u ∩ v,

[Pvgu](yv) =
1

mv(yv)

∫
S|v

c|−1√
1−∥yv∥2

gu(xu) dµ|vc|−1(xvc), set r :=

√
1− ∥xu\a∥2

1− ∥yv∥2
,

(2.6)
=

√
1− ∥yv∥2

|vc|−1

mv(yv)

∫
B|u\a|

1

r

∫
S|(v∪u)c|−1
r

gu (xu) dµ|(u∪v)c|−1

 x(u∪v)c√
1− ∥yv∥2

 d

 xu\a√
1− ∥yv∥2



=

√
1− ∥yv∥2

|vc|−1

mv(yv)

∫
B|u\a|

gu (xu)

r

∫
S|(v∪u)c|−1
r

dµ|(u∪v)c|−1

 x(u∪v)c√
1− ∥yv∥2

 d

 xu\a√
1− ∥yv∥2


=

ω|u∪v|c−1

mv(yv)

√
1− ∥yv∥2

|vc|−1 ∫
B|u\a|

gu (xu) r
|u∪v|c−2 d

 xu\a√
1− ∥yv∥2


=

ω|u∪v|c−1

mv(yv)

√
1− ∥yv∥2

|vc|−1 ∫
B|u\a|

√
1− ∥xu\a∥2

|u∪v|c−2

gu

(
ya,

√
1− ∥yv∥2 xu\a

)
dxu\a

=
ω|u∪v|c−1

ωd−|v|

√
1− ∥yv∥2

∫
B|u\a|

√
1− ∥xu\a∥2

|u∪v|c−2

gu

(
ya,

√
1− ∥yv∥2 xu\a

)
dxu\a.

This finishes the proof.

3.2 The ANOVA operator and the integral conditions

Every function f ∈ L2(Sd) can be decomposed arbitrarily in the form (3), if we choose arbitrary terms
for fu for |u| ≤ d − 1 and simply choose the remainder that is missing from f as the term f[d+1](x).
For classical ANOVA decomposition, orthogonality is required to get a unique decomposition. This
goes hand in hand with the condition that certain mean values of the ANOVA terms are zero. In the
following we propose similar integral conditions also for the spherical ANOVA decomposition.
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Definition 3.5. For a function f ∈ L2(Sd), we introduce ANOVA operators Au, which calculates for
every u ∈ D\[d+ 1] the parts

A∅f = P∅f =
1

ωd

∫
Sd

f(x) dµd(x),

[Auf ](xu) = [Puf ] (xu)−
∑
v⊂u

[Avf ](xv) if 1 ≤ |u| ≤ d− 1,

[A[d+1]f ](x) = f(x)−
∑

v∈D\[d+1]

[Avf ](xv).

In this definition the terms Auf : B|u| → R depend only on the variables xu.

Another formula for the terms, which follows by induction directly from the iterative definition of
the operator Au is

Auf =
∑
v⊆u

(−1)|u|−|v|Pvf. (3.5)

This is similar to the definition of the classical ANOVA decomposition, see Section 2.4. Additionally,
all terms sum up to the original function, and we obtain the decomposition on the sphere,

f(x) =
∑
u∈D

[Auf ](xu). (3.6)

A closer look at Definition 3.5 and equation (3.6) reveals that, for the definition to be well-defined, for
any function f consisting of a single term, f = Auf , it must hold that

Aaf =

{
f if u = a,

0 otherwise.

This automatically means by (3.5) that for a ̸= ∅ and a function f with f = Auf ,

[PaAuf ] (ya) =

{
[Auf ](yu) if a ⊇ u

0 in all other cases.
(3.7)

The terms defined in Definition 3.5 are orthogonal with respect to the uniform measure on the
sphere Sd, which the following theorem shows.

Theorem 3.6. For u,v ∈ D and v ̸= u the terms Auf and Avf , defined in Definition 3.5, are
orthogonal with respect to the surface measure on Sd,

⟨Auf,Avf⟩Sd = 0.

Proof. Set w = u ∩ v. If w = ∅, we skip the following first step and proceed with the inner integral.
Otherwise let without loss of generality u\w ̸= ∅, then

⟨Auf,Avf⟩Sd =

∫
Sd
[Auf ] (xu) [Avf ] (xv) dµd(x)

(2.5)
=

∫
B|w|

1√
1− ∥xw∥2

∫
S|w

c|−1√
1−∥xw∥2

[Auf ] (xu) [Avf ] (xv) dµd−|w|(xwc) dxw.

For the inner integral we have∫
S|w

c|−1√
1−∥xw∥2

[Auf ] (xu) [Avf ] (xv) dµd−|w|(xwc), b :=

√
1− ∥xu\w∥2

1− ∥xw∥2
=

√
1− ∥xu∥2

1− ∥xw∥2
,

(2.6)
=

√
1− ∥xw∥2

|wc|−1 ∫
B|u\w|

1

b

∫
S|u

c|−1
b

[Auf ] (xu) [Avf ] (xv) dµ|uc|−1

 xuc√
1− ∥xw∥2

 d
xu\w√

1− ∥xw∥2

=

√
1− ∥xw∥2

|wc|−1 ∫
B|u\w|

1

b
[Auf ] (xu)

∫
S|u

c|−1
b

[Avf ] (xv) dµ|uc|−1

 xuc√
1− ∥xw∥2

 d
xu\w√

1− ∥xw∥2
.
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Again, we proceed with the inner integral by

∫
S|u

c|−1
b

[Avf ] (xv) dµ|uc|−1

 xuc√
1− ∥xw∥2

 =
1√

1− ∥xw∥2
|uc|−1

∫
S|u

c|−1√
1−∥xu∥2

[Avf ](xv) dµ|uc|−1(xuc)

=
1√

1− ∥xw∥2
|uc|−1

mu(yu)

[Pu[Avf ]](xw) = 0.

These terms are zero due to (3.7).

For the classical ANOVA decomposition with tensor product structure, it is enough to require that
PiAuf = 0 for all i ∈ u due to the tensor product structure (2.11) of the operator Pu. On the sphere,
these conditions are slightly more complicated since the projection operator Pu is not the product of
one-dimensional projections.

