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ANOVA meets control

Motivation
Motivation
e - N\ . imati
Unknown function (control system): Example: Euler approximation of a controlled
4 4 Duffing oscillator
H:R*xR™ — R,
H(z,u) = F(z) + Gx)u, Hww) = o+ At ( v )
T — 3xiu
with
md d . od dxm _ (714 Atz 0
* FmR* >R G:R*—>R , _(x2+Atx1 + _3Ata? U
9 °* dmeNm<<d. ) — F(z) + G(a)u
Given: samples H(z',u’) fori=1,..., M i.e.,
Goal: find H ~ H o d=2,
Problem: curse of dimensionality e m=1
Assumption: F' and G of low-dimensional structure \_ ¢ only 1D terms - low-dimensional )
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ANOVA approximation for scalar-valued functions

ANalysis Of VAriance (ANOVA) decomposition [cafiish, Morokoff, owen 971, [Rabitz, Alis 99, [Liu, Owen 06],

[Kuo, Sloan, Wasilkowski, Wozniakowski 10], . ..
Decompose a d-dimensional function f into

f(@) = fo constant
+ filz) + ...+ fa(za) one-dimensional terms
+ fro(z1, x2) + frs(e, xs) + ... 4 fa—1,a(xa—1,Ta) two-dimensional terms
+ fr23(z1, w2, 23) + ...+ fa2,a-1,a(Td—2, Ta—1, Ta) three-dimensional terms
+ fla(x) d-dimensional term
[d] ={1,...,d}
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ANOVA approximation for scalar-valued functions

ANalysis Of VAriance (ANOVA) decomposition [cafiish, Morokoff, owen 971, [Rabitz, Alis 99, [Liu, Owen 06],

[Kuo, Sloan, Wasilkowski, Wozniakowski 10], . ..
Decompose a d-dimensional function f into

f(@) = fo constant
+ fi(z) + ... + fa(za) one-dimensional terms
+ fi2(x, z2) + fis(zi,@3) + ..o+ fa1,a(®a—1,®q) two-dimensional terms
+ fr23(z1, w2, 23) + ...+ fa2,a-1,a(Td—2, Ta—1, Ta) three-dimensional terms
+ fla(x) d-dimensional term
=Y folwo)
vCl[d] [dl ={1,..., d}

— in general multiple representations possible
— conditions for uniqueness?
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ANOVA approximation for scalar-valued functions

Definition
Let

a9 i) = / f(@) g(x) w(x) dz
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Definition

Let = unique decomposition satisfying:

F9)ra0 = [ [@)g(@)w(e)de ( 0=Utiomforalloz=cid )

Basis representation: For orthonormal basis {gok}keNg of L2(Q2,w) we have

f(x) = Z ek (f) pr(x), ck(f) = {f,r) Lyw)-

keNd

[Potts, Schmischke 21]:

Jo(xw) = Z ek (f) pr(xw)

kend
supp k=v kezZ? k=0 |suppk|=1  |suppk|=2 [supp k| =3
[image credits: Laura Weidensager]

= decomposition in the space of basis coefficients
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Numerical realization — ANOVA approximation [Potts, Schmischke 21]

F=>Fo o= > alew

vCld] kezd
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ANOVA approximation for scalar-valued functions

Numerical realization — ANOVA approximation [Potts, Schmischke 21]

F=>Fo o= > alew

vCld] kezd

Truncation )
reduce number of ANOVA
terms
Tvf=> fo
wC[d]
veV
Jo = Z ck(f) ek
kezd
supp k=v
\_ J
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ANOVA approximation for scalar-valued functions

Numerical realization — ANOVA approximation [Potts, Schmischke 21]

F=>Fo o= > alew

vCld] kezd

supp k=v
Truncation Y ( Projection )
reduce number of ANOVA choose finite number of basis
terms functions {¢k }rezd
Tvf=> fo Pnf=3Jo
ey el
fo= > c(f)pw fo= > enl(f)en
keid kEInv
supp k=v
\ J . Y,
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ANOVA approximation for scalar-valued functions

