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Nonequispaced fast Fourier transforms for bandlimited functions
Motivation

Nonequispaced Fast Fourier Transform (NFFT / NUFFT)

Fast algorithm to evaluate a trigonometric polynomial O(|IM | log(|IM |) +N)

[Dutt, Rokhlin 93], [Beylkin 95],
[Potts, Steidl, Tasche 01]

f(x) =
∑

k∈IM

f̂k e2πikx

• index set IM := Zd ∩
[
−M

2
, M

2

)d with cardinality |IM | =Md, M ∈ 2N,
• Fourier coefficients f̂k ∈ C, k ∈ IM ,

• nonequispaced points xj ∈ Td ∼=
[
− 1

2
, 1
2

)d
, j = 1, . . . , N, N ∈ N

Matrix notation:
f = Af̂ with A :=

(
e2πikxj

)N
j=1,k∈IM

∈ CN×|IM |

Factorization: A ≈ BFD
↗

(2m+1)d–sparse
↑

FFT
↖

diagonal (in each column of B only (2m+ 1)d entries, m ∈ N given)

Melanie Kircheis, Chemnitz University of Technology, Faculty of Mathematics 2



Nonequispaced fast Fourier transforms for bandlimited functions
Motivation

Nonequispaced Fast Fourier Transform (NFFT / NUFFT)

Fast algorithm to evaluate a trigonometric polynomial O(|IM | log(|IM |) +N)

[Dutt, Rokhlin 93], [Beylkin 95],
[Potts, Steidl, Tasche 01]

f(x) =
∑

k∈IM

f̂k e2πikx

• index set IM := Zd ∩
[
−M

2
, M

2

)d with cardinality |IM | =Md, M ∈ 2N,
• Fourier coefficients f̂k ∈ C, k ∈ IM ,

• nonequispaced points xj ∈ Td ∼=
[
− 1

2
, 1
2

)d
, j = 1, . . . , N, N ∈ N

Matrix notation:
f = Af̂ with A :=

(
e2πikxj

)N
j=1,k∈IM

∈ CN×|IM |

Factorization: A ≈ BFD
↗

(2m+1)d–sparse
↑

FFT
↖

diagonal (in each column of B only (2m+ 1)d entries, m ∈ N given)

Melanie Kircheis, Chemnitz University of Technology, Faculty of Mathematics 2



Nonequispaced fast Fourier transforms for bandlimited functions
Motivation

Nonequispaced Fast Fourier Transform (NFFT / NUFFT)

Fast algorithm to evaluate a trigonometric polynomial O(|IM | log(|IM |) +N)

[Dutt, Rokhlin 93], [Beylkin 95],
[Potts, Steidl, Tasche 01]

f(x) =
∑

k∈IM

f̂k e2πikx

• index set IM := Zd ∩
[
−M

2
, M

2

)d with cardinality |IM | =Md, M ∈ 2N,
• Fourier coefficients f̂k ∈ C, k ∈ IM ,

• nonequispaced points xj ∈ Td ∼=
[
− 1

2
, 1
2

)d
, j = 1, . . . , N, N ∈ N

Matrix notation:
f = Af̂ with A :=

(
e2πikxj

)N
j=1,k∈IM

∈ CN×|IM |

Factorization: A ≈ BFD
↗

(2m+1)d–sparse
↑

FFT
↖

diagonal (in each column of B only (2m+ 1)d entries, m ∈ N given)

Melanie Kircheis, Chemnitz University of Technology, Faculty of Mathematics 2



Nonequispaced fast Fourier transforms for bandlimited functions
Motivation

Bandlimited functions

no longer discrete
(trigonometric polynomials) but continuous

(bandlimited functions)

(Continuous) Fourier transform:

f̂(v) :=

∫
Rd

f(x) e−2πivx dx, v ∈ Rd

⇝ bandlimited functions with bandwidthM ∈ N (Paley–Wiener space)