Lemma 3.7. The operators Au in Definition 3.5 fulfill condition (3.7) if the integral conditions

0 =

∫
B|u\a|

√
1− ∥xu\a∥

2
d−|u|−1

[Auf ]

(
ya,

√
1− ∥ya∥2xu\a

)
dxu\a (3.8)

for all a ⊂ u,ya ∈ B|a|

0 =

√
1− ∥ya∥2 − r2

∫
B|u\a|

√
1− ∥xu\a∥

2
m

[Auf ]

(
ya,

√
1− ∥ya∥2 − r2 xu\a

)
dxu\a, (3.9)

for all a ⊂ u,ya ∈ B|a|, 0 ≤ r ≤
√

1− ∥ya∥2,m = −1, 0, 1, . . . , d− |u| − 2

are fulfilled.

Proof. In Lemma 3.4 we applied the projection operator Pa to a function, which depends only on
the variables xu. The function Auf is such a function. Hence, this lemma follows directly from
Lemma 3.4.

These conditions are similar to the integral conditions for the classical ANOVA decomposition,
where we fix one ya in fu(xu) and integrate over all other variables. These integrals then vanish for
all ya. Shortly, the ANOVA terms have to fulfill (3.7). For the classical ANOVA decomposition due
to the tensor product structure (2.11), it is enough to demand P{i}fu for all i ∈ u. In the spherical
case, this is much more complicated and we have to demand the integral conditions in Lemma 3.7. As
we will see in the next subsection, only odd functions Auf fulfill these conditions.

3.3 The parity of the terms Auf

In Definition 3.5 we defined operators Au, which split a spherical function into lower dimensional
terms. In Lemma 3.7 we showed integral conditions that the terms Auf have to fulfill. In fact, only
odd functions fulfill these conditions.

Theorem 3.8. Let a function g ∈ L2(Bn), where n = |u| ≤ d − 1. That the function g fulfills the
integral conditions (3.8) and (3.9) is equivalent to the function g being odd in every direction.

Proof. If the function g is odd, it easily follows that (3.8) and (3.9) hold true, so one direction follows
directly.

For the other direction, let g ∈ L2(Bn) be arbitrary and fulfill the integral conditions (3.8) and
(3.9). Then, decompose g into its even and odd parts gξ like in (2.9).

Let us fix i ∈ {1, . . . , n}. Then, (3.9) for y[n]\i and m = 0 states that

0 =

√
1− ∥y[n]\i∥

2 − r2
∫ 1

−1

g

(
y[n]\i,

√
1− ∥y[n]\i∥

2 − r2 xi

)
dxi
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for all 0 ≤ r ≤
√
1− ∥y[n]\i∥

2
. Using the decomposition (2.9) of g into odd and even parts, in this

integral of the terms gξ with ξi = 1 are zero, such that we have

0 =

√
1− ∥y[n]\i∥

2 − r2
∫ 1

−1

∑
ξ∈{0,1}n
ξi=0

gξ

(
y[n]\i,

√
1− ∥y[n]\i∥

2 − r2 xi

)
dxi

=

∫ √
1−∥y[n]\i∥2−r2

−
√

1−∥y[n]\i∥2−r2

∑
ξ∈{0,1}n
ξi=0

gξ
(
y[n]\i, xi

)
dxi.

That means, that the function G :=
∑

ξ∈{0,1}n
ξi=0

gξ is orthogonal to all step functions of the form

1[−r,r](xi). The symmetric indicator functions of arbitrary step functions are a linear combination of
the indicator functions of the form 1[−r,r](t). Furthermore, it follows that G is also orthogonal to all
step functions on Bn, which are supported on a tensor-product domain and are even in xi direction.
Since step functions are dense in L2(Bn), it follows that

⟨G, h⟩L2(Bn) = 0 for all even h ∈ L2(Bn) with h(x) = h(x[n]\i, xi) a.e.

Hence G must vanish almost everywhere. Inserting the definitions of the functions gξ from (2.9) into
G gives then

0 =
∑

ξ∈{0,1}n
ξi=0

gξ(x) =
∑

ξ∈{0,1}n
ξi=0

1
2n

∑
k∈{−1,1}n

(
n∏

ℓ=1

kξℓℓ

)
g(k ⊙ x)

= 1
2n

∑
ξ∈{0,1}n
ξi=0

∑
k∈{−1,1}n

(
n∏

ℓ=1

kξℓℓ

)
g(k ⊙ x)

= 1
2n

∑
k∈{−1,1}n

g(k ⊙ x)
∑

ξ∈{0,1}n
ξi=0

(
n∏

ℓ=1

kξℓℓ

)

= 1
2n

∑
k∈{−1,1}n

g(k ⊙ x)
∑

ξ[n]\i∈{0,1}n−1

∏
ℓ̸=i

kξℓℓ


= 1

2n

2ng(x)︸ ︷︷ ︸
k=1

+2ng(x[n]\i,−xi)︸ ︷︷ ︸
k=1−2ei

 ,

since all the other terms cancel out. It follows directly that g(x) = −g(x[n]\i,−xi). Similarly, this is
true for all other i ∈ {1, . . . , n}, such that g is odd in all directions.

3.4 The definition of the spherical ANOVA decomposition

While the decomposition into even and odd parts is straightforward in Euclidean space, the algebraic
constraint of the sphere introduces specific dependencies between the variables. Here we discuss how
multivariate parity impacts the linear independence of the basis terms and identify which symmetry
patterns lead to redundant representations.

The ANOVA operatorsAu from Definition 3.5 produce only odd terms. This means, in the spherical
ANOVA decomposition (3.1) only terms of the form fu,ξ with ξ = (1u,0uc) are produced by applying
Au to the function f itself and all even parts of a function f are contained in the last term A[d+1]f .

To include the even terms also in the lower-dimensional terms of the spherical ANOVA decompo-
sition, we propose to define a spherical ANOVA decomposition of the form (3.1) by the following.

Definition 3.9. For a function f ∈ L2(Sd) we use the decomposition into even and odd parts as
defined in (2.9) and the projection operator defined in (3.4). With these ingredients we introduce the
spherical ANOVA decomposition of the form (3.1) by
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1. The constant term:

f∅,0 := P∅f =
1

ωd

∫
Sd

f(x) dµd(x).

2. The mixed terms: For all v ∈ D\∅ and u ⊇ v set ξ = (1v,0vc) ∈ {0, 1}d+1. If d+ 1 /∈ v, then
d+ 1 /∈ u and let

fu,(1v,0vc )(xu) := Pu

[
Ξ(1v,0vc )f(xu)

]
−

∑
v⊆a⊂u

fa,(1v,0vc )(xa) if |v| ≤ |u| ≤ d− 1,

f[d+1],(1v,0vc )(x) =
[
Ξ(1v,0vc )f

]
(x)−

∑
v⊆a∈D\[d+1]

fa,(1v,0vc )(xa).

