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1 Introduction

The well-known fast Fourier transform (FFT) is one of the most important
and widely used algorithms in a variety of fields including engineering,
natural sciences, scientific computing, and signal processing. The reason for
this is that the FFT enables the fast evaluation of trigonometric sums at
equispaced nodes, reducing the number of arithmetic operations from O(N?)
for the naive computation to only O(N log N), where N denotes the number
of given nodes. This efficient computation is based on a divide-and-conquer
strategy exploiting the underlying trigonometric structure, which was first
described by C.F. Gauss around 1800, cf. [HIJB85, Prel6], and was brought
to a wider attention by Cooley and Tukey in 1965, see [CT65].

In the case of nonequispaced nodes, however, the evaluation of a trigono-
metric polynomial is not possible via the classical FFT, which led to
the development of the nonequispaced fast Fourier transform (NFFT),
also referred to as the nonuniform fast Fourier transform (NUFFT), see
for instance [DR93, Bey95, Ste98a, War9g8, DS99, PST01, GL04, KKP09,
BMK19, PT21a]. This efficient algorithm realizes the approximation of
a trigonometric polynomial by a linear combination of translates of a
1-periodic window function, resulting in a three-step approximation pro-
cedure that consists of a convolution step, an ordinary FFT, and a de-
convolution step, thus possessing the same arithmetic complexity as the
FFT.

Nevertheless, numerous applications such as magnetic resonance imaging
(MRI), cf. [NWO01, GLI0O6, DAP22, EKP22], synthetic aperture radar (SAR),
cf. [GJG23], solution of partial differential equations (PDEs), cf. [Fas07],
etc., are interested in an inverse transform. In other words, there is a
demand for fast algorithms for the approximation of Fourier data from
given nonequispaced function evaluations of trigonometric polynomials, or
even of bandlimited functions. For this reason, the present thesis is divided
into two parts. The first part focuses on efficient inversion methods for
the nonequispaced fast Fourier transform (NFFT), while the second part
addresses the generalizations of these methods to the setting of bandlimited
functions.

More precisely, the first objective of this work is the study of efficient
methods for the discrete inversion problem, i.e., computing the Fourier



10 1 INTRODUCTION

coefficients fk € C, k € Ipy, of a trigonometric polynomial

fl@)= Y fue™= (1.1)

kETns
from given evaluations f(x;), j=1,...,N, at given nonequispaced
points x; € [f%, %)d, where N € N and Tps :=Z%nN [f%, %)d with

|Zar| = M9, Since in general the number N of the nodes x; does not
coincide with the number |Zps| of the Fourier coefficients fg, the nonequi-
spaced Fourier matrix

A= (627rika:j ) N

N><|IM‘
j=1,k€Ins eC )

is rectangular and hence a regular inverse does not exist. Therefore, we
can only expect approximate inverse nonequispaced fast Fourier transforms.
Here we describe two methods for finding a left-inverse matrix, which can
be seen as generalizations of the equispaced setting, where the inverse of
the FFT is simply given by its scaled adjoint. Thus, the main contribution
of the first part of this thesis is the presentation of fast methods that can be
realized with the complexity of an adjoint NFFT, due to a precomputation
that depends only on the nodes x;, j =1,...,N. In particular, based
on an extensive study of the so-called density compensation methods,
which compute a diagonal matrix of weights, we introduce a condition for
exactness and consequently a scheme for the computation of weights that
are exact under proper assumptions on the nodes. Moreover, we successfully
generalize this concept of density compensation to the modification of a
sparse matrix in the factorization of the adjoint NFF'T, thereby allowing
more freedom in the optimization and thus relaxing the assumptions to be
made.

The second objective of this work is the generalization of the obtained
efficient methods to the continuous inversion problem. In this case, instead
of trigonometric polynomials (1.1), we deal with bandlimited functions,
which are functions whose Fourier transform

f(v) = /f(w)e_zmvw de, wveRY (1.2)
Rd

. d . . .
is supported on [—%, %] . Accordingly, our goal is to compute point

evaluations f(kz) € C, k € Ipg, of the Fourier transform f from given
1 1 1)d

samples f(x;), j =1,..., N, at nonequispaced nodes x; € [—5, 5
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The main contributions of this part can be summarized as follows. In
order to address this more challenging problem, we firstly examine bandlim-
ited functions in greater detail. Here, more efficient and accurate numerical
realizations of the famous Whittaker—Kotelnikov—Shannon sampling theo-
rem, see [Whil5, Kot01, Shad9], are obtained by the systematic transfer
of the NFFT window functions in combination with a new approach for
estimating the approximation error. In particular, we present the first
comprehensive overview of the regularized Shannon sampling formulas and,
for the first time, extend these results to the multivariate setting with d > 1.
Based on this, we introduce a new NFFT-like approach for the continuous
problem of computing the samples f(x;), j =1,..., N, from given point
evaluations f (k) € C, k € Zpg, of the Fourier transform f of a bandlimited
function f. Since this approach is specifically designed for the case of
bandlimited functions, it can be demonstrated that it yields a significant
improvement in comparison to the classical NFFT. Finally, considering
the continuous inversion problem, we give a detailed study of the relation
between the cases of trigonometric polynomials and bandlimited functions.
Thereby, we are able to show that the previously introduced efficient inver-
sion methods from the discrete setting can be generalized to the continuous
setting and that the error in the resulting reconstruction is dominated by
the fact that the bandlimited function f is typically not known on whole R?,
but only on a bounded domain.

Outline of this thesis

In addition to this introductory part, the present thesis comprises five
chapters. In the following, we provide a brief overview of the individual
topics. For a more detailed introduction, please refer to the opening of
each chapter.

Chapter 2: Nonequispaced fast Fourier transforms

The second chapter is dedicated to the introduction of the fundamental
algorithms utilized for the efficient evaluation of trigonometric sums at
nonequispaced nodes. Initially, we recall some basic definitions and present
the concept of the well-known fast Fourier transform (FFT) in Section 2.1.
Subsequently, in Section 2.2 we describe the previously mentioned fast
Fourier transform for nonequispaced data in the spatial domain (NFFT),
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which is summarized in Algorithm 2.2. Its adjoint version for nonequispaced
data in the frequency domain, the adjoint NFFT, is then given in Algo-
rithm 2.5 in Section 2.3. Afterwards, this approach is further generalized
in Section 2.4, where the fast Fourier transform for nonequispaced data in
the spatial domain and in the frequency domain (NNFFT) is detailed and
finally stated in Algorithm 2.6.

Chapter 3: Direct inversion methods for the NFFT

Since numerous applications are interested in an inversion of the nonequi-
spaced fast Fourier transform, see above, the third chapter is attributed
to this task. That is to say, instead of the evaluation of a trigonometric
polynomial (1.1) at given points «;, j = 1,..., N, now the aim is computing
the Fourier coefficients fk, k € Ipy, from given nonequispaced data f(x;),
j=1,...,N.

Through a detailed study of the literature, we recognize that the existing
methods can be divided into two distinct categories: iterative and direct
procedures. While iteration schemes require multiple iteration steps, the
so-called direct methods consist of only one precomputational step and one
reconstruction step. Since in the context of the nonequispaced fast Fourier
transform (NFFT) being a direct method means that the reconstruction
can be realized with the same number of arithmetic operations as a single
application of an adjoint NFFT, the reconstruction step is very efficient.
Thus, although the necessary precomputations might be rather costly, they
need to be done only once for a given set of points z;, 7 =1,...,N, and
therefore direct methods are especially beneficial in the case of multiple
measurements at the same points. For this reason, this work focuses on
approaches of this kind.

In Section 3.1 we introduce the general idea of our procedures. By
having a closer look at the special case of equispaced points and the fact
that the adjoint NFFT does not yield an inversion of the NFFT per se,
see (3.2), it becomes evident that in the nonequispaced case some kind of
re-weighting according to the points is compulsory. In particular, we aim
to find a left-inverse matrix X € CH»*N with X A ~ I|7,,| that exhibits
a similar structure D*F*B™ as the adjoint NFFT. Therefore, we present
two different approaches for the realization of this precomputational step.

Firstly, in Section 3.2 we consider the very well-known approach
of so-called sampling density compensation. In these methods, the
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aforementioned precomputations consist of computing a diagonal ma-
trix W = diag(w;)}_, of suitable weights w; € C. The subsequent re-
construction step then involves only one adjoint NFFT applied to the
scaled coefficient vector W f, as illustrated in Algorithm 3.2. Through our
investigation, we demonstrate that optimal density compensation weights
need to fulfill the condition

N

E W e27r1kmj = (50)]@, ke IgM,
j=1

to ensure an exact reconstruction, as evidenced by Theorem 3.6. Based on
this fact, we show that the exactness condition can also be used to compute
the optimal weights numerically, leading to Algorithm 3.10.

Secondly, in Section 3.3 we generalize the idea of sampling density com-
pensation to find an optimal sparse matrix instead of a diagonal matrix
of weights. More precisely, here the idea is using the matrix representa-
tion A ~ BF D of the NFFT to modify one of the matrix factors. Then the
precomputational step consists of computing the optimal sparse matrix Bp¢
based on the minimization problem

Minimize |D*F*B A~ Iz, |15,
BerV*I1TMm 1. B (2m+1)9-sparse
where || - || denotes the Frobenius norm. As outlined in Algorithm 3.21,

this enables that the actual reconstruction step includes only one modified
adjoint NFFT applied to the coefficient vector f. In addition to these
theoretical results, we also discuss methods for the numerical computation,
summarized in Algorithm 3.25.

Finally, several numerical examples are presented in Section 3.4, with
special emphasis on comparing the new approaches both among themselves
and with selected methods from the literature. Especially, in compliance
with the obtained exactness condition, the superiority of the newly proposed
density compensation factors computed by Algorithm 3.10 is demonstrated
in Figure 3.6. In addition, the enhanced results that can be achieved under
less rigorous assumptions using the novel matrix optimization approach,
in contrast to the density compensation approach, are clearly evident in
Figure 3.11.
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Chapter 4: Regularized Shannon sampling formulas

Having considered the evaluation problem and the reconstruction problem
for trigonometric polynomials (1.1), our aim is now to study the analogous
problems for the so-called bandlimited functions. While trigonometric
polynomials (1.1) are periodic functions on the torus T¢ with only a finite
number of nonzero Fourier coefficients, we now move on to functions on R?
that exhibit a similar property with respect to the continuous Fourier
transform. More precisely, a function f: R — C is called bandlimited with

bandwidth M € N, if the support of its (continuous) Fourier transform (1.2)

is contained in [f%, %] ¢ For such a function, the fundamental Whittaker—
Kotelnikov—Shannon sampling theorem, see [Whil5, Kot01, Sha49], ensures

that for all L > M it can be recovered from its samples f(%), L e 7% by

flx) = Z f(%) sinc(Lw(w — %)), x e RY, (1.3)

Le74

with the sinc function (3.31). In other words, this sampling theorem plays
an essential role in signal processing, as it describes the close relation
between a bandlimited function and its equidistant samples.

Unfortunately, the practical use of this sampling theorem is limited, since
it requires infinitely many samples, which is impossible in practice. The
partial sums, however, exhibit a rather poor convergence, due to the slow
decay of the sinc function, see [Jag66]. Moreover, in the presence of noise
or quantization in the samples f ( %), £ € Z%, the convergence of Shannon
sampling series may even break down completely, see [Fei92a, DD03].

Therefore, suitable methods for the numerical realization of the sampling
theorem are discussed in this fourth chapter. In particular, in Section 4.1
we specify some important preliminaries as well as the famous sampling
theorem of Whittaker—Kotelnikov—Shannon, while Section 4.2 gives evidence
for the poor convergence rate and the lack of numerical robustness of
classical Shannon sampling sums. To overcome these shortcomings, the
proposed numerical realizations of the sampling theorem are based on
additional regularization techniques, where a so-called window function is
employed. Since such a window function can be chosen either in frequency
domain or in spatial domain, we survey both approaches for the univariate
setting in Section 4.3. In doing so, we put a special emphasis on the
comparison of the two approaches in terms of error decay rates.

Firstly, in Section 4.3.1 we study the regularization with a window



15

function in the frequency domain. In literature this is often realized by
substituting the sinc function in (1.3) by a function ¢ that is compactly
supported in the frequency domain, cf. e.g. [Dau92, Nat86a, Rap96, Par97,
ST05]. More specifically, ones chooses a window function of the form

1 ol < A
7 M L
Yv) =4 () 5 < <3,
0 ol > L.

However, due to this structure, the uncertainty principle implies that
the corresponding sampling series still requires infinitely many samples.
Therefore, we approximate a function f by the T-th partial sum

(Py,rf)(z Zf% (x—1), zeR

{=-T

™~ \

In this work, we present the first general result on the uniform approximation
error

e [£() = (Por)(a)].

in Theorem 4.10. Moreover, by specifying this result for several window
functions we obtain more explicit versions of previously existing bounds.
Nevertheless, our investigations show that for the regularization in the
frequency domain only algebraic error decay rates are achievable.

Secondly, in Section 4.3.2 we study the regularization with a window
function in the spatial domain. Here for some m € N\ {1} a suitable window
function ¢,,: R — [0, 1] with compact support [f e %] and ¢,,(0) =1
is chosen, such that a function f can be approximated by the regularized
Shannon sampling formula

(Rou ) = 3 F(£) sine(Le (2~ £)) ou(a— £). a ek

LEL

Due to the assumptions made on the window function ¢,, we show
that this regularized Shannon sampling formula exhibits the inter-
polation property (4.75) for z € %Z and requires only 2m + 1 sam-
ples f (%) for fixed x € R\ %Z. Note that in literature this approach
was only considered for the truncated Gaussian window function (4.60), cf.
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e.g. [Qia03, SS07, MXZ09, LZ17, CZ19]. In contrast, we present the first
general result on the uniform approximation error

Hf - Rap,mf”Co(R) = I;leaﬁ( |f(1‘) - (Rtpymf)(x”

in Theorem 4.25. Furthermore, by specifying this result for window func-
tions which are known to be excellent in the context of the NFFT, we show
that exponential error decay rates are obtained.

All in all, we present the first systematic approach, comparing the
different regularization techniques and window functions both theoretically
and numerically, see also Table 4.1 in Section 4.3.3. As it turns out that
the best results are obtained by oversampling and the newly suggested
regularization in the spatial domain, these regularized Shannon sampling
formulas are generalized to the multivariate setting for the first time in
Section 4.4.

In the final Section 4.5 several numerical examples illustrate the theo-
retical results. These include a comparison of several window functions
in frequency domain in Figure 4.16 and a comparison of several window
functions in spatial domain in Figure 4.25. In addition, a concluding
comparison of the two approaches in Figure 4.26 clearly emphasizes the
superiority of the newly proposed NFFT window functions.

Chapter 5: Fast sinc methods

As already seen, the sinc function plays an important role in the context of
the sampling theorem and the regularized Shannon sampling formulas, but
is also needed in many other applications, see [LB92, Ste93]. Therefore,
this interluding fifth chapter emphasizes the value of the sinc function by
focusing on efficient and accurate algorithms in which the sinc function is
a crucial ingredient.

Firstly, in Section 5.1 we consider the so-called discrete sinc transform
(see [GLIOG6, LB11])

h(be) = > cxsine(Mm (b, — ax)), €€y, (1.4)

k€Tk
with complex coefficients ¢, € C and given points aj,b,s € [f %, %]d,
k € Tk and ¢ € Iy, for K, L € 2N, which can be nonequispaced. In order to



17

derive a fast algorithm for the computation of these values, we approximate
the sinc function sinc(Mrz) for all € [—1,1]¢ by an exponential sum

n
E w; e727r1Mz]~z

=0

with explicitly known coefficients w; >0, j=0,...,n, for given
points z; € [—%7 %]d Namely, by applying a Clenshaw—Curtis quadra-
ture rule to an integral representation of the sinc function, we derive a
new error estimate in Theorem 5.4. Thereby, the evaluation of the dis-
crete sinc transform (1.4) can be realized efficiently by means of two fast
Fourier transforms for nonequispaced data in the spatial domain and in
the frequency domain (NNFFTs). In addition, the explicit error estimate
indicates that for a given target accuracy, the parameters M and n can be
fixed, thereby enabling the realization of the so-called fast sinc transform
in Algorithm 5.10 with only O(K + L) arithmetic operations.
Subsequently, in Section 5.2 similar techniques are employed to extend
this fast sinc transform to the evaluation of the regularized Shannon sam-
pling formulas from Section 4.3. More precisely, in case these numerical
realizations of the sampling theorem still require a huge amount of samples
and therefore the direct evaluation is too costly, we describe analogous
efficient approximation procedures. In particular, in Section 5.2.1 we con-
centrate on the regularization in the frequency domain from Section 4.3.1.
The resulting approximation procedure is summarized in Algorithm 5.14,
whose accuracy is based on the new error estimate of Theorem 5.13. Addi-
tionally, in Section 5.2.2 we address the regularization in the spatial domain
from Section 4.3.2, with the resulting procedure outlined in Algorithm 5.15.
Afterwards, we are equipped with all the necessary tools to change
the focus and revisit the aforementioned evaluation problem for band-
limited functions in Section 5.3. More precisely, for given values f(k),
k € Ipg, of the Fourier transform of a bandlimited function f, we are
looking for function evaluations f(x;) at given nonequispaced points x;,
j =1,...N. Note that if a trigonometric polynomial f € Lo(T?) is given, it
is already known by Chapter 2 that this evaluation of (1.1) can be realized
by means of the nonequispaced fast Fourier transform (NFFT). Hence,
for the first time we introduce an NFFT-like procedure for bandlimited
functions in Algorithm 5.16, which is based on the regularized Shannon
sampling formulas of Chapter 4 and therefore the sinc function plays an
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important role in this approximation. In particular, we discuss the relation
of this new method to the classical NFFT, where the evident superiority of
this novel approach is illustrated in Figure 5.1.

Finally, Section 5.4 contains several numerical examples that demonstrate
the accuracy and efficiency of the new approaches. Specifically, the accuracy
of the fast sinc transform is confirmed in Figure 5.5, while Figures 5.6
and 5.7 illustrate the quality of the analogous methods for the fast evaluation
of the regularized Shannon sampling formulas. Furthermore, a comparison
of the approximation errors of the newly proposed NFFT-like method
and the classical NFFT is displayed in Figure 5.8, once more showing
the considerable improvement that can be obtained through this novel
approach.

Chapter 6: Reconstruction of the Fourier transform of
bandlimited functions from nonequispaced spatial data

In the last chapter we address the reconstruction problem for bandlim-
ited functions. As previously discussed in Chapter 3, there are several
approaches that are based on the setting of trigonometric polynomials.
However, numerous applications, e.g. magnetic resonance imaging (MRI),
cf. [GLI06, EKP22], are concerned with the analogous continuous inversion
problem, where the aim is the reconstruction of point evaluations f(k) € C,
k € Inr, of the Fourier transform f from given measurements f(z;),
j=1,...,N, of the form

flx) = / fw)e™®dy, xeR%

-¥.4)°

22

To address this problem, note that the given problem can also be seen as a
generalization of the discrete problem in Chapter 3, such that we immedi-
ately obtain direct inversion methods by reviewing several approaches and
extending these techniques to the setting of bandlimited functions.

In particular, in Section 6.1 we investigate the aforementioned den-
sity compensation technique. Using the fact that the 1-periodization
f(x) =3, cpa f(x+7) of a bandlimited function can be represented in

the form
f((l)) — Z ( 27r1kac _ Z f 27r1ka:

kezd k€Tnm
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it becomes evident that this is a trigonometric polynomial (1.1). Thus, if
we had access to the periodization f , the density compensation approach
from Algorithm 3.2 using the weights computed by Algorithm 3.10 would
guarantee an exact reconstruction. However, in practical applications the
periodization f cannot be sampled, since f is typically only known on a
bounded domain. Nevertheless, this shows that the density compensation
approach is also suitable for bandlimited functions.

Similarly, we also comment on the analogous use of the matrix opti-
mization approach from Algorithm 3.21 using the optimized sparse matrix
computed by Algorithm 3.25 in Section 6.2.

Finally, in Section 6.3 we show some numerical examples, where Figure 6.2
clearly demonstrates that the error in the approximation solely occurs
because the bandlimited function f is not known on whole R

Publications by the author

Parts of this thesis have already been published in peer-reviewed journals
and proceedings. In particular, most of Chapter 3 on direct inversion meth-
ods for the nonequispaced fast Fourier transform (NFFT) can be found
similarly in [KP23a]. Moreover, the approach for exact density compen-
sation factors in Section 3.2.1 and the practical computations schemes in
Section 3.2.2 are also part of [KP23b], while Section 3.2.4 is based on an
analogous survey of density compensation methods in [EKP22] which was
done for the sinc matrix. In addition, the matrix optimization approach
in Section 3.3.1 was briefly introduced in [KP21], and the frame theo-
retical approach mentioned in Section 3.3.4 was studied more thoroughly
in [KP19]. Besides, the results of Sections 4.2 and 4.3 on the poor conver-
gence properties of Shannon sampling sums and the univariate regularized
Shannon sampling formulas are already known by [KPT24], except for
some generalizations and editorial changes. More precisely, the regularized
Shannon sampling formulas with localized sampling in Section 4.3.2 and the
corresponding numerical examples in Section 4.5 have already been subject
of study in [KPT22]. A one-dimensional version of the fast sinc transform
in Section 5.1 and the corresponding numerical examples in Section 5.4
have previously been established in [KPT23]. Furthermore, Sections 6.1.1
and 6.1.2 on the generalization of density compensation methods to band-
limited functions and the corresponding numerical examples in Section 6.3
are adapted from [KP23b], while the comments in the context of tempered
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distributions in Section 6.1.3 are already included in [KP23a]. Elements
such as lemmas, theorems, or examples that are taken almost verbatim are
identified as such in the appropriate sections.

Beyond that, all code files for the experiments presented in this thesis
are publicly available on [Kir].
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2 Nonequispaced fast Fourier transforms

This introductory chapter covers some important concepts in the field
of Fourier analysis and their numerical realizations. Among them, the
well-known fast Fourier transform (FFT) is one of the most important
algorithms for a wide range of applications in engineering, natural sciences,
scientific computing, and signal processing. Nevertheless, the limitation
to equispaced data represents a significant disadvantage, which led to the
development of the nonequispaced fast Fourier transform (NFFT).

In the following, we firstly introduce some fundamental notation and the
basic concept of the FFT in Section 2.1. Secondly, we describe the fast
evaluation of trigonometric sums at nonequispaced nodes. More specifically,
in Sections 2.2 and 2.3, a unified approach to the fast Fourier transform for
nonequispaced data in either the spatial domain (NFFT) or the frequency
domain (adjoint NFFT) is presented. Subsequently, this approach is further
generalized in Section 2.4, investigating the fast Fourier transform for
nonequispaced data in the spatial domain and in the frequency domain
(NNFFT).

2.1 Preliminaries and Definitions
Let

T =RNZI = [-L ) = {zeR: —Ll<ag <l t=1,..d}
denote the d-dimensional torus with d € N. For M = (My,...,My)"

with M; € 2N for all ¢t =1, ..., d, we define the multi-index set

d
T =200 ] [~ 2, 2) ={kez’ -2 <k <, t=1,..d}

207 2
t=1

with cardinality |Zas| = Hle M;. The inner product of two vectors
x,y € R? shall be defined as usual as xy = x1y; + - + Tqyq. Ad-
ditionally, we define the componentwise product of two vectors as
Oy = (x191,... ,xdyd)T, the all ones vector 14 = (1,..., 1)T € 74 and
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the reciprocal of a vector M € Z% with nonzero components shall be given
by M~ = (M7, M)

We consider the Hilbert space Lo(T?) of all 1-periodic, complex-valued
functions, which possesses the orthonormal basis {e>"*®: k € Z4}. There-
fore, every function f € Ly(T?) is uniquely representable in the form

fl@) =Y e(f)e?mke (2.2)

kezd

with the coefficients

ce(f)= [ flx)e > **dx, kecz?, (2.3)
Td

where the sum in (2.2) converges to f in the Ly(T¢)-norm, cf. [PPST23,
Theorem 4.5]. A series of the form (2.2) is called Fourier series with the
Fourier coefficients (2.3). Numerically, the Fourier coefficients (2.3) are
approximated on the uniform grid {M “loe be Znr} by the trapezoidal
rule for numerical integration as

1

— —27i -1
~ Tl S F(M T o) e KM OO g e 74, (2.4)

LET s

ck(f)

which is an acceptable approximation for k € Zps, see e.g. [PPST23,
p- 248]. The fast evaluation of (2.4) can then be realized by means of
the famous fast Fourier transform (FFT) with an arithmetic complexity of
O(|Zar|log(|Zaz])). Here, the efficiency is obtained by a divide-and-conquer
strategy proposed by Cooley and Tukey [CT65] in 1965. Moreover, it is
know that this transformation is invertible and that the inverse problem of
computing

JMT 0= Y MO0 gegy,
kEZns

with fk ~ ck(f), k € Ipr, can be realized by means of an inverse fast
Fourier transform (iFFT), which is basically the same algorithm except
for some reordering and scaling, cf. [PPST23, Lemma 3.17].

Since the restriction to equispaced data is a significant disadvantage
in a variety of applications, now suppose we are given nonequispaced



2.2 THE NFFT 25

nodes ¢; € T4, j =1,..., N, instead. For given fk € C, k € Ipg, we con-
sider the computation of the sums

fj :f(mj): Z kakazja Jj=1...,N, (25)

keI

as well as the adjoint problem of computing the sums

N
hie =Y fje 2% ke, (2.6)

Jj=1

for given values f; € C, j =1,..., N. By defining the nonequispaced Fourier
matrizc

A= A\IM| — (GQWikmj)N c (CNXlIM‘, (27)

j=1,kETn

as well as the vectors f = (fj)j.\/:17 f = (fi)wezs, and b == (hi)kezy,, the
computation of sums of the form (2.5) and (2.6) can be written as f = Af

and h = A" f, where A™ = A" denotes the adjoint matrix of A in (2.7).

Note that the naive computation of (2.5) and (2.6) is of complex-
ity O(N -|Zag]). Since this is not feasible for practical applications, a
fast approximate algorithm, the so-called nonequispaced fast Fourier trans-
form (NFFT), is briefly described below. We will demonstrate that the
NFFT asymptotically requires the same computational cost as the FFT,
as we only intend to compute the result up to a finite precision. For more
information see e.g. [DR93, Bey95, Ste98a, GL04, KKP09] or [PPST23,
pp. 413-417].

Remark 2.1. The algorithms presented in this chapter (Algorithms 2.2, 2.5
and 2.6) are part of the NFFT software package [KKP]. For algorithmic
details we refer to [KKP09]. Note that an alternative implementation is
available at [BMK]. ©

2.2 The NFFT

Firstly, we restrict our attention to problem (2.5), which is equivalent to
the evaluation of a trigonometric polynomial

f(x) _ Z fk e27rik:m (28)

kEZns
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with given fk €C, k€ In, at given nonequispaced nodes x; € T¢,
j=1,...,N. Let p € Ly(RY) N Li(R?) be a so-called window function
¢: R% —[0,1]¢, which is well localized in space and frequency domain.
For typical choices of window functions please refer to Remark 2.3. Now
we define the 1-periodic function @(x) =), ;. @(x + r) with absolute
convergent Fourier series. As a consequence, the Fourier coefficients of the
periodization ¢ have the form

ck(P) = /Td G(x)e 2™k qg — /Rd o(x)e 2k dp — o(k), ke Zo

For a given d-dimensional oversampling factor o = (o1,...,04)" > 14, we
define (My): ==2[ [o:M]/27] € 2N, t =1,...,d, as well as the respective
vector Mg = ((My)1,...,(My)4)T. Then we approximate f by a linear
combination of translates of the periodized window function, i.e.,

fl@)~s@)= > gplz—M, o)), (2.9)
Lelng,

where the coefficients g¢ € C, £ € Zpg,, are to be determined such that (2.9)
yields a good approximation. By means of the convolution theorem
(see [PPST23, Lemma 4.1]), the approximant s € Ly(T?) in (2.9) can be
represented as

s(w) _ Z Ck(S) e27rik:c

kezd

_ Z gk: Ck(@) e27rik:c

kElns

+ > Y Gk My on(@) MO (9 10)
reza\{0} kELn

where the discrete Fourier transform of the coefficients gy is defined as
~ —27i -1
gri= Y gee MM pe Ty (2.11)
LeTn,
Comparing (2.5) and (2.10) then yields
fr
N ckeln,
k=1 o(k) "
0 ckeZn \ZIn.
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Consequently, the coefficients gg in (2.9) can be obtained by inverting (2.11),
i.e., by the application of an iFFT.

Furthermore, we assume that ¢ is well localized, such that it is small out-
side the square Hle [—m/(My)e, ™/ (Mo)e], M K (Mgy)e, for all t =1,...,d.
In this case, the window function ¢ can be approximated by the compactly
supported function

d

T = a |:_ m , m :|7

om(T) = o(x) Htlfl (My)s* (My)y
0 : otherwise.

Then we approximate s(x;) in (2.9) by the short sums

f(z;) = s(x;) = fJ = Z ge Bm(; — Mt oy)
2Ty,

= > gm(z M oL,

LEIn, m(xj)

where the index set of the nonzero entries

I, m(x;) = {€ € Ing, : Iz € Z* with
—m-1g<My©o(x;+2)—L<m-1g} (2.12)

contains at most (2m + 1)? entries for each fixed x;. Thus, the obtained
algorithm can be summarized as follows.

Algorithm 2.2 (NFFT).

For d,N € Nand M = (My,...,My)" € 2N)? let z; € T¢, j =1,..., N,
be given nodes as well as fk € C, k € Iy, given Fourier coefficients. Fur-
thermore, we are given the d-dimensional oversampling factor o > 14, the
vector My i= ((M,)1,...,(M)g)" with 2N > (M,); == 2[ [o:M;]/2], as
well as the window function ¢, the truncated function ¢, with m < (M, ),
t=1,...,d, and their 1-periodic versions ¢ and @,,.

0. Precomputation:

a) Compute the nonzero Fourier coefficients @(k) for k € Zpy,
cf. (2.1).

b) Compute the values @m(acj — M;l @K) for j=1,...,N, and
L€ Ing, m(z;), cf. (2.12).
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1. Set O(IZml)

2. Compute O(|Znt|log(|Znmrl))

1 . _
gei=— D gee™ MO0 pe Ty,
‘IM"| kel
M

by means of a d-variate iFFT.

3. Compute the short sums O(N)

fi= > gebm(z;-M oL, j=1,... N
lEIMO_,m(wj)

Output: f; ~ fj, j=1,..., N, cf. (2.5).
Complexity: O(|Zps|log(|Zag]) + N)

Remark 2.3. As window function one usually uses d-variate func-
tions ¢: R? — R, that arise as the tensor product

olzy), = (r1,...,%q) € R, (2.13)

m&

p(x) =

~
Il
—

of a univariate window function, which is also denoted by ¢: R — R for
the sake of simplicity. For the Fourier transform of these d-variate window
functions we obtain

o(ky), k= (ki, ..., kqg) €z

E&

p(k) =

~
Il
-

Therefore, it suffices to specify the univariate window function ¢ and
compute its univariate Fourier transform ¢.

For instance, in [DR93, DS99] the Gaussian window function was used,
cf. (4.60), while [Bey95, Ste98a] studied the B-spline window function,
cf. (4.61). More recent results like [PT21a] suggest for example the sinh-type
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window function, cf. (4.62), or the continuous Kaiser—Bessel window func-
tion, cf. (4.63). In addition, also related window functions, where an
analytic expression of the Fourier transform is unknown, were discussed
in [BMK, BMK19, Bar21]. Examples of this form include the continuous
exp-type window function

{ 1 (eﬁ\/w_1) cx € [— 14, 1]

ef—1
0 cx eR\ |- 1 Mﬂa],

)
o

SOeXp($) =

see [PT21a, Section 6], with a discontinuous version suggested in [BMK19,
Bar21], as well as the continuous cosh-type window function

cosh(B 17(%)2>71
. m m
Spcosh(x) = cosh B—1 HEURS [_ M, E]’
0 :JSER\[—%,MﬂU],

see [PT21a, Section 7], with a discontinuous version proposed in [BMK19,
Remark 13]. We remark that the FINUFFT software [BMK] is based on
the exp-type window function @exp.

For more information on suitable window functions and corresponding
error estimates see e. g. [Fou03, GL04, KKP09, BMK19, PT21b, PPST23|
and references therein. o

Next we give the matrix-vector representation of the NFFT. To this end,
we define the diagonal matrix
1

D = di _—
diag <|IMU )

) € CHmlxITml, (2.14)
kEZns

the truncated Fourier matrix

F = (ezmk(M;1®e>) € Clo X[ Tnl (2.15)
0ETng, k€T ’

and the sparse matrix

N
B = (@m(mj -M_'o%) ) € RV*1Tmo | (2.16)
j=1,£€Tn1,,

where by definition (2.12) each row of B contains at most (2m + 1)¢
nonzeros. In doing so, the NFFT in Algorithm 2.2 can be formulated in
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matrix-vector notation such that we receive the approximation A ~ BF D
of (2.7), cf. [PPST23, p. 419]. This is to say, using the definition of the
matrices, the NFFT performs the approximation

. 1 . _
e2mkmj ~ |I | ,\(k) Z e27'r]k(Mal®£) @m(wj _ M;l ® e) .
Mo 7 leIMo.,m(il?j)

(2.17)

Remark 2.4. It should be noted that, for reasons of consistency, the fac-
tor |Zaz,|~! is here not located in the matrix F as usual but in the
matrix D. o

2.3 The adjoint NFFT

Now we proceed with the adjoint problem (2.6). As shown above, this
can be written as h = A" f with the adjoint matrix A* of (2.7). Thus,
using the matrices (2.14), (2.15) and (2.16) we receive the approximation
A" ~ D*F*B”*, such that the algorithm for the adjoint problem can be
denoted as follows.

Algorithm 2.5 (adjoint NFFT).

For d,N € Nlet ¢; € T¢, j =1,..., N, be given nodes as well as f; € C
given coefficients. Furthermore, we are given the d-dimensional
oversampling factor o > 14, the vector Mg = ((My)1,...,(My)a)"
with 2N 3 (M,); == 2[ [o:M;]/2] and M = (Ny,...,My)" € (2N)¢, as
well as the window function ¢, the truncated function ¢,, with m < (M, ),
t=1,...,d, and their 1-periodic versions ¢ and @,,.

0. Precomputation:

a) Compute the nonzero Fourier coefficients @(k) for k € Zpy,
cf. (2.1).

b) Compute the values @m(mj — M;l @é) forj=1,...,N, and
L€ Ing, m(zj), cf. (2.12).

