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Nonequispaced fast Fourier transforms for bandlimited functions

Motivation

Nonequispaced Fast Fourier Transform (NFFT / NUFFT)

Fast algorithm to evaluate a trigonometric polynomial O(|Znsa|log(|Znm|) + N)
flx) = Z fio 27k [Dutt, Rokhlin 93], [Beylkin 95],
k€T [Potts, Steidl, Tasche 01]

* index set Ins == Z% N [ 4L, %)d with cardinality |Zas| = M?, M € 2N,
e Fourier coefficients fi. € C, k € Zs,
* nonequispaced points @; € T¢ = [-1, %)d,j =1,...,NNeN
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Nonequispaced fast Fourier transforms for bandlimited functions

Motivation

Nonequispaced Fast Fourier Transform (NFFT / NUFFT)

Fast algorithm to evaluate a trigonometric polynomial O(|Znsa|log(|Znm|) + N)
flx) = Z fio 27k [Dutt, Rokhlin 93], [Beylkin 95],
k€T [Potts, Steidl, Tasche 01]

* index set Zps == 24 N [- 4, %)d with cardinality [Zas| = M?, M € 2N,
e Fourier coefficients fi. € C, k € Zs,
* nonequispaced points @; € T¢ = [-1, %)d,j =1,...,NNeN

Matrix notation: A . N
F=Af with A= (e%kmj) c CNXITul

Factorization: A~ BFD

- b . . .
(2m+1)4-sparse FIT diagonal (in each column of B only (2m + 1)¢ entries, m € N given)
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Motivation

Bandlimited functions

discrete continuous

no longer (trigonometric polynomials) but (bandlimited functions)
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Motivation

Bandlimited functions

discrete continuous

no longer (trigonometric polynomials) but (bandlimited functions)

(Continuous) Fourier transform:

fw)= [ f@)e ™ de, veRr
/

~ bandlimited functions with bandwidth A/ € N (Paley-Wiener space)

m‘g

Buja(RY) = {J € La(R"): supp(f) € [-%, 4]} C La(R) N Co(RY) N C™ (RY)
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Nonequispaced fast Fourier transforms for bandlimited functions

Motivation

Bandlimited functions
discrete continuous

no longer (trigonometric polynomials) but (bandlimited functions)

(Continuous) Fourier transform:

fw)= [ f@)e ™ de, veRr
/

~ bandlimited functions with bandwidth A/ € N (Paley-Wiener space)

m‘g

Buja(RY) = {J € La(R"): supp(f) € [-%, 4]} C La(R) N Co(RY) N C™ (RY)
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Nonequispaced fast Fourier transforms for bandlimited functions

Motivation

Bandlimited functions
discrete continuous

no longer (trigonometric polynomials) but (bandlimited functions)

(Continuous) Fourier transform:

v) :/f(m)e_%i”dm, veR?
d

~ bandlimited functions with bandwidth A/ € N (Paley-Wiener space)
Buja(RY) = {J € La(R"): supp(f) € [-%, 4]} C La(R) N Co(RY) N C™ (RY)
So: ; )
Z fk e27rik:zj f(mj) f (’U) e27rwm]~ dv
instead of kETng now [ 4. %)
with given fi, k € Zas with given f(k), k € Zar
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Nonequispaced fast Fourier transforms for bandlimited functions

Motivation

Bandlimited functions
discrete continuous

no longer (trigonometric polynomials) but (bandlimited functions)

(Continuous) Fourier transform:

v) :/f(m)e_%i”dm, veR?
d

~ bandlimited functions with bandwidth A/ € N (Paley-Wiener space)
Buja(RY) = {J € La(R"): supp(f) € [-%, 4]} C La(R) N Co(RY) N C™ (RY)
So: ; )
Z fk e27rik:zj f(mj) f (’U) e27rwm]~ dv
instead of kETng now [ 4. %)
with given fi, k € Zas with given f(k), k € Zar

In this talk: for simplicity only d = 1
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s Nonequispaced fast Fourier transforms for bandlimited functions