Numerical realization — ANOVA approximation [Potts, Schmischke 21]

F=>Fo o= > alew

vC[d] kezd
supp k=v
Truncation Y ( Projection Y ( Regression )
reduce number of ANOVA choose finite number of basis compute coefficients cj, from
terms functions {¢k }rezd samples
Tvf=>" fo Pnf=3"Fo =35
i = Ly
fo = Z ck(f) e fo= Z cr(f) pr fo= Z Ch Pk
kezd keZpw keIpnw
supp k=v
\_ VAN / L J
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ANOVA approximation for scalar-valued functions

Truncation
f(x) = fo constant
+ fi(z1) + fo(z2) + ... + fa(za) one-dimensional terms
+ fr2(z1, m2) + frs(zr,z3) + ..+ fam1,a(Ta—1, Za) two-dimensional terms
+f123(x1, 22, 23) + ... + fa—2,d—1,a(Ta—2, Ta—1,Tq) three-dimensional terms
+ fla) () d-dimensional term

= Z fv(mv)
vCld]
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ANOVA approximation for scalar-valued functions

Truncation
f(x) = fo constant
+ fi(x1) + fa(wa) + ... + fa(za) one-dimensional terms
+ fr2(z1, m2) + frs(zr,z3) + ..+ fam1,a(Ta—1, Za) two-dimensional terms

+f1,2,3(21, 22, 23) + .. T 2,d—1,d(Td—2, Td—1,%Ta) W
thartT] d-di joral term
~ D fulw)
wC[d]
[v|<q
Problem: 2¢ many terms (curse of dimensionality) = introduce ¢ € N, ¢ < d (superposition dimension)
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ANOVA approximation for scalar-valued functions

constant
one-dimensional terms

two-dimensional terms

W

+frarfT) d-di formal term
~ Z Jo(xw) =Tv f

= - -
vCld) | set V according to sparsity |

+/f1,2,3(z1, 22, 3) + .. a=2,d—1,d(Td—2, Td—1,%q)
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Projection
Recap: reduced the number of ANOVA terms

fol@) = 3 elf) prlan)

kezd
supp k=v
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ANOVA approximation for scalar-valued functions

Projection
Recap: reduced the number of ANOVA terms
fo@a) = Y cr(f) pr(an)

kezd
supp k=v

Problem: infinitely many coefficients needed = impossible in practice

~ introduce finite index sets Zn+~ and approximate by
fo(@w) ~ Z ck(f) pr(@o), v C[d]
keInw
and thus

f@)~ Y e(fen(@), In= ] Inv

keIn lv|<q
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ANOVA approximation for scalar-valued functions

Projection
Recap: reduced the number of ANOVA terms

fol@) = 3 elf) prlan)

kezd
supp k=v

Problem: infinitely many coefficients needed = impossible in practice
~ introduce finite index sets Zn+~ and approximate by

Jo(xw) = Z ce(f) pr(®s), v C[d]

kET v
and thus
f@)~ Y alf)ee®), In= ] Inv
keIn [v|<q
= projection using a finite dictionary { ¢k }rez, C {ﬁpk}keNg
Still: computation of the integrals cx (f) = (f, ¢k) Lo (0,w), k € IN ~ data-driven approximation
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ANOVA approximation for scalar-valued functions

Regression

Goal: approximate coefficients cx(f) in f(x) ~ 3"y o7, ck(f) vr()
> from samples of the function f
> at points {x',..., 2™} i.i.d. random according to the density w
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ANOVA approximation for scalar-valued functions

Regression

Goal: approximate coefficients cx(f) in f(x) ~ 3"y o7, ck(f) vr()
> from samples of the function f

> at points {x',..., 2™} i.i.d. random according to the density w,
i.e.,
(Pkl(wl) SDkN(ml) Ckq f(ml)
: : S PN : ~ minimize || Ac — f||3
er (&™) gy (@) \ery f=")
—_—— N———
AcRMXIINI c f

e |east squares solutionc* = (ATA)"'ATf
— [Kammerer, Ullrich, Volkmer 21]: good condition number with high probability, if |Zn | < 257
— [Bartel, Potts, Schmischke 22]: can be computed efficiently (LSQR + fast multiplication)
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ANOVA approximation for scalar-valued functions