1. Compute the sparse sums O(N)

N
ge =Y fi¢m(@;—M; ' ©L), LeIy,. (2.18)
j=1
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2. Compute O(|Za|log(|Znl))

. 1 o —1
gk = Tar| Z gee TRM 00 e Ty,
Mol peTpy,

by means of a d-variate FFT.
3. Set O(|Za)

Output: hy ~ hg, k € Ipr, cf. (2.6)
Complexity: O(|Zas|log(|Zaz]) + N)

2.4 The NNFFT

The previously presented algorithms of Sections 2.2 and 2.3 are methods
for nonequispaced nodes in the spatial domain or the frequency domain,
and equispaced nodes in the respective other domain. Next, we generalize
these methods to nonequispaced nodes in both the spatial domain and
the frequency domain, cf. [PPST23, Section 7.3]. For this purpose, let
the so-called the nonharmonic bandwidth M € N with M > 1 and the
numbers N1, Ny € 2N be given. Then we consider the exponential sums

—27iM d
fl@)y= > fre?Mue - pe -1 1], (2.19)
k€I,
where vy, € [f%, %]d, k € Iy, , are nonequispaced nodes in the frequency

domain and f; € C are given coefficients. Note that in comparison to
the trigonometric polynomial (2.8), the exponential sum (2.19) is not

periodic, since for arbitrary points v, we have Mvy, ¢ Z%. For arbitrary

d . . . . .
nodes x; € [—%, %] , J € In,, in the spatial domain, we consider the fast

computation of the Ny values

flaj)= > fre Mo Ge Ty (2.20)
kEIn,
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A fast algorithm for the evaluation of the sums (2.20) is called fast Fourier
transform for nonequispaced data in spatial and frequency domain (NNFFT),
which was introduced in [E1b98, ES98], see also [PST01]. Note that this
algorithm is also called nonuniform FFT of type 3, see [LGO05]. As known
(see [ES98, PST01]), the NNFFT is a combination of Algorithms 2.2 and 2.5,
which shall be explained in the following.

For a given window function ¢;: R? — [0,1]¢ we introduce the auxiliary
function

Z fk(pl(t_vk)a tERd7

kEIn,

which has the continuous Fourier transform (cf. (4.1))

h(Ma) = h(t) e 2miM=t q¢
Rd
= > fk/ p1(t — vg) e 2T g (2.21)
k€N,
= Y fue MU (Ma) = f(2) g1 (M), zeR%
k€InN,

. d .
Hence, for arbitrary nodes x; € [—%, %] , J € In,, we have

h(Ale) .
f(wj)_(ﬁl(M.’Bj)’ jeIN2'

Since the Fourier coefficients ¢1(Mx;), j € Iy,, can be precomputed for
a given window function ¢i, it only remains to approximate the val-
ues h(Mz;), j € Iy,, in (2.21).

To this end, for a given oversampling factor o; > 1 we set My, == o1 M
such that M,, € 2N, and choose a truncation parameter m; € N\ {1}
with 2m; < M,,. As the window function ¢; is assumed to be well-
localized in spatial domain, it can be approximated by the compactly

supported function

d
pr@) i€ =]

0 : otherwise.

Pmy (SE) =



2.4 T"HE NNFFT 33

In addition, we introduce the constant a =1+ 2”“ > 1 and, without loss

of generality, we assume that v, € [ 21a, 2a] ke INl If v € [ 5 é]d,

then we replace the nonharmonic bandwidth M by M* = M + [27?1-\ and
set v} = 25 v € [~ o, i]d such that M vy, = M*vk, k€ Iy,.
Thereby, since supp(¢m,) = [ —

mi mi
M,,’ M,,

] we have for arbitrary
1

points vy € [ 21a, 2a] that

Oy (t—vy) =0 forall [t]> 5+ 2

=g

N =
I
g
SN—

This implies
a a d
supp(gpml(- - ’Uk)) C [_ﬁa 5] ) k S IN17
since  — 5 > 0. Thus, by (2.21) we obtain

h(Mz) ~ s;(Mz) Z fx / Om, (t —vg) e ™M@ q g c RY
kGINl [72 ]d
27

Discretization of this integral using the rectangular rule then yields the
approximation

e

h(Mxz) ~ s1(Mx)

Z fk Ma_ld Z Py (MLUI _ 'Uk) e—27riml/cf1

ke€Zn, £€Tan,,

for all x € R?, where aM,, := aM,, - 14. Changing the order of summa-
tion we finally obtain

w0t = 5 (Mt 5 o (ah w0 g
T anr,, keTn,

Note that the inner sums

ge = Ma_ld Z fk%prrn (ﬁ;l—’vk), KEIaMcl,
k€In,
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M m m
are sparse since by supp(@m,) = [ - W;l, M(rll

that @, (MLU1 — ’Uk) # 0 only for £ € 7,

oq M1

] we have for each fixed vy,

(vg), where

Int,, m, (Vk) = {E € Tam,, * |57 A } (2.22)

The remaining outer sum

iz = Y e n ey,
£elanmy,

can then be evaluated by means of an NFF'T, see Algorithm 2.2. This NFFT
uses a second window function ¢9 and M, = o3 aM,, € 2N with param-
eters o9 > 1 and my € N\ {1} with 2m, < (1 — J—) M,,. Denoting the
result of this NFFT as s(Mx;), then s(Mw])/gol(ij) is an approximate
value of f(x;), j € Zn,. Hence, the obtained algorithm can be summarized
as follows.

Algorithm 2.6 (NNFFT).
For d, M € N with M > 1 and Ny, Ny € 2N let v € [—&, 119, k € Tn,,

and z; € [—3, %] , j € In,, be given nodes as well as f € C given coef-
ficients. Furthermore, we are given the oversampling factors 01,02 > 1,
M,, =01 M € 2N and M,, = oyaM,, € 2N with a =1+ ﬁgi, as well
as the window functions ¢; and g, their truncated versions ¢, ,; Pm,
with my,me € N\ {1}, 2m; < M,, and 2my < (1 — —) M,,, and the

1-periodized function @,,,.

0. Precomputation:

a) Compute the nonzero Fourier coefficients ¢ (Ma;) for j € Iy,,

cf. (2.1).

b) Compute gpml(ML(r1 — wvy,) for k€Zy, and £ ¢ IJ/VIal,ml(vk)’
of. (2.22).

¢) Compute the nonzero Fourier coefficients (5 (£) for £ € Zan,, ,
cf. (2.1).

d) Compute cﬁmQ(: M ) for j €Iy, and n €y, ma (),
of. (2.12).
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1. Compute the sparse sums O(Ny)

ge = Mo’_ld Z fk(pml(MLUl_,Uk)’ eeIaMcu'
ke€ln,

2. Set O(|Znml)

3. Compute O(|Znr|1og(|Znsl))

ho =Myt Y gee Mo ey,

by means of a d-variate FFT.

4. Compute the short sums O(N2)
- T n .
s(Mx;) = Z hngamQ(U—i—MQ), j€In,.
nEZMgz,’nL2 (wj)
5. Set O(N2)
S(xj) = ——2=, jely,.
( ]) s01(]\43}]’) 2

Output: S(x;) = f(=x;), cf. (2.20).
Complexity: O(|Zas|log(|Zag]) + N1+ No)

Remark 2.7. For estimates on the approximation error of Algorithm 2.6 we
refer to [ES98, KPT23]. o

Note that an important application of the NNFFT is the fast sinc
transform introduced in [KPT23], cf. Section 5.1.






3 Direct inversion methods for the
NFFT

Having introduced the fast Fourier transform for nonequispaced data
in the previous chapter, we remark that numerous applications such as
magnetic resonance imaging (MRI), cf. [NWO01, GLI06, DAP22, EKP22],
synthetic aperture radar (SAR), cf. [GJG23], solution of partial differential
equations (PDEs), cf. [Fas07], etc., are interested in the inverse problem,
i.e., instead of the evaluation of the sums (2.5) the aim is computing
the Fourier coefficients fk, k € Ipg, from given nonequispaced data f(x;),
j=1,...,N. Therefore, the present chapter is attributed to this task.

Initially, in Section 3.1 we have a closer look at the inversion problem
itself and explain the main challenges of using nonequispaced data, which
can be seen by comparison to the case of equispaced data. Afterwards,
we provide an overview of existing methods, including a discussion of the
advantages of iterative and direct procedures, and introduce the idea of two
different direct approaches in a general framework. In Section 3.2 we firstly
examine the approach of so-called sampling density compensation, where
the general idea is to compute a diagonal matrix of weights to re-weight
the adjoint NFFT appropriately. Secondly, we study a matrix optimization
approach in Section 3.3, which can be viewed as a generalization, since
here the aim is to compute an optimal sparse matrix based on a certain
minimization problem. Finally, in Section 3.4 several numerical examples
are presented, justifying the accuracy of the new approaches and comparing
them with each other as well as with those mentioned from the literature,
followed by a short summary.

3.1 Problem formulation

To clarify the major dissimilarity between equispaced and nonequispaced
data, we start considering the equispaced case. In particular, when evaluat-
ing at the grid points z; = 25 € T%, j € I, with n := n- 15 and |Z,| = N,
the nonequispaced Fourier matrix A € CN*Zml in (2.7) turns into the
equispaced Fourier matrix F € C/P™o XIZuml from (2.15) with [Zar, | = N.

o
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Thereby, it results from the geometric sum formula that

F*F — ( Z ezm(kz)j/n> = NIz,,, if |Im| <N, (3.1)
JELn k. LcIng

as well as

FF* = ( Z e2ﬂik(j_h)/"> = |IM| 'IN’ if |IM| >N
kE€lng J,h€ly

and |Zpz| is divisible by N. Thus, in the equispaced setting a one-sided
inverse is given by the (scaled) adjoint matrix. However, when considering
arbitrary points x; € T¢, j =1,..., N, this property is lost, i.e., for the
nonequispaced Fourier matrix A € CV*ITm| in (2.7) we have

A*A# NIz, and AA* # [In| In. (3.2)

Because of this, more effort is needed to obtain a solution to the inverse
problem in the nonequispaced setting. In general, we face the following
two problems.

(1) Solve the linear system
Af=f, (3.3)

i.e., reconstruct the Fourier coefficients f = (fx)rez,, from given
function values f = (f (alr:J))j\’:1 This problem is referred to as inverse
NDFT (iNDFT) and an efficient solver shall be called inverse NFFT

(iNFFT).
(2) Solve the linear system
A*f =h, (3.4)

i.e., reconstruct the spatial coefficients f = ( fj)ﬁ-vzl from given
data h = (hg)kez,,- This problem is referred to as inverse adjoint
NDFT (iNDFT#*) and an efficient solver shall be called inverse adjoint
NFFT (iNFFT*).
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Remark 3.1. We remark that according to the solvability criterion, the linear
system of equations (3.3) has at least one solution if and only if the matrix A
and the augmented coefficient matrix (A|f) have the same rank, which is
always satisfied since (2.5) is equivalent to the evaluation of a trigonometric
polynomial (2.8) at given nonequispaced nodes x; € T¢, j =1,...,N. In
other words, the rank of the nonequispaced Fourier matrix A € CN*IZnm|
in (2.7) depends solely on the given points x;.

Additionally, note that in both problems (3.3) and (3.4), the number N
of nodes «; is generally independent of the number |Zpz| of Fourier coeffi-
cients fk. Hence, the nonequispaced Fourier matrix A € CV*ITml in (2.7)
is rectangular in most cases, and therefore a regular inverse matrix does
not exist. In general, this forces us to consider the least squares problem
of minimizing the residual norm ||A f — fl|2 instead. The correspond-
ing least squares solution is known to be unique in case the nonequi-
spaced Fourier matrix A has full rank. Indeed, eigenvalue estimates
in [FGS95, BG04, BP07, KP08, KN21] confirm that this condition is satis-
fied for sufficiently nice points x;, i. e., points that are not too far from being
equispaced. Certain measures for this “nonuniformity” will be discussed
later in this chapter. o

In the literature a variety of approaches for an inverse NFFT (iNFFT)
can be found. This is why we give a short overview. First of all, we consider
iterative inversion procedures for the problem (3.3). These methods require
multiple iteration steps by definition, and therefore multiple matrix vector
multiplications with the system matrix A, or rather multiple applications of
the NFFT (see Algorithm 2.2), are needed to compute a solution. For the
one-dimensional setting d = 1 with |Zps| = N an algorithm was published
in [RAT18], which is specifically designed for jittered equispaced points
and is based on the conjugate gradient (CG) algorithm in connection with
low rank approximation, while an approach for the overdetermined case
|Zar] < N can be found in [FGS95] that uses the Toeplitz structure of
the matrix product A*W A with a diagonal matrix W := diag(w;)}_,
of Voronoi weights in connection with the CG algorithm. For higher
dimensional problems with d > 1 several approaches exist which compute a
least squares approximation to the linear system A f = f. On the one hand,
in the overdetermined case |Zas| < N the given data can typically only be
approximated up to a residual r := Af — f. Therefore, the weighted least
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squares problem

Minimize Zw] Z fre ¥k _ f(x;)

feClTml
fechhm =1 kelns

is considered, which is equivalent to solving the weighted normal equations of
first kind A*"WAf = AW f with the diagonal matrix W := diag(w;)Y_,
of weights in time domain. In [SFNO1, FS03, KKP07] these normal equa-
tions are solved iteratively by means of the CG algorithm using the NFFT
to realize fast matrix-vector multiplications involving A, whereas in [PWO01]
a fast convolution is used for this purpose. On the other hand, in the consis-
tent underdetermined case |Zps| > N the data can be interpolated exactly
and therefore one can choose a specific solution, e. g. the one that solves
the constrained minimization problem

Fo2
Minimize Z |fAk| subject to  Af = f.
feclTnl keZns Wi
It was shown in [KP07] that this interpolation problem is equivalent to the
weighted normal equations of second kind AW A*y = f, f = W A*y with
the diagonal matrix W := diag(ig )kez,, of weights in frequency domain,
such that the CG method was used in connection with the NFFT to itera-
tively compute a solution to this problem, see also [PPST23, Section 7.6.2].
Moreover, there are several regularization techniques for the multidimen-
sional setting d > 1. For example, [SRG10, WAG15, AGP16] all solve the
{1-regularized problem

Minimize 3[|Af — f[3 +A£™
feC\IM\

with regularization parameter A > 0 and the m-th order polynomial an-
nihilation operator £™ € RN*IZm| a5 sparsifying transform, see [AGY05].
Based on this, weighted £,-schemes

Minimize SIAF = FI3+ 2w e fip
feclz
were introduced in [CWB08, CY08, DDFG10, LMFL12], which are designed

to reduce the penalty at locations where £™ f is nonzero. For instance,
[CAG19, SG19] each state a two step method, that firstly uses edge detection
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to create a mask, i.e., a weighting matrix which indicates where nonzero
entries are expected in the total variation (T'V) domain, and then targets
weighted /5-norm TV regularization appropriately to smooth regions of the
function in a second minimization step.

In contrast to these iterated procedures, we rather concentrate on so-
called direct methods to reduce the computational effort. In the setting of
problem (3.3) we hereby mean methods, where for a fixed set of points x;,
j=1,...,N, the reconstruction of f € C™| from given f € CV can be
realized with the same number of arithmetic operations as a single applica-
tion of an adjoint NFFT (see Algorithm 2.5). To achieve this, a certain
precomputational step is compulsory, since the adjoint NFFT does not
yield an inversion of the NFFT per se, see (3.2). Although this precom-
putations might be rather costly, they need to be done only once for a
given set of points x;, j = 1,..., N, while the actual reconstruction step is
very efficient. This is why direct methods are especially beneficial in case
we are given fixed nodes for several problems with different measurement
vectors f = (f(acj))j\[:1

Already in [DR95] a direct method for the setting d =1 and |Zps| = N
was explained, which uses Lagrange interpolation in combination with fast
multipole methods (FMM). Based on this, further methods were deduced
for the same setting, which also use Lagrange interpolation, but additionally
incorporate an imaginary shift in [Sel18], or utilize the NFFT in [KP19] for
the fast evaluation of occurring sums, see also [PPST23, Section 7.6.1]. In
the overdetermined setting |Zps| < N another approach for computing an
inverse NFFT can be obtained by using the fact that A* A is of Toeplitz
structure. Therefore, the Gohberg-Semencul formula, see [HR84], can
be used to solve the normal equations A*Af = A* f exactly by analogy
with [ASS16]. Here the computation of the components of the Gohberg—
Semencul formula can be viewed as a precomputational step. In addition,
also a frame-theoretical approach is known from [GS14], which provides
a link between the adjoint NFFT and frame approximation, and could
therefore be seen as a way to invert the NFFT. Recently, a new fast
algorithm was presented in [WEB24] that exploits the structure of so-
called Cauchy-like matrices or rather a low-rank approximation of such,
and is especially useful for very irregular grids (e.g. pairwise colliding
points). For the multidimensional setting d > 1 several methods have been
developed in [ACD'06, ACD™08] that are tailored to the special structure
of the linogram or pseudo-polar grid, respectively, see Figure 3.4c, such
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that the inversion involves only one-dimensional FFTs and interpolations.
However, these techniques are exclusively applicable for the special case of
the linogram grid, whereas we are interested in more generally applicable
methods.

More specifically, we seek to find a suitable matrix X e ClZmIxN
with X A ~ I|z,,|, since then we can simply compute an approximation

of the Fourier coefficients by means of X f = X A f R f The previously
mentioned precomputational step then consists of computing an appropri-
ate matrix X. To find this left-inverse X, we utilize the fact that in the
equispaced case (3.1) holds. In addition, we also incorporate the approx-
imate factorization A* ~ D*F*B* of the adjoint NFFT, cf. Section 2.3,
with the matrices D € CEmIxIZm| F ¢ CZmo[XITml and B € RN *1Znmo |
defined in (2.14), (2.15) and (2.16). That is to say, in accordance with the
equispaced setting we choose X = D*F*B* . N1,

Based on this observation, this chapter is organized as follows. At
first, in Section 3.2 we study so-called density compensation techniques,
which make use of the simplest generalization X = D*F*B*W with some
additional weighting W = diag(wj,) ;V:I € CV*N due to the nonequispaced
sampling. Afterwards, in Section 3.3 this approach is further generalized to
X = D"F"By;, where B, € RV*I1Zmo| s a modified matrix resulting
from a certain matrix optimization problem. In the end, both approaches
are compared in the numerical examples of Section 3.4.

3.2 Density compensation factors

In this section we focus on a direct inversion method for solving prob-
lem (3.3) that utilizes so-called sampling density compensation, as done
in [KP23a]. To this end, we consider the Fourier coefficients in (2.3) and
introduce a new quadrature formula for this integral representation. In con-
trast to the already known equispaced approximation (2.4) we now assume
given arbitrary, nonequispaced points x; € T¢, j =1,...,N. Thereby, the
Fourier coefficients (2.3) are approximated by a general quadrature rule
using quadrature weights w; € C, j =1,..., N, which are needed for sam-
pling density compensation due to the nonequispaced sampling. Thus, for
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a trigonometric polynomial (2.8) we have

N
fe=cr(f)~h} = ij flx;)e 2™k ke Ty (3.5)

j=1

Using the nonequispaced Fourier matrix A € CN*IZml in (2.7), the di-
agonal matrix of weights W = diag(wj);»v:l € CV*N as well as the vec-
tor h" := (h)y )keza,» the nonequispaced quadrature rule (3.5) can be writ-
ten as f ~ h"Y = A*W f. For achieving a fast computation method we
make use of the approximation of the adjoint NFFT, cf. Section 2.3, i.e.,
the final approximation is given by

f~h" =D*F*B*'WF, (3.6)

with the matrices D € CZmIxITm| F ¢ ClTmo [X1Tml| gnd B € RN *|Tmo |
defined in (2.14), (2.15) and (2.16). In other words, for density compensa-
tion methods the already mentioned precomputations consist of computing
the quadrature weights w; € C, j = 1,..., N, while the actual reconstruc-
tion step includes only one adjoint NFFT (see Algorithm 2.5) applied to
the scaled measurement vector W f. Hence, density compensation methods
can be summarized as follows.

Algorithm 3.2 (iNFFT — density compensation approach).

For d,N e Nlet x; € T¢, j=1,...,N, be given nodes as well as f € CV
given coefficients. In addition, we are given M = (M, ..., My)" € (2N)4.

0. Precompute a suitable weight matrix W = diag(w;)_;.

1. Compute h' = D*F*B*W§, cf. (3.6), by means of an adjoint
NFFT.

Output: h' ~ f e ClTml cf. (3.3).
Complexity: O(|Zas|log(|Zas]) + N)

The aim of all density compensation techniques is then to choose appropri-
ate weights w; € C, j = 1,..., N, such that the underlying quadrature (3.5)
is preferably exact. In the following we have a look at the specific choice of
the so-called density compensation factors w;.
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An intuitive approach for density compensation is based on geometry,
where each sample is considered as representative of a certain surrounding
area, as in numerical integration. The weights for each sample can be
obtained for instance by constructing a Voronoi diagram and calculating
the area of each cell, see e.g. [RPST99]. This approach of Voronoi weights
is well-known and widely used in practice. However, it does not necessarily
yield a good approximation (3.6), cf. Figure 3.6, which is why we examine
some more sophisticated approaches in the remainder of this section.

For this purpose, this section is organized as follows. Firstly, in Sec-
tion 3.2.1 we introduce density compensation factors w;, j=1,...,N,
that lead to an exact reconstruction formula (3.5) for all trigonometric
polynomials (2.8) of degree M. In addition to the theoretical results, we
also discuss methods for the numerical computation in Section 3.2.2. Subse-
quently, in Section 3.2.3 we present an error bound on density compensation
factors computed based on the previous optimality condition. Finally, in
Section 3.2.4 we reconsider certain approaches from literature and illustrate
how they relate to each other and to the method from Section 3.2.1.

Remark 3.3. Before doing so, we have a closer look at some possible
interpretation perspectives on the reconstruction (3.6).

(i) If we define g := W f, i.e., each entry of f is scaled with respect to
the nodes z;, j =1,..., N, the approximation (3.6) can be written as
f ~ D*F*B*g. As mentioned before, this coincides with an ordinary
adjoint NFFT applied to a modified coefficient vector g.

(ii) By defining the matrix B = W*B, i.e., scaling the rows of B with
respect to the nodes x;, j = 1,..., N, the approximation (3.6) can be
written as f R D*F*B*f. In this sense, density compensation can
also be seen as a modification of the adjoint NFFT and its application
to the original coefficient vector.

Note that (i) is the common viewpoint. However, we keep (ii) in mind, since
this allows treating density compensation methods as an optimization of the
sparse matrix B € RN*1ZMo| in (2.16), as it shall be done in Section 3.3. In
addition, we remark that density compensation methods only use N degrees
of freedom. o
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3.2.1 Exact quadrature weights for trigonometric
polynomials

Similar to [GKP09], we aim for density compensation factors wj,

j=1,...,N, that lead to an exact reconstruction formula (3.5) for all

trigonometric polynomials (2.8) of degree M. To this end, we firstly ex-

amine certain properties that arise from (3.5) being exact, as considered
in [KP23a, Theorem 3.2].

Theorem 3.4. Let a polynomial degree M € (2N)¢, nonequispaced
nodes x; € T¢, j =1,..., N, and quadrature weights w; € C be given. Then
an ezxact reconstruction formula (3.5) for trigonometric polynomials (2.8)
with mazximum degree M satisfying

fe=cx(f) =hy, keI, (3.7)
implies the following equivalent statements.

(i) The quadrature rule
N
| f@)de =D wf(@)) (38)
j=1

is exact for all trigonometric polynomials (2.8) with mazimum de-
gree M .

(i) The linear system of equations

[ATw} :iw-e%ikmﬂ':é = 1 k=0 kel
k 7 0.k 0 : otherwise [’ M

j=1
(3.9)

is fulfilled with the nonequispaced Fourier matriz A € CN*Tml
in (2.7), w = (wj)N 1 and the Kronecker symbol dg g

=
Proof.

(3.7) = (i): By inserting the definition (2.8) of a trigonometric polynomial
of degree M into the integral considered in (3.8) we have

Tdf(:c)da:: > fk-/ ™ dg = " fr-dok=fo. (3.10)

kElns T4 kElns
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Now using the property (3.7) as well as the definition (3.5) of h)] we proceed
with

N N
fo=hy = wif(x;)e® =D w;f(=),
j=1 J=1

such that a combination with (3.10) yields the assertion (3.8).
(i) = (ii): Inserting the definition (2.8) of a trigonometric polynomial of
degree M into the right-hand side of (3.8) implies

N N N
ijf(mj) _ Z w; Z fk: e27rikmj _ Z f Z 27r1ka (311)
j=1

Jj=1 keln keTn =1

This together with the property (i) and (3.10) leads to

fO— Z fk: ij 2mike

kelng

and thus to assertion (3.9).
(ii) = (i): Combining (3.10), (3.9) and (3.11) yields the assertion via

N
x)dz = Z fr Sk = Z fr ij 2rikes = Z;wjf(wj)~
i

kcIn kclng

Remark 3.5. Comparable results can also be found in the literature. A
fundamental theorem in numerical integration, see [T'ch57], states that for
any integral de f(x) dx there exists an exact quadrature rule (3.8), i.e

optimal points z; € T? and weights w; € C, j = 1,..., N, such that (3.8) is
fulfilled. In [Gr620, Lemma 2.6] it was shown that for given points x; € T¢,
j=1,..., N, certain quadrature weights w; can be stated by means of
frame theoretical considerations which lead to an exact quadrature rule (3.8)
by definition. Moreover, it was shown in [Gré20, Lemma 3.6] that these
weights are the ones with minimal (weighted) ¢o-norm, which are already
known under the name “least squares quadrature”, see [Huy09]. According
to [Huy09, Section 2.1] these quadrature weights w;, j = 1,..., N, can be
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found by solving a linear system of equations ®w = v, where for a set of ba-
sis functions {¢g }kez,, one defines @y, ; == ¢p(x;) and vy = de or(x) de.

In our setting we have ¢ (x) = e2™** and therefore

P = (eQWik“’j)kj =A" and v = / 1-e2mke g = 00,k;
, T

i.e., the same linear system of equations as in (3.9). However, we remark
that both [Gr620] and [Huy09] state the results only in the case d=1. ©

Note that the two statements (i) and (ii) of Theorem 3.4 are not equivalent
to the exact reconstruction property (3.7), since by (3.5) and (2.8) we have

N
v :ij< Z fle%rila:j) —2wikx; _ Z fl Zw e2mi(e—k)z;
j_

EEIM Lelnm Jj=1
— Z fl Zw eZTrl(Z k)x
LET
(e—k)EZn
LY zw T
LT
(E—k)¢Tnm

Due to the fact that (3.9) only holds for k, £ € Zps with (£ — k) € Zpy, this

implies

hy=fet > erw XMk e Ty,
LET s
(L—k)¢In

where for all k € Zps \ {0} there exists an £ € Tps with (€ — k) € Zops \ -
In other words, the two statements (i) and (ii) of Theorem 3.4 only ensure
that hy = fo.

However, based on similar considerations as in Theorem 3.4 the following
result can be shown, cf. [KP23a, Corollary 3.4] and [KP23b, Theorem IL.1].

Theorem 3.6. Let |Zaps| < N and xj € T¢, j=1,...,N, be given. Then
the density compensation factors w; € C satisfying

N
ij e2ﬂ—ikmj = (50’]@, k € Tong, (312)
j=1
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are optimal, since for all trigonometric polynomials of degree M, see (2.8),
an exact reconstruction of the Fourier coefficients fk is given by

N

fo=hy = w; fm;)e %5 ke Iy

j=1
Proof. Tt is known that {e*™#®: £ € Z?} forms an orthonormal basis of
the Hilbert space Lo ('I[‘d) of all 1-periodic, complex-valued functions,
see [PPST23, p. 177]. To achieve an exact reconstruction for all trigono-
metric polynomials (2.8) with maximum degree M it suffices to consider
the set of basis functions with £ € Zps. For each of these basis functions
with fixed £ € Zps we have

N
\Ig/ — ij 62771(€7k)mj, k € I,
Jj=1

and

fre = cr(f) = /e2wi(£—k):c dz = ke, k€I,
Td

with the Kronecker symbol dg ¢ = d(¢—x),0. Thus, in order to obtain fk = hy
for each of these basis functions we need to assure that the weights satisfy

N
D w; T ERE =5 £k € Ty (3.13)

j=1
Since for k, £ € Zpgs we have (£ — k) € Zapg, the property (3.13) is fulfilled
by the more general condition (3.12). That is to say, the condition (3.12)
ensures the exact reconstruction for all trigonometric polynomials (2.8)
with maximum degree M. However, it was already shown in [Huy09,
Section 3.1] that the condition (3.12) can only be fulfilled exactly, if (3.12)
is an underdetermined system with [Zaops| < N. |

In other words, by defining the nonequispaced Fourier matrix
Az, € CVXIT2ml a5 in (2.7) as well as w = (w;)N,, an exact solution
to the linear system of equations

AITIzM\ w = eg = (o,k) (3.14)

k€Zlang

yields an exact reconstruction for all trigonometric polynomials (2.8) of
degree M.



3.2 DENSITY COMPENSATION FACTORS 49

Remark 3.7. We remark, that since d(g_g),0 = O, the condition (3.12)
implies

N N
51@,8 — E wj eQﬂi(l—k)wj — E e—27rik:a:j (wj eQﬂ'ile) ’ k7£ € Tn.

j=1 j=1

By using the nonequispaced Fourier matrix A € CN*Iml in (2.7), the
diagonal matrix of weights W = diag(wj)évzl € CV*N and the identity
matrix I|z,,| of size |Zps| this can be written in matrix-vector notation
as AW A = I7,,]. Note that this matrix equation immediately shows
that we have an exact reconstruction of the form (3.7), since by (3.3) the
properties AW A = I|7,,| and f = A*W f are equivalent. o

Remark 3.8. Let f € Lo(T?) be an arbitrary 1-periodic function. Then by
definitions (3.5) and (2.2) the optimality condition (3.12) yields

N
F= D celf) Do wy et
j=1

Lezd
N N
= Z Cg(f) Z w; e2Ti(e—k)z; + Z ce(f) Z w; o2mi(e—k)x;
eez? =1 ez j=1
(L—k)EZam (6—k)¢Tant
N
=cr(f) + Z ce(f) ij 2Rz pe T,
ecz? j=1
(L—k)¢Izm

That is to say, for a function f € Ly(T%) we only have a good approximation
in case the coeflicients cg(f) are small for £ ¢ Zps, whereas this reconstruc-
tion can only be exact for f being a trigonometric polynomial (2.8). o

Remark 3.9. In [Huy09, Section 2.3] it was stated that stability of a quadra-
ture rule (3.8) is directly imposed by its weights. Namely, if all quadrature
weights w; € C, j =1,..., N, are positive, the corresponding quadrature
rule is stable. A commonly used measure of stability is k(w) = Zjvzl |wj].
Note that if the quadrature rule (3.8) is exact for all trigonometric polynomi-
als (2.8) with maximum degree M, this especially holds for a trigonometric
polynomial of degree 0, i.e., a constant function f(x) = fo. In this case,
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the quadrature rule (3.8) can be written as

X N N
fO:/ f(z)de = E w; f(x;) = fo E w;.
Td j=1 j=1

Thus, if w; >0, j =1,..., N, this implies

N
H(’LU) = ij =1.

Additionally note that by Theorem 3.4 the properties (3.8) and (3.9) are
equivalent, and that for k = 0 the linear system (3.9) reads as

[AT'w}0 = ij =1

In other words, the linear system of equations (3.9), and thus also (3.12), al-
ready includes the condition Z;vil w; = 1, which guarantees stable quadra-
ture in case of positive weights w; >0, 7 =1,...,N. o

3.2.2 Practical computation schemes

Since by Theorem 3.6 an exact solution w = (wj)é\’:l of the linear sys-
tem (3.12) leads to an exact reconstruction formula (3.5) for all trigono-
metric polynomials (2.8) with maximum degree M, we now aim to use this
condition (3.12) to find the optimal density compensation factors w; € C,
j=1,..., N, numerically.

We remark that in contrast to (3.3) using the matrix A € CV*Zml
in (3.14) we now deal with the enlarged matrix Az,,, € CV*/72m| such
that single matrix operations are more costly. Nevertheless, Theorem 3.6
yields a direct inversion method for (3.3), where the system (3.14) needs
to be solved only once for a fixed set of nodes x; € T¢, j=1,...,N.
Its solution w can then be used to efficiently approximate f € ClZml for
multiple measurement vectors f € C, whereas iterative methods for (3.3)
need to solve Af = f each time.
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Practical computation in the underdetermined setting |Zops| < N

As already mentioned in [Huy09, Section 3.1] an exact solution to (3.12)
can only be found if [Zaps| < N, i.e., in case (3.14) is an underdetermined
system of equations. By [Huy09, Lemma 3.1] this system has at least one
solution, which is why we may choose the one with minimal ¢5-norm.

If rank(A|z,,,|) = |Z2p|, then the system (3.14) is consistent and the
unique solution is given by the normal equations of second kind

A&2M|A|12M| v=-eg, Az, v="w. (3.15)

More precisely, if the condition number of Az,,,| € CNxIT2ml ig sufficiently
small, we may compute the vector v € ClZ2m| in (3.15) using an iterative
procedure like the CG algorithm, such that only matrix multiplications
with A|TI2 | and Ajz,,,| are needed. Since fast multiplication with AlTI2 il

and Az,,,| can easily be realized by means of an adjoint NFFT (see Algo-
rithm 2.5) and an NFFT (see Algorithm 2.2), respectively, computing the
solution w = (w;).; to (3.15) is of complexity O(|Zaar|log(|Z2nml) + N),
where

d d
Zone| = [[2M) =2 - ] My = 2* [T .

t=1 t=1

Hence, this procedure can be used to efficiently compute the exact quadra-
ture weights w; € C, j=1,...,N, via (3.15), as long as the full rank
condition rank(A|z,,,|) = |Z2n| is satisfied.

In case of a low rank matrix A|z,,,| € CN*Tam| with |Zant) < N, we
cannot expect a unique solution but we may still use (3.15) to obtain a
least squares approximation to (3.12), if the condition number of Az, ,,| is
sufficiently small.

Practical computation in the overdetermined setting |Zops| > N

However, when |Zapg| > N there is no theoretical guarantee and therefore
we cannot expect to find an exact solution w = (wj)évzl to (3.12), since we
have to deal with an overdetermined system possessing more conditions than
variables. Nevertheless, we still aim to find optimal density compensation
factors w; € C, j =1,..., N, numerically by considering a least squares
approximation to (3.12) that minimizes ||A|TI2M| w— eOHQ.
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In [Bjo96, Theorem 1.1.2] it was shown that every least squares solution
satisfies the normal equations of first kind

A Tyni| Al | W = Az, €0- (3.16)

By means of the definitions of the matrix Az,,,| € CNV*Z2ml cf. (2.7),
and the vector eqg = (do k) we simplify the right-hand side of (3.16)
via

k€Zlang

N

keZang j=1

Since fast multiplication with A‘—;2 v and Ajz,,,| can easily be realized by
means of an adjoint NFFT (see Algorithm 2.5) and an NFFT (see Algo-
rithm 2.2), respectively, the solution w = (wj)j\[:1 t0 (3.16) can be computed
iteratively by means of the CG algorithm in O(|Zzps]|log(|Z2nz]) + N) arith-
metic operations. Note that the solution to (3.16) is only unique if the
full rank condition rank(A|z,,,|) = N is satisfied, cf. [Bjo96, p. 7]. We
remark that the computed weight matrix W = diag(w) can also be used
in an iterative procedure as in [PPST23, Alg. 7.35] to further improve the
approximation of f € CZm|,

The previous considerations lead to the following algorithm to compute
a suitable weight matrix W = diag(w;)}_, based on the condition (3.14).
For further details see [KP23a].

