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Introduction

Nonequispaced fast Fourier transform
Fast algorithm to evaluate a trigonometric polynomial
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J=1,k=—4f
k_,i
at nonequispaced nodes z; € [-1,1),ji=1,...,N

+ Complexity: O(M log M + N)
+ equispacednodes z; and M = N = FFT: O(Nlog N)
+ Ajoint problem:

N
72: —2rikx _ M M
hk— fJe ‘7, k——?,,?—l

* Factorizations: A ~ BFDand A* ~ D*F*B* [Dutt, Rokhlin 93], [Beylkin 95],

spa/rse FI-r dia’g\onm [Potts, Steidl, Tasche 01]

* [Nieslony, Steidl 03]: Minimization of approximation error by

Minimize |A— BFD|}
BeRNXoM ;. B (2m+1)-sparse
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Introduction

INFFT
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M_y

Given: f(z;),j =1,...,N, for f(z) = Y fre”™*"

__ M
k=—1

Find: fu € C, k=24, M 1

Motivation: FFT is invertible
various applications: MR, solution of PDEs, ...

Problem: in general N # M

Previous approaches:

+ iterative methods: [Feichtinger, Grochenig 95]: CG algorithm, N > M
[Kunis, Potts 07]: CG algorithm and NFFT, N < M

+ direct method for N = M:  [Dutt, Rokhlin 93]: Lagrange interpolation and FMM
[K. 17]: fast summation method

« frame-theoretical approach: [Gelb, Song 13/14],[Davis, Gelb, Song 16], N > M
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Introduction

INFFT

M
M_y

Given: f(z;),j =1,...,N, for f(z) = Y fre”™*"

__ M
k=—1

Find: fu € C, k=24, M 1

Motivation: FFT is invertible
various applications: MR, solution of PDEs, ...

Problem: in general N # M

Previous approaches:

+ iterative methods: [Feichtinger, Grochenig 95]: CG algorithm, N > M
[Kunis, Potts 07]: CG algorithm and NFFT, N < M

+ direct method for N = M:  [Dutt, Rokhlin 93]: Lagrange interpolation and FMM
[K. 17]: fast summation method

« frame-theoretical approach: [Gelb, Song 13/14],[Davis, Gelb, Song 16], N > M

Now: new direct method for general case and connection to frame approach
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Inverse NFFT - basic idea

Basic idea

Consider equispaced nodes
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Inverse NFFT - basic idea

Basic idea

Consider equispaced nodes
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Consider matrix products:

A*A = NIy forN>M

AA* = MIyfor N < Mwith N | M
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Inverse NFFT - basic idea

Basic idea

Consider nonequispaced nodes

11 . N N
. xje[_§7§)7]——7,,,.’7_1.
Obtain
A= (eQWikIj)%_l, -1 and A* = (e—Qrikzj)%—l, J-1
j=— N k= M
Consider matrix products:
A"A # NIy
AA" #£ MIy
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Inverse NFFT - basic idea

Basic idea

Consider nonequispaced nodes

11 . N N
. v €[-5.3),di=-% 51
Obtain
N _ 4 M _ M _q N _
A (627rikzj) 2~bh ol and A" — (e727rikzj) 2L -t
j== k== k=—ii=—%
Consider matrix products:
A*A # NIy
AA* £ MIy
Am: AD"F"B" ~ MIy ~» O(Mlog M + N)

optimize
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Inverse NFFT - basic idea

In these special cases an inversion is given.

Look for good approximation in general.
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Inverse NFFT - basic idea

In these special cases an inversion is given.

Look for good approximation in general.
~ approximation of the form AD*F*B* ~ M1y
~+ modification of matrix B
~ preserve band structure and arithmetic complexity
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A frame-theoretical approach to the inversion of the NFFT

Inverse NFFT - basic idea

In these special cases an inversion is given.

