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space of all bandlimited functions with
bandwidthM ∈ N

BM/2(R) :=
{
f ∈ L2(R) : supp(f̂ ) ⊆

[
−M

2 ,
M
2
] }

with Fourier transform

f̂ (v) :=
∫
R
f (x) e−2πivx dx, v ∈ R

Embedding:

BM/2(R) ⊆ L2(R) ∩ C0(R) ∩ C∞(R)

(Paley–Wiener space)

Sampling Theorem
Let f ∈ BM/2(R) and N ∋ L = M(1 + λ), λ ≥ 0.
Then f is completely determined by its
samples f

(
ℓ
L

)
, ℓ ∈ Z, and

f (x) =
∑
ℓ∈Z

f
(
ℓ
L

)
sinc

(
Lπ

(
x− ℓ

L

))
, x ∈ R,

with the cardinal sine function

sinc(x) :=

{ sinx
x : x ∈ R \ {0},

1 : x = 0,
where the series converges absolutely and
uniformly on R.

Numerical Shortcomings
Problem: infinitely many samples needed
⇝ impossible in practice
T -th Shannon sampling sum:

(STf )(x) :=
T∑

ℓ=−T

f
(
ℓ
L

)
sinc

(
Lπ

(
x− ℓ

L

))
⇒ slow convergence:

max
|x|≤1

∣∣f (x) − (STf )(x)
∣∣ ≤

√
2L
π

(T − L)−1/2 ∥f∥2

⇒ non-robustness:
ε
(2
π lnT + 5

4
)

≤
∥∥f̃ − f

∥∥
∞ < ε

(2
π lnT + 5

4 + 1
2T
)

Re
gu

la
riz

at
io
n
te
ch

ni
qu

es

Regularization in frequency domain

Definition & properties
Frequency window functions:

ψ̂(v) :=


1 : |v| ≤ M

2 ,
ξ(|v|) : M2 < |v| < L

2 ,
0 : |v| ≥ L

2 ,

with ξ|[M
2 ,

L
2
] continuous and

decreasing, ξ
(
M
2
)

= 1, ξ
(
L
2
)

= 0.
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Regularized sampling sum:

Assume
∑

ℓ∈Z
∣∣f( ℓL)∣∣ < ∞.

⇝ f (x) =
∑
ℓ∈Z

f
(
ℓ
L

) 1
L
ψ
(
x− ℓ

L

)
with ψ(x) =

∫
R ψ̂(v) e2πivx dv

⇒ not interpolating:
1
L ψ

(
x− ℓ

L

) ∣∣
x=k

L

̸= δk,ℓ, k, ℓ ∈ Z

⇒ no localization:
supp(ψ̂) = [−L

2 ,
L
2 ]⇝ supp(ψ) = R

Truncation: T > L

(Pψ,Tf )(x) :=
T∑

ℓ=−T

f
(
ℓ
L

) 1
L
ψ
(
x− ℓ

L

)

Approximation error [4]

Assume that∣∣ψ(x)
∣∣ ≤ c |x|−r, x ∈ R \ {0}.

Error bound:

max
|x|≤1

∣∣f (x) − (Pψ,Tf )(x)
∣∣

≤ cLr−1
√

2L
2r−1 (T − L)(−2r+1)/2 ∥f∥2

Sufficient condition:

ψ̂ ∈ Cr(R) and ξ ∈ Cr+2 ([−M
2 ,

L
2
])

Examples [2, 4]

• linear ψ̂lin with ξlin(v) = 1 − 2v−M
L−M

• cubic ψ̂cub with

ξcub(v) = 16
(L−M)3

(
v − L

2
)2(
v − 3M−L

4
)

• convolutional

ψ̂conv(v) =
(
χ[−L+M

4 , L+M
4 ] ∗ ρn

)
(v)

with

(f ∗ g)(x) :=
∫
R
f (x− t) g(t) dt

and

ρn(v) = 2n
L−M Bn

( 2n
L−Mv

)
, n ∈ N

centered cardinal B–spline

Regularization in spatial domain

Definition & properties
Spatial window functions:

(i) φ : R → [0, 1]

(ii) φ ∈ L1(R) ∩ C0(R) is even

(iii)φ|[0,∞) is decreasing, φ(0) = 1
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Truncation: m ∈ N \ {1}
⇝ φm(t) := φ(t)χ[−m

L ,
m
L ](t)

Regularized sampling sum:

(Rφ,mf )(x) :=
∑
ℓ∈Z

f
(
ℓ
L

)
ψm

(
x− ℓ

L

)
with ψm(t) := sinc(Lπt)φm(t)
⇒ interpolating approximation:
f
(
k
L

)
= (Rφ,mf )

(
k
L

)
, k ∈ Z

⇒ localized sampling:
only 2m + 1 samples for fixed x

Robustness [1, 2, 4]

Let f̃ℓ := f
(
ℓ
L

)
+ εℓ with |εℓ| ≤ ε,

ℓ ∈ Z, and ε > 0.
∥Rφ,mf̃ −Rφ,mf∥∞ ≤ ε

(
2 + L φ̂(0)

)

Approximation error [4]

Error bound:

∥f −Rφ,mf∥∞ ≤
(
E1 + E2

)
∥f∥2

with regularization error constant

E1 =
√
M max

|v|≤M
2

∣∣∣∣1 −
v+L/2∫

v−L/2

φ̂(u) du
∣∣∣∣

and truncation error constant

E2 =
√

2L
π

√√√√√φ2
(
m
L

)
m2 +

∞∫
m/L

φ2(t)
Lt2

dt

Examples [2, 3]

• Gaussian φGauss(t) := e−t2/(2α2)

with α =
√

m
πL(L−M) optimal

• sinh-type

φsinh(t) :=
sinh

(
β

√
1−
(
Lt
m

)2
)

sinh β χ[−m
L ,

m
L ](t)

with β = πmλ
1+λ optimal

• continuous Kaiser–Bessel

φcKB(t) :=
I0

(
β

√
1−
(
Lt
m

)2
)

−1

I0(β)−1 χ[−m
L ,

m
L ](t)

with β = πmλ
1+λ optimal
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ds Comparison of theoretical results

window function error decay rate see

sinc(Lπ ·) (T − L)−1/2

ψ̂lin (T − L)−3/2 [2]
ψ̂cub (T − L)−5/2 [2]
ψ̂conv,2 (T − L)−5/2 [4]

φconst

√
1
m + 1

m2 [1,4]
φGauss e−mπλ/(2+2λ) [1,4]
φsinh e−mπλ/(1+λ) [1,4]
φcKB e−mπλ/(1+λ) [2]

Comparison of numerical results
• max

|x|≤1

∣∣f (x) − (Pψ,Tf )(x)
∣∣ and max

|x|≤1
|f (x) − (Rφ,mf )(x)| • fine grid xs ∈ [−1, 1], s = 1, . . . , 105

• f (x) =
√

4M
5
[
sinc(Mπx) + 1

2 sinc(Mπ(x− 1))
]
withM = 256

• T = L +m⇝ same number of samples
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