Algorithm 3.10 (Computation of the optimal density compensation factors).

For d, N € N let the nonequispaced nodes x; € T, j=1,...,N, as well
as the vector M = (My,...,My)" € (2N)¢, be given.

1. If |[Zop| < N:
Compute the solution v € C2m!| to (3.15) iteratively using the
NFFT. O(|Z2m|log(|Z2ml) + N)

Compute the weights w = A|z,,,| v, see (3.15), using an NFFT.
O(|Zznm|log(|Z2nm|) + N)
elseif [Zopg| > N:

Compute the solution w = (wj)év:l to (3.16) iteratively using
the NFFT. O(|Z2m|log(|Z2n|) + N)
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2. Compose W = diag(w) € CN*V, O(N)

Output: weight matrix W
Complexity: O(|Zons|log(|Zan]) + N)

3.2.3 Bounds on the approximation error

Analogous to [KP23a, Theorem 3.14] we now summarize the previous
findings by presenting an error bound on density compensation factors
based on the optimality condition (3.12).

Theorem 3.11. Let p,q € {1,2,00} with %—i— % =1. For given d,N € N,

vector M € (2N)¢ and nonequispaced nodes ; € [f%, %)d, j=1,...,N,
let A e CN*IIml pe the nonequispaced Fourier matriz in (2.7).  Fur-
thermore, we assume that we can compute density compensation fac-

tors W = diag (wj);vzl € CN*N by means of Algorithm 3.10, such that

N
ij e2rikz; — dok + ek, k€lanm, (3.17)
j=1

with small e, € R for all k € Iopg. Then there exists an € > 0 such that
the corresponding density compensation procedure satisfies the following
error bounds.

(i) For any trigonometric polynomial f € Lo(T?) of degree M as in (2.8)
we have

If =AW < |Zumle- | f]],, (3.18)
where f = (fi)kez,, are the coefficients in (2.8).
(ii) For any 1-periodic function f € Lo(T%) N C(T%) as in (2.2) we have
If —AWF|, < |Zal = | £]],
+ (NZaa) 7 |lwlly - | f = paalloeray,  (3.19)

where f = (ci(f))wezn, are the first |Iag| coefficients in (2.2) and
pa is the best approximating trigonometric polynomial of degree M

of f.
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Proof. We start with some general considerations that are independent
of the function f. By (3.17) we can find € = maxgez,, |ck| > 0, such
that |eg| < e, k € Zaps, and thereby

N
E W e27rikwj — (507]‘, <e, kel
Jj=1

Then for all k, £ € Zps with (€ — k) € Zaps this yields

N
2lk
| [ <

=1

where E, .= A*"W A — I,z,,|. Hence, we have

|A"WA — Iz, |, = max 1By | < pax > e =|Tmls,
M €lnm
(3.20)
HA*WA—I|IM|Hoozkrr€1%A)§ Z ‘[ ‘ < Jnax e =1|Zmle,
M e M
(3.21)
and

| AW A~ Iz, |, = ¢ > Y e

k€In L€
YYD @ =Tule, (3.22)
kEZnr £€Tns

where || - ||r denotes the Frobenius norm of a matrix. This can be used to

estimate the approximation error of (3.5), since
If—Aawr| <|f-AWAS| +][AWAf-AWF|  (3.23)
= [(AWA—Igz,)f||,+ 4w (Af - 1),
< awA— Izl - [£ll,+14'W], - [Af - £],.
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Using A € CNV*IZml from (2.7) as well as W = diag(wj)é-vzl = diag(w) we
have
* _ —2mikx;
AW, = max Y |- e |
kEZns

< s foils D 1=1Zwl - el
I=hee keTnr

N N
HA*WH — max Z |wj| . ’e—Qﬂ'ikm]“ < Z |U)]| - max 1 = ||w||1’
o keIm = = keln

and

N
AWy = 30 Dl fe2mibe]?

k€Zn j=1

N
<\ D lwil? - |Zael = V1Taal - w2
j=1

Hence, from (3.20) — (3.23) and || - ||2 < || - ||r it follows that
|f =AW, < \Zale- ||, + | AF = £, - Taa V7 flolly  (3.29)
for p € {1,2,00} with %4— % =1. Now it merely remains to estimate

HAf — pr for the specific choice of f.

(i): Since a trigonometric polynomial (2.8) of degree M satifies Af = f,
the second term in (3.24) vanishes and we obtain the assertion (3.18).

(ii): When considering an arbitrary 1-periodic function given by (2.2) we
have

)[Af_‘f]j’ = |f(wg)— Z ck(f)eQ’T“W.f

kelns
< max § K (f) e27r1km
€Td
z kEZ\Tas

=f —pmlleay, j=1,...,N,

with the best approximating trigonometric polynomial pps of de-
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gree M of f. This yields ||Aff f||p < NP | f —pmlle(rey and
by (3.24) the assertion (3.19). u

Remark 3.12. For the solution of (3.12) we consider the least squares solu-
tion with ||w||2 — min, which is the straightforward approach. Note that
since the error bound in Theorem 3.11 is based on the condition (3.17),
it might be possible to obtain even better results by considering the con-
straints |w|; — min or |ex| < €, k € Zypr. However, these modifications
are not addressed in this investigation and might be subject to further
research. o

As known by Remark 3.7, an exact reconstruction (3.7) of trigonometric
polynomials (2.8) is equivalent to the matrix product A*W A being equal
to identity I|z,,|. Note that there is a similar relation between the error of
the reconstruction (3.5) and the error matrix E, = AW A — I|z,,|. More
specifically, as an immediate implication of Theorem 3.11, the following
estimate on the condition of the matrix A*W A can be given, cf. [KP23a,
Theorem 3.15].

Corollary 3.13. Let A € CNVXIZml jn (2.7), W = diag(w;)_, and e >0 be
given as in Theorem 3.11. If additionally e |Ipg| < 1 is fulfilled, this implies

1+¢|Znm|
1< ko(A"WA) < ————
_HZ( w >_1—E|IM|

with the condition number ry(X) == || X |2]| X 2.

Proof. In order to estimate the condition number ko(A*W A) we need to
determine the norms ||A*W A||, and [|[(A*W A)~!||,. To this end, we
use the fact that by (3.17) it is known that A*"W A = Iz, + &€, where
€ = (e-k)g ez, and therefore we have

HA*WAHz = HIIIm "’5”2 < HI\IMIHz + €]z (3.25)

Moreover, it is known by the theory of Neumann series, cf. [Ste98b, The-
orem 4.20], that if HI|IM| — T||2 < 1 holds for a matrix T' € CITm[x[Znm]
then T is invertible and its inverse is given by

(oo}

T7'=) Iz —T)".

n=0
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Using this property for T'= A*W A we have

<D lE

2 n=0
(3.26)

Z (Izy — A"WA)"

(A W A)-

2

in case that ||I\z,,| — A"‘VVAH2 = ||€||2 < 1. Hence, by (3.25) and (3.26)
we find

ko (AWA) < (1+€|2) <Z ||5”||2> . (3.27)

Additionally, we know that |ex| < &, k € Zaps, with some £ > 0, and there-
fore

Ell2 < [IE€]lr = Z Z lee—k]? < Z Z €2 = ¢|Tngl.

kcIn €€lng k€Ins L€l

(3.28)

In other words, the correctness of (3.26) is ensured if €|Zps| < 1. Since
the spectral norm is a sub-multiplicative norm, the estimate (3.28) also im-
plies [|E™]|2 < ||E]|5 < (e|Zar])". Consequently, we have by the geometric
sum formula that

Z ”gn”Q < Z |IM| ‘I | (3.29)

Thus, combining (3.27), (3.28) and (3.29) yields the assertion. [ ]

3.2.4 Linking to approaches in literature

In the literature a variety of density compensation approaches can be found.
Although many of them use a variant of (3.5) incorporating the sinc matriz

N
C = (|IM sinc (Mn (z; — M~ ©£)) ) e RV*Eml - (3.30)
J=1,L€Tpg

with the d-variate sinc function

sinc(x) = Hsinc(mt), sinc(x) = (3.31)

Si% cx e R\ {0},
1 x =0,
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instead of the nonequispaced Fourier matrix A € CN*1Zml in (2.7), some
of these approaches shall be reconsidered here using a unified optimization
approach, cf. [EKP22]. Similar to [KP23a, Section 3.4] we focus in particular
on the connection of the approaches among each other as well as to the
method introduced in Section 3.2.1.

Density compensation using the pseudoinverse

Due to the fact that the inversion problem (3.3) is in general not exactly
solvable, we study the corresponding least squares problem, i.e., we look for
the approximant that minimizes the residual norm H f—A f H2 It is known
(e.g. [Bjo96, p. 15]) that this problem always has the unique solution

F~n"" = ATf (3.32)
with the Moore-Penrose pseudoinverse AT € CZMIXN Since the pseudoin-
verse generally is a dense matrix, the evaluation of (3.32) is not computa-
tionally efficient. However, comparing (3.32) to the density compensation
approach (3.5), the weights w; € C, j =1,..., N, should be chosen such
that the matrix product A*W approximates the pseudoinverse A’ as best
as possible. In other words, we consider the approximation error

[n =R = [|arws - ATs| < [law - AT|lL- | 7]
and study the optimization problem
Minimize  [|A*W — Af[[2. (3.33)

W=diag(w;)_,

Based on the definition of the Frobenius norm of a matrix and the Euclidean
norm of a vector, we obtain for z; € C"* being the columns of a ma-
trix Z € CF*™ that

k n n
1Z1% =D 1zl = llzll5. (3.34)

i=1 j=1 j=1
Hence, we rewrite the norm of the error matrix E == A*W — Al € ClZmIxN

in (3.33) as

N
IE[3 =AW — AT} =3 || A%w; — (AD),|5,  (3.35)
j=1
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where the vectors w; € CV and (AT)J- € CPml are the columns of the ma-
trices W = diaug(wj);-\’:1 € CN*N and AT e CZmIXN regpectively. Since
we aim for a diagonal matrix W, only the diagonal entries w; = [W]; ;
shall be nonzero and therefore it suffices to consider only these entries. In
doing so, we may rewrite (3.35) requiring only the j-th column a; € ClZml
of A* € CIMIXN a4

N
IEIE =" [lajw,; — (AT,
j=1

In other words, we found that the optimization problem (3.33) is equivalent
to

Milrll)irencize Hajwj — (AT)J-H; j=1,...,N.

The solution of these least-squares problems can be computed using the pseu-
doinverse as w; = a} (A"); € C, and since the column vectors a; € CH7w|
have full column rank, this can be written as

* -1« 7 .
w; = (aja;)” aj(AN); = ===, j=1,...N. (3.36)

By (2.7) it is easy to see that for the denominators we have

[AA*LJ _ Z eQﬂik(wj—a:j) _ |IM|
ke

For the numerators we utilize the singular value decomposition (SVD) of the
matrix A € CVN*Zm|in (2.7), which is given by A = @XQ* with unitary
matrices ®@ € CV*N_ Qe CZmIx[Zml and the rectangular diagonal ma-
trix 3 € RV*IZml Then the pseudoinverse AT possesses the factorization
AT = QXTO", see e. g. [Bjo96, p. 15], such that for r := rank(A) we may
notate

AAT = (@z0Y)(0zie") = exzie = e ( I, 0r><(N—r)> o
O(N—T)Xr On_r
(3.37)

An analogous approach for full column rank was studied in [SNOO]
considering the sinc matrix (3.30) instead of the nonequispaced Fourier



60 3 DIRECT INVERSION METHODS FOR THE NFFT

matrix A in (3.5). There it was claimed (without proof) that weights
obtained by a scheme analogous to (3.36) are always positive. In order to
show this, let Z € C**™ as well as z; € C* be the j-th column of Z. Then
we have

[ZIn Z*]j,j = ij; = |Zj71|2 +---+ |Zj7n|2 > 0.

Hence, choosing n=1r and Z = [0;]?_; for the numerator in (3.36),

where ®; € CV is the ¢-th column of ® € CVN*V yields the non-negativity
of the weights computed by (3.36).

Nevertheless, it can be seen that the calculations in (3.36) are very costly
due to the SVD, which is necessary to compute the numerators by (3.37).
Since we end up lacking a fast computation technique for AAT e CNXN
we remain with the high complexity of O(N?|Zas| + |Zas|?). Moreover, to
compute an SVD the matrix A € CV*IZml in (2.7) has to be assembled
completely, which results in huge memory requirements for larger problems.
Therefore, this density compensation technique is in general not feasible
in practice, which is why we study some more sophisticated approaches in
the remainder of this section.

Density compensation using weighted normal equations of first kind

Having a closer look at least squares problems, it is known, see e. g. [Bj696,
Theorem 1.1.2], that every least squares solution satisfies the weighted
normal equations of first kind

AWAf=A"WF. (3.38)

We remark that a unique solution to (3.38) exists if and only
if rank(A) = |Zaz|, cf. [Bj696, p. 7], i.e., if A € CVN*Tmlin (2.7) has full
column rank. Note that by Remark 3.7 an exact reconstruction f =A"Wf
is equivalent to A*"W A = I|z,,|. We also recognize by (3.38) that one
may try to find suitable weights by considering the optimization problem

o . 2
Wl\fclilllalgn(g?)ejvzl |A*WA -1z, ||F (3.39)

In other words, we look for the multilevel block Toeplitz matrix

N
A"WA = Z w;j e~ ik, ) (3.40)
j=1

k,ecng
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that approximates the identity best, and therefore yields the smallest recon-
struction error in (3.5). Since rank(A*W A) = rank(A) < min{N, |Zas|},
we observe that we only receive a full-rank approximation if the con-
dition N > |Zpg| is satisfied, i.e., if we are in the overdetermined set-
ting of (3.3). Otherwise, when considering the underdetermined set-
ting N < |Zas| we can only expect rank-deficient approximations.

An analogous approach has already been studied in [R0s98, SN00], where
the sinc matrix C € RVN*IZml in (3.30) was used instead of the nonequi-
spaced Fourier matrix A € CN*IZml in (2.7). By similar considerations as
in [SNOO] the optimization problem (3.39) could also be derived from (3.33)
by introducing an additional right-hand scaling in the domain of measured
data and minimizing the Frobenius norm of the weighted error matrix
E, = (E-A) c CPmIXITml where E = (A*W — AT) € CZMIXN s the
error matrix in (3.33).

By inserting the equation (2.5) into the approximation (3.5), i.e., con-
sidering f ~ hY = A*W f = A*W Af, we recognize that we can control
the approximation error by

[n — 72 = A WAF - I < |a WA~ T 12|72 a0

Thus, the minimization of the Frobenius norm as in (3.39) results in a
decrease of the approximation error as well.

Obviously, the easiest choice for W € CV*¥ satisfying A*W A ~ Iz,
would be the dense pseudoinverse W = (A*)f AT. However, since the aim is
achieving a diagonal matrix of weights, we have to search for the best diag-
onal approximation of this dense matrix. To this end, we rewrite the norm
in (3.39) using (3.40), the Kronecker symbol d ¢ and the property (3.34)
as

|AWA Tz
2

N

L —2mi(k—L)x;
§ :w] e ! — (Ok.£) ko pea,
i=1

k,e€Tns F
2

N
Z —zm(k—e)wj) (wY . — (s
H(e kETnr, j=1 (s)j=1 ( k’z)kez’” 2

Lelng

= 3 | Xew — e, (3.42)
LET g
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where

N

[ 2mi(k—0)x; — ANV .
X = (e " wi)kGIM-,jzl’ = (wy)iny s e = Okelyer,, -

However, this formulation (3.42) is not separable for single w; € C,
j=1,...,N, and inconsistent solutions w € C¥ may occur when sepa-
rating for different £ € Zps. To circumvent this issue, we reshape (3.42) by
stacking into the highly overdetermined system

Z Hng - eeH; = H(Xe)leIM "W — (ez)eeIM| za
cing

where we used the property

My l2 4+ w2 = [ - wa) |2

Thus, similar to [Ros98], the density compensation factors w € CN can be
found by solving the normal equations Sw = b, where by definition (2.7)
we have

N
AA* = ( > e%i’“(%mh)) , (3.43)
k€ln j,h=1

and therefore

S = ((Xe)eezn) - (Xdeerns = Y X;Xe

el
-y (e2ﬂi(k—£)mj)N _(e—zm(k—z)mh>N
0eTas j=1,kETn kE€Znr, h=1
N
— (( Z e27rik(:cjmh)>< Z eQ‘ITiZ((leZB;J))
kETng LET g j,h=1
2\ N
- (‘[AA*]M’ ) e RVXN (3.44)
’ j,h=1

as well as

b= ((Xe)eezn)" - (€e)eczns

N
=D Xier= < > eo> = |Tn| - 1n.

Lelng el j=1
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Nevertheless, these normal equations Sw = b are still not separable for
single w; € C. Therefore, the solution w € CV shall be computed itera-
tively by means of the CG algorithm, which is of high complexity O(N?).
Analogous to Section 3.2.4, there is also the problem of memory requirement
for assembling huge matrices. This is why the authors in [SNOO] restricted
themselves to a maximal image size of 64 x 64 pixels, which corresponds
to setting M = (64,64) .

Remark 3.14. The CG algorithm requires a symmetric, positive semidefinite
system matrix. Obviously, the symmetry property is fulfilled for § € RV*N
in (3.44). In order to show that S is also positive semidefinite, we use the
Schur product theorem, see [HJ13, Theorem. 7.5.3]. This theorem states
that for two positive semidefinite matrices P, R € CF*" the elementwise
product, also called Hadamard product,

[P o Rljp=pjh-Tjn

is positive semidefinite as well.  Therefore, let P := AA* € CN*N
and R := AA* € CVN*N. Since a matrix is positive semidefinite if and
only if it can be decomposed as a product of a matrix and its adjoint,
cf. [HJ13, Theorem 7.2.7], both matrices are positive semidefinite. More-
over, we have

Sl = 1P RJjy = [AA"] - TAAT, , = [l447],, [

J,
such that § € RV*¥ is positive semidefinite as well. o

We notice that for the normal equations Sw = b we have § € RVXV as
well as b € RY, and therefore w € RV, whereas non-negativity cannot be
guaranteed.

Remark 3.15. Since the high complexity in the computation of the
weights w € CV by Sw = b arises from solving with the system matrix S,
we investigate if the multiplication with the matrix § € RV*¥ in (3.44)
could be improved by means of the NFFT from Section 2.2. To this end,
note that by (3.44) we have

[S]'h: Z Z e27ri(k:(a:j—wh)—&-l(wh—wj)) — Z eQTris(yj—yh)
Js )

ke€Ins LT seT3d
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where we introduced the double-length vectors

_ (k 2d R 2d [ Zn 2d
s._<£>€R , yj'_<—:1;j eR and y, = —x, € R*“.

Hence, the multiplication of § € RN*Y with a vector v € CV can be
written as

N N
[S'U]j — E v 2 e27rls(yj7yh) — E e27rlsyj § v 6727r15yh ,
h=1

h=1 " te13g tez2d
(3.45)

with the 2d-dimensional multi-index set

2d
=z [ -4 )
t=1
={kez*: - < <M t=1,.. 2d},

cf. (2.1). In other words, the inner sum in (3.45) corresponds to a
2d-dimensional adjoint NFFT and the outer sum to a 2d-dimensional NFFT.
Therefore, the multiplication of the matrix § € RV*N by a vector v € CV
is of arithmetic complexity

O(|Z371 log(|Z37) + N) = O(|Zn|* log(|Zns|) + N).

For computing a solution to the system Sw = b this technique would need
to be incorporated into an iterative procedure such as the CG algorithm,
i.e., multiple iteration steps and therefore multiple applications of the
2d-dimensional NFFT are needed. Note, however, that the NFFT is only
feasible for small dimensions d € {1,2, 3}, such that this approach is already
not applicable for d = 2 since the 4-dimensional NFFT quickly becomes
unaffordable, while for d = 1 it only pays off for very large problem sizes,
where the naive computation fails due to memory limitations. Thus, this
technique can be helpful as it may enable the computation of the weights
when this is not possible otherwise, even though this technique is still
costly. o
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Density compensation using weighted normal equations of second kind

Another approach for density compensation factors is based on the weighted
normal equations of second kind

AAWy=f, A"Wy-=f. (3.46)

We remark that there exists a unique solution to (3.46) if and only
if rank(A) = N, i.e., if A € CV*IZml in (2.7) has full row rank, cf. [Bj596,
p. 7).

In order to achieve an approximation f~ A*Wf of the Fourier
coefficients as in (3.5), we recognize by (3.46) that we need to ful-
fill AA*W = Iy, since then y ~ f. To achieve this, we consider the
optimization problem

Minimize  [|AA*W — Iy||3. (3.47)

W=diag(w;)

Since rank(AA*W) = rank(A) < min{N, |Zps|}, we observe that we only
receive a full-rank approximation, if the condition N < |Zps| is satisfied, i. e.,
if we are in the underdetermined setting of (3.3). Otherwise, when consider-
ing the overdetermined setting N > |Zps| we can only expect rank-deficient
approximations. As in Section 3.2.4, we remark that the optimization prob-
lem (3.47) could also be derived from (3.33) by introducing an additional
left-hand scaling in the Fourier domain and minimizing the Frobenius norm
of the weighted error matrix E; == (A - E) € CV*V,

Remark 3.16. An analogous approach was already studied in [PM99], consid-
ering the sinc matrix C' € RVN*Zm| in (3.30) instead of the nonequispaced
Fourier matrix A € CV*Zml in (2.7). Another version of a sinc matrix
was studied in [CM98, GLIOG], cf. Section 6.1.2, where it was claimed that
this approach coincides with the one in [PM99]. However, we will show in
Remark 6.3 that this claim only holds asymptotically for |Zps| — oo in the
setting of the sinc matrix (3.30).

In contrast, when using the nonequispaced Fourier matrix A € CN*Zml|
in (2.7) this equality can directly be seen. In this case, the analog
to [GLIOG6] utilizes an approximation of the form fa~ HW f, where the
matrix H € CV*¥ is defined as the system matrix of (3.3) evaluated at
pointwise differences of the nonequispaced nodes, i.e.,

N
H = ( Z e?wik(mjmh)>

kE€ln j,h=1
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Since H = AA™ by (3.43), we recognize that considering the minimization
of the approximation error

|H'Wf — fll; = |[AAWf — fll5 < |AA'W —In[i - | £
leads to the optimization problem (3.47) as well. o

Remark 3.17. Note that by left-hand multiplication with A e CN*IZwml
in (2.7) and insertion of (3.3), an exact reconstruction of the form (3.7)
immediately implies

f=Af=AA'WT,

and thereby the property AA*W = Iy. However, in constrast to Re-
mark 3.7 these two properties are not equivalent, since AA*W = Iy does
not imply an exact reconstruction of the form f = A*W f. o

Obviously, the easiest choice for W € CVN*V gatisfying AA*W ~ Iy
would be the dense pseudoinverse W = (AA*)t. However, since we aim
for a diagonal matrix of weights, we have to search for the best diagonal
approximation of this dense matrix. In other words, since only the diag-
onal entries w; = [W];; of W are nonzero, we may rewrite (3.47) only
considering the j-th column of AA* € CN*N, For this purpose we denote
the j-th column of A* € CZMIXN once more as a; € Cml a5 well as the
columns of W and Iy as w; € CV and e; € RV, respectively. Then we
have by (3.34) that

N N
* 2 *
IAA*W —Iy[lp = [|AA w; — ;|5 = | Aajuw; — e,
j=1 j=1

such that the solution to the minimization problem can be computed using

the pseudoinverse as w; = (Aa;)'e; € C, j =1,...,N. Since
Aa, — (ezmkmh)N ) (e—zmkmj)
J h=1,k€Tns keln
N
— < Z e27rik(n:jmh)> 6 (CN
kelng h=1

as a vector has full column rank, these weights can be written
as w; = ((Aaj)*Aaj)*1 (Aaj)*e;. Similar to (3.44) this can be simplified
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via

N O\ | N
(Aa,)*Aa; = < C27r1k m]mh)> ( Z C27ri£(a;jmh)>
keIn h=1 LETns he1
N

h=1 \k€In Leng
14t

>
—

and

AO,] Z(Sj N Z 6727r1k Tj—xp) _ Z e0 _ |IM|,

h=1 k€ln k€ln

such that we obtain
|Zn|
N * 27
Yohe [[AAT]; ]

Note that in (3.48) we only deal with the nonnegative numbers |Zps]
and HAA*]j,h 2 joh=1,...,N, such that w; in (3.48) are nonnegative
forall j=1,...,N.

Due to the representation (3.43), the computation of [AA*]J»’h7
h=1,...,N, for fixed j is of arithmetic complexity O(N - |Zps|), such
that the overall complexity for the naive computation of the weights (3.48)
is given by O(N? - |Zpg]).

= j=1,...,N. (3.48)

Remark 3.18. Similar to Remark 3.15 one might also try to incorporate the
NFFT from Section 2.2 for the computation of (3.48). On the one hand,
one could apply an NFFT for the computation of [AA*]. . g h=1,...,N,
for fixed j, such that this step takes O(|Zps|log(|Zas]) + N) arlthmetlc op-
erations and the overall complexity is given by O(N - |Zar|log(|Zar|) + N?).
On the other hand, one could use the procedure in (3.45) with v = 1 yield-
ing the complexity O(|Z3F|log(|Z37]) + N) = O(|Zar]? log(|Zas]) + N).
However, a similar comment as in Remark 3.15 applies to this second
method, as it is not applicable for d = 2 and for d = 1 it is only beneficial
for very large problem sizes with N > 40000. o
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As mentioned in [PM99] one could also consider a simplified version of
the optimization problem (3.47) by reducing the number of conditions, e. g.
by summing the columns on both sides of AA*W = Iy as

Zw] > ekl %)fzcsjhfl h=1,...,N.

j=1 kelng
By means of (3.43) this can be written as

Note that due to the summation over the columns every solu-
tion W = diag(w) = diaug(wj)é-\/:1 of the original problem AA*W =1y
also solves the relaxed problem (3.49), while the reversal only holds true, if
the matrix AA* € CVN*V is diagonal.

Since a fast multiplication with AA™ can easily be realized by applying
an adjoint NFFT (see Algorithm 2.5) and an NFFT (see Algorithm 2.2)
afterwards, a solution to problem (3.49) can be computed by means of an
iterative procedure such as the CG algorithm in O(|Zas|log(|Zaz]) + N)
arithmetic operations.

Remark 3.19. Finally, we investigate the connection of this approach
to the method introduced in Section 3.2.1. To this end, assume that
the linear system (3.9) is fulfilled with exactness for given w € CV, i.e.,
by A" = AT we have (00,1 ) ez, = ATw = A*®w. Then left-hand multi-
plication with A € CV*IZm| in (2.7) yields

N
AAW = A (00,k) ez, ( Z So.k - e2mlm]> =1n.

kel j=1
In other words, an exact solution w to the linear system (3.9) implies that
the conjugate complex weights w exactly solve the system (3.49). However,
the reversal does not hold true and therefore (3.49) is not equivalent to (3.9).
Moreover, we have seen in Theorem 3.6 that an augmented variant of (3.9),
namely (3.12), is necessary to obtain an exact reconstruction fi = hy
in (3.5) for trigonometric polynomials (2.8) of maximum degree M, which
is why this relaxation approach is not expected to work properly. o
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Summary

Overall, in this section a broad variety of density compensation approaches
has been presented. For a comparison of the mentioned methods, we refer to
the numerical examples in Section 3.4. More specifically, in Example 3.32
we investigate the accuracy of the density compensation method from
Algorithm 3.2 with the weights computed by Algorithm 3.10 and check the
theoretical error bound of Theorem 3.11. In addition, a comparison with
the approaches of Section 3.2.4 is shown in Example 3.33, i.e., the weights
computed by means of Algorithm 3.10 are compared to the approaches
from Section 3.2.4 for using Algorithm 3.2.

In summary, we will see the optimality of the weights computed by
means of Algorithm 3.10 for the setting |Zans| < N, cf. Figure 3.6. How-
ever, in the setting |Zaps| > N we will see that Algorithm 3.10 is not
capable of producing a good reconstruction. In this setting the weights
computed using (3.44) and (3.48), respectively, appear to be more promis-
ing, cf. Figures 3.8d and 3.8e. Nevertheless, we have to keep in mind that
comparatively small choices of M are necessary for these methods to be
computationally affordable, see Remarks 3.15 and 3.18.

3.3 Optimization of the sparse matrix B

As observed in Remark 3.3, the density compensation techniques studied so
far can be viewed as an optimization of the sparse matrix B € RV *1Znmo |
in (2.16) from the NFFT decomposition, see Section 2.2. However, since
density compensation presumably suffers from the fact that only NV degrees
of freedom are used, this restriction shall now be relaxed, i. e., instead of
searching for optimal scaling factors for the rows of B, we now study the
optimization of each nonzero entry of the sparse matrix B, as introduced
in [KP21, KP23a]. More precisely, we aim to modify the matrix B such that
its sparse structure with at most (2m + 1) entries per row and consequently
the arithmetic complexity of its application to a vector is preserved. Note
that a matrix satisfying this property we call (2m -+ 1)?-sparse.

To this end, this section is organized as follows. Firstly, in Section 3.3.1
we introduce the Frobenius norm minimization problem and the resulting
modified matrix Bgp¢. In addition to the theoretical results, we also discuss
methods for the numerical computation in Section 3.3.2. Subsequently,
in Section 3.3.3 we present an error bound on the approximation error
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based on the previously considered optimization approach. Finally, in
Section 3.3.4 we reconsider certain approaches from literature and illustrate
their connection to the method in Section 3.3.1.

3.3.1 Frobenius norm minimization

Let B € RN*ITmo| pe g (2m + 1)%-sparse matrix. By defining the ap-
proximation h = D*F*B*f and inserting (3.3), we recognize that the
minimization of the approximation error

b~ fll,=|D*F*B"f - f|,=|DFB Af - f|,
=|[(D"F*'B A~ I, f|,
<||D*F*B"A- I, |, (3.50)

implies the optimization problem

Minimize |D*F*B"A ~ Iz, (3.51)
BerV*1TMo . B (2m+1)d-sparse

Note that a similar approach for the one-dimensional setting was firstly
explored in [KP19], while a similar idea for the forward problem, i.e., the
evaluation of (2.5), was already studied in [NSO03].

Remark 3.20. We remark that in (3.50) we estimated the Euclidean
vector norm || - ||2 not by its induced matrix norm ||Z|2 = omax(Z),
where 0. (Z) denotes the largest singular value of a matrix Z € Ck*™,
but by means of the consistent Frobenius norm || - ||p. This is mainly due
to the expensive computation of this so-called spectral norm || - ||2 and the
fact that we especially target our minimization to the sparse structure of
the matrix B, which is hard to implement for the spectral norm as well.

However, note that for the Frobenius norm (3.34) we are given the
equivalent characterization by the Schatten 2-norm as

1
min{k,n} 2

1Zlle=| Y. oi(2?°| ,

Jj=1

cf. e.g. [Bjo96, pp. 25]. Therefore, the Frobenius norm may be larger
than necessary, which tends to make the bound (3.50) not as sharp as it
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might be. Nevertheless, as we still have ﬁ”Z”F <|IZ]l2 < | Z]|¢ for any
matrix Z € C**" the minimization of the Frobenius norm in (3.51) also
implies a decrease in the spectral norm of the same matrix. o

To derive an explicit representation of the optimal (2m + 1)%-sparse
matrix B, some rearrangement of the optimization problem (3.51) has to
be done, cf. [KP21, KP23a]. By the definition of the Frobenius norm we
have || Z||r = || Z”||F, such that (3.51) is equivalent to its adjoint

Minimize |A*BFD - Iz, |3 (3.52)
BeRV*ITMo | B (2m+1)d-sparse

Since it is known by (2.15) that F*F = |Ipg, | I 7, and D € RZax [Tl
is diagonal by (2.14), we have |L\1/IU‘D71F*FD = I z,,|- Thus, due to the
fact that the Frobenius norm is a submultiplicative norm, this implies

|A"BFD — Iz, || = ||(A"B -
<||A*B -

D='F)FD),
D7F | FD],.  (353)

|IMU|
IIMcl

Therefore, we proceed with the modified optimization problem

Minimize |A*B - D 'F*|%.

BerRNV*I1TMo | B (2m+1)4-sparse

(3.54)

|IMU|

Since we aim to preserve the property that B € RV*ITvol in (2.16) is
a (2m + 1)%sparse matrix, we rewrite the norm in (3.54) by the prop-
erty (3.34) in terms of the columns of B, additionally considering only the
nonzero entries of each column. To this end, analogous to (2.12), we define
the index set

Inm,m(€) = {j€{l,...,N}:3z € Z with
—m-13 < Mg O (xj+2)—L€<m-14} (3.55)

of the nonzero entries of the £-th column of B € RN*1ZMs | Thus, by (3.34)
we have

|A*B - lILGIDle*HfJ = Y |Hebe— D7 £ 2 (3.56)

27
Lelng,



72 3 DIRECT INVERSION METHODS FOR THE NFFT

whe~re I;g € RIZmo.m (O] denote the vectors of the nonzeros of each column
of B € RN*ITmo | the matrices

(. —2mika, Tar|X|Tazy m (£
Hy = (e J)keIM,jeIMU,m(e) € CPmlx|Tntg m (©) (3.57)

are the corresponding submatrices of A* € CIZMIXN = cf, (2.7), and the
vectors f, € CIPMl are the columns of F* € CTmIXTmo| | cf. (2.15). Hence,
we may rewrite (3.54) as

Minimize || H¢be — ﬁD’lfe}

beeRI TMo m (&)

2
S LeIn,. (3.58)

Thus, if the matrix (3.57) has full column rank, the solution of the least
squares problem (3.58) can be computed by means of the pseudoinverse H }

as
b = L (H;H,) 'H;D'f,, £cTn,. (3.59)

| Znq |

Having these vectors bzpt we compose the optimized matrix Bgps, ob-
serving that bzpt only consist of the nonzero entries of Bgpi. Then the
approximation of the Fourier coefficients is given by

f ~ hopt = D*F*B} f, (3.60)
i.e., our approach for an inverse NFFT by modifying the adjoint NFFT
can be summarized as follows.

Algorithm 3.21 (iNFFT — optimization approach).