3. The pure even terms: For all u ⊂ [d]\∅ let

fu,0(xu) := Pu [Ξ0f ] (xu)−
∑
a⊊u

fa,0(xa).

We will discuss in Section 3.5 why we do not include the terms where d + 1 ∈ u with ξd+1 = 0.
Our definition of spherical ANOVA terms is of the form (3.1), all the terms fu,ξ have parity ξ and

Ξξf(x) =
∑
a∈D

supp ξ⊆a

fa,ξ(xa).

In Example 3.1 we considered the case d = 2. A visualization of all the possible indices u and
corresponding ξ for the terms fu,ξ for d = 3 can be found in Figure 2. There we show the totality
of all terms fu,ξ. Later, in Section 3.5 we will explain which of these terms we have to omit due to
redundancy on the sphere.

The terms in Definition 3.9 can be calculated more easily by the following.

Lemma 3.10. The Definition 3.9 is equivalent to this definition of spherical ANOVA terms,

1. The constant term:

f∅,0 = P∅Ξ0f =
1

ωd

∫
Sd

f(x) dµd(x).

2. The mixed terms: For all ∅ ̸= v ⊆ [d+1] and u ⊇ v set ξ = (1v,0vc) ∈ {0, 1}d+1. If d+1 /∈ v,
then d+ 1 /∈ u and let

fu,(1v,0vc )(xu) =
∑

v⊆a⊆u

(−1)|u|−|a|Pa[Ξ(1v,0vc )f ]. (3.10)

3. The pure even terms: For all u ⊂ [d]\∅ let

fu,0(xu) =
∑
a⊆u

(−1)|u|−|a|Pu [Ξ0f ] (xu).

Proof. This proof is similar to the proof of (2.12) for the classical ANOVA decomposition using in-
duction: For u = v the sum in (3.10) is just one summand, namely Pv[Ξ(1v,0vc )f ]. For the induction
step let (3.10) be fulfilled for all u ⊇ v with |u| ≤ k and choose u ⊇ v with |u| = k+ 1. Then, due to
the alternating sum of binomial coefficients,

fu,(1v,0vc )(xu) = Pu

[
Ξ(1v,0vc )f(xu)

]
−

∑
v⊆a⊂u

fa,(1v,0vc )(xa)

= Pu

[
Ξ(1v,0vc )f(xu)

]
−

∑
v⊆a⊂u

∑
v⊆b⊆a

(−1)|a|−|b|Pb[Ξ(1v,0vc )f ]

= Pu

[
Ξ(1v,0vc )f(xu)

]
−

∑
v⊆b⊆u

|u\b|−1∑
k=0

(
|u\b|
k

)
(−1)kPb[Ξ(1v,0vc )f ]

= Pu

[
Ξ(1v,0vc )f(xu)

]
+

∑
v⊆b⊆u

(−1)|u|−|b|Pb[Ξ(1v,0vc )f ]

=
∑

v⊆b⊆u

(−1)|u|−|b|Pb[Ξ(1v,0vc )f ].
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For the pure even case, the proof is the same with v = ∅.

In our spherical ANOVA decomposition we have separated the parities and established the hier-
archy. Our proposed definition of a spherical ANOVA decomposition has similarities to the classical
ANOVA decomposition, whereby we cannot transfer all properties of the classical ANOVA decomposi-
tion to the sphere. See Section 6 for example functions and their decomposition into spherical ANOVA
terms.

In our decomposition we have some orthogonality for the spherical ANOVA terms, which we will
show in the following section.

3.5 Orthogonality and Redundancy

The decomposition into parity parts belonging to the parity vectors ξ ∈ {0, 1}d+1, see also (2.9),
is an orthogonal decomposition, which also means that for the spherical ANOVA terms defined in
Definition 3.9 we have the orthogonality for all u, ũ with u ̸= ũ,

⟨fu,ξ, fũ,ξ̃⟩Sd = 0 if ξ ̸= ξ̃.

Unfortunately, we do not have orthogonality for spherical ANOVA terms with the same parity vector
ξ. Even worse, the equation

∑d+1
i=1 x2

i = 1 on the sphere naturally leads to redundancy of the even

terms. Every even function h(xd+1) can also be written as a h̃(x2
d+1) = h̃(1− x2

1 − · · · − x2
d), which is

a function depending on the variables x1 to xd. Additionally, h̃(x1, . . . , xd) is even in all directions.
For that reason we propose to omit some terms in the Definition 3.9. Namely by the substitution

x2
d+1 = 1−

d∑
i=1

x2
i

we propose in Definition 3.9 to omit all terms, which depend on xd+1 and where the dependence is
even, i.e.,

fu,ξ = 0 if d+ 1 ∈ u and ξd+1 = 0.

Instead of xd+1 one could also choose one other specific variable. For simplicity, we will stick to xd+1

in the following. In Figure 2 we illustrate the omitted terms for the case d = 3. In total this means,
the number of non-zero terms in the decomposition (3.1) reduces to

3d+1 − 2d (d+ 1)−
d−2∑
i=0

(
d

i

)
2i − 2d = 3d+1 − 2d (d+ 2)− (1 + 2)d +

(
d

d− 1

)
2d−1 + 2d

= 2 · 3d − 2d (d+ 2) + d 2d−1 + 2d = 2 · 3d − 2d−1(d+ 2). (3.11)

3.6 The challenges with the even terms

The aim of this paper is to construct a spherical ANOVA decomposition of the form (3.1), which
combines a decomposition into ANOVA terms with the decomposition into parity parts. In Section 3.3
we showed that the terms Au should be odd in all directions i ∈ u. This means that with the operator
Au we could only represent functions f , which have non-zero spherical ANOVA terms only for u with
ξ = (1u,0uc). We also include even parts of the function f in our decomposition in Definition 3.9.
We analyze these parts here in more detail.

If the function f is a sum of terms, which are odd in all direction, the Definition 3.9 coincides with
the decomposition, which we would expect from the classical ANOVA decomposition: Consider for
example

f(x) = x1x
3
2︸︷︷︸

f{1,2},e1+e2

+ 2x3x
5
4︸ ︷︷ ︸

f{3,4},e3+e4

+0.05x5︸ ︷︷ ︸
f{5},e5

for more details about the calculations see A. We marked in Figure 2 all the terms, which are odd in
all directions. We do not need to do anything else for these terms.