Overview

Overview

© Regularized Shannon sampling formulas
® NFFT-like procedure for bandlimited functions

® Numerical Example
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Nonequispaced fast Fourier transforms for bandlimited functions

Regularized Shannon sampling formulas

Sampling Theorem of Shannon—Whittaker—Kotelnikov (Whittaker 1975],

[Kotelnikov 1933],
Sampling Theorem

[Shannon 1949]
Letf S BM/Q(R)andL = M(l +>\) S N,)\ > 0.
Then f is completely determined by its sam-
ples f(£), ¢ € Z, and we have

Zf % sinc L7r( %)), z €R,

LEZ

with the cardinal sine function

{ sinz g e R\ {0},

sinc(x) == ) 0
sz =0.
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Regularized Shannon sampling formulas

Sampling Theorem of Shannon—Whittaker—Kotelnikov (Whittaker 1975],
[Kotelnikov 1933],

Sampling Theorem Truncation: [Shannon 1949]
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Regularized Shannon sampling formulas

Sampling Theorem of Shannon—Whittaker—Kotelnikov (Whittaker 1975],

. [Kotelnikov 1933],

Sampling Theorem Truncation: [Shannon 1949]

Let f € By a(R)and L = M(14 A) € N, A > 0. £ .

Then f is completely determined by its sam- (Srf)(x ZE f(g)sine(Lr(z - 1))
ples f(£), ¢ € Z, and we have -t

Numerical Shortcomings:

Z f( % ) sinc(L (z %)), z € R, e slow convergence: [Jagerman 66], [K. 24]
tez
V2L _
with the cardinal sine function max |f(z) = (Srf)(=)| < — (T = L) fllzom
mme e R\ {0},
sinc(x) ==
1 s 2=,

Problem: infinitely many samples needed
~ impossible in practice
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Regularized Shannon sampling formulas

Sampling Theorem of Shannon—Whittaker—Kotelnikov

Sampling Theorem Truncation:

Letf S BM/Q(R)andL = M(l +>\) S N,)\ > 0.
Then f is completely determined by its sam-
ples f(£), ¢ € Z, and we have

Zf % sinc L7r( %)), z €R,
LEL
with the cardinal sine function
:x € R\ {0},

sinc(x) == { T
1 rx=0.

Problem: infinitely many samples needed
~ impossible in practice

Melanie Kircheis, Chemnitz University of Technology, Faculty of Mathematics 6

[Whittaker 1915],
[Kotelnikov 1933],
[Shannon 1949]
£
- 1))

(Stf)(x E f % ) sinc(L (z

=—T

Numerical Shortcomings:

e slow convergence: [Jagerman 66], [K. 24]

5@ < V2L @ - 17 e

mrl/ )

e non-robustness w.r.t. erroneous samples
fe': f(%)-i—az : |€|§T
f(£) Y >T

[Feichtinger 92], [Daubechies, DeVore 03], [K., Potts, Tasche 24a], [K. 24]



Nonequispaced fast Fourier transforms for bandlimited functions

Regularized Shannon sampling formulas

Numerical realization
Substitute Z F(£) sinc(Lr(z — £))

LETL
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Nonequispaced fast Fourier transforms for bandlimited functions

Regularized Shannon sampling formulas

Numerical realization
Substitute Y f(£)sinc(Lr(z— 1)) by > f(£)¢(z—£) withsuitable ¢: R — [~1, 1]

LETL LeL
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Nonequispaced fast Fourier transforms for bandlimited functions

Regularized Shannon sampling formulas

Numerical realization
Substitute Zf(%) sinc(Lw(z — £)) by Zf(%) Y(z—£) withsuitable y: R — [-1, 1]
LETL LET

Regularization in frequency domain

[Natterer 86], [Daubechies 92], [Rappaport 96], [Partington 97],
[Schmeisser, Sickel 00], [Strohmer, Tanner 05], . . .
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Nonequispaced fast Fourier transforms for bandlimited functions

Regularized Shannon sampling formulas

Numerical realization
Substitute " f(£) sinc(Lw(z — £)) by
LEL LEL

Regularization in frequency domain

[Natterer 86], [Daubechies 92], [Rappaport 96], [Partington 97],
[Schmeisser, Sickel 00], [Strohmer, Tanner 05], . . .