For d,N € Nlet z; € T, j=1,..., N, be given nodes as well as f € CV.
Furthermore, let the d-dimensional oversampling factor o > 1,4, the
vector My = ((My)1,...,(My)a)T with 2N > (M,), = 2[[o:M;]/2]
and M = (My,...,My)" € (2N)%, as well as a truncation parame-
ter m < (My), t =1,...,d, be given.

0. Precompute the optimal (2m + 1)%-sparse matrix B,y € RV*Tmo |
cf. (3.59).

1. Compute hopi == D*F*Bg f, cf. (3.60), by means of a modified
adjoint NFFT.

Output: hypy ~ f e ClTml cf. (3.3).
Complexity: O(|Zas|log(|Zag]) + N)
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Remark 3.22. Note that since

rank(D*F”* B,

opt

A) <rank(A) < min{N, |Znp|},

we can only obtain a full-rank approximation D*F*B{ A ~ I|z,,| of the
identity in (3.51), if the constraint |Zps| < N is fulfilled, i.e., if we are
in the overdetermined setting of (3.3). This is why, our procedure in
Algorithm 3.21 works best in the overdetermined setting |Zas| < N, while
in the underdetermined setting |Zps| > N it produces rather poor results,
see Example 3.34.

We further remark that if (3.3) is underdetermined, we have found that
the straightforward analogue to (3.51), i. e., searching for an approximation
of the form BoptFDA* ~ I, does not succeed either. Rather, additional
assumptions on the data and more sophisticated regularization techniques
are supposedly needed, but were not considered in this work. o

Remark 3.23. Up to now, we focused only on the problem (3.3). Never-
theless, considering the inverse adjoint NFFT in (3.4), we recognize that
this problem can also be solved by means of the optimization procedure
above. As in Remark 3.22 assume |Zps| < N, which is the underdetermined
setting of the adjoint problem (3.4). Therefore, the minimum norm solution
of (3.4) is given by the normal equations of second kind

A"Ay=h, f=Ay.

Incorporating the matrix decomposition of the NFFT, cf. Section 2.2, we rec-
ognize that a modification By € RN*ITMo | of the matrix B € RN *Znm. |
such that A*Bo,tFD ~ I,z,,) implies y ~ h and hence f ~ By, F Dh.
Thus, the optimization problem (3.52) is also the one to consider for (3.4).
In other words, our approach provides both, an inverse NFFT as well as
an inverse adjoint NFFT. o

3.3.2 Practical computation schemes

To receive an efficient algorithm for the computation of the least squares
solution (3.59), we now have a closer look at its computation scheme. For
this purpose, let
n .
; sin((2n + 1)wx
Dn(x) — Z e27r1kz _ (( + )7 )

= sin(mx)
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denote the one-dimensional Dirichlet kernel, cf. [PPST23, Example 1.14].
Then the matrix HpH, in (3.59) can be stated explicitly by (3.57) as

H,H, = ( > e%i’“(mh—mi)) (3.61)
h jEIMa m (Z)

keZng

e27rik:t(xht7wjt)

Il
=
‘M\

2 h,j€Ing ,m(£)

Il
u::]p~

(DMt (he — x5,) + eM””(f”htEu)>>
h,j€Ing m(£)

In other words, in contrast to the naive computation with a complexity
of O(|Zpm| - |Zar, m(£)|?), for fixed £ € Ipg, the matrix HyH, can be
determined in O(|Zna, m(ﬁ)\ ) operations. Considering the right hand
sides vy = ‘I HlD Lf, of (3.59), we have by definitions (3.57), (2.14)
and (2.15) that

vp = ( > @(k) e2”“°(”’f—Mcrl@4)> . LeTy..  (3.62)
kclng JE€EIMy ,m (L)

Thus, since ‘I rvat ! = diag(p(k))keza,, the computation of ve in (3.62)

involves neither multiplication with nor division by the (possibly) huge

number |Zps, | and is therefore numerically stable. Nevertheless, for a gen-

eral window function ¢ : R — [0,1]% and fixed £ € Zps, the computation

of vy in (3.62) is still of high complexity O(|Zas]| - |Zas, ,m(£)])-

Remark 3.24. Note that in the previous explanations we basically assumed
a given matrix B € RV*IZMs1 in (2.16) and subsequent optimization of its
entries, i.e., a fixed window function ¢ : R — [0,1] and a fixed trunca-
tion parameter m € N. In fact, we are free to choose a suitable window
function ¢, as it also appears in the matrix D = II - diag(4(k) ™ reza,

see (2.14). The corresponding truncation parameter m can also be chosen
freely. More specifically, this parameter acts as a scaling parameter to
adjust the number (2m + 1)¢ of entries to be chosen in each row of B, but
with a trade-off in the complexity of the resulting algorithms. o
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Therefore, we aim to find a good window function ¢ : R — [0,1]¢ that
further reduces the complexity of the computation of (3.62), and hence
the entire algorithm. It is easy to see that the complexity of comput-
ing (3.62) is greatly decreased if ¢(k) is independent of k € Zpy, e.g., by
setting ¢(k) = 1, k € Zpg, we obtain for each £ € Tps that

jEIMO. m (Z)

kETn ’
d ( It
—Mmi Ti TG M )
_ . + My
_<|I <D1§11 (l‘jt UtMt)+e
t=1 JE€TMo,m (€)

In other words, for fixed £ € Zps_ each entry of vy can be stated explic-
itly and thus the computation of v, in (3.63) simplifies to a complexity
of O(|Zas, m (€)|). Note that for this specific choice of the @¢(k), k € I,
the matrix D € C™! in (2.14) reduces to D = |Z - I,z,,- The corre-
sponding window function is given by the (asymmetrlc) Dirichlet window
function

d
= Y e T (D%fl(xt) + e*M“Ti””f) . (3.64)

kcing t=1

We additionally remark that the theoretical results in Theorem 3.28 also
support the assumption that ¢p in (3.64) is the best window function
to use. Therefore, Algorithm 3.25 is given only for this window function.
Nevertheless, this algorithm could still be used for some general window
function ¢ : R? — [0,1]¢, as in Example 3.34, only changing the complex-
ity of the computation of v, in (3.62), and thus resulting in an overall
complexity of O(|Zps|* - |Zaa, .m(€)| + |Zas] - | Zat, m (£)[3), instead.
In summary, this leads to the following algorithm.

Algorithm 3.25 (Optimization of the sparse matrix B).

For d,NeN let =z, ¢ T¢, j=1,...,N, be given nodes. Further-
more, we are given the d-dimensional oversampling factor o > 14,
the vector M 45 = (My)1, .- -, (M )a) " with 2N 3 (M, ); = 2[ [0y M;]/2]
and M = (My,...,My)" € (2N)4, as well as a truncation parame-
ter m < (Mg)e, t=1,...,d.
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1. For £ € Tpg,:
Determine the index set Zpg, m(£), cf. (3.55). O(|Zapr, m(£)])
Compute the right side v, via (3.63). O(|Zap,,m(£)])
Determine Hy H, via (3.61). O(|Zar, .m(£)[?)
Solve (HjH ) by = vy for bgP", cf. (3.59). O(IZar, m(£)%)

2. Compose By, € RV*ITMo| columnwise of the " € RIZMe.m (B b
serving sparsity and periodicity. O(|Zar))

Output: optimized matrix Bpt

Complexity: O(|Zas| - maxeer,, |[Zar, . (€)3)

Remark 3.26. Note that it is not possible to give a general statement
about the dimensions of the matrix H, € ClZMIXIZ0Mo.m (O] in (3.57), since
the size of the index set Zas, . (€) in (3.55) strongly depends on the
distribution of the nonequispaced nodes x; € T4, j=1,...,N. To visualize
this circumstance, we depicted some exemplary patterns of the nonzero
entries of the original matrix B € RV*ZMs| in (2.16) in Figure 3.1. Tt can
easily be seen that for all choices of the nodes, each row contains the same
number of nonzero entries, i.e., all index sets (2.12) are of the same size
of maximum (2m + 1)?. However, when considering the columns instead,
we recognize an evident discrepancy in the number of nonzero entries. We
notice that, due to the fact that each row of B € RV*ITMo| contains at
most (2m + 1)? entries, each column contains |ITN‘(Qm +1)? entries on
average, while a more precise statement about the maximum size of the
index sets (3.55) cannot be made. Roughly speaking, the more irregular the
distribution of the nodes x; € T¢ is, the larger the index sets (3.55) can be.
In general, however, the number |Zps, ., (£€)] is a small constant compared
to |Zag|, such that Algorithm 3.25 ends up with a total computational cost
of approximately O(|Zas]).

Note that if |Zas, m (€)| is large for all €, i.e., |Zar, m(€)| ~ N, £ € I,
then the complexity of Algorithm 3.21 amounts to O(|Zar|N?), which is
way too costly for applications. However, in this case we can make use of
the NFFT to accelerate the procedure. For fixed £ € Zpy_, the NFFT can
be used to compute the vectors v, in (3.62) and can be incorporated into
an iterative solver such as the CG algorithm to solve (HjH ) by = vy.
Since both steps require O(|Zas|log(|Zas]) + N) arithmetic operations, the
total complexity is then O(|Zps|?*log(|Zas|) + N|Zagl)- o



3.3 OPTIMIZATION OF THE SPARSE MATRIX B 77

90
0
[ (1] (13
L3 (13
0 (13
L l] L 1]

(a) Equispaced  (b) Jittered points  (c) Chebyshev  (d) Random points
points points

Figure 3.1: Nonzero entries of the matrix B e RN*ZMel for
several choices of the mnodes z;€T? j=1,...,N,
withd=1, M, = M =16, N =2M and m = 2.

Remark 3.27. As a measure for the “nonuniformity” of the given
nodes x; € T¢, j=1,...,N, one could utilize the mesh norm and the
separation distance

6 :=2max min dist(xz;, 2z = min dist(x;, zy
z€Td j=1,..,N @;,2), 4 G.h=1,.. N (@j @),
i#h

where for two points on the torus T? the notion of distance is defined by
dist(z,y) = min [|(y + k) — o

While the separation distance ¢ is the minimal distance between neigh-
boring nodes, the mesh norm ¢ can be interpreted as the correspond-
ing maximum distance. A visualization of the mesh norm for equi-
spaced nodes can be found in Figure 3.2. It is known from [KP07]
that ¢ < N~/ < §, with equality for equispaced nodes. Therefore, sam-
pling points x; € T4, j =1,...,N, are said to be highly nonuniform, if the
separation distance ¢ is very small compared to the mesh norm §. o
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Figure 3.2: Visualization of the mesh norm for equispaced grids in one and
two dimensions.

3.3.3 Bounds on the approximation error

Analogous to [KP23a, Theorem 4.5] we now summarize the previous find-
ings by presenting an error bound on the optimization procedure in Algo-
rithm 3.21, which also provides a criterion for the choice of the window
function ¢ : R — [0,1]% used for the diagonal matrix D € CZm|*IZnl
in (2.14).

Theorem 3.28. Let By, € RNXIZmo | be the optimized matriz composed by
the vectors in (3.59) and let hopy = D*F* B} f € C"™ be the correspond-
ng approxrimation off computed by means of Algorithm 3.21. Furthermore,
assume that each column bzpt € RITmo ml of Bopt, € RVXInmol g5 solution
to (3.58) possesses a small residual

|Hb — 2D ol =ce >0, £€Tn,. (3.65)

|Znzc |

Then there exists an € > 0 such that

ope — Fll; < >

kclng A( )2

1 o
|71

Moreover, the (asymmetric) Dirichlet window function vp in (3.64) is the
optimal window function for the inverse NFFT in Algorithm 3.21.
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Proof. As in (3.50) the approximation error can be estimated by

Hhopt - f : = H(D F B:;ptA_Iu-—M‘)in

(3.66)

opt

Using the same arguments as for (3.52) and (3.53) we proceed with

|D*F* Bl A~ Iy, |2 = || A*Bop FD — Iz, |12

< ||A*Bopt — 72— D' F*

|Znzc |

opt

2 ||FD|%. (3.67)

To estimate the first Frobenius norm in (3.67), we rewrite it by analogy
with (3.56) columnwise as

| 4" Bopt — i D = 3 [ Hebg
Lelng,

[

where b‘zpt € RITmo.m (@Bl denote the nonzero entries of the columns
of Bept, € RN*1Imo |, € CEMIX|TMe,m (O] iy (3.57) are the correspond-
ing submatrices of A* € CIMIXN_cf (2.7), and f, € CP™| are the
columns of F* € CZmIXITma| | cf. (2.15). Since by*" € RIZMoml as so-
lutions to the least squares problems (3.58) satisfy (3.65), we can
find € := maxyez,, c¢ > 0, such that ep < ¢, £ € Ipy,, and thereby

S HDP - D7 < Y ce<elTul
LT, LT,

Thus, we may write (3.67) as

|D*F*B A — Iy |In < € 1Zas, | - |FD|J2. (3.68)

opt
Hence, it remains to estimate the Frobenius norm HFDH? By the def-
initions of the Frobenius norm and the trace tr(Z) = Y27, 2j,; of a ma-
trix Z = (2jx)} 41 € C"*", we have |Z|% =tr(Z"Z). Since in addi-
tion F*F = |Ipg, | Iz, by (2.15), this yields

|FD|%. = t:(D*F*FD) = |Ipg, | - tr(D*D) = |Tar, | - | D5 (3.69)
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Using the definition (2.14) of the diagonal matrix D € RIZmIXIZml | e
obtain

1 1
1D = AATE
P o, P kezI:M (k)2

Then combining this with (3.68) and (3.69) implies

* Tk Tk 2 1
||D F BoptA_IIImHF <e Z 5(k)2 (3.70)
kel ®
such that (3.66) yields the assertion.
Since 0 < ¢(k) < 1, k € Zpg, holds for suitable window functions of the
NFFT, cf. [PT21b], we have

and therefore

Z @(;)2 = Z 1= Il

ke€ln kE€lng

Hence, the smallest constant is obtained in (3.70) when ¢(k) =1, k € Iy,
i.e., the (asymmetric) Dirichlet window function (3.64) is the optimal
window function for the inverse NFFT in Algorithm 3.21. [ |

Note that for the reconstruction of trigonometric polynomials (2.8) the
error bound of Theorem 3.28 with the optimal window function (3.64) gives
the same guarantee as (3.18) in Theorem 3.11 with the optimal density
compensation factors of Algorithm 3.10.

Remark 3.29. We remark that due to the fact that we consider the op-
timization problem (3.54) while actually aiming for D*F*B A~ Iz,
cf. (3.50), one might ask whether this approximation may be improved by
a subsequent optimization of the diagonal matrix D), i.e., considering the
optimization problem

Minimize |A*Bop FD — Iz |2

DeClTmIx1Zal: D diagonal
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By the property (3.34) and the fact that D is a diagonal matrix, this
Frobenius norm can be rewritten as

|4"Bop FD ~ Iz, [ = 3 [[A"BopeF dic — e
kEZns

— Z HA*BOptFk de}k — ek’
kE€Zng

2
27

where Fy, Jk and e, denote the k-th columns of the matri-
ces F € CPmo IXITml in (2.15), D e CITmIxIm| gpd Iz, € ClEmlx|Tnml
and d}c’k € C is the diagonal entry of D e CPmlxIIm| Thys, since the
vector (B, = (ﬁkl)eezM = A"Bp Fi € Cml has full column rank for

all k € Zps, the solution D,y = diag (d,:%:) et of the above least squares
’ €lm

problem can be computed by means of the pseudoinverse as

B ke
ZZEIM |Bk,l|2

However, the theoretical results in Theorem 3.28 suggest that the (asym-
metric) Dirichlet window function ¢p in (3.64) with D = IITu Iz, is
already optimal, i.e., that the norm (3.70) cannot be made smaller. Note
that the numerical results in Example 3.34 confirm this to be true, also
showing that by the optimization of the matrix D there is barely any
difference in the norm for other window functions ¢ as well. In other words,
this shows that the optimization procedure in Algorithm 3.25 is indeed

optimal with respect to the minimization problem (3.51). o

diy = (BiB) ' Brex = €C, keIu. (371

3.3.4 Linking to approaches in literature

There are also some approaches in the literature that attempt to expand the
notion of density compensation. This is why, we examine these approaches
more closely, presenting them using a unified optimization approach. Similar
to Section 3.2.4, we particularly focus on the connection of these approaches
to the method introduced in Section 3.3.1.

Sparse approximation of the pseudoinverse

First of all, let us recall the basic idea mentioned in Section 3.1
that we seek to find a matrix X € CZm*N that fulfills XA ~ Iz,
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and therefore Xf=XA f R f By incorporating the approximate
factorization A ~ BF D of the NFFT, cf. Section 2.2, with the ma-
trices D € CEImIXITml e ClZmoIx1Zml and B € RV*ITMo | defined
n (2.14), (2.15) and (2.16), this can be reformulated that we are look-
ing for a matrix X with XBFD =~ I|z,,|. Additionally, using the fact
that F*F = |Inr, | I z,, by (2.15) and D in (2.14) is a diagonal matrix,
we know that

L D 'F*B'BFD ~ Iz, (3.72)

| Znze |

if the pseudoinverse BT € RZMoI*N of (2.16) exists. In other words,
the simplest method to obtain a suitable left-inverse matrix X is by us-
ing the pseudoinverse B'. However, in general the pseudoinverse Bt
of the sparse matrix B will be a full matrix, so the reconstruction us-
ing X = |I1\1/1,,| D 'F*B' will not be efficient. Therefore, we look for a

sparse approximation S of BT with S &~ m BT, or more precisely we
consider the matrix optimization problem

SER‘IMU'Mvi:n.is‘n(l;vzneJrl)d-sparse HSB |IM |I|IM<7‘HF (3.73)

We remark that a similar approach, the so-called block uniform resampling
algorithm was introduced in [Ros98] using the sinc matrix C' € RV *|Zml
in (3.30) instead of the sparse matrix B € CN*IZnMs | in (2.16).

To find a solution to the optimization problem (3.73) we rewrite the
respective norm by the property (3.34) as

HSB :HB*S* \IMG I\IMUIHF
= Y |IBise— my el

e,

|IMU I|ZMUI||F

where e, € RIZMo| again denote the columns of the identity matrix I Tar, |
3¢ € RIIMom (O] denote the vectors of the nonzeros of the columns
of §* € RN*IImol and Bj € RIPMo¥1T0o.m (8] are the corresponding sub-
matrices of B* € RIZMa XN "¢f. (2.16). Hence, the solution to (3.73) can
be computed using the pseudoinverse as

zopt . T 1
Sz)p = (Bz) 'mez.



3.3 OPTIMIZATION OF THE SPARSE MATRIX B 83

That is to say, the nonzero entries of the columns of the optimized ma-
trix ST, are set as the elements of the columns of the pseudoinverse
matrix (BZ)T.

Note that so far we have used the same techniques as in Section 3.3.1
applied to a different matrix optimization problem in order to exploit
the structure of the desired matrix. In [Ros98], however, the authors
take one step further and introduce a second simplification by consid-
ering only a submatrix BZ € RVImem®l of By € RIMo X Ia1g.m (£l
and therefore also a subvector &, € R™ of e, € RIMol  In particu-
lar, the size n = (2r +1)¢ < |Zpz,| results from considering only the
indices k € Zpg, in (2.16) with |[€—Kk|cc <7 €N. In other words,
for n < |Zag,| this means a loss of information by omitting data, and
therefore considering a different problem instead of simply rewriting by
using the structure. However, we have seen in our numerical experiments,
see Example 3.35, that except for very tiny choices of r, the results using
this additional simplification seem to be as good as the untruncated version
above.

Frame theoretical approach

A completely different path is taken in [GS14, KP19], where for d = 1 the
frame approximation is connected to the adjoint NFFT, which can thus be
seen as a method for inverting the NFFT. In order to explain this method,
we firstly summarize the main ideas of frames and frame approximation,
basically adapted from [GS14] and [Chr16].

Let ‘H be a separable Hilbert space with inner product (-,-). Then a
sequence {1;}72, C H is called frame if there exist constants A, B > 0 such
that

oo

Al fIIP < Z 9,2 < B|fII?, feH

The operator S: H — H, Sf = Z;;(f, ¥;)0;, is named the frame opera-
tor. Then one of the most important results in frame theory, the so-called
frame decomposition, states that every element of H can be represented as
a linear combination of the elements of the frame, i.e.,

f= Z F87N00; = (£,0;)871;, fEM, (3.74)

j=1
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which is a property similar to an orthonormal basis. However, to ap-
ply (3.74), it is necessary to explicitly state the inverse operator S—!,
which is usually difficult or even impossible, and thus it is necessary to
approximate S~!. It was shown in [GS13, GS14] that if {¢,}2___ is a

— 0o

so-called admissible frame with respect to the frame {9;}52,, see [GS14,
Definition 1], the dual frame {S~14 152, can be approximated by
STy m U= Y pejte j=1,...,N, (3.75)

Leln,

where O = (pe’j)éVEIM j—1 1s the Moore-Penrose pseudoinverse of the
matrix

e = (<q9j,¢g>);v=17MMa . (3.76)

Thus, truncating the series (3.74) and inserting (3.75) yields the approxi-
mation

fr~ Z > (F05) pey e (3.77)

J=1LETn,

Now, in order to link the frame approximation (3.77) and the adjoint
NFFT from Section 2.3, we consider a discrete version of the frames
proposed in [GS14], i.e

—2mike/M,

{,ﬂj(k) — e—Qﬂ'ikm_i’ ] c N}, {w[(l{j) = e]wiA,

teZ,, kelZ.
¢(k) }

(3.78)

Note that in comparison to [GS14] we changed time and frequency domain
to match our notations in Section 2.2. Thereby, we receive the scalar
product

- - 1 —2mik(z;— 5 )
19]71/14 Z 19 >_kzz_oo MJ@(k)e )

k=—o00

such that truncating the infinite sum to k € Zps yields an approximation
of the matrix © in (3.76) by

O, = (FDA")" = AD'F~ (3.79)

with A € CN*1Zmlin (2.7), D € CPml*x1Zmlin (2.14), and F € CPmo !XTl
n (2.15).
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Remark 3.30. It was already mentioned in [GS14, DGS16] that for
points x; € T other than the jittered equispaced nodes, cf. (3.85), the
admissibility condition for (3.78) may not hold or even the conditions for
constituting a frame may fail. In addition, it was observed that for a general
window function ¢ the corresponding conditions can only be satisfied for
finite frames, i. e., finite versions of (3.78). In what follows, we assume that
all conditions for the frame reconstruction are met. For a detailed study of
when this is fulfilled, we refer to [GS13, GS14, DGS16]. o

Finally, to apply this method to the problem (3.3) we now consider the
frame approximation (3.77) for a function f in the frequency domain, i.e.,

. N
fymh(k) =" 3" (f,9;)pevbe(k)

j=14€Tnr,

= > detu(k), keTm, (3.80)

Leln,

where by the definition of py ;, cf. (3.75), the coefficients can be abbreviated
as d = (dy) sz, = O'f with £ = ((£,9;)]_, = (f;)},, cf. [GS14]. In
other words, the equispaced samples of the function f , which are now treated
as Fourier coeflicients of the respective function f, shall be reconstructed
from given data (f, ¥;) = f;, j=1,...,N. Note that this can be seen as
a generalization of the problem (3.3) and will be studied more closely in
Chapter 6.

Now given this very accurate but hard to compute approximation (3.80),
the aim of [GS14, KP19] is to modify the adjoint NFFT in Algorithm 2.5
appropriately, such that we can use this simple method to invert the NFFT,

i.e., we are looking for an approximation of the form h~h= f, where
h = (i) kezne, B = (hx)kezn, and f = (f(k))hezns-

In [GS14, Section 2.3] firstly the approximation (3.6) using density
compensation is considered, which can be written as

N
Y= Y wif @m(xj - N%,) Ye(k)

Lelng, j=1

= > atu(k), keIn, (3.81)

L€,
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with coefficients vector ¢ = (c¢)yez,, = B*W f. By additionally defining
the matrix W = (v¢(k))rezps, tezr,, = D*F”, the approximations (3.80)
and (3.81) can be denoted as h = ¥d and h" = We. Hence, the aim is to
improve the approximation (3.81) by modifying the diagonal matrix W,
such that the difference to approximation (3;80) is minimal. It was shown
in [GS14, Theorem 2.4] that this norm ||l~1, - iLH2 is bounded from above by
the Frobenius norm [|©@*©@B*W — ©||%. We remark that by (3.79) and
additionally using the fact that the Frobenius norm is a submultiplicative
norm, we have

|©*@B*W — ©*||p = ||[FDA*AD*F*B*W — FDA*||,
<|FDA*||,|AD*F*'B*"W — I |

F’
such that this approach yields the optimization problem

Minimize  |AD*F*B*W — Iy ||3,
W=diag(w;) .,

cf. (3.47). Based on this, a generalization using a (2s — 1)-sparse ma-
trix A € RV*¥ instead of the diagonal matrix W was considered in [GS14,
Remark 3], which implies the optimization problem

Minimize |AD*F*B*A — In|3. (3.82)
AERNXN: A (2s—1)-sparse
In other words, instead of scaling the entries of B* as in density compensa-
tion methods, this approach employs a linear combination of the entries
of B*.
Nevertheless, compared to the approach in Section 3.3.1, where we are
free to optimize each entry of B by itself, this approach is still less flexible.

Thus, by analogy with [KP19], we also rewrite the approximation hy, of the
adjoint NFFT in Algorithm (2.5) as

hie=>_ getbe(k), k€ TIn,
Le€lng,

with coefficients vector g = (g¢)yez,, = B"f, see (2.18), Then it was
shown in [KP19, Theorem 4.3], that the difference ||il - I~7,||2 is upper
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bounded by the Frobenius norm ||B*® — I|z,, ||lr. Note that by (3.79) we
have B*© = (FDA*B)T and hence this yields the optimization problem

Minimize |FDA*B — I, |2 (3.83)

BerRV*TMo | B (2m+1)-sparse
We remark that this is closely connected to the optimization prob-
lem (3.54). Similar to (3.53) we can use that F*F = |Ipg, |1z,
by (2.15) and D € RIZmIxIZml in (2.14) is diagonal, such that we have
—— D 'F*FD =1 |Zaz|- Additionally using the fact that the Frobenius

[Znis |
norm is a submultiplicative norm, this implies

|4°B — D7 F||p = || P FFDA'B — 74D F

<l D F, [FDAB I,

|Znze |

\HF’

such that the approach of [KP19] also implies a decrease in (3.54). However,
as the method in [KP19] is designed for d = 1 and we have encountered
that it can not be generalized to d = 2, we rather prefer the optimization
problem (3.54). For a closer study of the frame theoretic approach we refer
to [KP19].

Summary

In summary, in this section we presented approaches that broaden the notion
of the previously considered density compensation procedures. Namely,
instead of searching optimal scaling factors for the rows of B, now the
optimization of each nonzero entry of the sparse matrix B € RV*Znmo|
in (2.16) was studied.

For numerical results, we refer to the examples in Section 3.4. More
specifically, in Example 3.34 we examine the norm minimization properties
of the optimized matrix computed by Algorithm 3.25. Additionally, a
comparison with the optimization approaches of Section 3.3.4 is shown in
Example 3.35, while a comparison to the density compensation methods
from Section 3.2 is given in Example 3.36.

3.4 Numerical examples & summary

Concluding this chapter, we have a look at some numerical examples,
cf. [KP23a]. Besides comparing the density compensation approach from
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Section 3.2 to the optimization approach from Section 3.3 (see Exam-
ple 3.36), we also demonstrate the accuracy of both approaches (see Exam-
ples 3.32-3.33 as well as Examples 3.34-3.35).

Remark 3.31. Before getting started, firstly we introduce some exemplary
grids. For the sake of simplicity, we restrict ourselves here to the two-
dimensional setting d = 2.

(i) On the one hand, we study sampling schemes that possess a random
part. The simplest choice for this is the random grid

1 T

Tsp = 5 (m,m2) , s=1,...,Ny,t=1,...,Ng, (3.84)

where 11,m2 ~ U(—1,1), and U(—1,1) denotes the uniform distribu-

tion on the interval (—1,1), see Figure 3.3a. Additionally, we also

consider a sampling scheme, that is somehow closer to the Carte-

sian grid. More precisely, we start with a Cartesian grid and add a
two-dimensional perturbation, i.e.,

L o2t—1 1+23—1 T+ 1 1 T
Lgt = . y T a ) )
ot 2N, 2 TN, N, N,

(3.85)

withs=1,..., Ny, t=1,..., Ny, and 1,12 ~ U(—1,1). A visualiza-
tion of this jittered grid can be found in Figure 3.3b.

0.5

5 -0.5
-0.5 0 5 -0.5 0 0.5

(a) Random grid (3.84) (b) Jittered grid (3.85)

(O e g0 d 04 g0

Figure 3.3: Exemplary grids of random kind of size N3 = Ny = 12.

(i) On the other hand, we examine grids of polar kind, as men-
tioned in [FKP07]. For R,T € 2N the points of the so-called polar
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(iii)

grid are given by a signed radius rs == % € [f%, %) and an angle
o= e [-3.3) us
Xst =75 (cos by, sin Gt)T . (s,0)T € Ir x Ir. (3.86)

Since it is known that the inversion problem is ill-conditioned for this
grid, we additionally consider a modification. For the modified polar
grid

X1 =75 (cos by, sin Ot)T . (s,0)T € Z 55 % Ir, (3.87)
we added more concentric circles and excluded the points outside
the unit square, see Figure 3.4b. Another sampling scheme which is
known for more stable results than the polar grid is the linogram or
pseudo-polar grid, where the points lie on concentric squares instead
of concentric circles, see Figure 3.4c, as defined by the two sets of
points

ZBH — s A4st ! 2BV — _4st s '
»t " \R'RT) * """\ RT'"R) "’

()T €Tp x Ir. (3.88)

A further modification of these polar grids was introduced in [H*19],
where the angles 6, are not chosen equidistantly, but are obtained
by golden angle increments. For the golden angle polar grid we only
exchange the equispaced angles of the polar grid by

T 2 T
Q:mod(erti,W)ff, t=0,....T—1, (3.8

see Figure 3.4d. The golden angle linogram grid is given by
T t::{ (5% %55 tan (0 — § )T 0. €00, %) }
B0 5 cae[50

2
s € Ir, (3.90)

2R

with 6; in (3.89), as illustrated in Figure 3.4e.
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(d) Golden angle polar (e) Golden angle
1
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grid (3.88)

0.5 o0 o 00 0 00 0edo |
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0.5 .
grid, cf. (3.89) inogram grid (3.90)

Figure 3.4: Exemplary grids of polar kind of size R = 12 and T' = 2R.

(i)

In addition, we also consider the spiral grid, which consists of the
3 sets of points

T =7y R5." (cos(ay), sin(as)) ', te{1,2,3}, (3.91)
3

where radius and angle are given by

_ V/I5(s — 1) _ [i5(s—1) ( [RT
TS_W’ g =T 8RT< 5—1),

fors=1,..., Ll% RT|, respectively, and the matrix
Ra. o cos (%’T) —sin (%ﬂ)
3 sin (27)  cos (%)
realizes a rotation by 120 degrees. Again, we have excluded the points
outside the unit square, see Figure 3.4f.
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Note that in all the definitions above it was necessary to denote the
sampling points by x,; with different index sets for s and ¢ in order to
obtain a rigorous representation. However, using some suitable reordering
and N being the total number of points, we may again use the notation x;,
j=1,...,N, as in the remainder of this work. o

Now we examine the quality of the different approaches from Sections 3.2
and 3.3 for the grids mentioned in Remark 3.31.

Density compensation

Firstly, we investigate the accuracy of the density compensation method
from Algorithm 3.2 with the weights computed by Algorithm 3.10. More
specifically, in Example 3.32 we check the theoretical error bound of Theo-
rem 3.11, and in Example 3.33 we show a comparison with the approaches
of Section 3.2.4.

Example 3.32. As in [KP23a, Example 5.2], we first examine the qual-
ity of our density compensation factors in Algorithm 3.10 for a trigono-
metric polynomial f in (2.8) with given Fourier coefficients fx € [1,10],
k € Ips. For the corresponding function evaluations of (2.8) at given

points x; € [—%, %)d, j=1,...,N, we test how well these Fourier coef-

ficients can be approximated. More precisely, we consider the estimate
h" = D*F*B*W §, cf. (3.6), with the matrix W = diag (wj)jil of density
compensation factors computed by means of Algorithm 3.10, i.e., by (3.15),
in case |Zapg| < N, or by (3.16), if |Zapgz]| > N. Subsequently, we compute
the relative errors
S el | R (3.92)
11l

and we demonstrate that
ep <|Imle, peE{2,00},

holds with the residual € = HA\TI2M\ w — eoHoo >0, cf. (3.17), as stated by
the theoretical error bound (3.18).

This test is performed for several dimensions d € {1,2,3}. In our ex-
periment we use random points (3.84) with N; =294 ¢t =1,...,d, and
for several problem sizes M = M - 14, M =2¢ withc=1,...,11 — d, we
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choose random Fourier coefficients fk € [1,10], k € Zps. Afterwards, we
compute the evaluations of the trigonometric polynomial (2.8) by means of
an NFFT and use the resulting vector f as input for the reconstruction.
Due to the randomness we repeat this process 10 times and then calculate
the maximum error. The corresponding results are displayed in Figure 3.5.
We recognize that for |Zaps| < N, i.e., as long as M < % = 2874 ig gat-
isfied, the weights computed by means of (3.15) indeed yield an exact
reconstruction of the given Fourier coefficients. However, it can be seen
that for |Zapr| > N the least squares approximation via (3.16) no longer
produces good results. In both cases the theoretical error estimate (3.18)
provides a suitable upper bound on the relative errors (3.92). This shows
that the approximation error is indeed mainly influenced by the residual of

the linear system (3.12). o
% & PP B P
1007 Eoc e 10°} coer @
100) bt

1075}
107°f

10710} |
10710¢

10715 { 10-15] menltrarrd | 1015l ]
00 100 102 10 100 102 10° 10% 10° 101107 10° 10 10° 10° 107
1Zn |Zasl [Zad|

(a) d =1 (b) d =2 (c)d=3

Figure 3.5: Relative errors (3.92) of the reconstruction of the Fourier coeffi-
cients of a trigonometric polynomial (2.8) with given f € [1,10],
k € Tpg, computed using the density compensation factors from
Algorithm 3.10, for random grids with N, =274 ¢t =1,...,d,
and M =M 145, M =2°withec=1,...,11 —d.

Example 3.33. Next, we survey the different density compensation methods
from Section 3.2, i.e., we compare the weights computed by means of
Algorithm 3.10 with the approaches from Section 3.2.4 when using Algo-
rithm 3.2.

(a) Firstly, we consider the setting |Zaps| < N and show the optimality of
the weights computed by means of Algorithm 3.10, i.e., using (3.15). For
this purpose, we compare the reconstruction of given Fourier coefficients fk,
k € Ty, of a trigonometric polynomial (2.8) computed by means of Algo-
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rithm 3.2 using Voronoi weights as well as the density compensation factors
from (3.15), (3.36), (3.44), and (3.48) for several M = 2°, ¢=1,...,10. To
make this affordable for all the approaches, we restrict ourselves to the
one-dimensional setting d = 1.

