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Motivation — reconstruction of functions
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Introduction

Sampling theorem of Shannon—Whittaker—Kotelnikov [Whittaker 1915],
[Kotelnikov 1933],
Let f € L*(R) be bandlimited on [ — &, &] for some N > 0, [Shannon 1949]

i. e., its Fourier transform

f):= [ ft)e ™™ dt

T

is supportedon [ — &, Z'1.

Then the function f is completely determined by its equispaced samples f(%) ¢ € Z,with
some L > N and it holds

Zf%qmcLﬂ( %)), teR,

LETL

where

: _f sne z € R\ {0},
SIHCI.—{ 1 ZEZO.
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troduction

Localized sampling
Problem:

Zf%smcLﬂ( %)), teR

LEL

infinitely many samples ~~ impossible in practice
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Introduction

Localized sampling
Problem:

Zf%smch( ﬁ)), teR

LEL
infinitely many samples ~~ impossible in practice

Solution: truncation via localized sampling, i. e., for some m € N\ {1} we consider

(Rrectmf)(8) = Y f(g)sine(La (t = £)) Lem/m/m(t = 1), tER ()
LEL
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Introduction

Localized sampling
Problem:

Zf%smch( %)), teR

LEL
infinitely many samples ~~ impossible in practice

Solution: truncation via localized sampling, i. e., for some m € N\ {1} we consider

(Rrectmf)(8) = Y f(g)sine(La (t = £)) Lem/m/m(t = 1), tER ()
LEL

Lemma (Micchelli, Xu, Zhang 09)
Let f € By/2(R) withfixed N € N, L := N(1 + X) with A > 0 and m € N\ {1} be given.

Then it holds
VL [2 1
lf = Rrect,m fllco® < VT 1fllL2ew) -

=- Since sinc decays slowly at infinity, (x) is not a good approximation.

Melanie Kircheis, Chemnitz University of Technology, Faculty of Mathematics 5]




On regularized Shannon sampling formulas with localized sampling

SITAT

Introduction

Regularized Shannon sampling formula with localized sampling
Modification: multiply sinc with a more convenient window ¢, i.e.,
(Ro,m f)(t Zf sinc(Lw (t = ) em(t — ), tER, [Qian 03],

LEL [Lin, Zhang 17]
withm € N\ {1} and @ () := @(x) 1{—m,L, m/](x) With compact support
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“* | Introduction

Regularized Shannon sampling formula with localized sampling

Modification: multiply sinc with a more convenient window ¢, i.e.,

(Rom f)(t Zf sinc(Lw (t = ) em(t — ), tER, [Qian 03],
LEL [Lin, Zhang 17]
withm € N\ {1} and @ () := @(x) 1{—m,L, m/](x) With compact support

Simplified notation:
Fort e (0, 1):

m

(Ro,m f)(t Z f(£) sine(Lw (t—

l=—m+1

~ only 2m samples f(£)
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Regularized Shannon sampling formula with localized sampling

Modification: multiply sinc with a more convenient window ¢, i.e.,

(Rom f)(t Zf sinc(Lw (t = ) em(t — ), tER, [Qian 03],
LEL [Lin, Zhang 17]
withm € N\ {1} and @ () := @(x) 1{—m,L, m/](x) With compact support

Simplified notation:
Fort e (0, 1):
(Rw,mf)(t+%) = Z f(é%k) SinC(Lﬂ' (t_,
l=—m+1

on (&, B keZ

~ only 2m samples f(£)
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wsw | Introduction

Previous approaches:
e Gaussian window function:

- [Qian 03], [Qian, Craemer 06], and references therein
- [Lin, Zhang 17]: improvement of error bounds for L = N =1
- [Qian, Craemer 05]: noisy samples
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Introduction

Previous approaches:
e Gaussian window function:

- [Qian 03], [Qian, Craemer 06], and references therein
- [Lin, Zhang 17]: improvement of error bounds for L = N = 1
- [Qian, Craemer 05]: noisy samples

e Generalizations to holomorphic functions:

— [Schmeisser, Stenger 07] using contour integration
- [Tanaka, Sugihara, Murota 08] for approximation of derivatives of f

e survey of different approaches for window functions: [Qian 04]

e approach in Fourier space: [Strohmer, Tanner 06]
~ aim is to find a regularization function with smooth Fourier transform

Now: propose new set of window functions ¢ with small support
~ high accuracy + fast evaluation
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Estimate of the uniform approximation error

Window functions ¢ : R — [0, 1]

Let L .= N(1+4+ X), A >0,andm € N\ {1} with2m <« L.

We introduce a set @,,,, 1, of window functions with the following properties:
@ ¢ € L*(R) is even, positive on (—m/L, m/L) and continuous on R\ {—m/L, m/L}
@ ¢|[0, ) is non-increasing with ¢(0) = 1
© the Fourier transform ¢(v) := [, ¢(z) e >™"** dz is explicitly known

Melanie Kircheis, Chemnitz University of Technology, Faculty of Mathematics 8



Window functions ¢ : R — [0, 1]

Let L .= N(1+4+ X), A >0,andm € N\ {1} with2m <« L.

We introduce a set @,,,, 1, of window functions with the following properties:
@ ¢ € L*(R) is even, positive on (—m/L, m/L) and continuous on R\ {—m/L, m/L}
® ©|0, =) is non-increasing with ©(0) = 1
© the Fourier transform ¢(v) := [, ¢(z) e >™"** dz is explicitly known

Examples:

rect () = 1{_pm/L, m/0](T)

—22/(202)

SDGauss(fr):: e ,0 > 0

pB(x):= Mz 2 0) Moy (?) ,s>0

[Potts, Tasche 21]

L
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Estimate of the uniform approximation error

Estimate of the uniform approximation error

Theorem (K., Potts, Tasche 22)

Let f € Bs(R)withd = 7N, 7€ (0,1/2), N €N, L = N(1+ X)with A > 0and
m € N\ {1}. Furtherlet ¢ € ®,, . With () = ©(z) 1{—m/L, m/](x) be given.

Then it holds
||f - R%mf”Co(R) < (El(m757 L) + EQ(m7 4, L)) Hf||L2(R) )

where the corresponding error constants are defined by

v+%
1 —/ ?(u) du

o 1/2
Es(m, 8, L) ::@ <¢2(’£’)+L/ <p2(t)dt> :

E1(m,8,L) =26 max

vE[—6,6] ’

|t

T™m m
i
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SITAT

Estimate of the uniform approximation error

Proof sketch |
Only consider ¢ € [0, +] and split the approximation error

F(t) = (Rom f)(t )= f(£ ) +Y F(5) et —£) — Rom (@)

LEL LEL

regularization error e1 () truncation error ez o (t)

with ¢ (z) = sinc(Lmz) ¢(z).
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" | Estimate of the uniform approximation error

Proof sketch |
Only consider ¢ € [0, +] and split the approximation error

f(@) = (Rem )( )= > f(1) DAt = 1) = (Reml)(®)
LEL LET
regularization error e (t) truncation error ez o (t)

with ¢ (z) = sinc(L7z) ¢(z).
(i) Regularization error: Fourier transform yields

~ R v+L/2
ér(v) = f(v) - (Z f(£) ie%rmé/L) / @(u) du . ve[=4,4]

= v—L/2
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" | Estimate of the uniform approximation error

Proof sketch |
Only consider ¢ € [0, +] and split the approximation error

f(@) = (Rem )( )= > f(1) DAt = 1) = (Reml)(®)
LEL LET
regularization error e (t) truncation error ez o (t)

with ¢ (z) = sinc(L7z) ¢(z).
(i) Regularization error: Fourier transform yields

. . vtL/2 .
é1<v>=f<v>—<2f(£>ie2’"”“) / p(u)du = f(v)n(v), ve[-50]

= v—L/2

f@)
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Estimate of the uniform approximation error

Proof sketch |
Only consider ¢ € [0, +] and split the approximation error

f(@) = (Rem )( )= > f(1) DAt = 1) = (Reml)(®)
LEL LET
regularization error e (t) truncation error ez o (t)

with ¢ (z) = sinc(L7z) ¢(z).