But as soon as some even term is involved, we run into challenges. We begin with an easy example
which shows the problems of the underlying dependence of the variables on the sphere.
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Legend: Colors for ξ
blue: ξ = (0, 0, 0, 0)⊤

red: ξ = (1, 0, 0, 0)⊤

green: ξ = (0, 1, 0, 0)⊤

magenta: ξ = (0, 0, 1, 0)⊤

lime: ξ = (0, 0, 0, 1)⊤

orange: ξ = (1, 1, 0, 0)⊤

grey: 4 ∈ u and ξ4 = 0 (redundant)

u

ξ

∅

0000

{1}

0000

1000

{2}

0000

0100

{3}

0000

0010

{4}

0000

0001

{1, 2}

0000 1000

0100 1100

{1, 3}

0000 1000

0010 1010

{2, 3}

0000 0100

0010 0110

{1, 4}

0000 1000

0001 1001

{2, 4}

0000 0100

0001 0101

{3, 4}

0000 0010

0001 0011

{1, 2, 3, 4}

1111 1110

0111 0110
1011 1010
1101 1100
0011 0010
0101 0100
1001 1000
0001 0000

Figure 2: Visualization of all possible indices u and ξ of the terms fu,ξ for the case d = 3. As
calculated in (3.2), we have in total 49 terms. In Definition 3.9 we defined these terms iteratively. We
illustrate this definition by using different colors for the terms belonging to different parity vectors ξ.
In Section 3.5 we explain which terms have to be omitted due to redundancies on the sphere. We have
grayed out the corresponding vectors ξ. This reduces the decomposition to 34 terms, as calculated

in (3.11). We mark all terms where we do not have the challenges in Section 3.6 with a box .
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Example 3.11. Let the function be f(x) = x2
1, which is a pure even function, which depends only on

x1, but due to the fact that
∑d

i=1 x
2
i = 1 on the sphere, the operators Pu applied to this function give

P∅f = 1
d+1

P1f = x2
1,

Pif =
1

d
(1− x2

i ) i = {2, . . . , d+ 1},

P{1}∪af = x2
1 for a ⊂ [d+ 1]\{1},

P{a}f =
1

ωd−|a|
(1− ∥x2

a∥)
∫
S|ac|−1

x2
1 dµ|ac|−1(xac) =

1

d+ 1− |a|
(
1− ∥xa∥2

)
for a ⊂ [d+ 1]\{1}.

For details about the calculation of the involved integrals, see also Appendix A. Despite the function
depending only on x1, the application of the operator Pu on the function leads to non-constant terms,
even if 1 /∈ u. In this easy example, we would expect that the spherical ANOVA decomposition is
f∅,0 = 1

d+1 , f{1},0 = x2
1 − 1

d+1 and all other terms are zero. The Definition 3.9 with the operator Pu

leads to a much more complicated decomposition than the expected one, it introduces unnecessarily
additional terms. This is due to the natural dependence of the terms fu,ξ if some entry of ξu is zero.
Namely, Definition 3.9 leads to

f∅,0 = 1
d+1 , f{1},0 = x2

1 − 1
d+1 ,

f{i},0 =
1

d
(1− x2

i )− 1
d+1 , f{1,i},0 = P{1,i}f − f{1},0 − f{i},0 − f∅,0 = −f{i},0.

And also similar for the higher order terms, which are not zero with this definition we have that

f{i}∪a,0 = −fa,0 for all a ⊂ {2, 3, . . . , d+ 1}.

Our desired function f = x2
1 is completely included in two terms, more precisely, f = f∅,0 + f{1},0.

The only non-zero terms are fa,ξ with a ⊆ u = {1}. All the other terms cancel each other out, such
that we can set them to zero.

This example shows how we will modify Definition 3.9. To mitigate the problem of dependencies
and make our spherical ANOVA decomposition more similar to the classical decomposition, we show
the following.

Lemma 3.12. Let the function f(x) have the form f(x) = g(xu), depend on all variables in u and
have parity ξ, i.e. Ξξf = f . Let furthermore the parity vector ξ have the form ξ = (1v,0vc)⊤ with
v ⊂ u. Then for all ∅ ̸= b ⊆ [d+1]\u we have for the spherical ANOVA terms defined in Definition 3.9
that

0 =
∑

v⊆a⊆u

fa∪b,ξ. (3.12)

Proof. We illustrate the indices in this proof in Figure 3.
We do the proof by induction over the order |b|. First, let b = i. Then by definition,

fu∪i,ξ = Pu∪i[Ξξf ]−
∑

v⊆a⊂u∪i

fa,ξ = Pu[Ξξf ]−
∑

v⊆a⊆u

fa,ξ −
∑

v⊆a⊂u

fa∪i,ξ

= −
∑

v⊆a⊂u

fa∪i,ξ.

u

v,
ξv = 1 b

Figure 3: Illustration of the indices u,v, b ⊆ [d+ 1] in the proof of Lemma 3.12.
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Thereby we used that

f =
∑

v⊆a⊆u

fa,ξ. (3.13)

It follows (3.12) for b = {i}. For the induction step assume that (3.12) holds for all b with |b| < k and
choose now b with |b| = k, then

fu∪b,ξ = Pu∪b[Ξξf ]−
∑

v⊆a⊂u∪b

fa,ξ

= Pu[Ξξf ]−
∑

v⊆a⊆u

fa,ξ −
∑

∅̸=b̃⊂b

∑
v⊆a⊆u

fa∪b̃,ξ −
∑

v⊆a⊂u

fa∪b,ξ

= f −
∑

v⊆a⊆u

fa,ξ︸ ︷︷ ︸
=0, due to (3.13)

−
∑

∅̸=b̃⊆b

∑
v⊆a⊂u

fa∪b̃,ξ︸ ︷︷ ︸
=0 due to induction assumption

−
∑

v⊆a⊂u

fa∪b,ξ.

Hence, (3.12) is also fulfilled for b with |u| = k.

For the spherical ANOVA decomposition we want that a function of the form f(x) = g(xu), which
depends on all the variables xu and not on the variables xuc , has only non-zero spherical ANOVA
terms fũ,ξ if ũ ⊆ u. The Definition 3.9 does not fulfill this necessarily. But with the previous lemma,
we are able to modify the decomposition by setting fũ∪a,ξ = 0 for all a ⊆ [d + 1]\u and ũ ⊆ u.
Then, we do not have an analytical spherical ANOVA decomposition anymore, but the decomposition
is much more similar to the classical ANOVA decomposition.

We will show in the following how to compute the spherical ANOVA decomposition numerically.