In this experiment, the Fourier coefficients shall be chosen deterministi-
cally as integer evaluations of the triangular pulse function

g() = (1= %) - x-pp(v), b= 2], (3.93)

Then for given jittered points (3.85) with N = 2M we compute the eval-
uations of the trigonometric polynomial (2.8) by means of an NFFT and
use the resulting Vector as input for Algorithm 3.2. For the corresponding
reconstruction b we compute the relative errors (3.92). Due to the ran-
domness in the nodes we repeat this process 10 times and then calculate the
maximum error. The corresponding results are depicted in Figure 3.6. It is
easy to see that the density compensation factors computed using Algo-
rithm 3.10, or more precisely by (3.15), indeed produce the best results and
therefore are the optimal ones. Note additionally that (3.36) and (3.48) are
not even as good as the Voronoi weights. Merely the density compensation
factors computed using (3.44) provide reasonable results, although not as
good as (3.15).

NI Use of (3.15)
101 .4:‘-5-.—.—.-._&.. 7 Use of Voronoi weights
- Use of (3.36)
1075+ 1 Use of (3.44)

--- Use of (3.48)

]
N8}

1077} 1

10713} m—o—o—o—" 2
10—17, VY ‘ ‘ -
10! 102 10°

M

Figure 3.6: Relative errors (3.92) of the reconstruction of the Fourier co-
efficients of a trigonometric polynomial (2.8) with given fp,
k € Zpg, computed by means of Algorithm 3.2 using Voronoi
weights as well as the density compensation factors from (3.15),
(3.36), (3.44), (3.48), for one-dimensional jittered grids (3.85)
with N =2M and M =2¢ c=1,...,10.
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In addition, for the setting M =8 and N = 16, Figure 3.7 shows the
distribution of some exemplarily chosen jittered nodes z; € T, j =1,..., N,
cf. (3.85), and the corresponding density compensation factors w; € R. We
recognize that the weights computed using (3.44) indeed look most similar
to those computed by means of (3.15) and (3.16), which are identical, and
that (3.48) basically resembles the Voronoi weights. Moreover, note that
except for (3.36), all density compensation factors are nonnegative.

(b) Use of (3.16) (¢) Voronoi weights

020 ¥ % H
SN 0 EE H
02/ 5
-0.5 0 0.5
zj
(d) Use of (3.36) (e) Use of (3.44) (f) Use of (3.48)

Figure 3.7: Exemplary density compensation factors w; for given jittered
nodeszj, j =1,..., N, cf. (3.85), computed using (3.15), (3.16),
(3.36), (3.44) and (3.48), as well as Voronoi weights with d = 1,
M =8 and N =2M.

(b) Secondly, we consider |Zaps| > N for the two-dimensional setting d = 2.
For this purpose, analogous to [KP23b, Example IV.1], we have a look at
the reconstruction of the Shepp-Logan phantom, see Figure 3.8a. Here
the phantom data shall be treated as Fourier coefficients f := ( fk)keIM of
a trigonometric polynomial (2.8). For given points x; € T,j=1,...,N,
we then compute the evaluations of the trigonometric polynomial (2.8)
by means of an NFFT and use the resulting vector as input for the re-
construction. More precisely, for the spiral grid (3.91), cf. Figure 3.4f, of
size R=M, T = 2R, we study (3.16), (3.44) and (3.48).
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The corresponding reconstruction of the phantom of size M = 64 is
presented in Figure 3.8 (top) including a detailed view of the 52nd row
(bottom). Since the exactness condition |Zaps| < N (see Theorem 3.4)
is violated, the weights computed by (3.15) do not yield an exact recon-
struction, cf. Figure 3.8b. Moreover, note that the results using the least
squares approximation by (3.16) are just as bad, cf. Figure 3.8¢c. In fact,
in this setting the weights computed using (3.44) and (3.48), respectively,
appear to be more promising, see Figures 3.8d and 3.8e, since there are no
artifacts and the differences to the original phantom are no longer visible.
However, we remark that the comparatively small choice of M = 64 is
necessary for (3.44) and (3.48) to be computationally affordable, cf. also
Remarks 3.15 and 3.18. o

0 0 0

-32 0 32 -32 0 32 -32 0 32 -32 0 32 -32 0 32
(a) Original (b) Use of (c) Use of (d) Use of (e) Use of

phantom (3.15) with  (3.16) with  (3.44) with  (3.48) with

e2=2.11e—01 e2=2.11e—01 e2=2.83e—02 e3=3.61e—02

Figure 3.8: Reconstruction of the Shepp-Logan phantom of size M = 64
(top) via Algorithm 3.2 using density compensation factors
computed by (3.15), (3.16), (3.44) and (3.48) for the spiral
grid (3.91) of size R = M, T = 2R; as well as a detailed view
of the 52nd row (bottom).

Matrix optimization

Secondly, we investigate the accuracy of the matrix optimization method
from Algorithm 3.21 with the optimized sparse matrix computed by Al-
gorithm 3.25. More precisely, in Example 3.34 we investigate whether the
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norm minimization aimed at in Section 3.3 is successful and in Example 3.35
we show the superiority of this procedure compared to the approaches from
Section 3.3.4.

Example 3.34. (a) In order to study the quality of our optimization method
from Section 3.3, we compare the original and optimized Frobenius norms

np(p,m,0) = |A*BFD — Iz, |||, (3.94)
ne? (o, m,0) = ||A*Bope FD — Iz, |, » (3.95)
as well as the respective spectral norms
na(p, m,o) = ||A*BFDfI‘IM|||2, (3.96)
n5™ (p,m,0) = ||A*Bopt FD — Iz, |, (3.97)

similar to [KP23a, Example 5.3], where B denotes the original matrix (2.16)
from the NFFT and B,y denotes the optimized matrix generated by
Algorithm 3.25. Since we are free to choose a suitable window function
used in the computation of this optimized matrix By, we now compare
the common B-spline window function ¢g, cf. (4.61) with the Dirichlet
window function ¢p in (3.64), which is optimal by Theorem 3.28. For the
original matrix B we utilize only the B—spline window function ¢g, since
the Dirichlet window function ¢p is not an appropriate window for the
NFFT.

Due to memory limitations in the computation of the norms (3.94)—(3.97),
we have to be content with very small problems, which nevertheless show
the functionality of Algorithm 3.25. For this reason we consider d = 2
and choose M = (12,12)7 as well as Ny = Ny = R=2*, pn € {2,...,7},
and T = 2R for the grids mentioned in Remark 3.31. In other words, we
test Algorithm 3.25 in the underdetermined setting |Zpz| > N as well as in
the overdetermined setting |Zas| < N.

Having a look at the results for the grids of Remark 3.31, it becomes
apparent that they separate into two groups. Figure 3.9a displays the
results for the polar grid (3.86), which are the same as for the golden angle
polar grid, cf. (3.89). In these cases, the optimization yields only a slight
improvement. However, for all other grids mentioned, the minimization
procedure in Algorithm 3.25 is very effective. The results for these grids
are depicted in Figure 3.9b, exemplified for the modified polar grid (3.87).

One reason for the different behavior of polar and modified polar grid
could be the ill-posedness of the inversion problem for the polar grid, which
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(a) Polar grid (3.86) (b) Modified polar grid (3.87)

Figure 3.9: Frobenius norms (3.94) and (3.95) as well as spectral
norms (3.96) and (3.97) of the original matrix B and
the optimized matrix Bop: generated by Algorithm 3.25
using the B-spline window function ¢p as well as the
Dirichlet window function ¢p from (3.64) with R =2/,
pe{2,...,7, and T=2R as well as M = (12,12)7
m € {2,4}, and o € {1, 2}.

results in huge condition numbers of HyHg, while the problem is well-
posed for the modified polar grid. Another reason might be found in the
optimization procedure itself. Having a closer look at the polar grid, see
Figure 3.4a, we recognize that there are no grid points in the corners of
the unit square. Therefore, some of the index sets Zag, mn(€) in (3.55)
are empty and no optimization can be done for the corresponding matrix
columns. This could also lead to worse minimization properties of the polar
grid.

Furthermore, it can be seen that our optimization procedure in Algo-
rithm 3.25 is most effective in the overdetermined setting |Zps| < N, and
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for the use of the Dirichlet window function (3.64). The choice of the trun-
cation parameter m and the oversampling factor o, however, only seems to
have a minor impact. Additionally, note that although our optimization
procedure in Algorithm 3.25 focuses on the Frobenius norm, the spectral
norm behaves similarly, as stated in Remark 3.20.

(b) Finally, considering the approach of subsequent optimization of the
diagonal matrix D from Remark 3.29, we recorded the norms

||A*BoptFD0pt — Iz, ||F (3.98)

and || D — Dgpt||so as well. The respective results for the modified polar
grid (3.87) with m =2 and o =1 are printed in Table 3.1. It can be
seen that for both window functions this approach provides hardly any
improvement, and thus our optimization procedure in Algorithm 3.25 is

indeed optimal with respect to problem (3.51). o
ny (¢, m,0) in (3.95) [7g" (p,m,0) in (3.98) [D — Dopt |l
N PB $D VB $D ¥B ¥D

31 | 1.07e4+01 | 1.07e+01 | 1.07e4+01 | 1.07e4-01 | 1.24e+4-01 | 1.54e—-03
131 | 7.57e+00 | 7.25e4+00 | 7.43e+00 | 7.20e+00 | 2.83e+01 | 1.40e-03
555 | 2.47e—01 | 2.92e-01 | 2.47e—-01 | 2.88e—01 | 8.50e—-02 | 1.13e—04
2239 | 5.11e-06 | 1.96e—06 | 5.11e-06 | 1.96e—06 | 3.00e—07 | 1.93e—10
9083 | 8.62e—06 | 2.90e—06 | 8.62e—06 | 2.89e—06 | 2.24e—07 | 3.45e—10
36535| 1.58e—05 | 9.15e—06 | 1.58e—05 | 9.12e—06 | 6.83e—07 | 1.22e—09

Table 3.1: Matrix norms using the original matrix D in (2.14) and the
optimized matrix Doy generated by (3.71) for the B-spline
window function pp as well as the Dirichlet window function ¢p
from (3.64) using the modified polar grid (3.87) with R = 2#,
pe{2,...,7}, and T =2R as well as M = (12,12)7, m =2
and o = 1.

Example 3.35. Next, we survey the different matrix optimization methods
from Section 3.3, i.e., we compare our method from Algorithm 3.21 to
the approaches mentioned in Section 3.3.4. Note that since all of these
approaches are designed for the overdetermined setting |Zps| < N and some
only for d = 1, we restrict ourselves to this setting and study the pointwise
reconstruction and error for a specific set of parameters with M = 64,
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o =1.0 and m = 2. Similar to Example 3.33, the Fourier coefficients f
shall be chosen deterministically as integer evaluations of the triangular
pulse function (3.93). Then for given jittered points (3.85) with N = 2M
we compute the evaluations of the trigonometric polynomial (2.8) by means
of an NFFT and use the resulting vector f as input for the different recon-
struction methods. For the corresponding reconstruction h we compute
the pointwise errors |f — h.

In particular, we examine the reconstruction m D 'F*BT f using
the pseudoinverse, cf. (3.72), the reconstruction D~ F* Sopt S, cf. [Ros98],
where Sop¢ is the solution to (3.73), and D*F*B*Af, where A is the
solution to (3.82) with s = [log(N)] = 5 as proposed in [GS14]. For com-
parison to [Ros98], we also considered the matrix Bzub, which is formed
by simply stamping out the desired sparsity pattern from B'. Note that
in all of these approaches we choose the B—spline window function ¢g.
Moreover, we also study the reconstruction by Algorithm 3.21, where we
use Bop: as solution to (3.83), cf. [KP19], and By, computed by means
of Algorithm 3.25. In these two cases we make use of the Dirichlet window
function ¢p in (3.64), such that D = |I - Iz,

The corresponding results are depicted in Figure 3.10. It can clearly be
seen that cutting the desired sparsity pattern out of B is somewhat differ-
ent and much worse than the optimization procedure in (3.73). However,
also the sparse approximation S from (3.73) is not as good as the dense pseu-
doinverse B, Interestingly, for using a submatrix with n = 2r + 1 < |Zay, |
as proposed in [Ros98] we found that for all r > 3 we receive the same
maximum reconstruction error, only for r» < 2 the error got worse. Con-
sidering the frame theoretical approach in (3.82), we recognize that this
yields results similar to the sparse approximation of the pseudoinverse,
cf. (3.73). Only our optimization procedure from Algorithm 3.25 and the
related method from [KP19], cf. (3.83), produce much better reconstruc-
tions, which is presumably due to the highest degree of freedom in the
optimization process. o

Comparison of the two approaches

Finally, we compare the density compensation approach from Section 3.2
with the matrix optimization approach from Section 3.3, as done in [KP23a,
Example 5.4].
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(a) Reconstruction (b) Pointwise reconstruction error

Figure 3.10: Reconstructions of the triangular pulse (3.93) and pointwise
errors for the different matrix optimization methods from
Section 3.3 withd =1, M =64,0 =1.0, m=2and N =2M
jittered points (3.85).

Example 3.36. To compare the density compensation approach of Algo-
rithm 3.2 using the weights computed by Algorithm 3.10, with the op-
timization approach of Algorithm 3.21 using the modified matrix Bopt
computed by Algorithm 3.25, we restrict ourselves to the two-dimensional
setting d = 2 to simplify the visualization of the results. In addition,
we again consider the Shepp-Logan phantom as Fourier coefficients of a
trigonometric polynomial (2.8) of degree M.

(a) In a first experiment, we test the inversion methods of Sec-
tions 3.2 and 3.3 as in [ACDT08] for increasing input sizes. For
this we choose M = (M,M)", M =2¢ with ¢=3,...,10, and lino-
gram grids (3.88) of size R=2M, T =2R, i.e., we consider the set-
ting |Zaas| < N. To use Algorithm 3.21, we additionally choose the over-
sampling factor ¢ = 1.0 and the truncation parameter m = 4. For each
input size we measure the computation time of the precomputational
steps, i.e., the computation of the weight matrix W = diag(wj)j.v:l or the
computation of the optimized sparse matrix Bop, € RV*IZMo | see Algo-
rithms 3.10 and 3.25, as well as the time needed for the reconstruction, i.e.,

the corresponding adjoint NFFT see Algorithms 3.2 and 3.21. Moreover
for the reconstruction b € {h" hopt} cf. (3.6) and (3.60), we consider the
relative errors

i

= 3.99
17l (3.99)
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The corresponding results can be found in Table 3.2. We remark that since
we ensured |Zaps| < N, the density compensation method in Algorithm 3.2
with weights computed by (3.15) indeed produces nearly exact results.
Although, our optimization procedure from Algorithm 3.21 achieves small
errors as well, this reconstruction is not as good as the one by means of
our density compensation method.

Note that in comparison to [ACD"08] our method in Algorithm 3.2
using density compensation produces errors of the same order, but is much
more effective for solving multiple problems with the same points x; € T¢,
j=1,...,N, for different input values f € CV. Since our precomputations
have to be done only once in this setting, we strongly benefit from the fact
that we only need to perform an adjoint NFFT as reconstruction, which
is very fast, whereas in [ACD"08] they would need to execute their whole
routine each time again.

Relative error es Precomputation time Reconstruction time
M Alg. 3.2 | Alg. 3.21 | Alg. 3.10 | Alg. 3.25 Alg. 3.2 Alg. 3.21
8 1.33e—15 | 6.86e—14 | 9.83e—02 | 1.92e+00 | 6.25e—04 | 2.24e—03
16 | 7.23e—15 | 1.57e—07 | 1.62e—01 | 8.33e+00 | 2.51e—03 | 3.48¢—03
32 | 2.34e—14 | 4.58e—07 | 3.30e—01 | 4.32e+01 | 3.19e—03 | 7.48¢—03
64 | 2.59e—-14 | 4.75e—07 | 3.43e+00 | 2.41e+02 | 5.04e—03 | 4.93e—03
128 | 7.90e—14 | 6.00e—07 | 9.47e+00 | 1.21e+03 | 2.99e—-02 | 5.51e—02
256 | 2.64e—13 | 4.09e—06 | 3.84e+401 | 5.84e403 | 6.64e—02 | 6.78e—01
512 | 1.09e—12 | 2.02¢—06 | 1.40e+02 | 2.92e4+04 | 2.17e—-01 | 3.27e+00

1024 | 4.26e—12 | 1.35e—05 | 7.22e+02 | 1.43e+05 | 7.49e—-01 | 1.61e+01

Table 3.2: Relative errors (3.99) of the reconstruction of the Shepp-Logan
phantom of size M as well as the runtime in seconds for the den-
sity compensation method from Algorithm 3.2 compared to Algo-
rithm 3.21 with ¢ = 1.0 and m = 4, using linogram grids (3.88)
of size R=2M, T =2R.

(b) In a second experiment we aim to decrease the amount of overdeter-
mination, i.e., we keep the size |Zps| of the phantom, but reduce the
number N of the nonequispaced points x; € T¢, j=1,...,N. To this
end, we now consider linogram grids (3.88) of the smaller size R = M,
T = 2R, i.e., we now have [Zapg| > N. The reconstruction of the phantom
of size 1024 x 1024 is presented in Figure 3.11 (top) including a detailed
view of the 832nd row of this reconstruction (bottom) for both the density
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compensation method of Algorithm 3.2 using weights computed by means
of Algorithm 3.10 as well as the optimization method of Algorithm 3.21
using the modified matrix computed by means of Algorithm 3.25. The
corresponding relative errors (3.99) are included in Figure 3.11 as well.

Note that although we have previously seen that in the setting |Zaps| > N
the weights computed using (3.44) and (3.48) might be more promising than
the weights computed by means of Algorithm 3.10, these weights cannot be
computed for the considered phantom size of Figure 3.11, cf. Remarks 3.15
and 3.18.

Due to the fact that the exactness condition |Zaps| < N (cf. Section 3.2.2)
is violated, it can be seen in Figure 3.11b that the density compensation
method using the weights computed by means of (3.16) does not yield an
exact reconstruction in this setting. On the contrary, we recognize that our
optimization method, see Figure 3.11c, achieves a huge improvement in
comparison to the density compensation technique in Figure 3.11b, since
is does not show any artifacts. Presumably, this is due to the higher
amount of degrees of freedom in the optimization of the matrix B from
Section 3.3 than in the density compensation techniques from Section 3.2,
cf. Remark 3.3. We remark that although the errors are not as small as in
Table 3.2, by comparing Figures 3.11a and 3.11c it becomes apparent that
the differences are not even visible anymore.

Finally, note that for this result the number N of points is about 4 times
lower than for the results shown in Table 3.2. That is to say, we needed
only twice as many function values as Fourier coefficients, whereas e. g.
in [ACD™08] they needed a factor of more than 4. o

Remark 3.37. Note that the code files for all the experiments in this
section are available at [Kir] under https://github.com/melaniekircheis/
dissertation/tree/main/3-Direct_inversion_methods_for_the_NFFT. o

Summary

In this chapter, we have investigated direct inversion methods for solving
problem (3.3) and gave a comprehensive overview of the existing approaches.
In particular, we have presented a recently developed sampling density
compensation technique as well as matrix optimization procedure, which
can be seen as a generalized approach. In addition, both methods were
considered and compared to several approaches known from the literature.


https://github.com/melaniekircheis/dissertation/tree/main/3-Direct_inversion_methods_for_the_NFFT
https://github.com/melaniekircheis/dissertation/tree/main/3-Direct_inversion_methods_for_the_NFFT
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(a) Original (b) Algorithm 3.2 (c) Algorithm 3.21
phantom with with
e2=5.0585e-01 €2=2.2737e-03

Figure 3.11: Reconstruction of the Shepp-Logan phantom of
size 1024 x 1024 (top) via the density compensation
method from Algorithm 3.2 using weights computed by
Algorithm 3.10 compared to the optimization method from
Algorithm 3.21 using the modified matrix computed by Algo-
rithm 3.25 for the linogram grid (3.88) of size R = M = 1024,
T =2R; as well as a detailed view of the 832nd row each
(bottom).

All in all, we have seen that our new methods introduced in Sections 3.2
and 3.3 both are optimal in their appropriate setting, outperforming com-
parable approaches. More specifically, in case of the highly overdetermined
setting |Zops| < N of problem (3.3) it was demonstrated that the density
compensation approach from Algorithm 3.2 using the weights computed by
means of Algorithm 3.10 does indeed yield exact results. Considering the
overdetermined setting of problem (3.3) with |Zps| < N < |Z2ps], instead,
the matrix optimization approach from Algorithm 3.21 using the optimized
sparse matrix computed by means of Algorithm 3.25 has proven to be the
best.






4 Regularized Shannon sampling
formulas

So far, we have focused exclusively on trigonometric polynomials (2.8),
which are periodic functions on the torus T¢ possessing only a finite number
of nonzero Fourier coefficients. Moving forward, we will broaden our
attention to functions on R¢ that exhibit a similar property with respect
to the continuous Fourier transform, known as bandlimited functions.

For this purpose, we start Section 4.1 with some important preliminaries,
including the definition and properties of bandlimited functions, as well as
the famous sampling theorem of Whittaker—Kotelnikov—Shannon. Secondly,
in Section 4.2 we proceed with practical aspects regarding this theorem,
presenting evidence for the poor convergence rate and the lack of numerical
robustness of classical Shannon sampling sums. Therefore, the proposed
numerical realizations of the Whittaker—Kotelnikov—Shannon sampling
theorem are based on an additional regularization. These regularized
Shannon sampling formulas are presented in Section 4.3 for the univariate
setting and generalized to the multivariate setting in Section 4.4. In
conclusion, the final Section 4.5 includes several numerical examples, such
as visualizations of theoretical results and comparisons of the different
approaches, as well as a short summary.

4.1 Bandlimited functions and the sampling
theorem

A function f: R? — C is said to be bandlimited with bandwidth M € N, if
the support of its (continuous) Fourier transform

f(v) = /f(w) e 2mMVT g v € RY, (4.1)
Rd
is contained in [—2, %]d. Since | f(x) e=2™1¥®| = | f(x)|, the Fourier trans-

form (4.1) is well-defined on the Banach space L;(R?) of measurable func-
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tions f: R? — C with finite norm

Ml = [ IF(@)lda < .

where almost equal functions are identified. Additionally, it is known
(see e.g. [PPST23, Theorem 4.21] or [Par97, Proposition 7.1.2]) that the
Fourier transform (4.1) on L;(R?) is a continuous mapping into the Banach
space Co(R?) of continuous functions f: R? — C vanishing as ||z — oo,
with the norm

1l ey = max |f(x)]. (4.2)

Since function evaluations of f will be relevant for our purposes, we re-
quire at least f € Ly (R?) N Cy(R?). Additionally, considering the Hilbert
space Lo(R?) with inner product and norm

1/2
Pty = [ f@ 5@ e, [l = ([ I@)Pde)
we obviously have L;(R?) N Cy(R?) C Ly(R%), since

1120 = [, 1f@)P b < max| 1@ - [ 1@l da

Rd
= 1 1E @) - 117, gy
Furthermore, the Fourier transform can be uniquely extended to Lo(R?),

see e. g. [PPST23, Theorem 4.25]. Therefore, let the space of all bandlimited
functions with bandwidth M € N be denoted by

B2 (RY) == {f € Ly(R%): supp(f) € [-4, %}d }v (4.3)

which is also known as the Paley—Wiener space.

By definition, the Paley—Wiener space B, /Q(Rd) consists of equivalence
classes of almost equal functions. However, it can be shown that there is
always a smooth representation. To this end, let C"(R%) denote the class
of r-times continuously differentiable functions, where for all multi-indices
o = ()L, € N¢ with |a| == a1 + -+ + ag < r the partial derivatives

P
o 0x {1 0xy? ... 0xy*

exist and are continuous. Then the following embedding can be shown.

(D*f)(
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Lemma 4.1. For the Paley-Wiener space (4.3) we have
Bur2(RY) € Ly(R?) N Co(RY) N C(RY).

Proof. Let f € Barjo(R?). By the theorem of Plancherel (see e. g. [PPST23,
Theorem 4.25]) the Fourier transform is a linear, continuous and invertible
mapping from Ly (R?) onto itself with || f[|r,®ae) = ||fHL2(]Rd), i.e., we have
f € Ly(RY). Now using the Cauchy-Schwarz inequality we obtain

||f||L1(Rd>:/Rd|f<v>|dv=/[ Ul

)
1/2 1/2
2 P 2
- </[ o dv) Q{—%’%]d'ﬂv)' dv)

= VI|Tml- Hf”Lz(]Rd) < 00.

In other words, we have f € Ly(R%) and f € Ly (R?). Thus, by the Fourier
inversion theorem, see e.g. [PPST23, Theorem 2.23], the inverse Fourier
transform of f can be written as

xT) = /f(v) e2™VT oy = / f('u) vy e RY. (4.4)
. [-4.4)°

Since it is additionally known that the inverse Fourier transform (4.4) is
a continuous mapping from Li(R?) into Cy(R?) (see e. g. [Par97, Proposi-
tion 7.1.2]), we have By;/2(R?) C Ly(R%) N Cy(R%). Moreover, the inverse
Fourier transform (4.4) also implies

(D> f) (2 / f(v) (D*e*™7) (z) dv

M
2

w‘g

)

/ f(v) (27iv)® e>™v® do.

£ 4)"

2902

Using the Cauchy-Schwarz inequality again, one can show that
(2mi)*f € L1 (RY) such that D f € Cy(R?) for all a € N¢, and therefore
f € C®(RY) as well. [ |
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To examine further properties of the bandlimited functions f € By, /Q(Rd),
let us consider the set {\/|Zas|sinc(Mn(-— £)): £ € Z}. It is easy to
see that this set constitutes an orthonormal system in Ly(R%), since by
the shifting property of the Fourier transform and the definition of the

sinc function (3.31) the Fourier transform of sinc(M7 (- — £)) is equal to

1 .
e—27‘rll’v/MX v o d('U), = Rd,
|Znrs] [-%. %]

and by Parseval’s identity we have for all k, £ € Z% that

(V|Zaa| sine(Mr(- — £)), \/|Zar| sine(Mn(- — ) Loy

_ ‘Z]. | / e27‘ri(l—k)'v/M dv = 5]6,2 (45)
v
2072

with the Kronecker symbol

d
1 k=¢,
6k,£ = Hékt,lt = { 0 . k #E
t=1 ’ ’

Moreover, it is known that the system {/|Zaz]sinc(Mn(- — &)) : £ € Z}
even forms an orthonormal basis of B,; /Q(Rd), see e. g. [LB92, Theorem 2.7].

That is to say, all f € By, /Q(Rd) possess the unique representation

f@) =" vgsine(Mn(z - £)), =eR,
Lez?

where the coefficients are given by

ve = [Tn] - <f, sinc(Mm(- — ﬁ))>L2(Rd)

= |Zns| /f(a:) sine(Mn(z — £))dz, L€ AR (4.6)
Rd
In addition, since
/M/2 (e t/M) g _ eMmi(z—47) _ o= Mmi(z—+7)
= . .
—M/2 2i-7(z — 57)

= M sinc(Mn(z — %))v
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we can rewrite the coefficients (4.6) by means of (4.1) and (4.4) as
vp = /f / 27ri'u(a:7€/M) dvdx

/f(ﬂ)) e27ri'um de 6727riv£/1\/1 dw
R4
f(v) 2™/ M qgy — (&), ez

A more general version of this result is known as the classical Whittaker—
Kotelnikov—Shannon sampling theorem, see Theorem 4.2, which plays a
fundamental role in signal processing, since it describes the close relation be-
tween a bandlimited function and its equidistant samples. It was discovered
independently by the mathematician E. T. Whittaker [Whil5] as well as the
electrical engineers V. A. Kotelnikov [Kot01] and C. E. Shannon [Sha49].
However, since Shannon was the first to recognize the relevance of the
sampling theorem in digital signal processing, it is frequently attributed to
him exclusively.

Theorem 4.2 (Sampling theorem of Whittaker—Kotelnikov—Shannon).

Let f € Bp2(RY) be bandlimited with bandwidth M € N.  Further
let L> M, L € N. Then f is completely determined by its values f(%),
L€ Z% and f can be represented in the form

=Y f(#)sinc(Lr(z - £)), xR (4.7)
Lezd

where the series converges absolutely and uniformly on RY.

Proof. (cf. e.g. [PPST23, Theorem 2.31])
(i) For L > M we have By2(R?) C By j2(R?) by definition (4.3), be-

cause of the simple embedding [, %]d C[-%, %]d Hence, each

f € Buja(RY) can be regarded as a function f € By o(R?) and there-
fore (4.7) holds as shown above.
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(ii) Considering the absolute convergence, the Cauchy—Schwarz inequality
implies

D)) [sine(Lr (2 — £))|

£ezd
1/2 1/2
< ( Z ‘f(f)|2> ( Z [sinc(Lmaw — 7T£)]2> . (4.8)
Lezd Lezd

For the first term it is known by the representation (4.7) and the orthonor-
mality property (4.5) that for any f € Bar/a(R?) C By jo(R?) with L > M
we have

17 sy = (6 Py = 70 3 178 (4.9)
£ezd
cf. [Nik75]. For the second term we consider the 1-periodic func-

tion h(t) == ™t ¢ € [, 5) for fixed & € R?, whose Fourier series is
given by

ht)= > cu(h)e*™®, te -1 1)
kezd

with the Fourier coefficients

ck(h) = /[ n ?mitlle=k) 4t — sinc(Lrx — 7k), ke Z%.
33

Then, using the Parseval’s identity we obtain for each fixed € R? that
. 2
> [sine(Lrz — 7k)]” = ||h||L2([7l gy =1 (4.10)
272
kez

Thus, by (4.8), (4.9), and (4.10), for each = € R? the series in (4.7) is
absolutely convergent with

Do) Isine(Lm (@ — )] < LY2 [ £l o)
VI

(iii) Regarding the uniform convergence, we need to show that

A | =St flley@ey =0, (4.11)
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where St f denotes the T-th Shannon sampling sum

(St f)(=x Z f(£)sinc(Lrz — 7€), x € R (4.12)
ll€lloo<T

By the representations (4.7) and (4.12) we have

fl®) = (Srf)(= Z f(£) sinc(Lrz — 7€), x € R

[1£]| oo >T

Then the Cauchy—Schwarz inequality yields

f(x) — (St f)(x)
| ( Z " , ‘ )1/2( Z )1/2
< f(*) ? [SinC(Lﬂ'iL‘ — 7r£)]2 . (4.13)
ll€lloo >T ’ 18]l >T

Since both series converge by (4.9) and (4.10), the partial sums satisfy

TH_I}nOO Z ’f(%)f =0 and Th—1>n0<> Z [sinc(Lrx — 776)}2 =0.
1€llco >T 18]l oo >T

(4.14)

Hence, the uniform convergence property (4.11) is implied by (4.13)
and (4.14). [ ]

Unfortunately, the numerical use of this classical Whittaker—Kotelnikov—
Shannon sampling theorem (see Theorem 4.2) is limited, since it requires
infinitely many samples, which is impossible in practice. Based on this
observation, numerous approaches for numerical realizations have been
developed. To provide an overview on this subject, this chapter is organized
as follows. Firstly, in Section 4.2 we show the poor convergence and non-
robustness of the classical Shannon sampling sums (4.12) and improve
results on the upper and lower bounds of the norm of the Shannon sampling
operator. Consequently, we study several regularization techniques that
can mitigate these drawbacks. Specifically, in Section 4.3 we firstly limit
our focus to the simpler univariate setting. Afterwards, the most efficient
method is generalized to the multivariate setting in Section 4.4. Finally,
we compare the approaches from Sections 4.3.1 and 4.3.2, and illustrate
our theoretical findings by the numerical examples in Section 4.5.
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4.2 Poor convergence of Shannon sampling sums

Due to the fact that the sinc function has rather poor decay, the Shannon
sampling series

Z f(%£)sinc(Lrx — L), xR, (4.15)
Lezd

converges very slowly. In order to demonstrate this fact, we truncate the
series (4.15) with T' € N and analyze the T-th Shannon sampling sum (4.12)
in greater detail. More precisely, since these sums can be constructed for
every f € Co(R?), we firstly examine the norm ||St|| of the corresponding
operator.

Lemma 4.3. The linear operator St : Co(R?) — Co(R?) in (4.12) has the
norm

157 = max Z |sinc(Lra — wl)]. (4.16)
l[€lloo <T

Proof. For each f € Co(R?) and « € R? the definition (4.12) of the T-th
Shannon sampling operator and the definition of the norm (4.2) imply

|(STf)(:c)|§ Z |(%)||blnc Lrx — Zﬂ')|

llelloo <T

< Z ’sinc(Lﬂ'a: — ETF)’ 1/ llcomey
[€lloo<T

such that

15T fllcymey < max Z |sinc(Lrx — £r)| I £l co(rey-
[1€]|co <T

Thus, assuming that the even nonnegative function

sr(x) = Z |sinc(Lrx — £r)|, x € RY, (4.17)
ll€lloo<T
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which is contained in Cp(R%), has its maximum at a point we denote
as x* = (27,...,25) " € RY, this yields

IS7Il = sup {IIS7flcymay: [flcomay =1} < sr(=").
The other way around, we consider the linear spline g € Cp(R) with

’ sign(sinc(Lra; — ¢m)) :4=-T,..., T,
9(z) =

0 0eZ\{-T, ..., T}

Then its tensorized version g(£) := H?:l g(¢:) satisfies [|g||c,re) = 1 and
by the product structure of the sinc function (3.31) we have

d
(Stg)(z) = Z (H sign (sinc(Lrz; — Eﬁr))) sinc(Lrax — £r)
ll€llee <T \t=1
< sr(x*).
Thus, evaluation at the point * = =*, i.e.,

(Stg)(x*) = Z |sinc(L7ra:* - EW)} = :ICI?R% sr(x) = sp(x™),
1€]|cc <T

implies
STl > 1S7gllcoraey = gggj |(ST9)(-’E)‘ = sp(x”).

and hence (4.16). [ |

Note that Lemma 4.3 generalizes the result from [KPT24, Lemma 2.1]
to d > 1. Now we show that the norm ||Sz| is unbounded with respect
toT € N.