(i) Regularization error: Fourier transform yields

R . v+L/2 R
é1<v>=f(v>—<2f(£>ie2’"”“) / p(w)du = f(v)n(v), ve[-50]

= v—L/2

f)
and thereby

lex (¢ \</|c |dv< max |/ v)|dv
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Estimate of the uniform approximation error

Proof sketch |
Only consider ¢ € [0, +] and split the approximation error

f(@) = (Rem )( )= > f(1) DAt = 1) = (Reml)(®)
LEL LET
regularization error e (t) truncation error ez o (t)

with ¢ (z) = sinc(L7z) ¢(z).

(i) Regularization error: Fourier transform yields

R . v+L/2 R
é1<v>=f(v>—<2f(£>ie2’"”“) / p(w)du = f(v)n(v), ve[-50]

= v—L/2

f)
and thereby

Jex (t \</|e1 v < max |/ ()]do < V25 max (7o) 1f]2e)-
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Estimate of the uniform approximation error

Proof sketch Il

(i) Truncation error: Let 7,, := {—m + 1,...,m}, then

e2o®) =D f(L)w(t= 1) 1= Ymmjmm(t =) = D F(E)w(t-1)

LEL LETNTm
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Estimate of the uniform approximation error

Proof sketch Il

(i) Truncation error: Let 7, := {—m + 1,...,m}, then

e20(t) =D F(£)¥(t = 1) [1 = Lmmymm/n (t = > f(§)e(t-1)

LET LEZN\Tm
such that
. 1
0@l X0 1F(E)] sine(in (b - £l - £) < = 3 |5(8)]elt-£)
LEINTm CETNTm
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Estimate of the uniform approximation error

Proof sketch Il

(i) Truncation error: Let 7, := {—m + 1,...,m}, then

e20(t) =D F(£)¥(t = 1) [1 = Lmmymm/n (t = > f(§)e(t-1)

tez LET\Tm,
such that
1
0@ Y (@) pine(tr = D)lelt- ) < 7 3 A eli— )
LEINT m LELNTm
1 ) ) 1/2
< %ﬁ”f”m(m( Z o (t— 7))
LEINT m
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Estimate of the uniform approximation error

Proof sketch Il

(i) Truncation error: Let 7, := {—m + 1,...,m}, then

e20() =D F(E) (=) 1= Lpmmmm (= 1) = D0 (1) ¥(t-1)

LET LEZN\Tm
such that
1
eso® € 3 S0 sne(tm (= )] elt— ) < oo 0 (D)ot~ £)
LEINTm CETNTm
1 ) ) 1/2
< ﬁnfnmm( S G- ﬂ)
LEZN\Tm,
and - . N
Yo Pt p) = D)+ D t-1)<2) ] ¢ (%)
LEIN\NTm =m l=m+1 L=m
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Estimate of the uniform approximation error

Proof sketch Il

(i) Truncation error: Let 7, := {—m + 1,...,m}, then

e20() =D F(E) (=) 1= Lpmmmm (= 1) = D0 (1) ¥(t-1)

= LEINTm
such that
1
200 < S0 [F(8)] [sine(Lr (6= £) ot —£) < = 32 [F(E)] vl £)
LEINTm CETNTm
1 ) , 1/2
< VIl ( X S0 1)
LEZN\Tm,
and - - -
DoVt 1) =D S+ Y St-1) <2y ¢ (1)
LEIN\NTm L=m L=m+1 l=m

