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Direct inversion of the NFFT
Introduction

Nonequispaced fast Fourier transform (NFFT)
Fast algorithm to evaluate a trigonometric polynomial

f(x) =

M
2
−1∑

k=−M
2

f̂k e2πikx

 A :=
(

e2πikyj
)N, M

2
−1

j=1, k=−M
2

at nonequispaced nodes yj ∈
[
− 1

2
, 1
2

)
, j = 1, . . . , N

� equispaced nodes andM = N ⇒ FFT: O(N logN)

� Complexity: O(M logM +N)

� Ajoint problem:

hk =

N∑
j=1

fj e−2πikyj , k = −M
2
, . . . , M

2
− 1.

� Factorizations:A ≈ BFD and
↗

sparse
↑
FFT

↖
diagonal

A∗ ≈D∗F ∗B∗

[Dutt, Rokhlin 93], [Beylkin 95],
[Potts, Steidl, Tasche 01]

� [Nieslony, Steidl 03]: Minimization of approximation error by

Minimize
B∈RN×σM : B (2m+1)-sparse

‖A−BFD‖2F
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Direct inversion of the NFFT
Inverse NFFT

iNFFT

Given: fj = f(yj) for f(x) =

M
2
−1∑

k=−M
2

f̂k e2πikx

Find: f̂k ∈ C, k = −M
2
, . . . , M

2
− 1

Motivation: FFT is invertible
various applications: MRI, solution of PDEs, . . .

Problem: in generalM 6= N

Previous approaches:

� iterative: [Feichtinger, Gröchenig 95]: CG algorithm,M < N
[Kunis, Potts 07]: CG algorithm & NFFT,M > N
[Ruiz-Antolin, Townsend 18]: CG & low-rank approx.,M = N

� direct forM = N : [Dutt, Rokhlin 93]: Lagrange interpolation & FMM
[Selva 18]: Lagrange interpolation & imaginary shift

� frame-theoretic: [Gelb, Song 13/14],[Davis, Gelb, Song 16],M < N

Now: new direct method for the general case
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Direct inversion of the NFFT
Inverse NFFT

Problems:

(1) Solve

Af̂ = f ,

given: f , �nd: f̂ . ⇒ inverse NFFT

(2) Solve

A∗f = h,

given: h, �nd: f . ⇒ inverse adjoint NFFT

Melanie Kircheis, TU Chemnitz 5
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Direct inversion of the NFFT
Inverse NFFT - quadratic setting

Quadratic settingM = N
For given evaluations of a trigonometric polynomial

fj := f(yj) =

N
2
−1∑

k=−N
2

f̂k e2πikyj , j = 1, . . . , N,

and

gl := f(xl) =

N
2
−1∑

k=−N
2

f̂k e2πikxl , l = 1, . . . , N,

at different nodes xl, yj ∈
[
− 1

2
, 1
2

)

it holds

gl = al

N∑
j=1

fj bj

(
1

tan(π(xl − yj))
− i

)
, l = 1, . . . , N,

with

al =

N∏
n=1

sin(π(xl − yn)) and bj =

N∏
n=1
n 6=j

1

sin(π(yj − yn))
, l, j = 1, . . . , N.

Melanie Kircheis, TU Chemnitz 6
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Direct inversion of the NFFT
Inverse NFFT - quadratic setting

Choose equispaced xl.

⇒ Fast algorithm:

1 Compute gl by means of fast summation.

2 Compute

f̌k =
1

N

N∑
l=1

gl e−2πikxl , k = −N
2
, . . . , N

2
− 1,

by means of an FFT.

Output: f̌k ≈ f̂k Complexity: O(N logN)

Additionally: stabilization to prevent overflow/underflow in al and bj

⇒ inverse NFFT as well as inverse adjoint NFFT

Melanie Kircheis, TU Chemnitz 7
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Direct inversion of the NFFT
Inverse NFFT - underdetermined setting

Basic idea

Consider equispaced nodes yj = j
N
∈
[
− 1

2
, 1
2

)
, j = −N

2
, . . . , N

2
− 1.