Lemma 4.4. The norm of the operator Sp: Co(R?) — Co(R?) can be esti-
mated by

<[5zl (4.18)

2 T+2 \*
<(7T(n +C)JFWT(T—l—l)) ’

(;‘; (InT +c) — 7rT(2T+1))d
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where ¢ = 21n2 + v with the Euler constant

T
) 1
'yTlgI;O( E klnT) = 0.57721566. ...

k=1

Proof. For ease of notation we start with the case d = 1, as done in [KPT24,
Theorem 2.2]. As suggested in [Ste93, Problem 3.1.5] we represent (4.17)
in the form

T+1
sp(x) = Z ae(z), z€R,
=1

with
() |sinc(Lax — fr)| + |sinc(Laz + (0 — D)7)| :€=1,..., T,
ap(xr) ‘=
’sinc(Lﬂx—&—Tw)‘ =T+ 1.
Since the function sy in (4.17) is even, we estimate its maximum only

forx > 0. For{ =1, ..., T, we have a;(0) = ag(%) = 0 and by the trigono-
metric identities we obtain for x € (0, %) that

ao(z) = sin(Lmx) < 1 N 1 > B (2¢ — 1) sin(Lrx)
A (—1+Le (—Lz) =[({—1)0+Lz(l-La)]
By defining the functions by: (0, 1) - R, ¢ =1, ..., T, via
T sin(mz)
— z) — 1
bel@) = Gy a(%) —Dirai-a €O

we have the symmetry property by(z) = by(1 — x), i. ., each b, is symmetric
with respect to % Furthermore, by b)(z) > 0 for z € (O, %], the function by
is non-decreasing on (O7 %] and therefore has its maximum at x = % Thus,
the function ay: [0, %] — R has its maximum at z = ﬁ, i.e.,

4

(Y= 1T
A3 @) = lar) = rye (=0

Additionally, the function ap41(x) can be written as

sin(Lmx)

CLT+1($) = m7 S [07 f] s
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such that
0< (2) < —
max a —
z€[0,1/L] THE T’
Note that in the case T > 1 the function apyq: [ } — R has its maxi-
mum close to x = —. Hence, in summary this y1elds
T T
4 1 4 1 1
-y ——< <=y ——+—.
7r ; 201 S b, or@ < o ; 21" ar

For z € [£, *1] with arbitrary k€N, the sum sp(z) in (4.17)
is less than it is for x € [O, %], since for each z € (O, %) we
have sin(Lrx — nw) = (—1)"sin(Lwz), n € Z, and

sin(Lmx) sin(Lmx)
keN
Z | Lmx — (€ —k)m Z |L7rx—€7r\ =

such that sy (% + 2) < sy (z). Thus, for the even function sp(z) in (4.17)
we obtain

SIS

T
1 4 1 1
< < — e
;2571 max s (v) < Z%fﬁL T

which, by Lemma 4.3, can also be written as

T T
4 1 4 1 1
— — _— . 4.1
w;2£—1<‘|ST”<7rg%—1+7rT (4.19)

Note that for T > 1 the value
T
4 1 2
1) = 4.2
s(ar) = ZZZI 3 —1 72T +1) (4.20)

is a good approximation of the norm | Sz||.

Now we estimate ||Sr|| by InT. For this purpose we denote the T-th
harmonic number by

T
1
=2 T
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such that
T T T
1 1 1 1 1
— = —+ — | — — = Hop — = Hp. 4.21
Zz£—1 Z(Qé—lJr%) Z% R (4.21)
=1 /=1 =1
Using Euler’s constant v = limp o0 (HT —1In T), the estimates

1 1
< Hp-InT—~<—
9T 12 S HT T TS o

are known, cf. [You91], such that

1
(InT +2W2 +7) = o < Hop — 5 Hy (4.22)

1
2
1

InT + 12 S
T +I24+9)+ 7

l\J\»—t

Therefore, applying (4.19), (4.21), and (4.22) yields the assertion (4.18)
for d =1.

For d > 1 we then use the fact that by the product structure of the
d-variate sinc function (3.31) we have

sr(x) = Z |sinc(Lrx — 78)|

HlHM<T

d
H < Z |sinc(Laxy — 7l)] > = H st (), (4.23)

and thus

d d
ISz = max s7(x) = max (1:[ ST(xt)> = <m€aﬁ( ST(Q:)) (4.24)
in connection with the previous result for d = 1 implies the assertion (4.18).
|

Note that Lemma 4.4 improves a former result of [Ste93, p. 142, Prob-
lem 3.1.5], which only contains a coarse proof sketch for the upper bound,
while (4.18) gives a very precise nesting, see also Figure 4.14.
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In addition, it should be pointed out that Lemma 4.4 shows that although
the Shannon sampling sums (4.12) can be formed for each f € Co(R?), this
is not a meaningful operator in this general setting. Since by Lemma 4.4
the norm of the linear operator Sy: Co(RY) — Cy(R?) is unbounded with
respect to T', the theorem of Banach—Steinhaus implies that an arbitrary
function f € Cp(IR?) cannot be represented in the form (4.15). For bandlim-
ited functions f € By 2(R?) € Co(R?), however, the series (4.15) converges
absolutely and uniformly on whole R?, as known from the Whittaker—
Kotelnikov—Shannon sampling theorem, see Theorem 4.2. Therefore, the
Shannon sampling operator St should be considered for bandlimited func-
tions f € Bar/2(R?) only.

Nevertheless, also for bandlimited functions the convergence of the
Shannon sampling series (4.15) is very slow due to the poor decay of
the sinc function, as can be seen from the sharp upper and lower bounds
of the norm of the Shannon sampling operator, see Lemma 4.4. More pre-
cisely, considering the one-dimensional setting we only have a convergence
rate of 1/v/T, as mentioned in [Jag66, Zay93, ST06]. For the multivariate
setting we will provide a rigorous analysis of the approximation error in
Lemma 4.6. Before doing so, we need the following intermediate lemma,
which is frequently referred to as the integral test for convergence of series,
also known as the Maclaurin—Cauchy test, see e.g. [WW20, p. 71].

Lemma 4.5. Let g: R — R be a function, which is continuous and
monotonously decreasing on the interval [A, oo) with A € Ng. Then the
series Y po 4 (k) converges if and only if the improper integral fjo g(z) dx
is finite. More precisely, we have

oo

/wdmdeEZg%%éﬂA%+/ o(z) da. (4.25)
k=A

A A

Proof. Since the function g is monotonously decreasing on the inter-
val [A, 00) by assumption, we have g(k) < g(x) for all k£ > x > A. Hence,
this yields

k k
s = [ gmyars [ gran kza+L
k—1 k—1

since g is continuous and therefore integrable on the interval [A, co). By
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summation over all k € {A,A+1,..., B}, B € N, we obtain

B B
gk =g+ Y (k)
k=A k=A+1
B k B
<o+ 30 | s@as =g+ [“g@ar. @20

such that the limit process B — oo implies the right-hand side of (4.25).
Analogously, one can also show the left inequality in (4.25). This completes
the proof. |

Now we are fully equipped to provide a rigorous analysis of the approxi-
mation error, which can be seen as a generalization of [Jag66, Theorem 1]
tod > 1.

Lemma 4.6. Let f € By/o(R) be a bandlimited function with band-
width M € N. Then, for T,L € N with T'> L > M we obtain the error
estimate

2L\ ¥/?
L [f(@) = (Sr)(@)| < ( = ) (T = L) fll .-

Proof. By (4.13) and (4.9) we immediately have

1/2
|f(x) — (Srf)(=)| < L2 ||f|L2<Rd>( > [sinc@m—we)]?) :

1]l o >T

For estimating the sinc series we recognize that equivalently to (4.23) we
can write

3 [sine(Lrz — 70)]* =[] ( 3" [sine(Lrz, - mf)

el o> T =\ i
d oo oo
1 1 1
<= Il X 7+ 2 )
= 2d —3 5
B <€—T+1 (Lxy =) (=T+1 (Lay +£)

Then the integral test for convergence of series, see Lemma 4.5, yields
o0

1 o0 1 1
T2 —dv=——, T>1L
4;1 (Lwy — £)? = /T (Lay — v)? v L’ Tty
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oo

1 o0 1 1
— < d?} = , T > *LIB ,
e:;1 (Lae +£)? /T (Lzy + v)? T+ Ly t

cf. [Jag66, Theorem 1], such that for T' > L we obtain

1/2 d 1/2
. 2 1 2
s (3 fometime —re)*) < (IITL>

[€]loo>T
and thereby the assertion. |

Note that several works, such as [Jag66, YT66, Pip75, BES82, CM8&2,
Mar92, Zay93], have studied a pointwise error decay when additional
conditions are imposed on f € Bys/o (R?). General results on whole R?,
however, are not feasible for arbitrary f € Bys/2(R?). Rather, the uniform
approximation error [|f — S f||c,®+) can only be studied under the ad-

ditional assumption that f € Bys/o (R9) satisfies certain decay conditions,
see [Li98, JGO3].

In addition to this rather poor convergence, it is known, see [Fei92a,
Fei92b, DDO03], that in the presence of noise in the samples f(%), L7,
of a bandlimited function f € BM/Q(Rd), the convergence of Shannon
sampling series (4.15) may even break down completely. To show this,
let f € Barja(R?) be a given bandlimited function with bandwidth M € N
and let T' € N be sufficiently large. For given samples f (%) with £ € Z¢4
and L > M, L € N, we consider finitely many erroneous samples

fg — { f(%) +ee ||e||00 < Ta
f(%) o > T,

with error terms ¢ which are uniformly bounded by |eg| < € for ||£]|c < T.
Then the approximation

f(w) = Z fg sinc(Lrx — ml)

Lezd

= f(z) + Z ggsinc(Lrx — 7€), x € R
€]l o <T

satisfies the following error bounds, see [KPT24, Theorem 2.3].
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Theorem 4.7. Let f € B M/Q(]Rd) be an arbitrary bandlimited function with
bandwidth M € N. Further let T, L € N with L > M, and € > 0 be given.
Then we have

- 2 5 1\
17 = Flly ey < € ( 1nT+4+2T) | (4.27)

Moreover, for the special error terms

d
¢ = e sign(sine(51y — 7h)) =¢ (—1)at-Htatd H sign(26, — 1) (4.28)
t=1

for €= (l1,...,04) € Z¢ with ||£||c <T we have

d d
. 2 4 2y 2 5
Hff||CO(Rd)zs(7T 1nT+ﬂ_1n2+ﬂ_> >e<7T lnT+4> , (4.29)

such that the Shannon sampling series (4.15) is not numerically robust.

Proof. By (4.24), (4.19) and (4.22) we are given the upper error bound

4 & 1 1 ¢
1/ = Fllegme) < & maxsr(e) <e <7r Dt 7TT>

/=1
d

2e T+2

(T +2m2 o Te
< - (n +2In +7+2T(T+1)>

Since

4 2

Z 2+ 2 = 1.2500003. .. (4.30)
™ T

and the sequence purp = ;—ﬁ =1+ T%rl is monotonously decreasing

with maxpen pr = p1 = %, we have

g 2, 1 P
r AT T M= T o

which yields (4.27).
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Next, we proceed with the lower bound. By the special choice of the
finitely many error terms €p in (4.28) we obtain

flx) — flx)=¢ Z sign(sinc(314 — 7£)) sinc(Lrx — 7€), € R4
ll€lloe <T
(4.31)

Thus, by (4.23) as well as (4.20) — (4.22) we conclude that
17 = Sy = F10 — F 1] =e 32 |sine(F1a—e)
€lloo <T

(i (2 4,2
fg(sT(zL)) >s<ﬂ_ lnT+7T1n2+ 71-) ,

such that (4.30) completes the proof. [ ]

Note that (4.27) specifies a corresponding remark of [DD03, p. 681]
as it makes the constant explicit. In addition, we remark that the
norm Hf — f”co(Rd) does not depend on the special choice of the func-

tion f € Byy/z (R?) or the so—called oversampling parameter \ = LX/IM >0
for L > M, see Figure 4.14. Furthermore, Figure 4.14 also illustrates that
for T'— oo the error behavior shown in Theorem 4.7 is not satisfactory.
Thus, in the presence of noise in the samples f(£), £ € Z%, the convergence
of the Shannon sampling series (4.15) may even break down completely.

Remark 4.8. In the above worst case analysis we have seen that the approx-
imation of f € By/2(R?) by the T-th partial sum (4.12) of its Shannon
sampling series with L > M is not numerically robust in the determinis-
tic sense. On the other hand, a simple average case study, see [KPT24,
Remark 2.5], shows that this approximation is numerically robust in the
stochastic sense. Therefore, we compute (4.12) as an inner product of the
real (27 + 1)%-dimensional vectors

(f(%)) <t and  (sinc(Lwx — £r)) l€l]<T

Now assume that instead of the exact samples f(£), ||€|| < T, only per-
turbed samples f(%) = f(%) + Xe, ||€l|oc <T, are given. In this case,
the error terms are modeled as real random variables Xg, £ € Z?, that
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are uncorrelated, each having vanishing expectation E(Xg) = 0 and con-
stant variance V(Xp) = E(|X,|?) = p? with p > 0. Then we consider the
stochastic approximation error

Z f % blIlC (Lrx — ) Z f % smc (Lrax — €r)
ll€lloc <T 8lloe<T

Z Xpsine(Lnte — ).
€l <T

Obviously, this error term Ar has the expectation

E(Ar) = Z sinc(Lrx — €n)E(X,) =0
ll€]loo<T

and the variance

V(Ar)= Y [sine(Lra — £n)|* V(Xe)
lello<T

=p? Z |sinc(Lrx — £7r)|2
ll€lloo <T

Thus, by (4.10) we obtain V(Az) < p2. o

4.3 Univariate regularized Shannon sampling
formulas

As seen in Section 4.2, the practical use of the classical Shannon sampling
series (4.15) is limited, since it requires infinitely many samples, has rather
poor convergence, and is not numerically robust in the deterministic sense.
Therefore, we will now discuss some numerical realizations of the Whittaker—
Kotelnikov—Shannon sampling theorem, where for the sake of simplicity,
we initially focus on the univariate setting d = 1.

To address the demonstrated shortcomings, a so-called oversampling is
frequently used, i.e., a function f € By/2(R) of bandwidth M € N is sam-
pled on a finer grid %Z with L > M, where the oversampling is quantified
by the oversampling parameter \ = £=M
eral regularization techniques, i. e., generalizations of the classical Shannon
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sampling series (4.15) which are of the form

PRACALICERD) (4.32)

LEZ

with some suitable function ¢: R — [—1, 1]. More precisely, similar
to [SS00], we examine regularization functions 4 that are either bandlimited
or timelimited, meaning that they are compactly supported in the frequency
domain or in the spatial domain, respectively.

On the one hand, we investigate the regularization in frequency do-
main, as done for instance in [Dau92, Nat86a, Rap96, Par97, ST05]. This
approach is based on choosing a so—called window function 1,2 that is
compactly supported in the frequency domain. Afterwards, in order to
compute the approximation (4.32), the corresponding function v in spatial
domain has be to determined by means of inverse Fourier transform (4.4).
However, by the uncertainty principle (see [PPST23, Lemma 2.39]) it is
known that supp(¢) = R, such that (4.32) still requires infinitely many
samples. Thus, for numerical realizations an additional truncation of the
series is required, such that we approximate a function f € Bj/2(R) by
the T-th partial sum of (4.32).

On the other hand, we consider the regularization in spatial do-
main, which was introduced for example in [Qia03, SS07, MXZ09, LZ17,
CZ19, KPT22]. Here for some m € N\ {1} a suitable window func-
tion @,,: R — [0, 1] with compact support [f T %] and ¢,,(0) =1 is
chosen in spatial domain. Then the regularization function 1 in (4.32) is
given by 1(z) = sinc(L7wx) ¢y, (x). Since this implies ¢ (z — %) ’mzﬁ = 0k.0
for all k,¢ € Z, this method is an interpolating approximation. MLoreover,
by the use of the compactly supported window function ¢,,, the computation
of (4.32) for x e R\ %Z only requires 2m + 1 samples f(%), where ¢ € Z
fulfills the condition |£ — Lz| < m.

In the following, we study both approaches, propose new error estimates
for several choices of the window functions 1[1 and ¢,,, and compare the
theoretical and numerical approximation properties in terms of error decay
rates.

To this end, this section is organized as follows. Firstly, in Section 4.3.1
we start with the regularization using a window function in frequency
domain. After recapitulating a known general result in Theorem 4.9, we
consider several window functions of different regularity and present the
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corresponding algebraic error decay rates based on a general result in Theo-
rem 4.10. Subsequently, in Section 4.3.2 we proceed with the regularization
using a window function in spatial domain. Here we also review a known
general result in Theorem 4.25 and demonstrate the exponential decay of
the considered window functions afterwards.

4.3.1 Regularization with a window function in frequency
domain

To overcome the drawbacks of poor convergence and numerical instability
of the Shannon sampling series (4.15), one can apply regularization with
a convenient window function either in the frequency domain or in the
spatial domain.

Similar to [KPT24], we firstly consider the regularization with a frequency
window function of the form

) 1 o] < &
v()=q &(vl) 5 <l <3 (4.33)
0 | > £,

cf. [Dau92, Par97, ST05], where &: [&f, L] — [0, 1] is frequently chosen
as some monotonously decreasing, continuous function with £ (%) =1
and & (%) = 0. Applying the inverse Fourier transform (4.4), we determine

the corresponding function in spatial domain by

L/2

() = /Rﬁ(v) e?™vT gy = 2 ¥(v) cos(2mvz) dv. (4.34)

0

Analogous to [Dau92, p. 19] and [Par97, Theorem 7.2.5], we obtain the
following representation result, see also [KPT24, Theorem 3.3].

Theorem 4.9. Let f € By/o(R) be a bandlimited function with band-
width M € N and let L .= M (14 X) € N with A > 0. Further assume that
the samples f(%), { € Z, fulfill the condition

DoIF(E)] < oo (4.35)

LEZ

Using oversampling and regqularization with a frequency window function 1[1
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of the form (4.33), the function f can be represented as
=> f(%) Z —-4), zeR, (4.36)
LeZ

where the series (4.36) converges absolutely and uniformly on R.

Proof. Since by assumption f € Bj/2(R) is bandlimited with bandwidth M,

we have supp(f) C [—%, %] C [—%, %} and therefore the function f

restricted on [—%, %] can be represented by its L-periodic Fourier series
fv) = e(f)e?™ @/, ve -4, 4],
€7
with the Fourier coefficients
L1 L2 .
alfy= [ Fwemerta
—L/2

Using the deﬁnition of the inverse Fourier transform (4.4), we recognize
that c,(f) = + f( — £). Hence, we may denote f as

1 .
:sz(%)ef%rlZv/L, = [_%’
LET

Sl

]. (4.37)

By the Weierstrass M-test and assumption (4.35), the Fourier series (4.37)

converges absolutely and uniformly on [—%, 5] Additionally, by assump-
tion we have supp(f) - [f%, %] as well as @ZJ( y=1forve [f%, %]

by (4.33), such that f(v) = f(v) 4 (v) for all v € R. Therefore, by insert-
ing (4.37) into the inverse Fourier transform (4.4), we obtain

. : Lz
— / f(’U) eszv dv = / f(U) e27riaw dv
R

L2

L/2

L/2 ) |
:/ f(v) h(v) e*™e dy = Z f % / b(v) Q2mi(@—t/L)v gy

~-L/2 ez -L/2

LET
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where summation and integration may be interchanged by the theorem of
Fubini—Tonelli, if

L2

FX WO el <.

= -L

which is fulfilled, since we have (4.35) and |¢)(v)| < 1 by definition (4.33).
Additionally, note that from (4.33) and (4.34) it follows that

L/2
|z/1(gc)|§2/ | cos(2mva)|dv < L, xz€R.
0

Hence, we have % ’z/J(x — %)} < 1forall x € R and £ € Z, and consequently
the series (4.36) converges absolutely and uniformly on R by (4.35) and
the Weierstrass M-test. |

Note that (4.36) is not an interpolating representation, since in general
we have
1 ¢
Z ’(/)(l’—z) #6&[, k,er
k

I:L

Moreover, since the frequency window function ¢ in (4.33) is compactly
supported, the wuncertainty principle (see e.g. [PPST23, Lemma 2.39])
yields supp(¢) = R, such that (4.36) does not imply localized sampling for
any choice of 1. In other words, the representation (4.36) still requires
infinitely many samples f (%), leZ.

For practical realizations we therefore need to consider a truncated
version of (4.36). Hence, for T' € N we introduce the T-th partial sum

(Porf)@)= 3 f(£) To(e—4), weR  (439)

=—T
and show the following new convergence result.

Theorem 4.10. Let f € By/o(R) be a bandlimited function with band-
width M € N and let L =M (1+ \) € N with A > 0. Further assume that
the samples f(%), L e Z, fulfill the condition (4.35). Using oversampling
and reqularization with a frequency window function of the form (4.33), the
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T-th partial sums Py v f uniformly converge to f on [-1, 1] as T — oco. If
additionally the decay condition

[¥(2)] < clz]™", 2 €R\{0}, (4.39)

holds, for T' > L we obtain the error estimate

L [f(2) = (Pyrf)(@)] < el /52255 (T = L) 02| £l 1y m)
(4.40)

Proof. By (4.36) and (4.38) we have
f@) = (Pyrf)(@) = > f(%) z ~ 1)
[>T
such that the Cauchy—Schwarz inequality implies
1/2 1/2
/(@) = (Pyprf)a <Z|f£ ) (le(x—i)f) :

[e|>T [|>T
(4.41)

Since f € By/2(R) is bandlimited with bandwidth M € N and L > M, we
obtain by (4.9) that

1/2
( S ) ) / < VL fllL.@)- (4.42)
[£|>T
Since by assumption the decay condition (4.39) is satisfied, we have
(2 — —)| <AEL* (L —0)7%",
Thus, for T > L and x € [—1, 1] we obtain

( > Hw(x_ﬁ)’2>l/2 < ey ( 3 (Lx_g)—%-)m

[>T [>T

[} 1/2
—cLT1< Z (Lx +0)7%" + Z (Lx —0)~ 2T>
=T+1

(=T+1

<elm 1 ( i )1/2.
=T+
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Using the integral test for convergence of series, see Lemma 4.5, we conclude

oo o0

D e A

=T+1 T

- (T _ L)_2T+1,

which yields

1/2
( Z |1/J($* £)|2> < eIt /27’2_1 (TfL)(fer)/z' (4.43)

[>T

Hence, the estimates (4.41), (4.42), and (4.43) imply the assertion (4.40).
]

Note that for the frequency window functions ’(/AJ in (4.33) only error
estimates on certain compact intervals (such as for example [—1, 1]) can
be given, while results on whole R are not feasible. We remark that in the
univariate setting d = 1 the error estimate in Lemma 4.6 coincides with
the one of Theorem 4.10 using r =1 and ¢ = % Therefore, the result in
Theorem 4.10 can be viewed as a generalization to window functions v
in (4.34) with faster decay than the sinc function (3.31).

Remark 4.11. In [SS00, Lemma 2] it was shown that by considering the
Bernstein spaces of bandlimited functions

B o(R) = {f € 7 ®R) N LP(R): supp(f) € [-4, ¥] } CC=(R),

where ./(R) denotes the set of tempered distributions, cf. Section 6.1.3,
the Marcinkiewicz—Zygmund-like inequality

LS 1@r) " = (14 5755) oo

LEZ

holds for all f € BM/Q( ) with 1 < p < co. Thus, by using Holder’s in-
equality

10 - Rl < ( £ 150F) (S ot prr)”

le|>T le|>T
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with % + % = 1 instead of (4.41), the LP-version
— (P,
max |f(@) - (Pur)(o)

el (3+2))
- 242X\

2 1/q L
(-25) @D e

of Theorem 4.10 can be shown analogously for all f e B}, /2(R) with

1<p<oo. o

Additionally, note that in Theorem 4.10 we require the inverse Fourier
transform ¢ in (4.34) of the frequency window function ¢ in (4.33) to
satisfy the decay condition (4.39), since this is the property used in the
proof of the error bound (4.40). However, there is a correlation between
the smoothness of ¢ in (4.33) and the decay rate of 1 in (4.34) given by
the following lemma.

Lemma 4.12. Forr > 0 let ¢ € C"(R) with smoother € € C"+2 (-4,
in (4.33). Then the corresponding function ¢ in spatial domain fulfill
decay condition (4.39).

5])
s the

h
Proof. Considering (4.33) we recognize that ¢» € C”(R) holds if and only if

f(%)zl, €(p)(%):()’ p217"'7r7
P (L) =0, p=0,...,7
By means of this fact and the (r + 2)-times differentiability of &, the

function ¢ in (4.34) can be computed using (r 4 2)-fold application of
partial integration as

M/2 L/2
Y(z) =2 / cos(2mvz) dv + 2 / £(v) cos(2mvz) dv
0 M/2
=5 "(v) sin(2 =..
27z Juiys &' (v) sin(2mvz) dv

. 9 L/2
(*1)# W /M/2 E(Ml)(v) cos(2mvx)dv  : rodd,

r+2 2 L/2 1
(-1)= ) /M/ 0t (v) sin(2rvz)dv  : reven,
2
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r+41

2('25;32:2 ({5(”1)(@) sin(QﬂUx)} Z/QQ

L2
_/ 02 (v) sin(2mvz) dv) : rodd,
M/2

L2
_/ £r+2) (v) cos(2mv) dv) : reven.
M2

Therefore, employing the triangle inequality twice we obtain

~(rt2), __ 2 o 0+
B < Jal ) <r[n £ () -2

¥4

L2
+ max £0FD(y). / dv
ve[%,%] M/2
and thus an estimate of the form (4.39). ]

Remark 4.13. Let us consider the issue of numerical robustness, i.e., sup-
pose that the samples f(%)7 ¢ € Z, of a bandlimited function f € Bys/2(R)

are not known exactly, but rather erronecous samples fy := f (%) + &y
with |e¢| <&, £ €Z, and € >0 are given. Then for '€ N we denote
the T-th partial sum with erroneous samples f; by

(Pyrf)(z wa zeR.

L=
Using this definition as well as (4.38) we have
T

(Porf)@) - Purh@) =1 3 (=1 (8) vz 4)

{=-T

T
1

{=-T
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Since we already know that % |w(;v — %H < 1forall z € Rand ¢ € Z, the
uniform perturbation error can be estimated by

T
|Poxf = Porflleym <mar 2 leel £ [9(z — 1)
{=-T

T
<e Z 1=e(2T +1).
=—T

Thus, for fixed T' € N the T-th partial sum (4.38) is numerically robust.
However, since a lower bound similar to Theorem 4.7 is not yet known,
the numerical robustness of the regularization (4.36) in the Fourier domain
remains unclear. o

Linear frequency window function

Now given the general results, let us consider some possible choices of win-
dow functions. A simple example of a window function (4.33) in frequency
domain is the linear frequency window function

1 o] < %,
Diin(v) = 1= MMy < L (4.44)
0 o] > %,

cf. [Dau92, pp. 18-19], [Par97, pp. 210-212] or [SS00, Example 2]. Note

that in the trigonometric setting a function of the form (4.44) is also often

referred to as trapezoidal or de La Vallée-Poussin type window function,

respectively. Obviously, the window function z/A)lin(U) is a continuous linear
L L

spline supported on [—5, 5], see Figure 4.1a. By (4.34) we obtain the

corresponding function in spatial domain as

M2 L/2 2% — M
Yiin () = 2 / cos(2mvx) dv + 2 / (1 ke > cos(2mvx) dv
0

M/2 L-M
= m (cos(Mmx) — cos(Lwx))
_L+M sinc(£EM 7z) sine (L5 wz), 2z € R\ {0}, (4.45)

2
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and ¥}, (0) = # This function %wlin is even, supported on whole R,
and has its maximum at x = 0 such that
L+ M

2L

1 1
7 ¥lin = 7 Ylin == 1.
o L a0 <

Co(R)
In addition, the function +t1,(z) has a faster decay than sinc(Lrz)

for |z| = oo, cf. Figure 4.1b, while for L — +M we have

. 1 .
LEIEM I Yiin(x) = sinc(Mnz).

Moreover, for the linear frequency window function (4.44) we have the
following convergence result, cf. [KPT24, Theorem 3.4].

Lr . i ) 1 —_ Sil‘lC(LTf:l’) H
H E /\ Lt ()

0 v"v’\\[’\\ll\ /\ VA\,’\ N
TR 0 5 10
L L L L
v X
(a) thin in (4.44) (b) L i in (4.45)

Figure 4.1: The linear frequency window function (4.44) and its scaled
inverse Fourier transform (4.45).

Theorem 4.14. Let f € By/2(R) be a bandlimited function with band-
width M € N and let L =M (1+ X) € N with A > 0. Further assume that
the samples f(%), ¢ e Z, fulfill the condition (4.35). Using oversampling
and regularization with the linear frequency window function (4.44), the
T-th partial sums Piyrf converge uniformly to f on [-1, 1] as T — oo.
For T > L we obtain the error estimate

L A
(0~ (Pl < 222 @ pyny
(4.46)
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Proof. By Theorem 4.10 we only have to check the decay rate of the
function )y, corresponding to the linear frequency window function (4.44).
It can easily be seen that 1y, in (4.45) satisfies the decay condition

2
; < —— x| 72 R
‘whn(m)‘ — M)\7T2 |£L‘| ? YAS \{0}7
and thus (4.40) implies the estimate (4.46). [ ]

Higher order frequency window functions by means of interpolation

In order to obtain convergence rates better than the one in Theorem 4.14,
one may consider frequency window functions (4.33) of higher smoothness,
cf. Corollary 4.12. Therefore, our next step is to construct a continuously
differentiable frequency window function by polynomial interpolation as
done in [KPT24]. Since the frequency window function (4.33) is even, it

M L M

suffices to consider £: [4f, £] — [0, 1] only at the interval boundaries 4

and % Clearly, the linear frequency window function ﬂhn in (4.44) fulfills

lim &(v) =1, lim &) =

U—>2 'U—>2

Thus, to obtain a smoother frequency window function, we need to addi-
tionally satisfy the first order conditions

lim ¢'(v) =0, hmf()

v— 5 v—L 5

Then the corresponding interpolation polynomial yields the cubic frequency
window function

1 o] < %,
Do (v) = ¢ 207w (Jol = 5)*(jo] = 24=E) 4 < \vl <3, (447)
0 \Ul >4,

see Figure 4.2a. By (4.34) the inverse Fourier transform of (4.47) is given
by

L+ M
2

12 (sinc(£5M 7z) — cos (£5M 7))
m2x2(L — M)?

sinc(L'gM ) -

7vZ](mb (’JJ) =
(4.48)
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for z € R\ {0} and theu (0) = £ cf. Figure 4.2b. Hence, analogous to
Theorem 4.10, the following error estimate can be derived, cf. also [KPT24,
Theorem 3.7].

Theorem 4.15. Let f € By/2(R) be a bandlimited function with band-
width M € N and let L =M (1+ \) € N with A > 0. Further assume that
the samples f(%), L e Z, fulfill the condition (4.35). Using oversampling
and regularization with the cubic frequency window function (4.47), the
T-th partial sums Peun 7 f converge uniformly to f on [—1, 1] as T — oo.
For T > L the following estimate holds

2L 14 (1 + \)? _5)2
a:erfl—al},(l]’f(‘r)_ (Pewn, 7 f)(x | < \/77T3>\2(T_L) 11l 2.®)
(4.49)

Proof. By Theorem 4.10 we only have to check the decay of the func-
tion ¥eyup corresponding to the cubic frequency window function (4.47). It
can easily be seen by graphical representation that e, in (4.48) satisfies
the decay condition

14
5 lel™?, 2 e R\ {0},

|¢cub(x)| < m

and thus (4.40) implies the estimate (4.49). ]

Remark 4.16. Another continuously differentiable frequency window func-
tion is given in [Rap96] as the raised cosine frequency window function

1 Dol < %
¢cos(v) = %+% COS (22)‘_7]\247'() : % < |’U‘ < %, (450)
0 s vl > é

see Figure 4.2a. By (4.34) the corresponding function in spatial domain
can be determined as

L+M
2

[¢0)] (L M 7T.13)

(4.51)

L+M
2

wcos (517) =

sinc(
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and  Yeos (:t L_1M> =L=M cos (M), of.  also [SS00, Example 6]

and [QO05, Corollary 2.1], see Figure 4.2b. Note that graphical repre-
sentation shows that this function .. satisfies the decay condition

2
Wcos(w)] < m

2|7, = e R\ {0},

and thus (4.40) implies an error decay of the same rate as in (4.49), but
with a slightly larger constant. By Corollary 4.12 this can also be seen
in (4.50) and (4.47), since Yeos € CH(R) and Yoy, € C(R) possess the same
regularity, and therefore both frequency window functions meet the same
error bound (4.49), cf. Figure 4.16. o

:
— sinc(L7z) H
%le“%nh(»f)
 Lh(a)

0.5 —
..... X[, (0)
Yeun(v)
s Weos(V) b .:'\AM'J
(1] S ST e SR b
_L _M 0 M L 10 _‘ 5 () i 10
2 2 2 2 T 7 I T
v €T
b d ¢ (b) + theu, and + o
(a) wcub an ¢cos 7, ¥cub T Ycos

Figure 4.2: The frequency window functions (4.47) and (4.50), and their
scaled inverse Fourier transforms (4.48) and (4.51).

Higher order frequency window functions by means of convolution

Note that by (4.45) and the convolution property

(fxgy=fg€Co(R), f, g€ Li(R), (4.52)

of the Fourier transform, where for f, g € L1(R) the convolution is defined
by

(f*9)(x) = / fa—t)gtyd, zeR.
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the linear frequency window function (4.44) can be written as

Drin (v)

2
= 7 (o, s X ey (0,

Therefore, instead of determining smoother frequency window functions of
the form (4.33) by means of interpolation, they can also be constructed by
means of convolution, cf. [Nat86b] and [KPT24, Lemma 3.9].

Lemma 4.17. Let L > M be given. Further assume that p: R — [0, 00) is an
even integrable function with supp(p) = [—E£5%, =M1 and [; p(v) dv = 1.
Then the convolution

Yeony (V) = (X[_ LM L) ¥ p)(v), vER, (4.53)

R 4

is a frequency window function of the form (4.33).
Proof. By assumption we have p € Ly (R). Since X[t piar) € Li(R) as
4 ? 4

well, their convolution z/AJCOm, € L1 (R) can be written as

R (L+M)/4 v+(L+M)/4
Yeonv (V) = / p(v—w)dw = / p(w) dw. (4.54)
—(L+M)/4 v—(L+M)/4

Since the convolution of two even functions is again an even function, it is
sufficient to consider (4.54) only for v > 0.
For v € [0, %] we have v— LM < L-M - L-M Sv—l—#

thus the assumption supp(p) = [— L_4M , L_4M | yields

and

. (L—M)/4
beonv (V) = / plw)ydw =1, wve o, 4],
—(L-M)/4

For v € [%, g] we can write

) (L—M)/4
Veonv (V) =/ pw)dw >0, ve[i L],
v—(L+M)/4

|t~

where ﬁconv(%) =1, zﬁconv(%) =0, and Yeony: [%, g] — [0, 1] is
monotonously non-increasing, since p(w) > 0 for all w € R by assump-

tion. Finally, for v € [%, oo) we have v — # > L_4M, which implies by

assumption supp(p) = [— L_4M, LZM] that

) vH(L+M)/4
'(!]Conv(v) - / p(’LU) dw = O, v Z
v—(L+M)/4

|t~
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Thus, the window function theony defined by (4.53) is of the form (4.33). M

Given such a frequency window function teeny in (4.53), its inverse
Fourier transform (4.34) is known by the convolution property (4.52) as

Yeonv(T) = L —;M sinc(LEM mz) p(z). (4.55)

Thus, to obtain a suitable window function (4.53), we need to assure that
the inverse Fourier transform

) (L—-M)/4 )
ﬁ(l’) _ / p(’U) emev dv = / p(’l)) emev dov
R —(L—M)/4

of p is explicitly known.