Y HE) 1)

with suitable ¢o: R — [—1, 1]

Regularization in spatial domain

[Schmeisser, Sickel 00], [Qian 03-06], [Schmeisser, Stenger 07],
[Micchelli, Xu, Zhang 09], [Lin, Zhang 17], [Chen, Zhang 19], . . .
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Regularized Shannon sampling formulas

Numerical realization
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Nonequispaced fast Fourier transforms for bandlimited functions

Regularized Shannon sampling formulas

Numerical realization
Substitute Y " f(£)sinc(Lw(z — £)) by
LETL LET

Regularization in frequency domain

[Natterer 86], [Daubechies 92], [Rappaport 96], [Partington 97],
[Schmeisser, Sickel 00], [Strohmer, Tanner 05], . . .

v

L M M L
2 2 2 2

no localization
~ still truncation needed

S r(E)w(z-£)

with suitable ¢o: R — [—1, 1]

Regularization in spatial domain

[Schmeisser, Sickel 00], [Qian 03-06], [Schmeisser, Stenger 07],
[Micchelli, Xu, Zhang 09], [Lin, Zhang 17], [Chen, Zhang 19], . . .

localization
~ only 2m samples needed
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Nonequispaced fast Fourier transforms for bandlimited functions

Regularized Shannon sampling formulas

Numerical realization
Substitute Y " f(£)sinc(Lw(z — £)) by
LETL LEL

Regularization in frequency domain

[Natterer 86], [Daubechies 92], [Rappaport 96], [Partington 97],
[Schmeisser, Sickel 00], [Strohmer, Tanner 05], . . .

v

L M M L
2 2 2 2

no localization
~ still truncation needed

~ only algebraic decay rates

S r(E)w(z-£)

with suitable ¢o: R — [—1, 1]

Regularization in spatial domain

[Schmeisser, Sickel 00], [Qian 03-06], [Schmeisser, Stenger 07],
[Micchelli, Xu, Zhang 09], [Lin, Zhang 17], [Chen, Zhang 19], . . .

localization
~ only 2m samples needed

~+ exponential decay rates
[K., Potts, Tasche 24a]
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Nonequispaced fast Fourier transforms for bandlimited functions

Regularized Shannon sampling formulas

General error estimates for (Ry, . f)(z) = Y ey f(£) ¢(z — £)

Theorem (Uniform approximation error estimate) [K., Potts, Tasche 22]

Let f € Buyy2(R) with M e N, L =M (1 +X) e Nwith A >0, and ¢ € &, with m € N\ {1} be given.
Then
Hf - R%meCo(R) < (El((,O, M7 L) + E2(§07M7L)) ”fHLz(]R)

with the error constants .

I V2L [¢*(2) | [ ¢*@1)

Ei(p,M,L) =vVM max 1—/U . @(u) dul, Es(p, M, L) = T-{-/ﬂ T2 dt.
2

L R

L

Melanie Kircheis, Chemnitz University of Technology, Faculty of Mathematics 8
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Regularized Shannon sampling formulas

General error estimates for (Ry, . f)(z) = Y ey f(£) ¢(z — £)

Theorem (Uniform approximation error estimate) [K., Potts, Tasche 22]

Let f € Buyy2(R) with M e N, L =M (1 +X) e Nwith A >0, and ¢ € &, with m € N\ {1} be given.
Then
Hf - R%meCo(R) < (El((,O, M7 L) + E2(§07M7L)) ”fHLz(]R)

with the error constants ;
S 5L [2(2) [ o2
1—/ ¢ (u) du, EQ(sD,M,L);:\/;\/%"éQL)Jr/ P21 4,