4 Choice of basis

For periodic functions one can write every function in L2(Td) with the Fourier series. There is a direct
connection between the index k of the Fourier coefficients and the ANOVA terms fu, i.e. which parts
of the Fourier series belong to which ANOVA term, see [26]. Similarly, for orthogonal polynomials
with tensor product structure, there is an easy connection between the ANOVA index u and the
frequency indices. See also [35] for an overview about different basis choices for modeling the ANOVA
decomposition on tensor product domains.

In our case here, with the sphere as domain, we do not have a tensor product structure of the
domain available. However, for every spherical ANOVA term fu,ξ we construct in the following a
basis Bu,ξ.

4.1 The one-dimensional terms

Let i ∈ [d + 1]. To describe the space of one-dimensional spherical ANOVA terms f{i},ξ with a basis
B{i},ξ, we may choose an orthogonal basis ηk(xi), such that

δk,ℓ = ⟨ηk(xi), ηℓ(xi)⟩Sd =

∫ 1

−1

ηk(xi) ηℓ(xi)mi(xi) dxi,

which means that the basis functions have to be orthogonal on [−1, 1] with respect to mi(xi) ∼√
1− x2

i

d−2
, which are the Gegenbauer polynomials with parameter α = d−1

2 , usually denoted by
Cα

k , see [1]. For k ∈ N define

Cα
k (x) :=

1

Γ(α)

⌊k2 ⌋∑
i=0

(−1)i
Γ(α+ k − i)

i! (k − i)!
(2x)k−2i.

The first polynomials have the form:

C
(α)
0 (x) = 1,

C
(α)
1 (x) = 2αx,

C
(α)
2 (x) = −α+ 2α(1 + α)x2.
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For one-dimensional terms, there are only the two possibilities: even and odd functions. The Gegen-
bauer polynomials have the nice property that for odd k they are odd functions and for even k they are
even functions. Since the linear spaces of odd and even function on [−1, 1] are orthogonal with respect

to mi(xi) ∼
√
1− x2

i

d−2
, we receive an orthogonal basis of the space of odd functions on [−1, 1] for

describing the one-dimensional odd spherical ANOVA terms in Definition 3.9 by

Bi,ei
=
{
C

(d−1)/2
k (x) | x ∈ [−1, 1]

}
k=1,3,5,...

,

which depend on the ambient dimension d. For the even one-dimensional term, naturally a basis can
be constructed by the even Gegenbauer polynomials. Let u = {i}, then due to our Definition 3.9,

P∅f{i},ξ = P∅E1P1f − P∅P∅f = 0,

which means that the coefficient for the constant in the even one-dimensional term is zero, such that
an even basis for f{i},0 reads

Bi,0 =
{
C

(d−1)/2
k (x) | x ∈ [−1, 1]

}
k=2,4,6,...

.

4.2 The higher-dimensional terms

For describing the spherical ANOVA terms fu,ξ on the domain B|u|, we are searching for an orthogonal
basis Bu,ξ = {ηk(xu) | xu ∈ B|u|}k with orthogonality with respect to the weight function mu(xu) ∼√

1− ∥xu∥2
d−1−|u|

, since then the basis is orthogonal on Sd with respect to the uniform measure on
the sphere µd. Changing coordinates to polar coordinates, this weight function becomes

mu(xu) ∼
√
1− r2

d−1−|u|
,

which leads us to the Jacobi polynomials.

Remark 4.1. Jacobi polynomials Pα,β
n (x) form an orthonormal basis in L2([−1, 1]) with respect

to the weight (1 − x)α (1 + x)β . For polynomials on [0, 1] we use the substitution t = r2 − 1, which
means that

δk,ℓ =

∫ 1

−1

Pα,β
k (t)Pα,β

ℓ (t)(1− t)α(1 + t)β dt

= 4

∫ 1

0

Pα,β
k (2r2 − 1)Pα,β

ℓ (2r2 − 1) [2(1− r2)]α(2r2)βr dr

= 4 · 2α+β

∫ 1

0

Pα,β
k (2r2 − 1)Pα,β

ℓ (2r2 − 1) (1− r2)α r2β+1 dr.

With this, an orthogonal basis on Bn, used in the literature [6, Prop. 11.1.13], [7, Prop. 5.2.1] is
the following. For N ∈ N, 0 ≤ j ≤ N

2 and 1 ≤ k ≤ dim(HN−2j(S|u|)) define

PN
j,k(x) = P

d−1−|u|
2 ,N−2j+ d−2

2

j (2 ∥x∥2 − 1)Yk,N−2j(x). (4.1)

These form an orthogonal basis of the space of orthogonal polynomials of degree exact N with respect
to the inner product

⟨f(xu), g(xu)⟩Sd = ⟨f(xu), g(xu)⟩(B|u|,mu) = c

∫
B|u|

f(xu)g(xu)mu(xu)dxu,

where c is a normalization constant.
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4.2.1 The two-dimensional terms

In the two-dimensional case the spherical harmonics are precisely the cosine and sine functions. For
the sake of simplicity of the notation, we will construct here a basis for the terms f{1,2},ξ, but for all
other two-dimensional terms the procedure is the same.

In two-dimensional polar coordinates (x1, x2) = (r cos θ, r sin θ), as basis Yk,N−2j(x) we use (2.8).
Then, the orthogonal basis in (4.1) for B2 reads{

P
d−3
2

,N−2j

j (2r2 − 1)rN−2j cos((N − 2j)θ)

}
N∈N0,0≤j≤N

2⋃{
P

d−3
2

,N−2j

j (2r2 − 1)rN−2j sin((N − 2j)θ)

}
N∈N0,0≤j<

N
2

. (4.2)

In polar coordinates, the parity vector ξ = (ξ1, ξ2,0d−1)
⊤ defines the parity by

g(r, θ) = (−1)ξ1g(r,−θ), g(r, θ) = (−1)ξ2g(r, π − θ).

In (4.2) we have to classify the basis functions to the parity vectors and furthermore, due to the
dependencies of the spherical ANOVA terms we have to be careful additionally and have to omit some
of the basis functions, which are already included in the terms of lower order 0 or 1.

The selection rule is based on the polynomial degree N and the resulting parity vector ξ{1,2} ∈
{0, 1}2 of the term fu,ξ. The term N − 2j has the same parity as N , such that a distinction between
even and odd N is useful. We exclude all constant (N = 0) and linear (N = 1) terms. For the purely
even parity ξ = (0, 0), we additionally exclude quadratic terms (N = 2) that decompose into sums
of univariate functions. The parity is determined by N and the angular function type, as detailed in
Table 1. There the basis functions for constructing B{1,2},ξ are summarized.