Regression

Goal: approximate coefficients cx(f) in f(x) ~ 3"y o7, ck(f) vr()
> from samples of the function f

> at points {x',..., 2™} i.i.d. random according to the density w,
i.e.,
(Pkl(wl) SDkN(ml) Ckq f(ml)
: : S PN : ~ minimize || Ac — f||3
er (&™) gy (@) \ery f=")
—_—— N———
AcRMXIINI c f

e |east squares solutionc* = (ATA)"'ATf
— [Kammerer, Ullrich, Volkmer 21]: good condition number with high probability, if |Zn | < 257
— [Bartel, Potts, Schmischke 22]: can be computed efficiently (LSQR + fast multiplication)
e final approximation
[ (=) = Z Ck Pr ()

kELNn

Melanie Kircheis, Chemnitz University of Technology, Faculty of Mathematics



ANOVA meets control

ANOVA approximation for control systems

ANOVA approximation for control systems

Melanie Kircheis, Chemnitz University of Technology, Faculty of Mathematics



ANOVA meets control

ANOVA approximation for control systems

Setting

( Unknown function:
H:R* x R™ - R,
H(z,u) = F(z)+ G(z)u,
with
e F: RY - RY,
* G:RY - R™™,

°* dmeN,m<d,
_ mesm y,
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Setting

( Unknown function:
H:R* x R™ - R,
H(z,u) = F(z)+ G(z)u,
with
e F: RY - RY,
* G:RY - R™™,

°* dmeN,m<d,
_ mesm y,

Assumption: F' and G of low-dimensional structure
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e sampling points (z*,u’),i=1,..., M
e samples H(z', u’)

Goal: find H ~ H
Approach: ANOVA approximation

Problem: F' and G cannot be sampled separately
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( Unknown function:
H:R* x R™ - R,
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Goal: find H ~ H
Approach: ANOVA approximation

Problem: F' and G cannot be sampled separately
~ individual approximation not possible
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e sampling points (z*,u’),i=1,..., M
e samples H(z', u’)

Goal: find H ~ H
Approach: ANOVA approximation

Problem: F' and G cannot be sampled separately
~ individual approximation not possible
~ coupled reconstruction
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ANOVA approximation for control systems

Setting

Y\ Given:

( Unknown function:
e sampling points (z*,u’),i=1,..., M

H:RYxR™ — RY,
H(z,u) = F(z)+ G(z)u,

e samples H(z', u’)

) Goal: find H ~ H
with
o [: RY 5 RY, Approach: ANOVA approximation

* G: R —» R™™,
Problem: F' and G cannot be sampled separately
®* dmeN m<<d, o . . .
\_ ) ~ individual approximation not possible

~ coupled reconstruction

Assumption: F' and G of low-dimensional structure

Important: avoid ANOVA approximation of H in z = (x, u)
for m > 1 introduces many additional terms — nonexistent interactions of the components of u

~~ unnecessary costs + error
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ANOVA meets control

ANOVA approximation for control systems

Setting

Y\ Given:

( Unknown function:
e sampling points (z*,u’),i=1,..., M

H:RYxR™ — RY,
H(z,u) = F(z)+ G(z)u,

e samples H(z', u’)

) Goal: find H ~ H
with
o [: RY 5 RY, Approach: ANOVA approximation

* G: R —» R™™,
Problem: F' and G cannot be sampled separately
®* dmeN m<<d, o . . .
\_ ) ~ individual approximation not possible

~ coupled reconstruction

Assumption: F' and G of low-dimensional structure

Important: avoid ANOVA approximation of H in z = (x, u)
for m > 1 introduces many additional terms — nonexistent interactions of the components of u

~» unnecessary costs + error ~ exploit linearity in w instead
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Unit vectors as control

Simplest approach: U = {0, e, ..., ex} with {e;}};2, unit vectors of R™
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ANOVA approximation for control systems