Ei(p,M,L) =vM max
M M

2
vE|— Gy 7% % Lt
[K., Potts, Tasche 22 || f — Rsinh,m flloo@) < c1e” ™2 ||f||L2(R)
[K., Potts, Tasche 24al]: ||f — RcKB,meCO(R) < cge M4 ||f||L2(R)
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Regularized Shannon sampling formulas

General error estimates for (Ry, . f)(z) = Y ey f(£) ¢(z — £)

Theorem (Uniform approximation error estimate) [K., Potts, Tasche 22]

Let f € Buyy2(R) with M e N, L =M (1 +X) e Nwith A >0, and ¢ € &, with m € N\ {1} be given.
Then
Hf - R%meCo(R) < (El((,O, M7 L) + E2(§07M7L)) ”fHLz(]R)

with the error constants .
ViL [(3) | [~ )
= 5(u)d Ex(p,M,L) = ~—, | T~ L/ dt.
L ewal B =2 S [

Ei(p,M,L) =vVM max
[K., Potts, Tasche 22 || f — Rsinh,m fllco@®) < V M e ™1+ 1 £l 2o (m)

ve 7*,7
7 M A (142+4mA —mmA by
< PR e Y N | £ ey

[K., Potts, Tasche 24al:  ||f — RcKB,meCO(]R)
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Nonequispaced fast Fourier transforms for bandlimited functions

Regularized Shannon sampling formulas

General error estimates for (R, f)(x) = Y,y f (%) 1/1(

HN
~—

Theorem (Uniform approximation error estimate) [K., Potts, Tasche 22]

Let f € Buyy2(R) with M e N, L =M (1 +X) e Nwith A >0, and ¢ € &, with m € N\ {1} be given.
Then
Hf - R%meCo(R) < (El((,O, M7 L) + E2(§07M7L)) ”fHLz(]R)

with the error constants
v+ . \/i 302 m ® H2(t
]1_/,£ @(u) dul, E2(¢’M’L)::7r\/n(12L)+/ (p()dt.

Ei(p,M,L) =vM max T
K., Potts, Tasche 22]: || f — Reint,m fllco@) < VM e ™™ A | £l gy

< 7V M wmA (1+A+4mA) o= mTA/(1+2) ||f||L ®
2

L
[K., Potts, Tasche 24a]: || f — RexB,m fllco(®) PYGES\E

Theorem (Uniform perturbation error estimate) [K., Potts, Tasche 22]

Let additionally the noisy samples f; := f(£) + &, with |e,| < ¢, £ € Z, and & > 0 be given. Then we have
|Rp,m f — Roum flloom < € (24 L@(0)).
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NFFT-like procedure for bandlimited functions
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Nonequispaced fast Fourier transforms for bandlimited functions

NFFT-like procedure for bandlimited functions

NFFT-like procedure for bandlimited functions
Now: make use of previous results for the problem
-~ ~ M ~ .
Given: f := (f(k))> 'y of f € Bar/a(R) Find: f(z;) = [ f)e*™%idv,j=1,...,N
- 2
[-4.4)

(well-defined for f € L1 (R), or more generally f with 3", | f(£)] < o0)
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Now: make use of previous results for the problem
-~ ~ M ~ .
Given: f := (f(k))> 'y of f € Bar/a(R) Find: f(z;) = [ f)e*™%idv,j=1,...,N
- 2
[-4.4)

(well-defined for f € L1 (R), or more generally f with 3", | f(£)] < o0)
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fo) = [ fa)e ™ as
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NFFT-like procedure for bandlimited functions
Now: make use of previous results for the problem
-~ ~ M ~ .
Given: f := (f(k))> 'y of f € Bar/a(R) Find: f(z;) = [ f)e*™%idv,j=1,...,N
- 2
[-4.4)

(well-defined for f € L1 (R), or more generally f with 3", | f(£)] < o0)
Idea:

f(’U) = /]Rf(T) e—27rivx dz ~ /V]R (Rv’mf) (.T) e—27riv:c dz
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NFFT-like procedure for bandlimited functions