N j Type Form ξ{1,2} Action Reason

0 0 cos 1 (0, 0) Omit Covered by f∅,0

1 0 cos x1 (0, 1) Omit Covered by f{1,e1}

1 0 sin x2 (1, 0) Omit Covered by f{2,e2}

2 0 cos x2
1 − x2

2 (0, 0) Omit Sum of 1d terms

2 1 cos x2
1 + x2

2 (0, 0) Omit Sum of 1d terms

2 0 sin x1x2 (1, 1) Keep True interaction

≥ 3, odd 0 ≤ j ≤ N−3
2 cos (1, 0) Keep

≥ 3, odd j = N−1
2 cos (1, 0) Omit Redundancy

≥ 3, odd 0 ≤ j ≤ N−3
2 sin (0, 1) Keep

≥ 3, odd j = N−1
2 sin (0, 1) Omit Redundancy

≥ 4, even 0 ≤ j ≤ N
2 − 2 cos (0, 0) Keep

≥ 4, even N
2 − 1 ≤ j ≤ N

2 cos (0, 0) Omit Redundancy

≥ 4, even 0 ≤ j < N
2 sin (1, 1) Keep

Table 1: Classification and selection of two-dimensional basis functions based on degree N and angular
frequency m = N − 2j. Terms marked as Omit are redundant with lower-order ANOVA terms.

The case N = 2:
A rationale for discarding the terms withN = 2 for ξ = (0, 0) is the specific geometry of the sphere. The
radial term P1(2r

2−1) and the angular term r2 cos(2θ) correspond to linear combinations of x2
1 and x2

2.
Since the even one-dimensional terms f{i},0 already span the space of x2

i (orthogonalized against the
constant), including these N = 2 terms in the interaction basis would introduce linear dependencies.
In contrast, the term r2 sin(2θ) ∼ x1x2 is kept as it belongs to the parity class ξ{1,2} = (1, 1) and
represents a pure interaction that cannot be formed by sums of univariate functions.
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For N ≥ 3 only the parity ξ{1,2} = (1, 1) is carefree. Concerning the other cases, we have additional
redundancy, which leads to more omitted terms. The reason for this is as follows.

The case ξ{1,2} = (0, 0):
Let N be even, then the space of homogeneous polynomials in two variables x1 and x2 of the form
x2k
1 x2ℓ

2 with 2k+2ℓ = N has dimension N
2 +1, which includes the two one-dimensional terms xN

1 and

xN
2 . This means from the possibilities for j, namely 0 ≤ j ≤ N

2 we can keep only N
2 − 1 and have to

omit two, which are redundant.

The case ξ{1,2} = (1, 0):
Let N be odd, then the space of homogeneous polynomials in two variables x1 and x2 of the form
x2k+1
1 x2ℓ

2 with 2k+1+ 2ℓ = N has dimension N+1
2 , which includes the two one-dimensional term xN

1 .

This means from the possibilities for j, namely 0 ≤ j ≤ N−1
2 we can keep only N−1

2 and have to omit
one, which is redundant. The case ξ{1,2} = (0, 1) is similar.

A similar approach can be used for higher-dimensional terms. However, we will limit ourselves here
to this explanation for two-dimensional terms. We do reduce the redundancy between the terms of
different order. However these terms are not necessarily orthogonal.

5 Low dimensional approximation

In many applications, functions on the sphere depend on a large number of variables but are effec-
tively dominated by terms of low order. The ANOVA decomposition allows us to identify this effective
dimension and approximate the function by a sum of terms involving only a few variables. This is
particularly valuable for mitigating the curse of dimensionality and for developing efficient quadra-
ture or interpolation algorithms. Approaches for low dimensional approximation without the ANOVA
decomposition can be found for example in [36].

Similar to the approaches [26, 22] for the classical ANOVA decomposition or [28] for the generalized
ANOVA decomposition, we propose to approximate the function f using only low-dimensional terms,
i.e.,

f ≈ f∅ +
∑

1≤|u|≤q

∑
ξ∈Υu

fu,ξ for some q ≪ d.

The next step is to approximate every term by using the specific basis Bu,ξ = {ηu,ξ
k }k∈Iu introduced

in Section 4,

fu,ξ(xu) ≈
∑
k∈Iu

au,ξ
k ηu,ξ

k (xu). (5.1)

Substituting the basis expansion (5.1) into the truncated ANOVA decomposition leads to the global
approximation ansatz

f(x) ≈ a∅ +
∑

1≤|u|≤q

∑
ξ∈Υu

∑
k∈Iu

au,ξ
k ηu,ξ

k (xu).

To determine the unknown coefficients au,ξ
k , we rely on a set of sampling nodes

X = {x(1), . . . ,x(M)} ⊂ Sd

and the corresponding function values f = (f(x(1)), . . . , f(x(M)))⊤ ∈ RM . Let N denote the total
number of basis functions in the truncated expansion and let a ∈ RN be the vector stacking all
coefficients au,ξ

k . Evaluating the approximation ansatz at the sampling nodes yields the linear system
of equations

Aa ≈ y,

where the system matrix A ∈ RM×N contains the evaluations of the basis functions. Specifically, the
entry Ai,ℓ corresponds to the ℓ-th basis function evaluated at the i-th sampling node x(i).

In practical applications, the number of samples M is typically chosen to be larger than the number
of unknowns N , resulting in an overdetermined system. Consequently, we seek the coefficient vector
a that minimizes the residual in the Euclidean norm, solving the least squares problem

min
c∈RN

∥Ac− y∥2. (5.2)
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While this problem can be solved using direct methods (e.g., via QR decomposition or SVD), the
dimensions of A can become large for high-dimensional approximations. Moreover, as discussed in
previous sections, the basis on the sphere may exhibit linear dependencies or ill-conditioning for certain
parity combinations. To address these challenges efficiently, we propose to solve (5.2) using the LSQR
algorithm [25]. LSQR is an iterative Krylov subspace method that is particularly well-suited for large,
sparse, or ill-conditioned systems and possesses intrinsic regularization properties when the iteration
is terminated early.

Due to the dependence of the terms of different order, the following procedure may be beneficial: We
propose to do the approximation first using all terms of order one. Then, we do a second approximation
for the residuum using all terms of order 2, which could be done further. In Section 6 and Figure 4 we
apply both possibilities, the plain LSQR with all terms at once and the iterative increase of the order
of the terms.