Remark 4.18. We remark that the frequency window functions ﬂcub in (4.47)
and eos in (4.50) lack a convolutional representation (4.53). Although
the corresponding functions (4.48) and (4.51) in spatial domain are of
the form (4.55), for both frequency windows the Fourier transform of the
respective function g is not explicitly known (only in the sense of tempered
distributions, cf. Section 6.1.3). o

As before, proper error estimates for the convolutional frequency win-
dow function z/?conv in (4.53) can be achieved by means of Theorem 4.10.
However, note that Lemma 4.12 is not applicable in this setting, since the
smoothness properties of the function £ in (4.33) are unknown. Neverthe-
less, it can be shown that the smoothness of the window function (4.53)
in spatial domain as well as the decay of the respective function (4.55) is
determined by the smoothness of the chosen function p in (4.53), as the
following lemma shows.

Lemma 4.19. For r > 0 let the function p in (4.53) satisfy p € C""1(R)

as well as p € C"HH(R\ { — L5, =M ) Then theony € C"(R) and the

corresponding function Yeony in (4.55) in spatial domain fulfills the decay
condition (4.39).

Proof. Obviously, the function p is integrable, since p € C'(R) by assump-
tion. Let P be an antiderivative of p, then the representation (4.54) yields

R v (L+M)/4 ! /
Gtto) = ([ ) = (o 50) - (o 252)

—(L+M)/4



138 4 REGULARIZED SHANNON SAMPLING FORMULAS

=p(o+ M) —p(v - M) € O"(R),

such that z/?conv e C"(R).
In addition, analogous to the proof of Corollary 4.12, it can be shown
that by p € C"}(R) we have p("~Y (£ %) = 0, and therefore

()] < ¢ 270D,z e R\ {0},

Since it is additionally known that

g, ) = K[ g = = sine( 5 )
we obtain
[eoms (2)] = | (x[_ 252 cas] 5 p) (@)
= X[z i) (2) 'ﬁ(x)‘ < ﬁ cp [~
and thus the assertion. |
For the special choice of p,,(v) = 2% By, (2%;v) with n € N, where B,
is the centered cardinal B-spline of order n, cf. [SS00, Example 3], we have
pn(z) = (81nc(L2nM ’/Tl’))n (4.56)

The corresponding convolutional frequency window functions (4.53) shall
be denoted as Yconv,n and their inverse Fourier transforms (4.55) as Yeony,n,

see Figure 4.3 for a visualization for n € {1,...,6}. Note that using n =1
again yields (4.45), whereas for n = 2 we obtain
L+ M 2
Yeonv,2(T) = —; smc(LJgM 7'('3'}) (sinc(LZM 7T.’L‘)) . (4.57)
It is easy to see that this function (4.57) satisfies the decay condition
16

|wconv,2(x)| < 2 |£L"73, r€R \ {0}7

w3 (L — M)
and thus (4.40) implies an error decay of the same rate as in (4.49), but with
a slightly larger constant. This can also be seen by Corollary 4.12, since
Yeonv.2 € CH(R ) in (4.57) possesses the same regularity as Yeub € C’l( )
in (4.47) and Yees € CH(R) in (4.50), and therefore they all meet the same
error bound (4.49), cf. Figure 4.16.
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1 4 3 B 1F _— smc(me) H
H ; L beonv,1 ()
""" X[ ar)(v) /\ Lzmnvz(ﬂ
| (z)
(z)
(x)
)

eonv1 (1 Umnv s(z

0.5F T Yeonv2 — 1 T

v)
)
Yeonv.3(V) %IL(om 5(z
v)
)

) T Veonv,6{T
0 ;;‘-’;00'\\ & Ve

conv,4

(v
(
zc‘i'ycnr\v 1(
(v
(

Yeonv.5
0‘ ‘‘‘‘‘ Yeonv,6(V) frmd
_‘L _‘u 6 \‘[ L‘ 10 ‘5 d g’ 0
2 - I T f
v X
(a) "/A)conv,n in (4.53) (b) % Peonv,n i (4'55)

Figure 4.3: The convolutional frequency window functions @/Ajconv’n in (4.53)
with py,(v) = 2% Bn($247v) for n € {1,...,6}, and their
scaled inverse Fourier transforms (4.55).

Remark 4.20. Note that the convolutional frequency window func-
tions qﬂconv’n as well as their inverse Fourier transforms tsony » are properly
defined for all n € N. Therefore, one could attempt to find an infinitely dif-
ferentiable frequency window function ﬁcom,” with accompanying rapidly
decaying function in time domain %cony,n by sending n — co. To com-
pute the corresponding limit of (4.56) we set a := L_QM 7 and define the
sequence fB(n) = sinc(%) — 1, i.e., we consider

lim_(sinc(2))" = 1im [(1+5(n))’”1")]

n— oo n—oo

n-f(n)

Obviously, the term in brackets tends to e, such that we only need to
compute the limit of the exponent. By substituting y = % we see that this
exponent can be written as

7Sina(zxy) -1 sin(azy) — azy
n-B(n) =sinc(%L) — 1 = L = 5 .
Yy ary

As n — oo we have y — 0, such that both numerator and denominator of
this term tend to zero. Thus, applying the rule of 'Hospital twice, the
limit of the exponent can be computed by

sin(axy) — axy lim %% cos(axy) — ax i —a%2? sin(ary)
—————= = lim = lim
2 y—0 2axy y—0 2ax

lim

=0.
y—0 axry
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For (4.56) we thereby obtain

1 _qn-B(n)
lim pp(z) = lim [(1 + B(n)) B(n)] =c’=1, zeR,
n— 00 n—oo
yielding
L+ M
Yeonv,00(T) = 7111)11;0 Yeonv,n (T) = —; sinc(LJgM 773:), (4.58)

which obviously has slower decay than tcony,n for all n € N. This is to say,
although %conv,n is defined for all n € N and the limit for n — oo exists,
this approach does not provide a rapidly decaying function and therefore
fast convergence of (4.38). o

Remark 4.21. Also in the literature several attempts were made to achieve
an infinitely differentiable frequency window function ¥cony in (4.53) with
accompanying rapidly decaying function (4.55). For instance, in [Nat86b]
the infinitely differentiable function

v )2 -1 _
pw<v>:{gexp<[<;M> 7 < 5
: otherwise,

with the scaling factor

=2 ([ e () )

is considered. The corresponding frequency window function (4.53) is
denoted by 1/300. However, since for this function p, the inverse Fourier
transform po, cannot explicitly be stated, the function (4.55) in spatial
domain can only be approximated, which was done by a piecewise rational
approximation pry¢ in [Nat86b]. We remark that because of this additional
approximation a numerical decay of the expected rate is doubtful, since
the issue of robustness of the corresponding regularized Shannon series
remained unclear. This effect can also be seen in Figure 4.16, where the
corresponding frequency window function (4.53), denoted by vfzrat, shows
similar behavior as the classical Shannon sampling sums (4.12).

A similar comment applies to [ST05], where an infinitely differentiable
window function 1& is aimed for as well. Since no such 7,[3 with explicit
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inverse Fourier transform (4.34) is known, in [ST05] the function ¢ in
spatial domain is estimated with some Gabor approximation. Although
an efficient computation scheme via fast Fourier transform (FFT) was
introduced in [ST06], the numerical nonrobustness of this approximation
seems to be neglected in this work as well. o

Summary

Finally, it should be noted that it has already been established in [Dau92,
p. 19] that a faster decay than for Yrin in (4.44) can be obtained by
choosing v in (4.33) smoother, but at the price of a very large constant.
This can also be seen in Figure 4.16, where the results for the window
functions Yeyp i (4.47), theos i (4.50), eonv.n with n € {2,3,4}, cf. (4.57),
and z/A)rat from Remark 4.21 are plotted as well. For this reason many authors
such as [Dau92, Par97] restricted themselves to the linear frequency window
function z/A)lin in (4.44).

In contrast, we have reviewed several existing approaches and proposed
general convergence results based on a rigorous analysis of the respective
properties. Additionally, we have put special emphasis on the relations
among the considered approaches. For a comparison of the theoretical
error decay rates of the frequency window functions we refer to Table 4.1
in Section 4.3.3, while a visualization of the error decay rates can be
found in Examples 4.67 and 4.68. However, so far, only approaches with
algebraic error decay rates are known, and all attempts to design infinitely
differentiable window functions have seemingly been unsuccessful. Note
that the numerical results in Figure 4.16 also encourage the suggestion that
in practice only algebraic decay rates are achievable for the regularization
with a frequency window function.

4.3.2 Regularization with a window function in spatial
domain

In order to obtain preferably better decay rates, we now consider a second
regularization technique, namely regularization with a convenient window
function in the spatial domain as done in [KPT22, KPT24].

For this purpose, we introduce the set ® of all window functions
¢: R — [0, 1] with the following properties:
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e The window function ¢ belongs to Li(R) N Cy(R) and is even.

e The function ¢ restricted to [0, 0o) is monotonously non-increasing with
p(0) = 1.

Note that it is especially beneficial for obtaining explicit error estimates
(cf. Theorems 4.24, 4.25 and 4.29), if the Fourier transform

H(v) = /Rgo(:v) e 2TV qp = 2 /000 o(x) cos(2mvz)dr, veR, (4.59)

of ¢ € ® is explicitly known.

Remark 4.22. As examples of such window functions we consider the
Gaussian window function

@Gauss(x) = efzc2/(2o¢2)’ x € R, (460)

with some a > 0, the modified B—spline window function

eB(z) = ﬁ(()) Bas <L?Z(9>, r €R, (4.61)

where Bsy, is the centered cardinal B—spline of even order 2s € N and m € N
with 2m < L, the sinh-type window function

3 X 2 . m m
pans(a) = { 0 SV () a LR Ly
0 rzeR\ [-2, 2],

with certain 8 > 0, and the continuous Kaiser—Bessel window function

e (1) = 10(5 (Io(ﬁ (%)2> _ 1) rxe -2, ;]

0 Lz eR\ [-m, m]
(4.63)

with certain 8 > 0, where Iy denotes the modified Bessel function of first
kind. All these window functions are well-studied, see e.g. [PT21b] and
references therein, in the context of the nonequispaced fast Fourier transform
(NFFT), cf. Section 2. o
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Then, for a fixed window function ¢ € ® we study the regularized Shannon
sampling formula

(Rof)(zx) = Zf(%) sinc(Lr(z — £)) p(z — L), z€eR. (4.64)
LeZ

Since by assumption ¢(0) = 1 and sinc(n(k — €)) = 6 ¢ for all k, £ € Z with
the Kronecker symbol dj, ¢, we obtain

sine(Le(e — £)) olx — £) |,y = e

Therefore, this procedure R, f is an interpolating approzimation of f on
%Z, i.e., we have

F(5) =B (}), ke (4.65)

Before proceeding with error estimates of the regularized Shannon sam-
pling formula (4.64), we need the following lemma on the convolution prop-
erty of the Fourier transform in Ly (R). Note that for f, g € La(R) the convo-
lution property of the Fourier transform is not true in the form (4.52), since
by Young’s inequality f * g € Co(R) and by Hélder’s inequality fge L;(R),
but the Fourier transform does not map Cy(R) onto L;(R). Instead, it
was shown in [KPT22, Lemma 2.1 and Lemma 2.2] that the convolution
property of the Fourier transform in Lo(R) has the following form.

Lemma 4.23. For all f, g € La(R) we have
frg=(f9)€Co(R),
fxi=(f9)€Co(R). (4.66)
Proof. See [KPT22, Lemma 2.1 and Lemma 2.2]. |
Now we estimate the uniform reqularization error
I = Rofllcum = max | 1(x) — (R )(x)]

of the regularized Shannon sampling formula (4.64), cf. [KPT22, Theo-
rem 3.2].
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Theorem 4.24. Let f € By/o(R) with M, L € N and L > M be given. Fur-
ther let ¢ € ® be a given window function. Then the reqularized Shannon

sampling formula (4.64) satisfies
v+L/2
1- / o(u) du

-L/2

1f = Rofllcom < VM max

ve[-if. ]

Nl 2o )

= Er(@v M7 L) ||f||L2(R) (467)

Proof. For the regularized Shannon sampling formula (4.64) we define the
reqularization error

ex(z) = f(x) = (Rof) (@ ) =Y f(E)v(z—£), zeR, (4.68)
LET
with the reqularized sinc function
Y(x) == sinc(Lnz) p(z). (4.69)
By Lemma 4.23, the Fourier transform of ¢ reads as
. 1 1 [v+L/2
Y(v) = T /]RX[_%7 %](v —u) @p(u)du = 7 /U_L/2 o(u) du. (4.70)

Hence, using the shifting property of the Fourier transform, the Fourier
transform of 1/)( —7) is given by

1 _ v+L/2
- e—27r1v€/L / @(u) du.
L v—L/2

Therefore, the Fourier transform of the regularization error (4.68) has the
form

£ e o—2mive/L vtL/2
a(v) = (ZfL I )// pluydu, veR
(4.71)
Since f € Bar/2(R), it is known that f can be represented by (4.37) as
Fw) = F) xp_yp. 1)

)

- (Z % F(1) e_%ikv/L> X[-az, 74}(1}), v €R.

kEZ
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Inserting this into (4.71) we see that &,(v) = f(v) n(v) with the auxiliary
function

v+L/2
n(v) = X[, %](v) - / Su)du, veR, (4.72)
v—L/2
and thereby |é.(v)| < |f(v)||n(v)|. Thus, by inverse Fourier transform (4.4)
we get
. M/2
(o) =| [ ee) e ] < / G@ides [ 1) ) do
R —M/2

IN

M/2
max |/ v)|dv, =z€eR.
ve[-4, Y] M/2

Using the Cauchy—Schwarz inequality and Parseval’s identity, we see that

e M2 . 1/2 M/2 ) 1/2
/M/2|f(v)|dv < (/M/21 dv) (/M/2|f(v) dv)
= VM | fllo@ = VM [|fll,w)

In summary, this yields

lerllcom) < Er(p, M, L) [ f]lLam)

with the regularization error constant (4.67). ]

Nevertheless, we recognize that the evaluation of the regularized Shannon
sampling formula (4.64) still requires an infinite number of samples f (%),
{ € Z. Therefore, in practice we have to deal with a truncated version
of (4.64) as well.

Similar to (4.12) and (4.38), one could consider a uniform truncation by
introducing a truncation parameter 7' € N and studying the partial sums

), x eR.

Sles

(Rorf)(z Z f % slnc L7r( %))(p(m—

(=-T

However, as before, in this case bounds on the uniform approximation error
|f — Ry 1 fllcom) are unattainable and only weaker results of the form

max | f(z) — (Ryrf)(z)|

z€[—1,1]
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can be obtained, cf. Sections 4.2 and 4.3.1. Therefore, to achieve uniform
error bounds and faster decay rates, a different approach is taken here.

In view of the slow convergence of the sinc function it has been pro-
posed to modify the Shannon sampling series (4.15) by multiplying the
sinc function with a more convenient window function, cf. e.g. [Qia03,
LZ17]. For this purpose, for a given window function ¢ € ® and m € N
with 2m < L we now define the truncated window function

om(z) = p(x) X[m, f](96), z €R, (4.73)
and study the reqularized Shannon sampling formula with localized sampling

(Rpmf)(x) = f(§)sinc(Lr (x — £)) pm(z— £), xR (4.74)

LEZ

Note that the truncation of the window function ¢ € ® preserves the
interpolation property (4.65), i.e., we still have

F(§) = Rom (%), ke (4.75)

Furthermore, the use of the compactly supported window func-
tion @, in (4.73) leads to localized sampling of the bandlimited func-
tion f € Bys/2(R). Namely, due to the definition of the characteristic
function X[-m m] the computation of (R, f)(z) requires only 2m + 1

L' L
samples f(%) for fixed z € R\ %Z, where ¢ € Z fulfills the condi-
tion |¢ — Lz| < m. Therefore, we approximate f by R, ., f separately
on each open interval (E, k+1) k € Z. Especially for z € (0, L) the
regularized Shannon sampling formula with localized sampling (4.74) reads
as

(Rom)@) = Y f(f)sinc(Lm (= 1)) em(z— 1)

éEJm

=2 f(H)vle-1)

LETm

with the regularized sinc function (4.69) and the index set

m={-m+1, —-m+2,...,m}. (4.76)
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For the reconstruction of f on any open interval (%, k—Ll) with k € Z, we
use the representation

(Remf)(x+ %)= > f(5E)v(@-£), =z€(0,1). (477

LeETm

This concept of regularized Shannon sampling formulas with localized
sampling has already been studied by numerous authors. A survey of
different approaches for window functions can be found in [Qia04], while
the prominent Gaussian window function (4.60) was examined for example
in [Qia03, QC06a, QC06b, SS07, TSM08, LZ17, CZ19]. In the following,
we will focus on the window functions ¢ € ® mentioned in Remark 4.22,
similar to the approach in [KPT22, KPT24].

Analogous to [KPT22, Theorem 3.2], the uniform approximation error

17 = Rpmfllessy = max |£@) ~ (RomP)@)|  (478)
of the regularized Shannon sampling formula with localized sampling (4.74)
can be estimated for given f € Bj;/2(R) and ¢ € ® as follows.

Theorem 4.25. Let f € Byy/o(R) with M € N, L = M (14 X)€ N with A > 0
and m € N\ {1}. Further let ¢ € ® with the truncated window func-
tion (4.73) be given. Then the regularized Shannon sampling formula
with localized sampling (4.74) satisfies

||f - Rs@nnf”Co(]R) < (ET(<)07 MvL) + Et(‘aoa m, L)) ||fHL2(]R)a (479)

with the regularization error constant (4.67) and the truncation error con-
stant

o 9 1/2
Ei(p,m,L) = V2L (1 ©*(2) +l/ o () dt) . (4.80)

m m2 L m/L t2

Proof. Initially, we consider only the interval [O, %] Here we split the

approximation error

f@) = (Rpmf)(2) = ex(z) + eo(w), €0, 7],

into the regularization error (4.68) and the truncation error

ero(x) = (Rof)(x) = (Romf)(x), x€ [0, 1].
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Since the regularization error (4.68) has already been estimated in (4.67),
only the truncation error has to be considered. For x € (0, %) we have
by (4.64) and (4.74) that

ero0(x Zf % smc L7r %))go(xf %) [1 = X[-m
LeZ

Z f % smc L7r( %))gp(m—%).

LEINTm

Now we introduce the auxiliary function

1
h(2) = ) mgﬁz(éﬂ —£)>0, z€l0, £].  (4.81)
LEZNTm

Then the Cauchy—Schwarz inequality and (4.9) imply

leco@) < D [f(£)][sine(Lm (z — £)) ¢z~ £)]
LEI\Tm
SO @Y sineEn (@ - §)) ela - )]
LEINTm LETNTm

< VI fllzo@) Vhm ().

Since <p|[0’ ) 18 monotonously non-increasing by assumption ¢ € ®, we can
estimate the series h,,(z) for z € (O, %) by

A2 )gd

l=—o00 l=m-+1
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Using the integral test for convergence of series (see Lemma 4.5), we obtain
that

00 2(¢ 2(m 00 2(4 2(m 0o 2
e’ (z) _ ¢ (%) ¢’ (1) (1) l/ ¢ (1)
Z 02 - 2 + Z 02 < m2 +L /L 2 dt.

l=m f=m+1 m

(4.83)

By the interpolation property (4.75) of Ry, m f we have e; o(0) = eq o (%) =0,
such that we obtain by (4.80) that

<FE L 2 (R)-
xEI[IOl?i)jL] les,o0(2)| < Ey(w,m, L) || fllLor)

By the same technique, this error estimate can be shown for each inter-

val [5 %] with k € Z. On any open interval (& w) with k € Z, we

split the error by (4.77) as
fe+f) = Bemf)a+ 1) =e(rt §) +en(e), ze(0 1),

with the regularization error (4.68) and the truncation errors

etk Z f e)'

LEZNTm

As shown above, we have

lesk ()

< Et((pvva) ||f||L2(R)7 UAES (0’ %)’

and et,o(%) =ey 0(’”1) = 0 for each k € Z by the interpolation property
of R, . f. Hence, it follows that

- R m < T
s 1F(@) = (R @] < el + max e (@)

< (Bu(p, M, L) + Ey(p,m, L)) | fll Lo(x) -

This completes the proof. |

Note that it is especially beneficial for the estimation of the error con-
stant (4.67), if the Fourier transform (4.59) of ¢ € ® is explicitly known.
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Corollary 4.26. The error estimate of Theorem 4.25 can be simplified, if
the window function ¢ € ® vanishes on R\ [=2*, 2], Then the trunca-
tion errors ey, (x) are equal to zero for all x € (O, %) and k € Z, such
that Ei(p,m,L) =0. For such window functions ¢ € ® we obtain the

simple error estimate

1f = Romflleom < Ee(e, M, L) || fll Ly (m)-

Remark 4.27. Note that Corollary 4.26 applies to the modified B—spline
window function (4.61), the sinh-type window function (4.62), and the con-
tinuous Kaiser-Bessel window function (4.63). The only window function of
Remark 4.22, where Corollary 4.26 does not hold, is the Gaussian window
function (4.60), since YGauss does not vanish. o

Remark 4.28. Additionally, note that although the constant window func-
tion

Pconst (.’13) = 17 HAS R, (484)

does not meet the criteria of the set @, since it is neither in L;(R) N Cp(R)
nor does it have an explicit Fourier transform, one can still use Theorem 4.25
to obtain a suitable error estimate for this window function. Since no
regularization is done for the constant window function (4.84), we obviously
have E,(p,M,L) =0. Then Theorem 4.25 provides an estimate of the
truncation error as

Hf - Rconst,mf”Co(R) < Et((pama L) ||fHL2(]R) = @ % + % ||f||L2(R)7
which can be seen as a consequence of a result in [MXZ09]. In other words,
only using localized sampling without further regularization is not sufficient
to obtain fast convergence results for the Shannon sampling series (4.15). ¢

Now let us move on to the numerical robustness. As seen in Theorem 4.7,
if the samples f(£), ¢ € Z, of a bandlimited function f € By/2(R) are not
known exactly, i.e., only erroneous samples fy := f(%) + g0 with |gg] < g,
¢ € Z, and € > 0 are available, the corresponding Shannon sampling se-
ries (4.15) may differ appreciably from f. Here we denote the regularized
Shannon sampling formula with erroneous samples f; by

(Romf)(@) =Y fesine(Lr (v — £)) pm(x—£), z€R.  (4.85)
LeZ
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Then, in contrast to the Shannon sampling series (4.15), the regularized
Shannon sampling formula with localized sampling (4.74) is numerically
robust, i.e., the uniform perturbation error

”Rtp,m]? - Rtp,meCo(R) (4'86)
is small, as the following theorem shows, cf. [KPT22, Theorem 3.4].

Theorem 4.29. Let f € Byy/2(R) with M € N, L = M(1+ X\)€ N with A >0
and m € N\ {1} be given. Further let ¢ € ® with the truncated window
function (4.73) as well as f; = f(£) +eq, where |eg| < for all L€ Z,
with € > 0. Then the regularized Shannon sampling sum with localized
sampling (4.74) satisfies

HR<p,mf - Rap,mf”Co(lR) <e (2 + L@(O)), (4‘87)

”f - Rtp,m.f“Co(]R) < ||f - Rap,mf”Co(]R) +e€ (2 + L@(O)) (488)

Proof. Initially, we only consider the interval [O, %} By (4.74) and (4.85)
we have

éo(x) = (Rpmf)(@) = (Rp.mf) (@)
=3~ (fi= £ (£)) sine(Lr (= £)) (e~ £)

LEL

= Z €gSinC<L7T (z - %)) gpm(:z: - %), T € (0,
LETm

).

=

Using the non-negativity of ¢ and |e;| < €, we receive

|€o ()| < Z lee| [sinc(Lm (z — £))|p(z —£) <« Z oz —£).

LETm LETm

Since ¢|jo, o) is monotonously non-increasing by assumption ¢ € ®, we can
estimate the sum for z € (O, %) by

Tete-t)=( X 43 et b
=X ples £+ ) vl 1)

£=0 1
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=
,_a

m— m—

m
(1) + 2 ¢l =23 ¢(%)-
£=0 (=1 £=0

wH
h\N

Using the integral test for convergence of series (4.26), we obtain that

m—1 m—1 (m—1)/L
> e(£) <O +/ w(%)dt:@(0)+L/O o(t) dt.
£=0

By the definition of the Fourier transform (4.1) we have for ¢ € ® that

m/L m/L
b0 = [ewar= [ pwar=2 [ par

—m/L
(m—1)/L
> / p(t) dt,
0

and therefore

[l

2ed o
=e(2¢(0) + L(0)), =z € (0, 1).

Additionally, by the interpolation property (4.75) we have |€(0)] = |eo] < ¢
as well as ’eo( )‘ = |e1] < e. Since by ¢ € ® we have p(0) =1, we
therefore obtain

((0) + 5 2(0))

h\N

co(2)] < e(2+ L 3(0)).
we?éi)h]'e‘)(x)‘ <eg ¢(0))

By the same technique, this error estimate can be shown for each inter-

val [f? %] with k € Z. On any open interval (ﬁ %) with k € Z, we

use (4.77) to denote the error in the form

@) = (R @+ £) = (o) (2 + £)

Y ctla—p). e @4)

LeETm

As shown above, we have

lex(2)] < e(2(0) + L $(0)), =€ (0, ),



4.3 UNIVARIATE REGULARIZED SHANNON SAMPLING FORMULAS 153

and
leo(%)| = lexl <&, |eo(BE)| = lensal <e
for each k € Z by the interpolation property (4.75). Hence, we obtain

(B f)(@) — (R f) ()] < 22+ LE(0)).

Finally, the triangle inequality implies (4.88), which completes the proof. M

In the remainder of this section we specify the results of Theorems 4.25
and 4.29 for the window functions in Remark 4.22. For this purpose, it
merely remains to estimate the regularization error constant (4.67), the
truncation error constant (4.80) as well as $(0) for the different window
functions ¢ € @, which shall be done in the subsequent subsections.

Remark 4.30. We remark that these results for the regularized Shannon sam-
pling formulas with compactly supported window functions have recently
been extended to a more general version of the Fourier transform (4.1).
More precisely, in [FTV23] the authors focus on regularized Shannon sam-
pling formulas related to the special affine Fourier transform (SAFT)

Faf(v) = / (@) ba(w,v)dz, veR,

where

oa(x,v) = L exp (1 (a:r2 + 2px — 2vz 4 dv? + 2(bg — dp)v)>
27[b] 2b

denotes a kernel depending on a vector A= (a,b,c,d,p,q)7 € RS

which satisfies the conditions ad —cb=1 and b # 0. Note that

for A= (0,1,—1,0,0,0)" this transform reduces to the classical Fourier

transform (4.1) and in this case the results of [FTV23] coincide with the

ones in this section. o

Gaussian window function

Firstly, we consider the Gaussian window function (4.60) with some o > 0
and the corresponding Gaussian reqularized sinc function, cf. (4.69), given
by

YGauss(T) = sinc(Lmx) ™ /(0% g e R, (4.89)
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Lemma 4.31. Let L € N and o > 0 be given. Then the Fourier transform
of the Gaussian regularized sinc function (4.89) reads as

1 \/§7roz(v+L/2)

2

'l[]Gauss('U) e’ do (490)

B L\/E V2ra(v—L/2)

— i [erf(\/iﬂ'a (v+ L)) —erf(V2ra (v - %))}7

with the error function defined by
f(x) 2 / Tt dr <1 €eR
erf(x) = — e x , .

VT Jo

The function ﬁGauss in (4.90) is even, positive, belongs to C*°(R), and is
monotonously decreasing on [0, co) with

. . 1 I 1
rf}&? qszauss(v) = wGauss(O) = Z erf(\/§7TOé 5) < Z
Proof. To compute the Fourier transform of (4.89) we apply the convolu-
tion property (4.66) using f(x) = sinc(Lwz) and g(z) = e=*"/(20”)  These
functions possess the Fourier transforms
fw) =+ Lz, 5), veR,

s

[Nl

2.2

g(v) = V2 e 2w ety , vER, (4.91)

see e.g. [PPST23]. Thus, we obtain

Demnss(t) = (F 9) (0) = (F * 8)(v) = / f(0 = u) §(u) du
1 /U+L/2A \/ﬂa /U+L/2 9 2 o

g(u)du = e 2T AT dy
—L)2 L —L/2

L

and by substituting z = v/2rau we have the assertion (4.90). It is easy
to see by (4.90) that QZJGaUSS is even, positive on R, and belongs to C*°(R).
Moreover, since (4.90) is an integral of fixed length over a positive,
monotonously decreasing function, and v — oo shifts the integral bounds
towards infinity, which makes the integral smaller, the function (4.90) is
monotonously decreasing on [0, co) and attains its maximum at v =0. H
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A visualization of the Gaussian regularized sinc function (4.89) and its
Fourier transform (4.90) can be found in Figure 4.4. Note that in comparison
to Section 4.3.1 the function 1/}Gauss is not of the form (4.34). In addition, the
Gaussian regularized sinc function ¥gauss is not bandlimited on any interval.
However, the following lemma shows that this function (4.89) is essentially
bandlimited on the interval [—£ (14 ¢), £ (1 + ¢)] with certain € > 0, such
that ¢gauss is negligible for |v| > L(1+e).

1 5 [—sinetra) || L] i .
N HREE PGauss(T)
] | PGauss(T)
f 0y
sl
ll A 1 |
Sl L
N % : :
0 AN | Nann~l | [ %%[7¥¥](1)
MY vy \/ U Vv v )
0 fettimmiminn v — N\
2m 7‘ﬂ (j i 2m —L !L "\7[ 6 i i L
-1 L L T L_N L
t v
(8) WGauss in (4.89) (b) Ycauss in (4.90)

Figure 4.4: The Gaussian regularized sinc function gauss as well as its

Fourier transform tqauss with m =5 and a = % 1770.

Lemma 4.32. The Gaussian reqularized sinc function ¥gauss in (4.89) is
essentially bandlimited on the interval [—% (1+¢), £ (1+¢)] with cer-

tain e € (0, 1), i.e., for allv e R\ [-£ (1 +¢), £(1+¢)] we have

1
[ —
T V2 L?7mae

Proof. Since (4.90) is an integral over a positive function, we can estimate
the Fourier transform of gauss for v € R\ [-£ (14 ¢), £ (14¢)] as

~ 2 2722
0< qu)Gauss(v) matlte /2-

R 1 V2ra(v+L/2)
O<wGauss(U) = L\/’];Ti VEra(o-L/2) e * dx
1 [ e
e ¥ dux.

N Lﬁ V2ra(|v|—L/2)
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y [AS72, p. 298, Formula 7.1.13] we have the inequality

xdx< et t>0

t+\/t2 / ,/t2 +4/7r T
which can be simplified to

1 42 > _p? 1 42
(t—|—2)2€ < ) e dxgﬂe , t>0. (4.92)

Thereby, forv € R\ [-£ (1 +¢), £ (14 ¢)] it follows by [v| — & > £ £ that

1
2v/21 Lra (|| — L/2)
1

O < &Gauss(v) S e_Qﬂ-zaz (\v|—L/2)2
20?122 /2

< ——e
T Vor L?mae

Thus, for fixed o > 0 and convenient € > 0, the Fourier transform ’(/AJGauSS
is negligible for [v] > £ (1 +¢). ]

Now we show that for the regularization with the Gaussian window
function (4.60) the uniform approximation error (4.78) decays exponentially
with respect to m, cf. [KPT22, Theorem 4.1].

Theorem 4.33. Let f € Byro(R) with M € N, L = M(1+ \) €N with A > 0,
and m € N\ {1} be given. Then the regularized Shannon sampling formula
with localized sampling (4.74) using the Gaussian window function (4.60)

and o = ﬁ . /ﬁ satisfies the error estimate

V2Lm + \/2LA(1 +m)
- R auss,m 0 S
|.f — Raauss,m fllco®) p—y

e NIV f 1,

Proof (cf. [Qia03] and [LZ17]). By Theorem 4.25 we only need to com-
pute the error constants (4.67) and (4.80) for the Gaussian window func-
tion (4.60). Firstly, we study the regularization error constant (4.67).
By (4.91) we recognize that the auxiliary function (4.72) is given by

1 V2ra(v+L/2)

nGauss(’U):X[_M M](v)—T Vratooi/2) e * dx, veR.
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Note that by Lemma 4.31 we have

NGauss (V) = 1 — Lcauss(v) € [0, 1], wve [-Y4, M], (4.93)
Since fR e~ dy = /7 holds, this function ngauss can be evaluated
for v € [f%, %} as

( ) 1 ) V2ra(v+L/2) R
NGauss(V) = —= /eﬂ” dx—/ e " dx
me \/77— R V2ra(v—L/2)

1 V2ra(v—L/2) ) o )
= — / e 7 dx—l—/ e ¥ dr
ﬁ —o0 \/§7ra(U+L/2)

1 o _ 2 © )
= — e ¥ dz+ e " dz|.
ﬁ \/§7ra(L/2—v) \/ﬁwa(v-&-L/Q)

Using (4.92) we obtain the estimate

1 e—27r2042(%—v)2 e—Qﬂzaz(%-‘rv)z
auss(V) < —= + , wE _M7
Manss (V) NZ3 (2\/§7ra(g — ) Zﬂwa(’;—i—v)) =5

vl

]

Since %—v, %—l—ve [LEM, LEM] by v e [—%, %], and the func-
1

< e~°/4 decreases for = > 0, we conclude that

tion

) 6771'2&2 (L—M)?/2

a v) < , VE fM, MY
s (v) V2r (L — M) =% 3]
Hence, by (4.67) and (4.72) we receive

vV2M —7r2a2(L—M)2/2.

Er(‘pGausm M7L) S (494)

mra(L — M) ¢

Now we examine the truncation error constant (4.80). For the Gaussian
window function (4.60) we have

- m - auss dt
m2 @Gauss( L) + L /n/L t2

1 1 [> -t
= e/ —/ © -t
m O[L m/(aL) t
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By substituting z = 1/t, performing partial integration, and further substi-
tuting y = 1/z, we obtain

0o —¢2 aL/m
/ : - dt = / eV
m/(aL) t 0

aL/m _—1/z2
_ oL w2ty e Ve
m 0
- ol o—m?/(a®L?) _ o = oV dy.

m m/(aL)

Moreover, from (4.92) it follows

2712
2/00 e_yg dy Z 20° L . e_mz/(asz) < 0.
m/(aL) (m+2al)

Thus, by (4.80) we obtain

V2L [ 1 1
E (‘PGdussam L S — T —m2/(2a2L2 (495)
m2 m
For the special parameter a = /ﬁ = ﬁ \ /ﬂ(lj_l)\))\, both error

terms (4.94) and (4.95) have the same exponential decay such that

\/i —mﬂ'/\/(2+2)\)
Ei(¢causs, m, L) \/7 \/7 —mw/(242))

This completes the proof. |

E (@GausmM L)

fmu

Remark 4.34. Note that Theorem 4.33 enhances the corresponding results
in [Qia03] and [LZ17] by improving the exponential decay rate from (m — 1)
to m. In addition, the constant factor is slightly improved in comparison
to [KPT22].