NFFT-like procedure for bandlimited functions
Now: make use of previous results for the problem
-~ ~ M ~ .
Given: f := (f(k))> 'y of f € Bar/a(R) Find: f(z;) = [ f)e*™%idv,j=1,...,N
- 2
-4.%)
(well-defined for f € L1 (R), or more generally f with 3", | f(£)] < o0)

Idea:
o) = /]Rf(w) 02T g A /]R (R ) (1) =27 g Y(z) = sinc(Lrx) o(z)

= Zf(%)lb(fﬂf %)e—Qwivzdx

R ¢ez
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NFFT-like procedure for bandlimited functions

NFFT-like procedure for bandlimited functions
Now: make use of previous results for the problem
-~ ~ M ~ .
Given: f := (f(k))> 'y of f € Bar/a(R) Find: f(z;) = [ f)e*™%idv,j=1,...,N
o -4.4)
(well-defined for f € L1 (R), or more generally f with 3", | f(£)] < o0)

Idea:

) ) Y (x) = sinc(L7x) p(x
v) = / fl@)e ™ do ~ / (Rem f)(x) e > dz (=) (Lnz) ()

/ Zf % .CE* 7) 727r1vzd Zf % 72771U€/L/w(y) 6727ri'uy dy

R pez A N .

(v) ¥(v)
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NFFT-like procedure for bandlimited functions

NFFT-like procedure for bandlimited functions
Now: make use of previous results for the problem
-~ ~ M ~ .
Given: f := (f(k))> 'y of f € Bar/a(R) Find: f(z;) = [ f)e*™%idv,j=1,...,N
o -4.4)
(well-defined for f € L1 (R), or more generally f with 3", | f(£)] < o0)

Idea:

) ) Y (x) = sinc(L7x) p(x
v) = / fl@)e ™ do ~ / (Rem f)(x) e > dz (=) (Lnz) ()

/ Zf % .CE* 7) 727r1vzd Zf % 72771U€/L/w(y) 6727ri'uy dy

R pez A N .

(v) ¥(v)

~ only reasonable for v € [ — £, L] since # is L-periodic and f is non-periodic

Melanie Kircheis, Chemnitz University of Technology, Faculty of Mathematics



Nonequispaced fast Fourier transforms for bandlimited functions
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NFFT-like procedure for bandlimited functions
Now: make use of previous results for the problem
-~ ~ M ~ .
Given: f := (f(/c));:fM of f € By 2(R) Find: f(z;)= [ f(v)e*™dv,j=1,...,N

[-5.5)

(well-defined for f € L1 (R), or more generally f with 3", | f(£)] < o0)

Idea:
v) = / Fla) e da z/ (R f)(z) =277 d Y(z) = sinc(Lrx) o(z)
/ Zf % .CE 7 7) 727r1vzd Zf % 72771U€/L/w(y) 6727ri'uy dy
R ¢ez = K ,
o(v) P(v)

~ only reasonable for v € [ — £, L] since # is L-periodic and f is non-periodic

Goal: recover f(z;),j =1,..., N, using regularized Shannon sampling formulas
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NFFT-like procedure for bandlimited functions

NFFT-like procedure for bandlimited functions
Now: make use of previous results for the problem
-~ ~ M ~ .
Given: f := (f(/c));:fM of f € By 2(R) Find: f(z;)= [ f(v)e*™dv,j=1,...,N

[-5.5)

(well-defined for f € L1 (R), or more generally f with 3", | f(£)] < o0)

Idea:
v) = / Fla) e da z/ (R f)(z) =277 d Y(z) = sinc(Lrx) o(z)
/ Zf % .CE 7 7) 727r1vzd Zf % 72771U€/L/w(y) 6727ri'uy dy
R ¢ez = K ,
o(v) P(v)

~ only reasonable for v € [ — £, L] since # is L-periodic and f is non-periodic

Goal: recover f(z;),j =1,..., N, using regularized Shannon sampling formulas
= need access to as many equispaced samples f(£) as possible
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NFFT-like procedure for bandlimited functions