5.1 Variances for sensitivity analysis

Global sensitivity analysis has become a cornerstone of computer experiments, providing essential
insights into the input-output dependencies of numerical simulation models. Building on the founda-
tional works [32, 31], the field has evolved significantly over the last two decades, yielding a wide array
of advanced statistical methodologies and refinements of the original Sobol’ indices.

While classical variance-based sensitivity analysis (Sobol’ indices) relies on the orthogonality of the
ANOVA terms to decompose the total variance into a sum of partial variances, this property assumes
independent input variables. On the sphere Sd, the inputs are intrinsically coupled via the constraint
∥x∥ = 1. Consequently, for even-parity terms, a strict orthogonality cannot be maintained, and the
covariance between interaction terms is generally non-zero. Despite this lack of perfect orthogonality,
the variances σ2(fu,ξ) remain meaningful sensitivity measures for the following reasons:

• Following the framework of sensitivity analysis for dependent variables, see for example [17, 28],
the contribution of a variable is always a combination of its marginal effect and its correlation
with other variables. On the sphere, these correlations are not artifacts but physical properties
of the domain. Our indices capture the combined effect of a variable and its induced changes on
the sphere.

• A crucial advantage of our proposed construction is the rigorous exclusion of redundant basis
terms. By ensuring that our dictionary of basis functions is linearly independent, we prevent
variance inflation. In a redundant system, variance could be arbitrarily shifted between linearly
dependent terms (e.g., between f1 and a redundant part of f1,2), leading to unstable and unin-
terpretable indices. Our restrictive construction ensures that the computed variances are stable
and reflect the intrinsic coupling of the sphere rather than numerical artifacts.

Lemma 5.1. The spherical ANOVA terms defined in Definition 3.9 have mean zero, i.e.,

P∅fu,ξ = 0 for all u ∈ D\∅ and all ξ ∈ Υu.

Proof. Since the spherical ANOVA terms fu,ξ defined in Definition 3.9 have parity ξ, the mean is
automatically zero, if the function fu,ξ is odd in at least one direction. The only remaining case is
when ξ = 0. But in this case we have for u ̸= ∅,

P∅fu,0 = P∅

Pu[Ξ0f ](xa)−
∑
a⊊u

fa,0(xa)

 = P∅f − P∅

∑
a⊊u

fa,0(xa)


= P∅

 ∑
∅̸=a⊊u

fa,0(xa)

 =
∑

∅̸=a⊊u

P∅fa,0(xa).

By induction this finishes the proof by using the induction assumption.

Using the previous lemma, the variances of the spherical ANOVA terms can be easily calculated
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by

σ2(fu,ξ) :=

∫
Sd

|fu,ξ(xu)−
∫
Sd

fu,ξ(xu) dµd(x)|2 dµd(x) =

∫
Sd

|fu,ξ(xu)|2 dµd(x)

(2.3)
=

∫
B|u|

|fu,ξ(xu)|2 mu(xu) dxu,

which is a weighted variance of the term fu on B|u|. In Section 4 we introduced the basis Bu,ξ, which
is orthogonal with respect to the weight function mu. Using the approximation (5.1), the variances
are approximated by

σ2(fu,ξ) ≈
∑
x∈X

|fu,ξ(x)|2 ≈
∑
x∈X

∣∣∣∣∣∑
k∈Iu

au,ξ
k ηk(xu)

∣∣∣∣∣
2

.

Since terms with different parity vector are orthogonal with respect to mu, we define for u ̸= ∅ the
Sobol indices on the sphere,

Su :=
1

σ2(f)

∑
ξ∈Υu

σ2(fu,ξ) ≈
1

σ2(f)

∑
ξ∈Υu

∑
x∈X

∣∣∣∣∣∑
k∈Iu

au,ξ
k ηk(xu)

∣∣∣∣∣
2

=: S̃u, (5.3)

where σ2(f) is the variance of the data vector f and the expression S̃u can be calculated easily using
parts of the the matrix A and the coefficient vector a. We interpret the normalized ratio Su and its
approximation S̃u not strictly as a percentage of disjoint variance, but as a relative importance index
reflecting the stable amplitude of the corresponding spherical interaction terms.

For the classical ANOVA decomposition the Sobol indices (or sometimes called global sensitivity
indices) also denote the fraction of the variance of the ANOVA term and the total variance of the
function. Due to the orthogonality between all terms, they sum up to one.

6 Examples and numerical tests

In this chapter, we evaluate the practical applicability and accuracy of the derived spherical ANOVA
decomposition through numerical experiments. The primary objective is to demonstrate that the
proposed spherical ANOVA decomposition provides a meaningful and interpretable representation of
functions on Sd.

To this end, we consider a set of test functions with known interaction structures. We compute
the variances of the individual ANOVA terms Su from (5.3) numerically using the proposed basis
approximation and the LSQR solver in Python.

Let us consider the following test functions fA, fB , fC : S10 → R, defined by

fA(x) := x1x
3
2 + 2x3x

5
4 + 0.05x5

fB(x) := x2x
2
1

fC(x) := x4
1 + x2

2

fD(x) := 5x1x
2
2 + x4 + ex3 + 10 sin(3πx5)x

4
2

fE(x) := sin(x1) + 7 sin2(x2) + 0.1x4
3 sin(x1)

fF (x) := x2
1x

2
2x

2
3
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(a) Test function fA. (b) Test function fB .

(c) Test function fC . (d) Test function fD.

(e) Test function fE . (f) Test function fF .

Figure 4: Approximated Sobol indices (5.3) for the different test functions. We plot the results from
LSQR with all terms up to order q = 2 together (red) and the procedure of increasing the order of the
used terms iteratively (blue). Note that we use logarithmic scaling.
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The spherical ANOVA decomposition of some of these functions is calculated in details in Ap-
pendix A. For the numerical tests we draw M = 10000 random samples on the sphere S10, which is
relatively sparse in this dimension, and use the basis described in Section 4 of order up to q = 2 and
polynomials of maximal total order N = 10. We use (5.3) to approximate the Sobol indices with this
basis. In Figure 4 we illustrate the resulting indices.

• If all parts of the function are odd functions, like for fA, the non-zero terms are detected easily.
One can see in the diagram that it can happen that plain LSQR puts some variance in one-
dimensional terms, which should be zero.

• The function fB consists of one term with mixed parity. We clearly see here the effect, that the
terms f{1,i} for i > 2 are not zero, but in the order of magnitude of the Sobol indices S̃u one can
see that despite the dependence of the terms, our algorithm is able to detect the two important
term f{1,2},0 and f{2},0.