⇒ A =
(

e2πik
j
N

)N
2
−1, M

2
−1

j=−N
2
, k=−M

2

and A∗ =
(

e−2πik j
N

)M
2
−1, N

2
−1

k=−M
2
, j=−N

2

Consider matrix products:

⇒ Inversion only for special cases

Look for good approximation in general.

 approximation of the formAD∗F ∗B∗ ≈MIN

 modi�cation of matrixB

 preserve band structure and arithmetic complexity

Melanie Kircheis, TU Chemnitz 8
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Direct inversion of the NFFT
Inverse NFFT - underdetermined setting

Inverse NFFT - underdetermined settingM > N

Assume

AD∗F ∗B∗ ≈MIN

⇐⇒ 1

M
AD∗F ∗B∗f ≈ f ∀f ∈ CN

⇐⇒ Af̌ ≈ f ∀f ∈ CN

SinceAf̂ = f that means f̌ ≈ f̂ .

⇒ Reconstruction of Fourier coef�cients f̂k

‖MAf̌ −Mf‖2 ≤ ‖AD∗F ∗B∗ −MIN‖F‖f‖2

Optimization problem:

Minimize
B∈RN×σM : B (2m+1)-sparse

‖AD∗F ∗B∗ −MIN‖2F

=

N∑
j=1

‖AD∗T jbj −Mej‖22

 O(N2 +M logM)
⇒ inverse NFFT as well as inverse adjoint NFFT

Melanie Kircheis, TU Chemnitz 9
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Inverse NFFT - overdetermined settingM < N

g̃(x) =

N∑
j=1

fj w̃m(xj − x)

⇒ g̃
(
l
σM

)
=

N∑
j=1

fj w̃m
(
xj − l

σM

)
,

so g̃ = B∗f and h̃ = D∗F ∗g̃. Set h̃ ≈ f̂ .

g̃ = B∗f = B∗Af̂ ≈ B∗Ah̃ = B∗AD∗F ∗g̃

Optimization problem:

Minimize
B∈RN×σM : B (2m+1)-sparse

‖B∗AD∗F ∗ − IσM‖2F

‖FDA∗B − IσM‖2F =

σM
2
−1∑

l=−σM
2

‖FDH lbl − el‖22

 O(N2M2 +N3M)
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Numerical examples - quadratic setting
� trigonometric polynomial with arbitrary Fourier coef�cients f̂k ∈ [1, 100]
� jittered equispaced nodes
� absolute and relative errors per node, r ∈ {2,∞},

eabsr

N
=

1

N
‖f̂ − f̌‖r and

erelr
N

=
‖f̂ − f̌‖r
N ‖f̂‖r

100 101 102 103 104

10−8

10−6

10−4

10−2

100

size of N

er
ro
rs

absolute `∞-error absolute `2-error
relative `∞-error relative `2 error

(a)N = 2c, c = 1, . . . , 14,
and m = p = 4.

4 6 8 10 12

10−12

10−10

10−8

10−6

10−4

size of p and m

er
ro
rs

absolute `∞-error absolute `2-error
relative `∞-error relative `2 error

(b)N = 1024 and
m = p = c, c = 4, . . . , 12.
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Summary and further results

• New direct method forM = N

� iNFFT based on Lagrange interpolation
� fast algorithms by means of fast summation
� complexityO(N logN)

• New direct method for the general caseM 6= N
� iNFFT based on factorizationB

↗
FD

optimized

� fast algorithms of complexityO(M logM +N)
� connection to frame-theoretic approach

• Software available at www.tu-chemnitz.de/~potts/nfft/

• K., Potts: Direct inversion of the nonequispaced fast Fourier transform
Preprint 2018, arXiv:1811.0533
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