NFFT-like procedure for bandlimited functions
Now: make use of previous results for the problem
-~ ~ M ~ .
Given: f := (f(/c));:fM of f € By 2(R) Find: f(z;)= [ f(v)e*™dv,j=1,...,N

[-5.5)

(well-defined for f € L1 (R), or more generally f with 3", | f(£)] < o0)

Idea:
v) = / Fla) e da z/ (R f)(z) =277 d Y(z) = sinc(Lrx) o(z)
/ Zf % .CE 7 7) 727r1vzd Zf % 72771U€/L/w(y) 6727ri'uy dy
R ¢ez = K ,
o(v) P(v)

~ only reasonable for v € [ — £, L] since # is L-periodic and f is non-periodic

Goal: recover f(z;),j =1,..., N, using regularized Shannon sampling formulas
= need access to as many equispaced samples f(£) as possible = inversion formula for o (v)

Melanie Kircheis, Chemnitz University of Technology, Faculty of Mathematics
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NFFT-like procedure for bandlimited functions

l}(l}) — Z f(%) 6727ri’uZ/L

LeZ
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NFFT-like procedure for bandlimited functions

o1
f £ 727r1’u€/L
L

LeZ

Melanie Kircheis, Chemnitz University of

Z f(g)e
g__,

hnology, Faculty of Mathematics

L=

—2mivl/L £+1~® 72771U(Z+r®)/L
DI

rez\{0} ¢=—©

O € 2N
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NFFT-like procedure for bandlimited functions

,_1 7—1

Zf % 727r1’u€/L Z f % 727r1vZ/L+ Z E f Z-H"@ 72W1U(Z+T®)/L O € 9N
g__,

Lez reZ\{0} =- 9
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NFFT-like procedure for bandlimited functions

e o1

Zf % 727r1’u€/L Z f % 727r1vZ/L+ Z E f Z-H"@ 72W1U(Z+T@)/L O € 9N
g__,

LEL reZ\{0} (g__,

~ f € Buy2(R) C Co(R) = f(£) ~0,|¢] > £ for suitable ©
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NFFT-like procedure for bandlimited functions

Zf % 727"1"’Z/L Z f % 727'rw€/L

Lel [__,
)(v)
~ f € Buy2(R) C Co(R) = f(£) ~ 0, [¢] > £ for suitable © ~~ to avoid aliasing assume © = L is sufficient
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NFFT-like procedure for bandlimited functions

=2 f(g)e ™~ Z F(g) e, =) 2 0w) - bw) v e [~ §.4]
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NFFT-like procedure for bandlimited functions

(v)
~ f € Buy2(R) C Co(R) = f(£) ~ 0, [¢] > £ for suitable © ~~ to avoid aliasing assume © = L is sufficient
Additionally: f(v) =0,v ¢ [~ 2 Y] and {(v) £ 0,0 € [~ £, L]
. fe) _ M Mo
= I(k) PRy K 203 —h
0 : k=-%

M M
,...,—7—177

SISl
|

\:_\
5%
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NFFT-like procedure for bandlimited functions

=D S(H)e s Z F(g)emt, =) % 9(0) - P(0), v € [~ £, 4]

~ f € Barj2(R) € Co(R) = f(z) = 0,] > §
Additionally: f(v) = 0,v ¢ [ — %, %], and 1[;(1)) #0,ve[— %, L]
a(k) { B k=4, E - A
= ky=4 9® e ’ d9=D_.f
. — »
0 : k=-%L .. -1 4 . L1,
L
. 1 ) 2rikl/L
iFFT F(E) m0e= ¢ ZLﬁ(k) o= -L L, 3= Fd

Melanie Kircheis, Chemnitz University of Technology, Faculty of Mathematics




Nonequispaced fast Fourier transforms for bandlimited functions

NFFT-like procedure for bandlimited functions

Z £(2) o 2mivt/L =f(v) = d(v) - Pp(v),v € [- % 5]