• The function fC is a sum of two even functions. Our algorithm clearly detects these two one-
dimensional terms. Due to the dependence of the even terms, we get some variance for the terms
with u = {2, i} for i ≥ 3, the reason was described in 3.6. Here, the order of magnitude of the
misleading terms is slightly smaller for the case where we use LSQR with all terms of order 0, 1
and 2 together.

• If there are other terms than polynomials involved, like in the function fD, we still are able to
detect the seven non-zero terms in the spherical ANOVA decomposition.

• fE is the Ishigami function, where we are able to find the three non-zero terms.

• The function fF is a term of order 3, which means that our approximation with terms of order
maximal q = 2 could not model the function exactly. However, also here we see clearly the
non-zero terms belonging to u ⊂ {1, 2, 3}.

6.1 Summary and outlook

The spherical ANOVA decomposition is a powerful mathematical framework designed to analyze high-
dimensional functions defined on the high-dimensional sphere Sd. Unlike the classical ANOVA, this
approach respects the intrinsic geometry of the sphere, making it essential for problems involving
directional data or isotropic constraints.

Our decomposition allows for the breakdown of a complex function into a sum of orthogonal terms,
where each term represents the contribution of specific subsets of variables. This reveals the effective
dimension of the function.

By calculating global to Sobol indices, we can quantify how much variance is driven by single
variables versus complex interactions, effectively opening the black box of high-dimensional models.
We are able to construct sparse approximation algorithms that avoid the curse of dimensionality by
identifying that a function is dominated by low-order interactions. It paves the way for designing
specialized cubature rules that focus computational effort only on the relevant subspaces identified by
the ANOVA terms. In fields dealing with normalized feature vectors (such as text embeddings or gene
expression profiles), our spherical ANOVA decomposition can serve as a robust feature selection and
noise reduction tool.
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d
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Sd−1

x2k+1
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• fA(x) = x1x
3
2 + 2x3x

5
4 + 0.05x5

The parity decomposition (2.9) of this function is

ΞξfA =


x1x

3
2 if ξ = e1 + e2

2x3x
5
4 if ξ = e3 + e4

0.05x5 if ξ = e5

0 otherwise .

Applying the operators Pu to this function yields that

P{1,2}fA = x1x
3
2

P{3,4}fA = 2x3x
5
4

P{5}fA = 0.05x5

Since all the terms are odd in all directions, the spherical ANOVA decomposition from Defini-
tion 3.9 directly gives that

f∅,0 = 0,

f{1,2},e1+e2
= x1x

3
2

f{3,4},e3+e4
= 2x3x

5
4

f{5},e5
= 0.05x5,

and all other terms are zero.

• fB(x) = x2x
2
1

The parity decomposition (2.9) of this function is

ΞξfB =

{
x2x

2
1 if ξ = e2

0 otherwise .

Applying the operators Pu with 2 ∈ u to this function yields that

P2fB =
1

d
x2(1− x2

2)

P{1,2}fB = x2x
2
1

P{2}∪afB =
1

ωd−1−|a|
x2

∫
Sd−|a|−1

(1− ∥xa∥2 − x2
2)x

2
1 dµd−|a|−1(xac\2)

=
x2

d− |a|
(1− ∥xa∥2 − x2

2) if a ⊂ [d+ 1]\{1, 2}

P{1,2}∪afB = fB if a ⊂ [d+ 1]\{1, 2}

Here we see that the spherical ANOVA decomposition from Definition 3.9 blurs the original
function (which depends only on the variables x1 and x2 also to the other variables due to the
geometric properties on the sphere. But with the cancellations from Section (3.6) we describe
the spherical ANOVA decomposition by

f∅,0 = 0,

f2,e2 =
1

d
x2 −

1

d
x3
2

f{1,2},e2
= x2x

2
1 −

1

d
x2 +

1

d
x3
2.

All other terms are zero.

• fC(x) = x4
1 + x2

2

This is a pure even function, such that the parity decomposition of this function is

ΞξfC =

{
x4
1 + x2

2 if ξ = 0

0 otherwise .
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Applying the operators Pu to this function yields due to the Beta function,

P∅x
4
1 =

1

ωd

∫
Sd

fC dµd(x) =
ωd−1

ωd

∫ 1

−1

x4
1(1− x2

1)
d−2
2 dx1

=
Γ(d+1

2 )
√
πΓ(d2 )

2

∫ 1

0

t2(1− t)
d−2
2

1

2
√
t
dt =

Γ(d+1
2 )

√
πΓ(d2 )

∫ 1

0

t3/2(1− t)
d−2
2 dt

=
Γ(d+1

2 )
√
πΓ(d2 )

Γ( 52 )Γ(
d
2 )

Γ(d+5
2 )

=
Γ(d+1

2 )
√
π

3
√
π

4Γ(d+5
2 )

=
3Γ(d+1

2 )

4 Γ(d+5
2 )

=
3

4 d+3
2

d+1
2

=
3

(d+ 3)(d+ 1)
,

P∅x
2
2 =

ωd−1

ωd

∫ 1

−1

x2
2(1− x2

2)
d−2
2 dx2

=
Γ(d+1

2 )
√
πΓ(d2 )

2

∫ 1

0

t(1− t)
d−2
2

1

2
√
t
dt =

Γ(d+1
2 )

√
πΓ(d2 )

∫ 1

0

t1/2(1− t)
d−2
2 dt

=
Γ(d+1

2 )
√
πΓ(d2 )

Γ( 32 )Γ(
d
2 )

Γ(d+3
2 )

=
Γ(d+1

2 )
√
π

1
2

√
π

Γ(d+3
2 )

=
Γ(d+1

2 )

2 Γ(d+3
2 )

=
1

d+ 1
,

P{1}fC = x4
1 +

1

d
(1− x2

1),

P{i}fC = 3
d(d+2) (1− x2

2)
2, i ∈ {2, 3, . . . , d+ 1},

P{2}fC = 3
d(d+2) (1− x2

2)
2 + x2

2,

P{i}fC = 3
d(d+2) (1− x2

i )
2 +

1

d
(1− x2

i ) i ∈ {3, 4, 5, . . . , d+ 1}

P{1,2}fC = x4
1 + x2

2.

The spherical ANOVA decomposition of this function, with regard to the cancellations in Sec-
tion 3.6 then is

f∅,0 =
d+ 9

(d+ 3)(d+ 1)
,

f1,e1 = 0, f1,0 = x4
1 −

3

(d+ 3)(d+ 1)
,

f2,e2 = 0, f2,0 = x2
2 −

1

d+ 1
,

and all other terms are zero.
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