Melanie Kircheis, Chemnitz University of Technology, Faculty of Mathematics



On regularized Shannon sampling formulas with localized sampling

Estimate of the uniform approximation error

Simplified result

This theorem can be simplified, if the window function ¢ € ®,, 1,
© is continuous on R
@ vanishesonR\ [ — 7, 7]
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Estimate of the uniform approximation error

Simplified result

This theorem can be simplified, if the window function ¢ € ®,, 1,
© is continuous on R
@ vanishesonR\ [ — 7, 7]

= truncation errors vanish = E3(m,d,L) =0
= simple error estimate

”f - R%mf”Co(R) < E1(m,5, L) ||fHL2(R)
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Estimate of the uniform approximation error

Simplified result

This theorem can be simplified, if the window function ¢ € ®,, 1,
© is continuous on R
@ vanishesonR\ [ — 7, 7]

= truncation errors vanish = E3(m,d,L) =0
= simple error estimate

”f - R%mf”Co(R) < El(mv(S» L) ||fHL2(R)

Examples:
v/ B-spline X Gaussian
— does notvanishon R\ [ — 2, =]
v/ sinh-type X characteristic

— not continuous on R
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Estimate of the uniform approximation error

Results for special window functions & parameter choice
Only have to estimate the error constants E;(m, 4, L), j = 1,2.

= uniform approximation error decays exponentially with respect to m for
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Estimate of the uniform approximation error

Results for special window functions & parameter choice
Only have to estimate the error constants E;(m, 4, L), j = 1,2.

= uniform approximation error decays exponentially with respect to m for

e Gaussian window function

||f - RGauss,mf”Co(R) <cre ™2 ||f||L2(1R) y 0 =14/ m

~~ improves decay rate in [Qian 03] and [Lin, Zhang 17] from (m — 1) to m
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Estimate of the uniform approximation error

Results for special window functions & parameter choice
Only have to estimate the error constants E;(m, 4, L), j = 1,2.
= uniform approximation error decays exponentially with respect to m for

e Gaussian window function

2V 7w Lm—+L(m+1 —mem(L_ 2 2
||f - RGauss,meco(R) < ﬁ\/ﬁé))e (z-1) Hf”L2(R) y 0 =14/ m

~ improves decay rate in [Qian 03] and [Lin, Zhang 17] from (m — 1) to m
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Estimate of the uniform approximation error

Results for special window functions & parameter choice
Only have to estimate the error constants E;(m, 4, L), j = 1,2.
= uniform approximation error decays exponentially with respect to m for

e Gaussian window function

2V 7w Lm—+L(m+1 —mem(L_ 2 2
||f - RGauss,meco(R) < ﬁ\/ﬁé))e (z-1) Hf”L2(R) y 0 =14/ m

~ improves decay rate in [Qian 03] and [Lin, Zhang 17] from (m — 1) to m

¢ modified B-spline window function

If— Remflloom <cie” ™2 || fllpzm, s=["]
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Estimate of the uniform approximation error

Results for special window functions & parameter choice
Only have to estimate the error constants E;(m, 4, L), j = 1,2.
= uniform approximation error decays exponentially with respect to m for

e Gaussian window function

2V 7w Lm—+L(m+1 —mem(L_ 2 2
||f - RGauss,meco(R) < ﬁ\/ﬁé))e (z-1) Hf”L2(R) y 0 =14/ m

~ improves decay rate in [Qian 03] and [Lin, Zhang 17] from (m — 1) to m

¢ modified B-spline window function

5 —men(ZmOtAr—27) m
I1f = RemSllcotey < gz e ™ "G I fllpagey s = [757]
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Results for special window functions & parameter choice
Only have to estimate the error constants E;(m, 4, L), j = 1,2.