~ f € By )QCO(R)if(%)%O’e 2
Additionally: f(v) =0,v ¢ [— &, 2], and 1[’(”) #0.ve =3, 5]
= ={ ¥ T ’ v=D,f
. B $
O . k' _%7"'7_%_17%7 '7%_1,
o
. a 2mikl/L
iFFT F(E) == ZLﬂ(k) BRIt SR Rt 9 =F3J
-z -
short sums (Romf) ()~ fi = Y Oet(w;— 1), j=1....N, =9
L
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NFFT-like procedure for bandlimited functions

Z £(2) o 2mivt/L =f(v) = d(v) - Pp(v),v € [- % 5]

~ f € Barj2(R) C Co(R) = f(£) ~0, ¢ > 9
Additionally: f(v) = 0,v ¢ [ — %, %], and 1[;(1)) #0,ve[— %, L]
306) {U“) k=M My . R
= k)y=14 @k e ’ d=D,f
. — »
0 : k=-%L .. -1 4 . L1,
1 i
. LY ~ _ 3 2wikl/L L L R
iFFT F(E) m0e= ZLﬂ(k) (=-L L 9 — Fd
%,
short sums (Ronf)(@j) = fi=» Oep(z;—£), j=1...,N, fr=w0
—_ L
-T2
Important: restrictionto ¢ = —%, ..., £ — 1, implies limitationto z; € [-5 + 7,1 — =)
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NFFT-like procedure for bandlimited functions

Z £(2) o 2mivt/L =f(v) = d(v) - Pp(v),v € [- % 5]

~ f € Buy2(R) € Co(R) = f(£) =0, (] > S
Additionally: f(v) = 0,v ¢ [— 2, 2] and 1/3(1)) #0,0€ [~ %5, %]
&(){:(k) k=g )= D f
= k) = (k) R ’ Y=D_;f
. _ b
S N N S
p
. LY ~ _ 3 2wikl/L L L R
iFFT F(g) mde= £ ZLW“) b=-3,., 31 9 =FJ
- L -
short sums (Romf)(xj) ~ fj= > Vetp(x;— %), j=1,...,N, fr=wv9
— L
-T2
Important: restrictionto ¢ = —%, ..., £ — 1, implies limitationto z; € [-5 + 7,1 — =) = YFD,;
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Numerical Example
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Numerical Example

Comparison to classical NFFT

Also possible:

/ f 27rw.7: dov

m‘g
N‘E
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Nonequispaced fast Fourier transforms for bandlimited functions

Numerical Example

Comparison to classical NFFT

Also possible: equispaced quadrature rule

My

27rw.7: 27r1k:.7:
/ f dv~ Z fl = NFFT
k__i

m‘g
N‘E
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Nonequispaced fast Fourier transforms for bandlimited functions

Numerical Example

Comparison to classical NFFT

Also possible: equispaced quadrature rule

My

27r1v.7: 27r1k:.7:
/ f dv~ Z fl = NFFT
k__i

m‘g
M‘E

Question: Which method is better suited?

classical NFFT - BF D [ new NFFT-like method - \IfFDlzj
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Numerical Example

Comparison to classical NFFT

Also possible: equispaced quadrature rule

My

27r1v.7: 27r1k:.7:
/ f dv~ Z fl = NFFT
k__i

m‘g
M‘E

Question: Which method is better suited?

classical NFFT - BF D [ new NFFT-like method - YFD,
window function ¢ regularized sinc function ¢ = sinc(L7+)¢
in Band D in ¥ and D,
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Numerical Example

Comparison to classical NFFT

Also possible: equispaced quadrature rule

My

27r1v.7: 27r1k:.7:
/ f dv~ Z fl = NFFT
k__i

m‘g
M‘E

Question: Which method is better suited?

classical NFFT - BF D [ new NFFT-like method - YFD,
window function ¢ regularized sinc function ¢ = sinc(L7+)¢
in Band D in ¥ and D,
~ only comparable forz € [-1 + 2 1 — m)
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Nonequispaced fast Fourier transforms for bandlimited functions