Unit vectors as control
Simplest approach: U = {0, e, ..., ex} with {e;}};2, unit vectors of R™

evaluation of H(xz,u) = F(x) + G(x)u yields
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ANOVA approximation for control systems

Unit vectors as control
Simplest approach: U = {0, e, ..., ex} with {e;}};2, unit vectors of R™
evaluation of H(xz,u) = F(x) + G(x)u yields

H(@,0) = F(2),
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ANOVA approximation for control systems

Unit vectors as control
Simplest approach: U = {0, e, ..., ex} with {e;}};2, unit vectors of R™
evaluation of H(xz,u) = F(x) + G(x)u yields

H(z,0) = F(x),
Fi(x) Gii(x) ... Gim(z)
H(xz,er) = : + : :
Fd.(m) Gdl.(m) de.l(m)
=F(x)+ Ge(z), £=1,...,m,

€y
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ANOVA approximation for control systems

Unit vectors as control
Simplest approach: U = {0, e, ..., ex} with {e;}};2, unit vectors of R™
evaluation of H(xz,u) = F(x) + G(x)u yields

H(z,0) = F(x),
Fi(x) Gii(x) ... Gim(z)
H(xz,er) = : + : :
Fd.(m) Gdl.(m) de.l(m)
F(z)+ Ge(xz), £=1,...,m,

€y

i.e.,

Go(x) = H(x,er) — F(x)
= H(xz,e¢) — H(x,0), {=1,...,m
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ANOVA meets control

ANOVA approximation for control systems

Unit vectors as control
Simplest approach: U = {0, e, ..., ex} with {e;}};2, unit vectors of R™
evaluation of H(xz,u) = F(x) + G(x)u yields

H(z,0) = F(x),
Fi(x) Gii(x) ... Gim(z)
H(xz,er) = : + : :
Fd.(m) Gdl.(m) de.l(m)
F(z)+ Ge(xz), £=1,...,m,

€y

i.e.,

Go(x) = H(x,er) — F(x)
= H(xz,e¢) — H(x,0), {=1,...,m

= may produce samples of F'and G artificially

Melanie Kircheis, Chemnitz University of Technology, Faculty of Mathematics



ANOVA meets control

ANOVA approximation for control systems

Unit vectors as control
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Simplest approach: U = {0, e, ..., ex} with {e;}};2, unit vectors of R™

evaluation of H(xz,u) = F(x) + G(x)u yields

Remark: ANOVA only for scalar-valued functions
H(z,0) = F(x),

~ proceed rowwise:
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i.e.,
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ANOVA approximation for control systems

Unit vectors as control

Simplest approach: U = {0, e, ..., ex} with {e;}};2, unit vectors of R™

evaluation of H(xz,u) = F(x) + G(x)u yields Remark: ANOVA only for scalar-valued functions

H(z,0) = F() ~ proceed rowwise:
Fi(2) G11(®) ... Gim(®) Hy(@,u) = Fj(z) + > _ Gi(@)ue, j=1,...,d
H(x,er) = : + : : ) £=1
Fa(@) Gar(@) - Gam(@) > samples (H;(z', 0))?{1 for F;
=F(x)+ Ge(z), £=1,...,m, _ - _ v ~
> samples (H; (', e.) — Hj(x',0)),_, for Gy
i.e.,
Gi(x) = H(x, e;) — F(x) v/ preserves structure (linearity in u)
= H(xz,e;) — H(z,0), £=1,....,m X M(m + 1) function evaluations necessary
— at each unit vector all z*
= may produce samples of F and G artificially — non-flexible
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Matrix approach

(Aim: preserve structure + use only one set of samples of H)
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ANOVA approximation for control systems

Matrix approach

(Aim: preserve structure + use only one set of samples of H)

Observation: ANOVA approximation separately for ' and G would mean

Hj(m,u) = Fi(z) + > Gje(a)ue . j=1,....d
=1
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Matrix approach
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ANOVA approximation for control systems

Matrix approach

(Aim: preserve structure + use only one set of samples of H)