Look for good approximation in general.
~ approximation of the form AD*F*B* ~ M1y
~+ modification of matrix B
~ preserve band structure and arithmetic complexity

Problems:
(1) Solve
Af=f,
given: £, find: f. = inverse NFFT
(2) Solve
A'f=h,
given.: h, find.: f. = inverse adjoint NFFT

ircheis, TU Chemnitz, Faculty of Mathematics
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AD*F*B* ~ MIy
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Assume
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Inverse NFFT - underdetermined case

Inverse NFFT - underdetermined case

Assume
AD*F*B* ~ MIy < % AD'F'B'f~f VYfecCV
e Af~f vfecCV

Since Af = f that means f ~ f.
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Inverse NFFT - underdetermined case

Inverse NFFT - underdetermined case

Assume
AD*F*B* ~ MIy +— % AD'F'B*f~f VfecV
= Af~f VfecCV
Since Af = f that means f ~ f.

= Reconstruction of Fourier coefficients fj,
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Inverse NFFT - underdetermined case

Inverse NFFT - underdetermined case

Assume
AD*F*B* ~ MIy < % AD'F'B'f~f VYfecCV
= Af~f vfecCV
Since Af = f that means f ~ f.
= Reconstruction of Fourier coefficients fj,

IMAf — Mf|l2 < |AD"F*B" — MIy|s||f]2

ircheis, TU Chemnitz, Faculty of Mathematics



A frame-theoretical approach to the inversion of the NFFT

Inverse NFFT - underdetermined case

Inverse NFFT - underdetermined case

Assume
AD'F*B* =~ MIy <— % AD'F*B f~f VfecCV
— Af~f VfecCy
Since Af = f that means f ~ f.
= Reconstruction of Fourier coefficients fj,
IMAf —Mf|2 < |AD"F*B" — MIn|¢| f|2

Optimization problem:

Minimize |AD*F*B* — MIy|}
BeRNXoM ;. B (2m+1)-sparse
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Inverse NFFT - underdetermined case

Inverse NFFT - underdetermined case

Assume
AD'F*B* =~ MIy <— % AD'F*B f~f VfecCV
— Af~f VfecCy
Since Af = f that means f ~ f.
= Reconstruction of Fourier coefficients fj,
IMAf —Mf|2 < |AD"F*B" — MIn|¢| f|2

Optimization problem:

N
Minimize |AD"F*B* — MIx|[t =) ||AD T;b; — Me;3
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Inverse NFFT - underdetermined case

Inverse NFFT - underdetermined case

Assume
AD'F*B* =~ MIy <— % AD'F*B f~f VfecCV
— Af~f VfecCy
Since Af = f that means f ~ f.
= Reconstruction of Fourier coefficients fj,
IMAf —Mf|2 < |AD"F*B" — MIn|¢| f|2

Optimization problem:

N
Minimize |AD"F*B* — MIx|[t =) ||AD T;b; — Me;3

BeRNXoM ;. B (2m+1)-sparse =

~ O(N? + Mlog M)
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Inverse NFFT - underdetermined case

Inverse NFFT - underdetermined case
Assume

AD'F*B* =~ MIy <— % AD'F*B f~f VfecCV

— Af~f VfecCy
Since Af = f that means f ~ f.
= Reconstruction of Fourier coefficients fj,
IMAF — M{||: < |AD"F*B* — MIx|ls| f]-

Optimization problem:

N
Minimize |AD"F*B* — MIx|[t =) ||AD T;b; — Me;3

BeRNXoM ;. B (2m+1)-sparse =

~ O(N? + Mlog M)
= inverse NFFT as well as inverse adjoint NFFT
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Inverse NFFT - overdetermined case

Inverse NFFT - overdetermined case

N
g(z) = Z fi Wm(zj — x)

Melanie Kircheis, TU Chemnitz, Faculty of Mathematics 8



A frame-theoretical approach to the inversion of the NFFT

Inverse NFFT - overdetermined case

Inverse NFFT - overdetermined case

N N
G@) = fiwm(z;—x) = (o) =D fibm(zs — o)
i=1 j=1

Melanie Kircheis, TU Chemnitz, Faculty of Mathematics 8



A frame-theoretical approach to the inversion of the NFFT

Inverse NFFT - overdetermined case

Inverse NFFT - overdetermined case

N N
g(@) = fiom(@ —2) = 4(Gw) =D fidm(w = o)

j=1

sog = B*fand h = D*F*§.
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Inverse NFFT - overdetermined case

Inverse NFFT - overdetermined case

N
:ijwm(xj_x) = 9 Zf]wm _7)7
Jj=1

sog=B*fandh = D*F*g. Seth ~ f.
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Inverse NFFT - overdetermined case