Numerical Example

Comparison to classical NFFT

Also possible: equispaced quadrature rule

My

27r1v.7: 27r1k:.7:
/ f dv~ Z fl = NFFT
k__i

m‘g
N‘E

Question: Which method is better suited?

classical NFFT - BF D [ new NFFT-like method - YFD,
window function ¢ regularized sinc function ¢ = sinc(L7+)¢
in Band D in ¥ and D,
~~ only comparable forz € [-3 + 7, 1 — =)
B non-periodic W non-periodic
unlike usual inherently by definition
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Numerical Example

Numerical example — Reconstruction of function evaluations

® bandwidth parameters M € {20, 40, ...,1000}
e function f(z) = sinc® (&L z) with the Fourier transform

f(v>:13,.{1—fiz ol < 5

0 : otherwise

¢ scaled Chebyshev nodes

2y = cos (U507) - (4 -

withN =2 m =5
® sinh-type window function with M, = L = M(1+ )
and A\ =1

b

), i=1,...,N,

Melanie Kircheis, Chemnitz University of Technology, Faculty of Mathematics



Nonequispaced fast Fourier transforms for bandlimited functions

Numerical Example

Numerical example — Reconstruction of function evaluations

e bandwidth parameters M € {20, 40, ...,1000} ~ maxzer f(z) = 1independent of M
. . oM : . = comparable for all considered M
e function f(z) = sinc® (&L z) with the Fourier transform

o=z {7 IEL e

0 : otherwise

¢ scaled Chebyshev nodes

Tj = COs (7071\71)#) . (% -

withN =2 m =5
® sinh-type window function with M, = L = M(1+ )
and A\ =1

b

), i=1,...,N,
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Numerical Example

Numerical example — Reconstruction of function evaluations

e bandwidth parameters M € {20, 40, ...,1000} ~ maxzer f(z) = 1independent of M
. . oM : . = comparable for all considered M
e function f(z) = sinc® (&L z) with the Fourier transform

o=z {7 IEL e

0 : otherwise

¢ scaled Chebyshev nodes

Tj = COs (7071\71)#) . (% -

withN =2 m =5
® sinh-type window function with M, = L = M(1+ )
and A\ =1

b

), i=1,...,N,

~ exactvalues f(z;),j=1,...,N
= maximum approximation error max |fi — f(z;)]
e

yeeny
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Numerical Example

Numerical example — Reconstruction of function evaluations

bandwidth parameters M € {20, 40, ...,1000} ~ maxzer f(z) = 1independent of M
= comparable for all considered M

function f(z) = sinc? (% wz) with the Fourier transform

oy =2 JU R R * ZvrD.|
V) = = . L ~H
Moo : otherwise 1031 = )
¢ scaled Chebyshev nodes
xj:cos(i(jj\,l)ﬂ)'(%*%% j=1,...,N, 10_4§
withN =2 m =5 i
® sinh-type window function with M, = L = M(1 + )) 107°¢
and A =1 i ;
- exactvalues f(z;),j =1,...,N 0 200 400M600 800 1000
= maximum approximation error max _|f; — f(z;)|
J=beN = new method superior
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Selected publications

K., Potts, Tasche: On regularized Shannon sampling formulas with localized sam-

pling. Sampl. Theory Signal Process. Data Anal. 20 (20), 2022.

¢ K., Potts, Tasche: On numerical realizations of Shannon's sampling theorem.
Sampl. Theory Signal Process. Data Anal. 22 (13), 2024.

e K., Potts, Tasche: Some remarks on regularized Shannon sampling formulas.
arXiv:2407.16401, 2024.

¢ K.: Fast Fourier Methods for Trigonometric Polynomials and Bandlimited Func-

tions. Dissertation. Shaker Verlag, Diiren, 2024.

e K., Potts: Nonequispaced fast Fourier transforms for bandlimited functions. In-
ternational Conference on Sampling Theory and Applications, to appear, 2025.

Thank you for your attention!
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