Observation: ANOVA approximation separately for ' and G would mean

Hj(w,u) = Fj(@) + > Gu@uwr~ Y  cipp(@)+ Y ( > Cﬁ+l@£+1(m)>u€a j=1,....d
=1

keZ(V1) =1 \s€Z(Vypy1)
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ANOVA approximation for control systems

Matrix approach

(Aim: preserve structure + use only one set of samples of H)

Observation: ANOVA approximation separately for ' and G would mean
CCURVCED SCAERED S EIBED o] (15 oL Sl P R
keZ(V1) =1 \s€Z(Vpi1)

= for (z*, u?) i.i.d. random:

. M
¢ i 0, i . 1 M
c = , A::( x ) U,=d S
(Ck)kez(w) ¢ (@) i=1,keZ(Vy) ¢ ing (us )
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ANOVA approximation for control systems

Matrix approach

(Aim: preserve structure + use only one set of samples of H)

Observation: ANOVA approximation separately for ' and G would mean
CCURVCED SCAERED S EIBED o] (15 oL Sl P R
keZ(V1) =1 \s€Z(Vpi1)

= for (z*, u?) i.i.d. random:

¢ ¢ ¢ i\M . 1 M
= 5 A = ( ) s U, = d ey
¢ (Ck)kez(w) ¢ (@) i=1, keZ(V,) ¢ ing (us ue')
yields
Cl
i i\ M
(H](m U )) ~ (Al U1A2 UmAm+1) :
=1 cm+1
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ANOVA meets control

ANOVA approximation for control systems

Matrix approach

(Aim: preserve structure + use only one set of samples of H)

Observation: ANOVA approximation separately for ' and G would mean
CCURVCED SCAERED S EIBED o] (15 oL Sl P R
keZ(V1) =1 \s€Z(Vpi1)

= for (z*, u?) i.i.d. random:

¢ ¢ ¢ i\M . 1 M
= 5 A = ( ) s U, = d ey
¢ (Ck)kez(w) ¢ (@) i=1, keZ(V,) ¢ ing (us ue')
yields
Cl
i i\ M
(H](m U )) ~ (Al U1A2 UmAm+1) :
=1 cm+1

= find least squares solution
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ANOVA approximation for control systems

Efficient implementation [https://github.com/NFFT/ANOVAapprox.jl]
m
Hj(ac,u):Fj(a:)—l—ZGﬂ(m)ue, j:l,...,d
=1

Recap — ANOVA approximation:

. - A .
Truncation Y ( Projection ( Regression )
Q> choose finite number of
fraler®s) + .+ fa Sy basis functions {Wk}kezd %](zl) WkN(zl) Chy f(zl)
Hf120(@ 22, 08) + oo fTT a1 a2 Ta-1, T) : : x|
: : : o, () ey (@) \ewy ) \F ()
Hhat % °i~5’:*"ﬁw : ‘ AeRMXITN| e 7
H o e s ~ minimize || Ae - f]3
reduce number of ANOVA
terms
J \_ J \C J
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ANOVA approximation for control systems

Efficient implementation [https://github.com/NFFT/ANOVAapprox.jl]
m
Hj(ac,u):Fj(a:)—l—ZGﬂ(m)ue, j:l,...,d
=1

Recap — ANOVA approximation:

. L ) .
Truncation Y ( Projection ( Regression )
@) .
. M G+ @D choose finite number of
Bt T basis functions {¢x } 74 (%(zl) m(zl))(%) (f(zU)
+128(21, 72, 73) oo fTT T 0502, T, T0) : : N 1 I
; B o (@) iy (@) \ewy ) \S(@)
hatey R : yprr o : 7
~ 3 folws) = T f { ' Lan ’ R 2
= k=0 k=1 k=2 ~> minimize |[Ac - 3
~ set V without interactions
between the w,
J \C J \C J
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ANOVA approximation for control systems

Efficient implementation [https://github.com/NFFT/ANOVAapprox.jl]
Hj(xz,u) = -I—ZGJ[ ue, j=1,...,d

Recap — ANOVA approximation:

. 4 L A .
Truncation ) Projection ( Regression )
HCR ) use the Chebyshev basis
‘ et {oi " een, = {1,V2z,...} @) pna(@)\ () [ f@)
(@0, 22,23) oo a(am, Ta, ) + : : N ]
B . ok, (M) - pey (M) J\ oy f(aM)
bty choose only one basis func- — e
~ Y folwn) =T f tion for all u, o ‘
< ~ minimize ||Ac — f||3
~ set V without interactions = exact reconstruction of
between the wu, all u,
J L J L J
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ANOVA meets control

ANOVA approximation for control systems

Efficient implementation [https://github.com/NFFT/ANOVAapprox.jl]

Hj(xz,u) = -I—ZGJ[ ue, j=1,...,d
Recap — ANOVA approximation:
. ) - ) .
Truncation Projection Regression
HCR ) use the Chebyshev basis
‘ et {oi " een, = {1,V2z,...} @) pna(@)\ () [ f@)
+f128(81,22,73) 5 a(Fa—2, Ta-1, Ta) + : : N I
B . or, (M) - pry (@M) J\ery f(aM)
ity choose only one basis func- — o
~ Y folwn) =T f tion for all u, o ‘
< ~ minimize ||Ac — f||3
~ set V without interactions = exact reconstruction of
between the wu, all u,
J L J L

= only need suitable preprocessing step (adjust the index sets V and Zx~ appropriately)
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Numerical Example

Toy example

e d=8andm=1
e consider only one component

H]-(m,u) = (:174 — :171)ZB2 — T3 U

F(x) G(=)

® maximum two-dimensional terms
~ g = 2
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s ANOVA meets control

Numerical Example

Toy example

d=8andm =1

e consider only one component

Hij(x,u) = (r4 — 1) 22— 23 u

j(myu) = (w4 —21) 22 — T3
F(x) G(z)

® maximum two-dimensional terms

Chebyshev basis for both approaches

> approach 1 — unit vectors
> approach 2 — matrix approach
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s ANOVA meets control

Numerical Example

Toy example
e d=8andm=1 © relevant ANOVA terms
of I of G
e consider only one component 057‘ (1.2 (2.4) T 1: o ‘ ‘ ]
Hi(x,u) = (x4 —x1) 22— T3 U 0.4} 1 08} 1
j(x,u) = (va — 1) 22 — 3
F() G(z) 0.3F 1 0.6 1
0.2 N 04r N
® maximum two-dimensional terms o1l 0ol
L pproach * approach
g =2 oL e # U ¥ ¥ ¥ 1
® Chebyshev basis for both approaches = correctly identified

> approach 1 — unit vectors
> approach 2 — matrix approach
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Numerical Example

Toy example
e d=8andm=1 © relevant ANOVA terms
of I of G
e consider only one component s T (L) {2.4) ‘ . (3 ‘ ‘
Hj(x,u) = (x4 — 1) T2 — T3 U 0.4F 1 08f 1
Flz) G(z) 03] 1 o6f 1
0.2 1 04r 8
® maximum two-dimensional terms 01l 02l
= approach 2 = approach 2
g=2 0t e . 0| . .
® Chebyshev basis for both approaches = correctly identified
> approach 1 - unit vectors . —10
> approach 2 — matrix approach @ error results ~» same order of magnitude 10
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Summary

® investigated ANOVA in the context of control problems H(z,u) = F(x) + G(x)u

¢ introduced 2 methods to exploit low-dimensional structures of ' and G, especially linearity in «

v/ easy to use due to free software package [https://github.com/NFFT/ANOVAapprox. jl1]
v/ efficient computation
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X many samples needed ~~ possibly unfeasible in practice

@ additional approach to only need one set of samples ~~ determined suitable preprocessing

v/ preserve linearity — exact reconstruction of components of u
v/ only one set of samples
v/ no additional ANOVA terms introduced

¢ K., Potts, Schaller, Worthmann: ANOVA approximation for control systems. In preparation.
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@ simple approach using unit vectors as control

v/ allows to approximate F' and G separately due to artificial samples
X many samples needed ~~ possibly unfeasible in practice

@ additional approach to only need one set of samples ~~ determined suitable preprocessing
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Thank you for your attention!
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