Inverse NFFT - overdetermined case

N
:ijwm(xj_x) = 9 Zf]wm _7)7
Jj=1

sog=B*fandh = D*F*g. Seth ~ f.
g=B'f=B"Af ~ B*"Ah=B*AD"F"§
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Inverse NFFT - overdetermined case

Inverse NFFT - overdetermined case

N
:ijﬁ)m(l’j—l’) = g Zf]wm —7)7
j=1
sog=B*fandh = D*F*g. Seth ~ f.
g=B'f=B"Af ~ B"Ah=B*AD'F"§
Optimization problem:

Minimize |B*AD*F* — Loy |;

BeRN xXoM . B (2m-+1)-sparse
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Inverse NFFT - overdetermined case

Inverse NFFT - overdetermined case

N
:ijﬁ)m(l’j—l’) = g Zf]wm —7)7
j=1
sog=B*fandh = D*F*g. Seth ~ f.
g=B'f=B"Af ~ B"Ah=B*AD'F"§

Optimization problem:

Minimize |B*AD*F* — Loy |;
BeRNXoM . B (2m-+1)-sparse
oM
|FDA*B — IUMH; = Z |FDH b, — ez||§
l=—2M
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Inverse NFFT - overdetermined case

Inverse NFFT - overdetermined case

N
= fium(z—2) = i(57 ijwm i = o)
j=1
sog=B*fandh = D*F*g. Seth ~ f.
g=B'f=B"Af ~ B"Ah=B*AD'F"§

Optimization problem:

Minimize |B*AD*F* — Loy |;
BeRNXoM . B (2m-+1)-sparse
oM
|FDA*B — IUMH; = Z |FDH b, — ez||§
l=—2M

~s O(N2M? + N3M)
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Frame-theoretical approach

Frame-theoretical approach

Approach based on
[Gelb, Song 13] Approximating the inverse frame operator from localized frames
[Gelb, Song 14] A frame theoretic approach to the nonuniform fast Fourier transform
[Davis, Gelb, Song 16] A high-dimensional inverse frame operator approximation technique

= connection to inverse NFFT

ircheis, TU Chemnitz, Faculty of Mathematics
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e | Frame-theoretical approach

Definition

Let 7{ be a Hilbert space. A sequence {;}52, C # is called frame if there exist A, B > 0
such that

AllfI1? _Z (f,en < BIIfI? Vfen.

[Christensen 16]
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A frame-theoretical approach to the inversion of the NFFT
Frame-theoretical approach

Definition

Let 7{ be a Hilbert space. A sequence {;}52, C # is called frame if there exist A, B > 0
such that

AllfI1? _Z (f,en < BIIfI? Vfen.

The operator
S:H =M, Sf= (f,ei)e

j=1

is named the frame operator.

[Christensen 16]
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Frame-theoretical approach

Definition

Let 7{ be a Hilbert space. A sequence {;}52, C # is called frame if there exist A, B > 0
such that

AllfI1? _Z (f,en < BIIfI? Vfen.

The operator

S:H—=H, Sf=) (f0:)0

=1
is named the frame operator.
Let {¢;}52, be a frame with operator S, then
F=Y 4057 enei =D (fe)S  e; VIEH.
j=1 j=1

[Christensen 16]
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A frame-theoretical approach to the inversion of the NFFT
Frame-theoretical approach

Definition

Let 7{ be a Hilbert space. A sequence {;}52, C # is called frame if there exist A, B > 0
such that

AllfI1? _Z (f,en < BIIfI? Vfen.

The operator

S:H—=H, Sf=) (f0:)0

=1
is named the frame operator.
Let {¢;}52, be a frame with operator S, then
F=Y A5 0ipi =D (frei)S T e; Ve,
j=1 j=1
= goal: approximate S—* [Christensen 16]
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Frame-theoretical approach

Connection to iINFFT

Frame approximation:

~ N %71
F=> (f,5) Pri Y,
§=1 =M
with &' =: [p;, J] iy N-=1 Moore-Penrose pseudoinverse of

o'M_l

® = [(%»W)L 1,1=

[Gelb, Song 13/14]
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Frame-theoretical approach

Connection to iINFFT

Frame approximation:

N T2 - N T2
F=Y > (hedmsn  ~  [= (f1s)es Prs s
= e
oM _ .
with 7 = 1], 2 o ]\;_1 Moore-Penrose pseudoinverse of [Gelb, Song 13/14]
=TTz 0I=
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Frame-theoretical approach

Connection to iINFFT

Frame approximation:

. M _ 3 N .
with 7 = [pril,2 ou i1 Moore-Penrose pseudoinverse of [Gelb, Song 13/14]
=—olM

= Look for approximation hy =~ f(k) ~ fi, k=Y, ... 4 1.
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Frame-theoretical approach

Connection to iINFFT
Choose

{@j(k) =e " j e N} and (k) == M leZy.
7 ’ Ma(—F)’

Frame approximation:

oM _ .
with 7 = 4], 2 o ]:,71 Moore-Penrose pseudoinverse of [Gelb, Song 13/14]
=M
N, M 3
® = [es ¥, ) e
= Look for approximation hy =~ f(k) ~ fi, k=Y, ... 4 1.
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A frame-theoretical approach to the inversion of the NFFT

Frame-theoretical approach

Connection to iINFFT
Choose

{@j(k) =e " j e N} and (k) == M leZy.
7 ’ Ma(—F)’

Frame approximation:

. oM _q N .
with 7 = [pril,2 ou i1 Moore-Penrose pseudoinverse of [Gelb, Song 13/14]
=—olM
M N, -1
M _
N, M _ 4 1 ok 1
P = . ) T2 = - e e (ZJ aM)
o5 e = | X e
k=—5 j=1,1=— M

= Look for approximation hy =~ f(k) ~ fi, k=Y, ... 4 1.
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= A frame-theoretical approach to the inversion of the NFFT

ERSITAT

Frame-theoretical approach

Define
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Frame-theoretical approach

Define

For "
) 1\
“r (ww))kz_ﬂg

with || w||2 < oo the following estimates hold.
(i) ForoM < N we have

- = 1
h—hH < v, [®B" — Iy|r|® f|2.
| =&l < == llwll wlF 121 £

ﬁ

(i) ForeM > N we have
1

ﬁ—sz <
H 2 oM

l@lly 1B*® — Lonllr |2 f2-
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Frame-theoretical approach

Connection to INFFT (II)

®B* = (BFDA*)" :

Minimize |®B* — Iy||?
BcRNXoM . B (2m41)-sparse
— Minimize IBFDA" — Iy|?

BeRNXoM ;. B (2m+1)-sparse
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A frame-theoretical approach to the inversion of the NFFT

Frame-theoretical approach

Connection to INFFT (II)
®B* = (BFDA*)" :
Minimize |®B* — In|#
BeRNXoM . B (2m+1)-sparse
— Minimize |BFDA* — Ix|?

BeRNXoM ;. B (2m+1)-sparse

B*® = (FDA*B)" :

Minimize |B*® — Ioa||?
BERNXoM ;. B (2m+4-1)-sparse
— Minimize |FDA*B — I|?

BeRNXoM : B (2m+1)-sparse
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Frame-theoretical approach

Connection to INFFT (II)
®B* = (BFDA*)" :
Minimize |®B* — In|#
BeRNXoM . B (2m+1)-sparse
— Minimize |BFDA* — Ix|?

BeRNXoM ;. B (2m+1)-sparse

B*® = (FDA*B)" :

Minimize |B*® — Ioa||?
BERNXoM ;. B (2m+4-1)-sparse
— Minimize |FDA*B — I|?

BeRNXoM : B (2m+1)-sparse

= previously only optimization of D, new fast algorithms applicable

ircheis, TU Chemnitz, Faculty of Mathematics



A frame-theoretical approach to the inversion of the NFFT

Numerical Examples

Inverse NFFT

Trigonometric function

f(z) = cos®(nz®) sin(102%), x € [—

SIS
N
~—
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A frame-theoretical approach to the inversion of the NFFT

Numerical Examples

Inverse NFFT

Trigonometric function
f(z) = cos®(r2?) sin(102%), =z € [-3,3)

Consider approximations
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A frame-theoretical approach to the inversion of the NFFT

Numerical Examples

Inverse NFFT

Trigonometric function
f(z) = cos®(r2?) sin(102%), =z € [-3,3)

Consider approximations

nlf) ~ fro = (ﬁ D*F*B*f)k and o (f) ~ fo = (D*F*E*f)k
Reconstruction
+ of M = 32 Fourier coefficients