BM/2(Rd) :=
{
f ∈ L2(Rd) : supp(f̂) ⊆

[
−M

2
, M

2

]d } ⊆ L2(Rd) ∩ C0(Rd) ∩ C∞(Rd)

So:

instead of
f(xj) =

∑
k∈IM

f̂k e2πikxj

with given f̂k, k ∈ IM

now
f(xj) =

∫
[−M

2
,M

2 )d
f̂(v) e2πivxj dv

with given f̂(k), k ∈ IM

In this talk: for simplicity only d = 1
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Nonequispaced fast Fourier transforms for bandlimited functions
Overview

Overview

1 Regularized Shannon sampling formulas

2 NFFT-like procedure for bandlimited functions

3 Numerical Example
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Nonequispaced fast Fourier transforms for bandlimited functions
Regularized Shannon sampling formulas

Regularized Shannon sampling formulas
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Nonequispaced fast Fourier transforms for bandlimited functions
Regularized Shannon sampling formulas

Sampling Theorem of Shannon–Whittaker–Kotelnikov [Whittaker 1915],
[Kotelnikov 1933],

[Shannon 1949]Sampling Theorem

Let f ∈ BM/2(R) andL =M(1 + λ) ∈ N, λ ≥ 0.
Then f is completely determined by its sam-
ples f

(
ℓ
L

)
, ℓ ∈ Z, and we have

f(x) =
∑
ℓ∈Z

f
(
ℓ
L

)
sinc

(
Lπ

(
x− ℓ

L

))
, x ∈ R,

with the cardinal sine function

sinc(x) :=

{
sin x
x

: x ∈ R \ {0},

1 : x = 0.

Problem: infinitely many samples needed
⇝ impossible in practice

Truncation:

(ST f)(x) :=

T∑
ℓ=−T

f
(
ℓ
L

)
sinc

(
Lπ

(
x− ℓ

L

))
Numerical Shortcomings:
• slow convergence: [Jagerman 66], [K. 24]

max
|x|≤1

∣∣f(x)− (ST f)(x)
∣∣ ≤ √

2L

π
(T − L)−1/2 ∥f∥L2(R)

• non-robustness w.r.t. erroneous samples

f̃ℓ :=

{
f
(
ℓ
L

)
+ εℓ : |ℓ| ≤ T

f
(
ℓ
L

)
: |ℓ| > T

[Feichtinger 92], [Daubechies, DeVore 03], [K., Potts, Tasche 24a], [K. 24]
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Nonequispaced fast Fourier transforms for bandlimited functions
Regularized Shannon sampling formulas

Numerical realization
Substitute

∑
ℓ∈Z

f
(
ℓ
L

)
sinc

(
Lπ

(
x− ℓ

L

))

by
∑
ℓ∈Z

f
(
ℓ
L

)
ψ
(
x− ℓ

L

)
with suitable ψ : R → [−1, 1]

Regularization in frequency domain
[Natterer 86], [Daubechies 92], [Rappaport 96], [Partington 97],

[Schmeisser, Sickel 00], [Strohmer, Tanner 05], . . .

no localization
⇝ still truncation needed

⇝ only algebraic decay rates

Regularization in spatial domain
[Schmeisser, Sickel 00], [Qian 03-06], [Schmeisser, Stenger 07],
[Micchelli, Xu, Zhang 09], [Lin, Zhang 17], [Chen, Zhang 19], . . .

localization
⇝ only 2m samples needed

⇝ exponential decay rates
[K., Potts, Tasche 24a]
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Regularized Shannon sampling formulas

General error estimates for (Rφ,mf)(x) =
∑

ℓ∈Z f
(
ℓ
L

)
ψ
(
x− ℓ

L

)
Theorem (Uniform approximation error estimate) [K., Potts, Tasche 22]

Let f ∈ BM/2(R) with M ∈ N, L =M (1 + λ) ∈ N with λ ≥ 0, and φ ∈ Φm,L with m ∈ N \ {1} be given.
Then

∥f −Rφ,mf∥C0(R) ≤
(
E1(φ,M,L) + E2(φ,M,L)

)
∥f∥L2(R)

with the error constants

E1(φ,M,L) :=
√
M max

v∈[−M
2
,M

2 ]

∣∣∣∣∣1−
∫ v+L

2

v−L
2

φ̂(u) du

∣∣∣∣∣ , E2(φ,M,L) :=

√
2L

π

√
φ2

(
m
L

)
m2

+

∫ ∞

m
L

φ2(t)

Lt2
dt.