= uniform approximation error decays exponentially with respect to m for

e Gaussian window function

2V 7w Lm—+L(m+1 —mem(L_ 2 2
||f - RGauss,meco(R) < ﬁ\/ﬁé))e (z-1) Hf”L2(R) y 0 =14/ m

~ improves decay rate in [Qian 03] and [Lin, Zhang 17] from (m — 1) to m

¢ modified B-spline window function

5 —men(ZmOtAr—27) m
I1f = RemSllcotey < gz e ™ "G I fllpagey s = [757]

¢ sinh-type window function

/8 _ mm (14+X—27)

Hf - Rsinh,meCo(]R) <a e ||fHL2(R) ) 1+
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Estimate of the uniform approximation error

Results for special window functions & parameter choice
Only have to estimate the error constants E;(m, 4, L), j = 1,2.
= uniform approximation error decays exponentially with respect to m for

e Gaussian window function

2V 7w Lm—+L(m+1 —mem(L_ 2 2
||f - RGauss,meco(R) < ﬁ\/ﬁé))e (z-1) Hf”L2(R) y 0 =14/ m

~ improves decay rate in [Qian 03] and [Lin, Zhang 17] from (m — 1) to m
¢ modified B-spline window function
S Celn (T (A —27) m
1 = Bomflloom < iz e ™ (2055 | £l ey, s = [25]
¢ sinh-type window function

If = Rennm fllcom <3V20e ™ ||fllpom, B=""4H"20

14+
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Estimate of the uniform perturbation error

Estimate of the uniform perturbation error

Consider noisy samples f; := f(£) +ecwith|ee| <e € €Zande > 0.
e [Daubechies, DeVore 03]: classical Shannon series is not robust
¢ But: regularized Shannon sampling formula is
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Estimate of the uniform perturbation error

Estimate of the uniform perturbation error

Consider noisy samples f; := f(£) +ecwith|ee| <e € €Zande > 0.
e [Daubechies, DeVore 03]: classical Shannon series is not robust
¢ But: regularized Shannon sampling formula is

Define

(Rp,m f)(t ng sinc(Lr (t— £)) om(t— £), teR.

LEL

Theorem (K., Potts, Tasche 22)

Let f € Bs(R)withd = 7N, 7€ (0,1/2), N €N, L = N(1+ A)withA>0andm € N\ {1}.
Further let p € @, 1 and fo = f(£/L) + €4, where |e¢| < e for all £ € Z, with € > 0 be given.

Then it holds

| Romf — Rop.m fllcom) e(2+ Lg(0)),
Hf - Rtp,mf”CO(R) = ||f - R<p,mf||Co(R) te (2 + L@(O)) :

VARVAN
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Estimate of the uniform perturbation error

Proof sketch
Only consider ¢ € [0, +] and
éo(t) = (Rpum ))() = (Roum ))(&) = > (fo = £ (§)) sine(Lm (¢ = £)) pm(t = §)

L E T e !
=ey
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Estimate of the uniform perturbation error

Proof sketch
Only consider ¢ € [0, +] and

20(t) = (Rem F)(0) ~ RomD)(0) = 3 (Fo = 1 (£) ) sine(Lar (¢~ £)) ot — £)

A N —
such that =¢,
o)l <e > t—1)
l=—m+1

Melanie Kircheis, Chemnitz University of Technology, Faculty of Mathematics



On regularized Shannon sampling formulas with localized sampling

SITAT

Estimate of the uniform perturbation error

Proof sketch
Only consider ¢ € [0, +] and

such that _— =g _
o <e Y et—f)<ed w(f)+ed vl -%)=2¢) ¢(t)
l=—m+1 £=0 =1 £=0
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Estimate of the uniform perturbation error

Proof sketch
Only consider ¢ € [0, +] and
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Estimate of the uniform perturbation error

Proof sketch

Only consider ¢ € [0, +] and
éo(t) = (Rpm ))() = (Roun ))(0) = > (fo = £ (§)) sine(Lm (¢ = £)) pm(t = §)
such that ielz =< 1
Gl <e D2 wlt-1) <D w(f) +ed e(z - 1) =2e3 (1)
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Estimate of the uniform perturbation error

Proof sketch
Only consider ¢ € [0, +] and
z)

&0(t) = (Roam F)(0) = (Rom () = 3= (Je = 1 (£)) sinc (L (= £)) om (t — &

LEL

=ey
m—1

e~

such that . . .
J<ed o(f) ted ol —1)=2e) o(f)

ol <e > w(t—1
£=0 e=1

l=—m—+1

<2e (ap(O) + /{)m*1 o(1) dt) =2¢ (1 —|—L/O(M7l)/L p(t)dt | .