+ from function values f(z;) at jittered equispaced nodes x;

+ overdetermined as well as underdetermined
(@ N=8
(b) N =128

ircheis, TU Chemnitz, Faculty of Mathematics



A frame-theoretical approach to the inversion of the NFFT

Numerical Examples

Inverse NFFT - underdetermined case

—e—adjoint NFFT —— fast algorithm

—— Fourier coefficients —e— adjoint NFFT
—o— fast algorithm

T T T T T
04 ]
£ » 1071 F i
g g
2 o2 1 g
g " 2
S ]
5 2
= 2 .
g ol B < 10—2 - -
=
—0.2 . . . . . - Il Il Il L L L L
“15 -0 =5 0 5 10 15

I I
-15 —-10 -5 0 5 10 15
number &k

(a) reconstruction

k-th Fourier coefficient

(b) pointwise errors
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A frame-theoretical approach to the inversion of the NFFT

Numerical Examples

Inverse NFFT - overdetermined case

—— Fourier coefficients —e— adjoint NFFT

- fast algorithm —o—adjoint NFFT —+— fast algorithm

‘ ‘ ‘
60 ] .
10t - 1
2 40f 1 ’
= <}
é 5107t }
S 20 1 2
z 3
LLLA CRU I .
2 0F <) & b MV :
= Y JUVOVNY
s 7
20| 1 o= ’ i
P
T -15 10 -5 0 5 10 15
5 0 5 1

-15 -10 —
number &

(a) reconstruction

0 15
k-th Fourier coefficient

(b) pointwise errors
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A frame-theoretical approach to the inversion of the NFFT

Numerical Examples

Inverse adjoint NFFT

Consider again
f(z) = cos®(nz®) sin(102%), =z € [-

N
N[
~—

Melanie Kircheis, TU Chemnitz, Faculty of Mathematics



A frame-theoretical approach to the inversion of the NFFT

Numerical Examples

Inverse adjoint NFFT

Consider again
flz) = cos2(7m:2) sin(lOmz), T € [_%7 %)

and approximations

f(z;)~ J; = (+ BFDY)

J

ircheis, TU Chemnitz, Faculty of Mathematics



A frame-theoretical approach to the inversion of the NFFT

Numerical Examples

Inverse adjoint NFFT

Consider again
f(z) = cos®(n2?) sin(102%), =z € [-3,3)
and approximations
fla) ~ f; = (ﬁ EFDf)j baw.  f(z;) ~ f; = (EFDf)
Reconstruction
- of N = 32 function values

+ from Fourier coefficients f}

- overdetermined as well as underdetermined
(@ M=38
(b) M =128

ircheis, TU Chemnitz, Faculty of Mathematics



A frame-theoretical approach to the inversion of the NFFT

Numerical Examples

Inverse adjoint NFFT - overdetermined case

—— original function —e— NFFT —— fast algorithm ‘

function values
=
= (=2}

e
o

Melanie Kircheis,

nodes x;

(a) reconstruction

Faculty of Mathematics

0.4

absolute errors

107!

1072

1072

——NFFT —— fast algorithm

! !
-04 -02

0
nodes z;

(b) pointwise errors

0.2

0.4




A frame-theoretical approach to the inversion of the NFFT

Numerical Examples

Inverse adjoint NFFT - underdetermined case

——original function —e— NFFT —— fast algorithm —o— NFFT — fast algorithm
T T T T
20 |- R 10" F E
5 4
= g
E 5
0 1 g
2 2 10 1 B
& <
0 i
| \' | | | 107t 1 ! ! | | E
-04 -0.2 0 0.2 0.4 -04 0.2 0 0.2 0.4
nodes x; nodes z;
(a) reconstruction (b) pointwise errors
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A frame-theoretical approach to the inversion of the NFFT

Summary

Summary

new direct method for general case
iNFFT based on factorization B\ FD
optimized
fast algorithms of complexity O (M log M + N)
e connection to frame-theoretical approach
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A frame-theoretical approach to the inversion of the NFFT

Summary

Summary

new direct method for general case
iNFFT based on factorization B\ FD
optimized
fast algorithms of complexity O (M log M + N)
e connection to frame-theoretical approach

Thank you for your attention!
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