Theorem (Uniform perturbation error estimate) [K., Potts, Tasche 22]

Let additionally the noisy samples f̃ℓ := f
(
ℓ
L

)
+ εℓ with |εℓ| ≤ ε, ℓ ∈ Z, and ε > 0 be given. Then we have

∥Rφ,mf̃ −Rφ,mf∥C0(R) ≤ ε
(
2 + L φ̂(0)

)
.
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NFFT-like procedure for bandlimited functions
Now: make use of previous results for the problem

Given: f̂ :=
(
f̂(k)

)M
2

−1

k=−M
2

of f ∈ BM/2(R) Find: f(xj) =
∫

[−M
2
,M

2 )
f̂(v) e2πivxj dv, j = 1, . . . , N

(well-defined for f ∈ L1(R), or more generally f with
∑
ℓ∈Z

∣∣f( ℓ
L

)∣∣ <∞)

Idea:

ψ(x) = sinc(Lπx)φ(x)

f̂(v) =

∫
R
f(x) e−2πivx dx

≈
∫
R
(Rφ,mf)(x) e

−2πivx dx

=

∫
R

∑
ℓ∈Z

f
(
ℓ
L

)
ψ
(
x− ℓ

L

)
e−2πivx dx =

∑
ℓ∈Z

f
(
ℓ
L

)
e−2πivℓ/L

︸ ︷︷ ︸
ν̂(v)

∫
R
ψ(y) e−2πivy dy︸ ︷︷ ︸

ψ̂(v)

⇝ only reasonable for v ∈
[
− L

2
, L

2

]
since ν̂ is L-periodic and f̂ is non-periodic

Goal: recover f(xj), j = 1, . . . , N, using regularized Shannon sampling formulas
⇒ need access to as many equispaced samples f

(
ℓ
L

)
as possible ⇒ inversion formula for ν̂(v)
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Numerical Example

Comparison to classical NFFT
Also possible:

equispaced quadrature rule

f(x) =

∫
[−M

2
,M

2 )

f̂(v) e2πivx dv

≈

M
2

−1∑
k=−M

2

f̂(k) e2πikx ⇒ NFFT

Question: Which method is better suited?

classical NFFT–BFD

window function φ
in B and D

newNFFT-likemethod–ΨFDψ̂

regularized sinc function ψ = sinc(Lπ·)φ
in Ψ and Dψ̂

⇝ only comparable for x ∈ [− 1
2
+ m

L
, 1
2
− m

L
)

B non-periodic
unlike usual

Ψ non-periodic
inherently by definition
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Numerical example – Reconstruction of function evaluations

• bandwidth parametersM ∈ {20, 40, . . . , 1000}
• function f(x) = sinc2

(
M
2
πx

)
with the Fourier transform

f̂(v) = 2
M

·

{
1−

∣∣ 2v
M

∣∣ : |v| ≤ M
2
,

0 : otherwise

• scaled Chebyshev nodes

xj = cos
(

(j−1)π
N

)
·
(
1
2
− m

L

)
, j = 1, . . . , N,

with N = M
2
, m = 5

• sinh-type window function withMσ = L =M(1 + λ)
and λ = 1

⇝ exact values f(xj), j = 1, . . . , N

⇒ maximum approximation error max
j=1,...,N

|fj − f(xj)|

⇝maxx∈R f(x) = 1 independent ofM
⇒ comparable for all consideredM

0 200 400 600 800 1000

10−5

10−4

10−3

M

BFD
ΨFDψ̂

⇒ new method superior
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