By definition of Fourier transform
m/L m/L
pyde=2/"" ptyar,

o) = [ewar> [ »

and therefore
(m—1)/L

leo(t)| < 2¢ (1 +L / @(t) dt) <2e(14 £4(0) =e(2+ L e(0)).

J 0

=}
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Estimate of the uniform perturbation error

Results for special window functions

|1Rp.mf = Remfllcom < e(2+L@(0)
~ Only have to compute ¢(0).

= uniform perturbation error only grows as O(/m) for
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SITAT

Estimate of the uniform perturbation error

Results for special window functions

|1Rp.mf = Remfllcom < e(2+L@(0)
~ Only have to compute ¢(0).

= uniform perturbation error only grows as O(/m) for

e Gaussian window function [Qian, Craemer 05]
242X
f)

aussm~_ auss,m < 2
| Raauss,m f — Ra foCo(R)—E(JF At+1-27
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SITAT

Estimate of the uniform perturbation error

Results for special window functions

|1Rp.mf = Remfllcom < e(2+L@(0)
~ Only have to compute ¢(0).

= uniform perturbation error only grows as O(y/m) for
® Gaussian window function [Qian, Craemer 05]

242X f)

aussm~_ auss,m < 2
| Rauss,m f — Raauss, f“Co(R)—E( + A+1-—27

¢ modified B-spline window function
|Re,m f — Remflloom <& (2+ 5 +/m)
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SITAT

Estimate of the uniform perturbation error

Results for special window functions

|1Rp.mf = Remfllcom < e(2+L@(0)
~ Only have to compute ¢(0).

= uniform perturbation error only grows as O(y/m) for
® Gaussian window function [Qian, Craemer 05]

242X f)

aussm~_ auss,m < 2
| Rauss,m f — Raauss, f“Co(R)—E( + A+1-—27

¢ modified B-spline window function
|Re,m f — Remflloom <& (2+ 5 +/m)

¢ sinh-type window function

= [ 242X 1
||Rsinh,mf - Rsinh,mf”Co(R) S € <2 + 1 + N—27r 1— 6726 \/%)
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Numerical Examples

Numerical example — comparison of window functions ¢

2 [
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Figure: Maximum approximation error (solid) and error constant (dashed) for f(x) = 6 sinc?(dmzx)
with N = 256, 7 = 0.45, = 7N,aswellasm € {2,3,...,10},and X € {0.5,1, 2}.

= small m € N sufficient for high precision = fast algorithms with O(2m) flops
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Summary

Summary

e overcome drawbacks of Shannon series (poor convergence, non-robustness)
e proposed new window functions with compact support (B-spline, sinh-type)

e general setting: unified approach to error estimates
unified approach to numerical robustness

¢ special windows: uniform approximation error ~ O(e™™)
uniform perturbation error ~ O(y/m)

e seen superiority of new sinh-type (small m € N for high precision in O(2m) flops)

¢ K., Potts, Tasche: On regularized Shannon sampling formulas with localized
sampling. arXiv:2203.09973, 2022.
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Summary

e overcome drawbacks of Shannon series (poor convergence, non-robustness)
e proposed new window functions with compact support (B-spline, sinh-type)

e general setting: unified approach to error estimates
unified approach to numerical robustness

¢ special windows: uniform approximation error ~ O(e™™)
uniform perturbation error ~ O(y/m)

e seen superiority of new sinh-type (small m € N for high precision in O(2m) flops)

¢ K., Potts, Tasche: On regularized Shannon sampling formulas with localized
sampling. arXiv:2203.09973, 2022.

Thank you for your attention!
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