Furthermore, we remark that in [CZ19] a different parameter « is pre-
sented as the optimal one for the Gaussian window function (4.60), where,
however, a slightly different truncation than in (4.74) was considered. More-
over, the rather artificial analysis in [CZ19] estimates the error only up to an
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unknown constant and seems less intuitive than our result in Theorem 4.33.
Nevertheless, both results, Theorem 4.33 and [CZ19, Theorem 1.1], possess
the same asymptotic behavior. o

Remark 4.35. In [QO05, Theorem 2.3], the modified Gaussian window
function

(PmodGauss(x) = 6712/(20‘2) COS(AIL’) , ITE ]R,

was used for the regularized Shannon sampling formulas (4.74), which
could be seen as a combination of a regularization in the frequency domain,
cf. (4.51), and a regularization in the spatial domain, cf. (4.60). However,
by the same techniques as in Theorem 4.33 it can be shown that the
approximation error of the regularized Shannon sampling formula with the
modified Gaussian function pn0dGauss has the best exponential decay in the
case A = 0, i.e., when using the original Gaussian window function (4.60).

o

Now we show that for the regularization with the Gaussian window
function (4.60) the uniform perturbation error (4.86) only grows as O(y/m),
cf. [KPT22, Theorem 4.3]. We remark that a similar result can also be
found in [QCO06a].

Theorem 4.36. Let f € Byyo(R) with M € N, L = M(14 A)€ N with A >0
and m € N\ {1} be given. Further let RGauss‘,mf be as in (4.85)
with the noisy samples f = f(%) + ¢, where |eg] <e for all L€Z
and 0 <e < 1. Then the regularized Shannon sampling formula with
localized sampling (4.74) using the Gaussian window function (4.60)

and o = ﬁ . /m satisfies

242\
A

||RGauss,mf - RGauSs,mf”Cg(]R) <e (2 + \/E) .
Proof. By Theorem 4.29 we only need to compute @gauss(0) for the Gaus-
sian window function (4.60). By (4.91) we recognize that

. 1 /242X
@Gauss(o) =V2ra = Z 2

vm,

such that (4.87) yields the assertion. [ |
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We remark that the triangle inequality combined with Theo-
rems 4.33 and 4.36 also implies an estimate on the perturbation er-

ror Hf - RGauss,m,fHCO(R), cf. (488)

B-spline window function

Secondly, we consider the modified B—spline window function (4.61). Note
that (4.61) is supported on [—2, ]. According to (4.69) we form the
B-spline reqularized sinc function

Yp(x) = sinc(Lrz) pp(x), x€R. (4.96)

Lemma 4.37. Let L € N and s, m € N\ {1} be given. Then the Fourier
transform of the B—spline reqularized sinc function (4.96) reads as

w0~ gy [ (e () e

The function (4.97) is even, positive, and belongs to C*°(R), where

R A 1

= 0) < —.

max yp(v) = ¢5(0) < 7

Proof. To compute the Fourier transform of (4.96) we apply the convolution

property (4.66) using f(z) = sinc(Lmz) and g(x) = ¢p(z). These functions
possess the Fourier transforms

g(v) = I B::(O) (sinc (W:[T/n)ys , vER, (4.98)

see [PT21b, PPST23]. Thus, we obtain

() = (f 9)(w) = (F % )(v) = / F(o— u) () du

1 v+L/2 m v+L/2 Tum 2s
=— g(u duzi/ (sinc( )) du
L /U—L/2 (u) sL? Bys(0) Ju—1/2 sL

and thereby the assertion (4.97). It is easy to see by (4.97) that Up is even,
positive, and belongs to C*°(R). Moreover, since (4.97) is an integral of
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fixed length over a positive function decaying as v ~2°, and v — oo shifts
the integral bounds towards infinity, its maximum is attained at v = 0. By
inverse Fourier transform we have

1=¢p(0) = /RgbB(v) dv = 75LB?;(0) /]R (Sinc (71':21))25 dv,

such that

. Tom\ \ 28 sL
/R (smc( = )) dv =2 By, (0). (4.99)
Then from (4.97) and (4.99) it follows that

R L/2 2s 1
m . /mum
YB(0) = SIZ Ban(0) /L/2 (smc ( v )) du < T

This completes the proof. |
1 r'y —Si;lc(LTTJIT) H it = a g
| EERE) "
:/ \. p(z)
0.5 HAE ]
OVAVI\VAVA il }\\..IAVA ~ | /T TX[A%’(%](”)
¢ 7 NG
Vv - — N
_2m “m (5 ﬁ 2m —L _‘A_‘Aﬂ 6 ﬁ L L
L L L L 272 2 2
x v
(a) ¥p in (4.96) (b) ¥ in (4.97)

Figure 4.5: The B-spline regularized sinc function ¢p as well as its Fourier
transform g with m =5 and s = 3.

A visualization of the B-spline regularized sinc function (4.96) and its
Fourier transform (4.97) can be found in Figure 4.5. Note that in comparison
to Section 4.3.1 the function ¢ is not of the form (4.34). In addition, the
B-spline regularized sinc function g is not bandlimited on any interval.
However, the following lemma shows that this function (4.96) is essentially
bandlimited on the interval [—£ (1 +¢), £ (1 4 ¢)] with certain e > 0, such
that ¢ is negligible for |v| > L1+e).
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Lemma 4.38. The B-spline regularized sinc function g in (4.96) is essen-
tially bandlimited on the interval [—% (1 +¢), £ (1+¢)] withe > 25 i.e.,
forallv e R\ [-% (1+¢), £ (1+¢)] we have

R 1 2 2s5—1
0<¥el) < T2 = Bou) <57Tm> '

Proof. Since (4.97) is an integral over a positive function, we can estimate
the Fourier transform of ¢ for v € R\ [-£ (1 4+¢), £ (1 +¢)] as

0 < p(v) < #25(0) /|v—L/2 (sinc (%))2 du

82571 L2sf2 /oo 728d
u u
— 2s 2s—1

725 m?5= 1 Bag(0) Jyj—1/2

825—1 L25—2 1

= 7T25 m25*1 B2S(0) (28 _ 1) (|’U| o %)25_1 .

2s

Then by |v| — £ > L ¢ the assertion follows. In other words, for - <1,
namely € > 2% the Fourier transform Y is negligible for |v] > L1+e).
]

In order to estimate the uniform approximation error (4.78) when using
the modified B-spline window function (4.61), we require the following
lemma, cf. [KPT22, Lemma 5.1].

Lemma 4.39. The sequence (\/EBQS(O))?;
with

5 1§ monotonously increasing

6
lim V25 By, (0) = \/ = ~ 1.3820, (4.100)
§—00 ™

such that we have

Q| >~

< V25 By, (0) < \/E, se N\ {1}. (4.101)
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- @825(0)

L e o
3

9 10 20 30 40 50
S

50

Figure 4.6: The sequence (\/ 25 Bog (0))322'

Proof. By (4.99) we have

B2,(0) = sﬁL/R (Sinc (W:Iin>>23 dv
1

2

The above integral can be determined in explicit form as

[ et an = sz Sy () g

see [MR65], [Obe90, p. 20, 5.12] or [Chu92, (4.1.12)]. Especially, we
have By(0) =1, By(0)=3, Bg(0) =55, Bs(0) = 335, Bio(0) = 35553,
and By,(0) = 85370 A table including the decimal values of Bay(0)

1663200 °
for s =15, ..., 50, can be found in [MR65]. In Figure 4.6 we can see that

the sequence (\/ 2s B2s(0))20 , increases monotonously. For larger s we can

use the asymptotic expansion

\/% BQs (0) ~
6 1 313 4 27 n 52791 n 482427
s 40s  4480s>  25600s3  63078400s* = 2129920000 s° |’

see [MR65], such that the whole sequence (v/2s BQS(O)):O:2 increases
monotonously. Moreover, by [UAE92, (3.6)] there exists the pointwise
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limit
s s 1 2
: 2 2 _ —x°/2
iz (52) =
such that for © = 0 we obtain (4.100) and hence we have (4.101). ]

Now we show that for the regularization with the modified B-spline
window function (4.61) the uniform approximation error (4.78) decays
exponentially with respect to m, cf. [KPT22, Theorem 5.3].

Theorem 4.40. Let f € Byo(R) with M €N, L=M(1+)) €N,
and m € N\ {1} be given, where

m+ 2
A> —. 4.102
~ mm — (m + 2) ( )

Then the regularized Shannon sampling formula with localized sam-
pling (4.74) wusing the modified B-spline window function (4.61)
and s = (mTH] satisfies the error estimate

3 SM —m n(mm —Iin S
If = Bmflleym) < me (In(rmA)—In(2s(1+X))) £ 1| (r)-

Proof. By Corollary 4.26 we only need to estimate the regularization error
constant (4.67), since we have supp(¢p) = [—2, 2] and therefore the
truncation error constant (4.80) vanishes for the modified B-spline window
function (4.61).

By (4.98) we recognize that the auxiliary function (4.72) is given by

m v+L/2 . TUm 2s
mB(v) = X[y, 47(v) = 5L Bs,(0) /HL/2 (Smc< sL )) du, veR.

Note that by Lemma 4.37 we have

me(v) =1—Lip(v) €0,1], ve [-4,

vl

]. (4.103)

Since (4.99) holds, this function 7 can be evaluated for v € [—2L, 2] as
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o) = gy (f, (e (7)) o

oo

v—L/2 s
%25(0) (/ (sinc (%))2 du

= ngzs(O) (/M ) (Smc(w:?))zs du

Applying the simple estimate

o0 um\ \ 25 28 L2 [
/ (sinc (L>) du < S P v / w2 du
A sL TS m=s [ 4
325 L25
(28 _ 1) 71-25 m2$ AQs—l ?

for A > 0, we obtain for v € [—%, %] that

( ) - 825—1 L25—1 1 N 1
v .
B = (28 _ 1) 28 m2s—1 B25(0> (éj U) 2s—1 (% + ’U)2871

: L-M L+M M M
Since %—v,%—i—ve[ 5 Jg ] by UE[—T, 7], and the func-

tion x!172¢ decreases for > 0, we conclude that
225 52571 L2571
25 — 1) w2 m? 1 By, (0) (L — M)2s-1’

ve 5,

vl

].

77B(U) < (

Hence, by (4.67), (4.72) and (4.101) we receive

2vVM 2sL, st
Exlpp, My L) < 5y 50 <7rm(L - M))
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BVsM (Fm(%L )>251 . (4.104)

<
T V2(2s—1)7 L-M
For achieving convergence we need to satisfy
2sL ~25(1+X)

= = 1.
mm(L — M) TmA €<

By logarithmic laws we recognize that ¢27! = el ™) = g(2s—1) Inc,

Thus, the condition ¢ < 1 yields Inc < 0 and therefore an exponential
decay of (4.104) with respect to (2s — 1). To obtain an exponential decay
rate of at least m, the condition 2s — 1 > m can now be used to pick a
suitable parameter s € N in the form s = {"‘T'H] Then

2s—1 _ e(25—1) Inc (2s—1) (In(2s(1+A))—In(mrmA))

Cc =e

_ 67(2571) (In(wmA)—In(2s(1+X))) <e ™ (In(rmA)—1In(2s(1+X)))

yields the assertion. In addition, the choice of s= (’”T‘H} implies

m+2 > 2s > m+ 1, such that ¢ < 1 is ensured by 7mA > (m + 2)(1 + \),
which can be rewritten as (4.102). |

Now we show that for the regularization with the modified B—spline
window function (4.61) the uniform perturbation error (4.87) only grows
as O(y/m), cf. [KPT22, Theorem 5.5].

Theorem 4.41. Let f € Byy/o(R) with M € N, L = M(14 X)€ N with A > 0
and m € N\ {1} be given. Further let Rp [ be as in (4.85) with the noisy

samples f = f(%) + &4, where |eg] < e foralll €7 and 0 < e < 1. Then
the regularized Shannon sampling formula with localized sampling (4.74)
using the modified B—spline window function (4.61) and s = (mTHW satisfies

~ 3
IRonf = R Flevy < (245 Vi)
Proof. By Theorem 4.29 we only need to compute ¢ (0) for the modified

B-spline window function (4.61). By (4.98) and (4.101) we recognize that

m 3mv/2s 3m
sL By4(0) 4sL 2v/2sL

Due to s = [ ] we have v/2s > \/m, such that (4.87) yields the assertion.
|

¢8(0)




4.3 UNIVARIATE REGULARIZED SHANNON SAMPLING FORMULAS 167

We remark that the triangle inequality combined with Theo-
rems 4.40 and 4.41 also implies an estimate on the perturbation er-

ror ||f — RB,meCO(R), cf. (4.88).
sinh-type window function

Next, we proceed with the sinh-type window function (4.62) with the scal-
ing parameter 3 := brl+20 gor > 0. Note that (4.62) is supported

JEN
on [—%, %} According to (4.69) we form the sinh-type regularized
sinc function
Wsinh () = sinc(L7wx) gginn (z), = € R. (4.105)

Lemma 4.42. Let L € N and § = % with b > 0 be given. Then the

Fourier transform of the sinh-type reqularized sinc function (4.105) reads
as

m2u2 _ b2(1+42))2
v+L/2 Ji (27T 2 22Nz

Dainn (v) = _mB /
sinh - 2L2 sinh 3 v—L/2 \/7rz2u2 _ b2(1+20)2

T2 T T(@ten?

) du, (4.106)

where J, denotes the Bessel function of first kind. The function (4.106) is
even, real-valued, and belongs to C*(R).

Proof. To compute the Fourier transform of (4.105) we apply the convo-
lution property (4.66) using f(x) = sinc(Lwz) and g(z) = @sinn(2). These
functions possess the Fourier transforms

f(’U)Z %X[,%yg](v)’
R ﬂmﬂ (w2762)71/2(]1(\/,w2762) :wGR\{fﬁv ﬂ}v
9= Tonng )

Sin 5 w =+,

(4.107)

where w = 2mmuv/L denotes a scaled frequency, see [Obe90, p. 38, 7.58]
or [PT21a]. Thus, we obtain
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Juinn(v) = (£ 9)(0) = (F % ) (v) = / F(o—w) ju) du
v+L/2

m2u2 b2(142X)2
v+L/2 J1 (277 2 M)

mp
= du
2L2 sinh B J,_1/5 m2u? _ b2(142X)2
L? 2+23)2

and thereby the assertion (4.106). Note that the integrand of (4.106) is
real-valued, since Jy(iz) =il1(z) for z € C, where I, denotes the modified
Bessel function of first kind. Moreover, it is easy to see by (4.106) that
1[)Sinh is even and belongs to C*°(R). [ ]

A visualization of the sinh-type regularized sinc function (4.105) and
its Fourier transform (4.106) can be found in Figure 4.7. Note that in
comparison to Section 4.3.1 the function ﬁsinh is not of the form (4.34). In
addition, the sinh-type regularized sinc function vg;,p is not bandlimited on
any interval. However, the following lemma shows that this function (4.105)
is essentially bandlimited on the interval [—£ (1 +¢), £ (1 4 ¢)] with cer-

tain € > 0, such that ¢, is negligible for [v] > L(1+e).

1 » —Sil‘lf‘(lﬂr])) H 1 N - i
'7,' Qg () g H
Uginn ()
0.5 1 1 |
; . 3L : :
PNV S Ann ~A | /I X[ ()
Ty vV V V vV vy Yiinn (V)
0 |elimimimree ' L. .
m —m m o L L M0 M L L
L L L i3 27 2 2 2
x v
(a) tsinn in (4.105) (b) Ysinn in (4.106)

Figure 4.7: The sinh-type regglarized sinc function g, as well as its
Fourier transform g,y with m =5 and 8 = gﬂ'.



4.3 UNIVARIATE REGULARIZED SHANNON SAMPLING FORMULAS 169

Lemma 4.43. The sinh-type regularized sinc function gnn in (4.105) is
essentially bandlimited on the interval [—% (1+¢), £ (1 +¢)] withe > 2,
i.e., forallv € R\ [-L (1+¢), £ (1+¢)] we have

54/2b0
4L \/me sinh B~

Proof. Due to the fact that (4.106) is an even function, it suffices to consider
only v > % (14 ¢€). Assume that for all u € [v — é,v + %] we have

(v)] <

m*u® b (1+2))°
2 T (21202

> 0, (4.108)

such that from (4.106) it follows that

m2u?  b2(142)0)2
J1<27T L2 (2+2n)2 >‘

| - 2L2 smhﬂ / L/2 m2u? b2(142)1)2

L2 (242X)2

v+L/2

du.

|1&sinh( )

Since we have |J;(x)| < f for all > 0, cf. [PT21b, (3.4)], we obtain

m v+L/2 m2u2 b2 1+2)\ 2 —3/4
i (0)] < b ( (1+23) ) du

20227 sinh B Ju_r;2 \ L (2+2))?2

- mp o0 (m2u2 B b2 (1 +2)\)2>_3/4 .
202w sinh B Jepjp \ L2 (2+2M)2 '

Substituting u = %:22;\)) w, we conclude
(@) < 20— (w? 1) du

2L sinh B Jop (140)/(b+260)

< — w2—1*3/4dw,
— 2L smhﬂ /8771,/(217)( )

because of 57:(;:)\’\) > =2 for A > 0. Then by

w32
11512}2( (w? — 1)3/4 < 4

ot
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we receive
N 5 e _ 54/2b3
[tsinn (V)] < _5VB w32 duw =
8L sinh B Jep, /(20 4L \/me sinh 8

for em/(2b) > 2, that means ¢ > 2. Note that in this setting also (4.108)
is fulﬁlled such that for € > 4b the Fourier transform z/Jsmh is negligible
for [v| > & (1+e¢). ]

Now we show that for the regularization with the sinh-type window
function (4.62) the uniform approximation error (4.78) decays exponentially
with respect to m, cf. [KPT22, Theorem 6.1].

Theorem 4.44. Let f € By/o(R) with M €N, L= M (14 X) € N with
A >0, and m € N\ {1} be given. Then the regularized Shannon sam-
pling formula with localized sampling (4.74) using the sinh-type window

function (4.62) and 8 = TJK‘ satisfies the error estimate

||f - RSinh,mf”Co(R) <V Meimﬂ)\/(1+)\) ||fl|L2(]R)

Proof. By Corollary 4.26 we only need to estimate the regularization er-
ror constant (4.67), since we have supp(@sinn) = [—%, %] and therefore
the truncation error constant (4.80) vanishes for the sinh-type window
function (4.62).

By (4.107) and the definition 8 = % we recognize that the auxiliary
function (4.72) is given by

nsinh(v) = X[,%) %l (’U)
m2u? _ b2(142))2
v+1/2 J1 (2” 2 (é+2x>3>
du, eR.
2L smhﬁ / L/2 m2u? _ b2(1+2X)2 v v
L2 (242X)2
Substituting u = % w, we obtain
w1 (v) w2 — 1)
sin d ) € MM )
7 h('U) QSlnhﬂ wl( U 271 w v [ 2 2]

(4.109)
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with
2u+L)m(1+ M)
bL (14 2X)

S

wy(v) = >0, ve |- %] . (4.110)

)

By definition, wj (v) is linear and monotonously increasing, such that

min ~ wy(v) =wi(— ) and max wi (v) = wy (&).
s

UG[ %

In the following we aim for an optimal parameter b = b(M, m, A) > 0,
such that |ngmn(v)] is as small as possible for all v € [—4L, 2], To this
end, we have a closer look at the integral in (4.109). As known, the
Bessel function J; oscillates on [0, co) and has the non-negative simple
zeros jin, n € Ng, where j1 0 =0 and j;,, n =1, ..., 40, are tabulated

in [Wat80, p. 748]. Therefore, the integrand of (4.109) has the zeros +&,
with &, = 1/(%")2 +1>1,n€N, and limg_, & = 1. It is easy to see
that

bJ 2_1
/ dezo’ a,b >0,
—a w? —1

and that this integral is maximal for a = b = &, cf. Figure 4.8. Moreover,
note that by [GRO7, 6.681-3] and [AS72, 10.2.13] as well as Jy(iz) =111(z)
for z € C we have

/1 J1(ﬁ\/1ﬁ)d _/1 L(BVI—w?) dw:/ﬂ/Q

w =
1 w2—1 1 V1 —’LU2 —m/2

7 (Im(g))Q - % <sinh §>2 (4.111)

I, (B cost)dt

and hence
Y h(BVw? -1
h(B) = .B / 1(5 v )dw
2sinh g J_; vw? —1
9 (sinh 8)? B _ -8
_2feinhg) fo2ted iy

sinh 3 el —e B

where h(f) is a monotonously increasing function with limg_,o h(8) =0
and limg_, o, h(B) = 1. Thus, in order to achieve |nsinn(v)| in (4.109) as
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L(B)

0
& & 60 & & &
w
: . . J1(BVw2—1)
Figure 4.8: The function ﬁ

small as possible, we request wq(v) > 1 for all v € [—% %} which can be
obtained by setting w; (— %) = 1. Rearranging this by (4.110) in terms
of b we obtain b = % and therefore 8 = 71%”;‘

Now given this scaling parameter S we are able to provide an estimate

on the regularization error constant (4.67). From (4.109) it follows that

nsinh(v) =N (U) - 772(”)7 CAS [_%’ %] )

with
L(BV1— w2)
m(v) =1 / w,
2 smhﬁ V1—w?

() = — P (/m( U)+/1W1<v ) H(BVwTT)

2 sinh 3 w? —1
By (4.111) we obtain

Q(Sinh é)2 2¢F
m(v) sinh 8 1+e s -

Further we have

w1 (—v) wi(v) _
([ A
1

m(v) = 2 sinh g8 w2 — 1

Substituting w = cosh x in above integrals, we have

ﬁ arcosh(wy (—v)) arcosh (w1 (v))
= inh z) dx.
n2(v) 5 sinh (/0 Jr/o )J1(ﬂ sinh z) dz
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=— Ji(f sinh z)

0 arcosh (71)1 (1\71) )
x

Figure 4.9: The function Ji(8sinhx) on the interval [0, arcosh(w1 (%))]

In order to estimate these integrals properly we now have a closer look
at the integrand. On each interval [arsinh(h‘%)7 arsinh(mT””)], n € Ny,
the integrand J;(f sinhz) is firstly non-negative and then non-positive,
see Figure 4.9. Due to these properties and the fact that the ampli-
tude is decreasing when x — oo, the integrals are positive on each inter-
val [arsinh(%), arsinh(m%)], n € Ny. Note that by [GR07, 6.645-1]

we have
/Ooo Jy(Bsinhz)dz = T, 5 (g) K1/2(§)

2 B [Teep 1P
—\/ﬁsmh2 \/;e = 5

where K, denotes the modified Bessel function of second kind and I j2, K1 /2
denote modified Bessel functions of half order (see [AS72, 10.2.13, 10.2.14,
and 10.2.17]). In addition, numerical experiments have shown that for
all T > 0 we have

T _ e B
1
OS/ Jl(ﬁsinhx)dxgu.
0 2p
Therefore, we obtain

._B 3(1—e?)  3eF
~ 2sinhf Jé; C14e P
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and hence
max sinh (VU max V) — v)| < <e P <
g 0 =) = 0] <
(4.112)
Thus, by (4.67) and (4.72) we conclude that
By (psinns M, L) < VM e ™.
This completes the proof. |

Now we show that for the regularization with the sinh-type window
function (4.62) the uniform perturbation error (4.87) only grows as O(y/m),
cf. [KPT22, Theorem 6.3].

Theorem 4.45. Let f € Byy/o(R) with M € N, L = M(14 X)€ N with A > 0
andm € N\ {1} be given. Further let Rainnm f be as in (4.85) with the noisy

samples f, = f(%) + e, where |eg| <€ foralll € Z and 0 < e < 1. Then

the regularized Shannon sampling formula with localized sampling (4.74)
using the sinh-type window function (4.62) and 8 = % satisfies

~ 242\ 1
| Rsinh,m f — Rsinh,m fllcor) < € (2 +14/ N 1. \/T7L> .

Proof. By Theorem 4.29 we only need to compute Pginn (0) for the sinh-type
window function (4.62). By (4.107) we recognize that

. _mmf 11(5) B Wm[l(ﬂ)
Psinn(0) = L sinh 3 ' B LsinhB’

Since v27Be ? I(3) < 1, see [PT21b, Lemma 7], we have

mm I (5) < mme’ V2 m
sinh ~ 2xBsinh3 B (1 —e28)’
such that (4.87) using 8 = qui‘ yields the assertion. [ |

We remark that the triangle inequality combined with Theo-
rems 4.44 and 4.45 also implies an estimate on the perturbation er-

ror || — Reinn,m fllcor), of. (4.88).
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Continuous Kaiser—Bessel window function

Finally, we consider the continuous Kaiser—Bessel window function (4.63)

with the scaling parameter = br420) f51 b > 0. Note that (4.63) is

DY
supported on [—Z, Z]. According to (4.69) we form the continuous

Kaiser—Bessel reqularized sinc function
Yexp(x) = sinc(Lmz) pekp(z), = €R. (4.113)

Lemma 4.46. Let L € N and = b”(f%f’\) with b > 0 be given. Then

the Fourier transform of the continuous Kaiser—Bessel reqularized
sinc function (4.113) reads as

5 - B B (0FL/2) ginh (BVI—w?) |
R e A
(4.114)

The function (4.114) is even, real-valued, and belongs to C*°(R).

Proof. To compute the Fourier transform of (4.113) we apply the convo-
lution property (4.66) using f(z) = sinc(L7wzx) and g(z) = wexp(2). These
functions possess the Fourier transforms

FO) = £ x4,
g(v) = _am % —sinc(Bw) :weR\{-1,1},
() =1) L 1 —sinc(B) tw = *£1,
(4.115)

where w = 2rmuv/(BL) denotes a scaled frequency, see [Obe90, p. 3, 1.1,
and p. 95, 18.31] or [PT21b]. Thus, by substituting u = SLw/(2wm) we
obtain

bexn(®) = (F 9(v) = (F * 3)(w /f (v—)

1 ’U+L/2
=— g(u) du
L /UL/z

B 8 /2”7" (v+L/2) ginh (V1 — w?)
L (1o(B) — 1) Jazm (y1/2) BVT — w?

— sinc(fw) dw
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and thereby the assertion (4.114). Note that the integrand of (4.114) is
real-valued, since sinh(iz) =1 sin(z) for z € C. Moreover, it is easy to see
by (4.114) that 1kp is even and belongs to C*°(R). |

A visualization of the continuous Kaiser—Bessel regularized sinc func-
tion (4.113) and its Fourier transform (4.114) can be found in Figure 4.10.
Note that in comparison to Section 4.3.1 the function @CKB is not of
the form (4.34). In addition, the continuous Kaiser—Bessel regularized
sinc function ¥ kp is not bandlimited on any interval. However, the fol-
lowing lemma shows that this function (4.96) is essentially bandlimited on
the interval [—é (1+¢), % 1+ 5)} with certain € > 0, such that @CKB is
negligible for [v] > £ (1 +¢).

1f o —Sil‘lC(LTTZ> H % 8 i
""" %KB(’J«')
pexs ()
0.5 ‘q 1. |
| | 2L
st A | Anpnd Py
MYV VA \/ Vv Yexp(v)
() el im mmmim r LA
2m ,‘ﬂ é m 2m —L _‘L _‘L[ 0 M L L
A L L 272 2 2
xr v
(a) ek in (4.113) (b) Yexn in (4.114)

Figure 4.10: The continuous Kaiser-Bessel regularized sinc function ¢.kp
as well as its Fourier transform v.xg with m =5 and 8 = % .

Lemma 4.47. The continuous Kaiser—Bessel reqularized sinc function ¢.xp
in (4.113) is essentially bandlimited on the interval [—% (14¢), £ (1 +¢)]
with certain e > 2= i.e., for allv € R\ [-L(1+¢), £ (1+¢)] we have

232
Lr?me (Io(8) — 1)

&cKB(’U)’ <

Proof. Due to the fact that (4.114) is an even function, it suffices to consider
only v > £ (1+¢). Assume that for all w € 2;—2” [v— %, v+ L] we have

1—w? <0, (4.116)
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such that from (4.114) it follows that

J)cKB(v)|
2mtm
ﬁ / T (v+L/2) ' )
< sine(B8v/w? — 1 — sinc(fw)| dw.
Lr (Io(B) = 1) J2gpm-1/2) sine( ) |
Since we have
2
’sinc(ﬁ\/ w2 —1)— sinc(Bw)‘ <— (4.117)
w
for |w| > 1, see [PT21a, Lemma 4], we obtain
R ( )| ﬁ 27m(v+L/2)/(BL) 2
YexB(V)| £ —FF / — dw
Lr (I(8) = 1) Jammw—rs2)/(81) W
< 2 232
S S PHE .
L (Io(B) = 1) Jrmess w Lr2me (Io(8) — 1)

Note that (4.116) is fulfilled in case 5= > 1, such that for e > [jn the

T

Fourier transform tekp is negligible for |[v] > L1+e). [ |

Now we show that for the regularization with the continuous Kaiser—
Bessel window function (4.63) the uniform approximation error (4.78)
decays exponentially with respect to m, cf. [KPT24, Theorem 4.3].

Theorem 4.48. Let f € Byyo(R) with M e N, L =M (1+X) € N with
A> L and m € N\ {1} be given. Then the regularized Shannon sam-

m—1’
pling formula with localized sampling (4.74) using the continuous Kaiser—

Bessel window function (4.63) and 8 = hli‘ satisfies the error estimate
VM mmA (1 4+ A+ 4mh)

41+ N2 oMUVl ).

If = RexB,m fllcom) <

Proof. By Corollary 4.26 we only need to estimate the regularization error
constant (4.67), since we have supp(¢cxs) = [—4, %] and therefore the
truncation error constant (4.80) vanishes for the continuous Kaiser—Bessel
window function (4.63).
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By (4.115) and substituting w = QEZ‘ u we recognize that the auxiliary
function (4.72) is given by

B W (simh (BVI-w?) oY du
o) = 1~ s /a(v)( N — (8 >)d
(4.118)

with the increasing linear function a(v) = 2"” (v+ )

Similar to Theorem 4.44 we now aim to choose an optimal parame-
ter 8 > 0, such that |n.kp(v)] is as small as possible for all v € [—2, 2]

To this end, we have a closer look at the integral in (4.118). It is easy to
see that

[5a=

and that this integral is maximal for a = b = £;, when denoting the zeros
of the integrand as +¢,, cf. Figure 4.11. Numerical experiments have
shown that &, > 1, n € N, and limg_,. §&; = 1. Moreover, by substituting
w = sin(s) and [GRO7, 3.997-1] we have

/1 sinh (B\/l—w2 / smh 5\/1—w2)
1 BV1 —w? ﬁ V1-—w?

- sinc(ﬁw)) dw >0, a,b>0,

2 [ sinh(cos) s = T1o)
== sin coss)ds = —L ,
B Jo A
where Lo(z) denotes the modified Struve function given by (see [AS72,
12.2.1))

0o (§)2k+1 ok

27 x
Lo(@) = — s 7,;((2k+1)u)2‘

Note that the function Iy(z) — Lo(z) is completely monotonic on [0, co)
(see [BP14, Theorem 1]) and tends to zero as © — oo. Applying the sine
integral function

Si(x) ::/ sin(w) dw:/ sinc(w) dw, € R,
0 0

w
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————————
— sinh (BvI—w? .
% — sinc(Sw)

0
& & 60 & & &
w
Figure 4.11: The function mhﬂ(ﬁl# — sinc(pw).
implies
1 d 1 d 2 " d 2 S
. _9 . _2 . _2
/_1 sinc(fw) dw /0 sinc(fw) dw 3 /0 sinc(y) dy 3 i(8),
and hence
) B U /sinh (BV1—w?) |
h(B) = - (Io(ﬂ) — 1) [1 ( N - smc(ﬂw)) dw
1 2
= W (LO(B) - Sl(ﬁ))v B> 0. (4.119)

Numerical experiments have shown that h(8) € [0, 1] is monotonously
increasing with limg_,0 h(5) =0 and limg_,o A(B) = 1, similar to The-
orem 4.44. Thus, in order to achieve |n.xp(v)| in (4.118) as small as
possible, we request a(v) > 1 for all v € [—%, %], which can be obtained
by setting a( — %) = 1. Rearranging this by the definition of a(v) we

obtain 8 = ’{Ti‘

Now given this scaling parameter S we are able to provide an estimate
on the regularization error constant (4.67). Using (4.118), we decom-
pose 7k (v) in the form

w‘g
m‘i

nexs(v) = n3(v) —ma(v), wveE [_ ] )

b
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with
o B 1 sinh(ﬁx/l—uﬂ) ~ ine(Bw w
ps(v) = 1 W(W)_l)/_l( o (s ))d ,

g - . .
Na(v) = 7T(Io(ﬁ)—1)</_a(_v) (Slnc(ﬁ\/ w2 —1)— smc(ﬁw)) dw

N /1a<v> (Sinc(ﬁm ) — sinc(ﬂw)) dw).

By (4.119), we obtain

ml) =1 oz (1a(8) - 25106))

Ih(B) -1
1 -
- LT (m(ﬂ) ~TLo(B)— 1+ sl(m),

Note that for suitable 8 > 0 we find [Io(8) — Lo(8) — 1+ 2 Si(8)] € [0, 55).

cf. Figure 4.12. In addition, it is known that Iy(8) > 1, 8 > 0, such
that n3(v) > 0.

S5
T

[— 1o(8) ~Lo(8) ~ 1+ 25i(5) |

0 10 20 30

B

Figure 4.12: Visualization of [Io(8) —Lo(8) — 1+ 2Si(8)] € [0, 55) for
suitable 8 > 0.
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Further, we estimate n4(v) for v € [—
as

Ina(v)| < 7T(Io(g)—1)(/__a:_v) sinc(BvVw? — 1) — sinc(ﬁw)‘ dw
sinc(BvVw? — 1) — sinc(ﬁw)‘ dw).

a(v)
+/
1

Thus, by (4.117) we conclude
48 o 48
I (v)\Sif —dw = ——— .
! m(lo(B)-1) Ji w? m (Io(B) — 1)
Combined with the estimate shown in Figure 4.12, this yields
nexs (V)] < n3(v) + |na(v)]
1 483

2 .
§ W (IO(ﬁ) - Lo(ﬁ) -1+ ; Sl(ﬁ) + 7_()

<51 (@ r)

Note that this last term is strictly decreasing on [0,00) and that by the

assumption A > —= we have § = 7{:’:; > 7 for all m € N\ {1}, such that

%, %] by the triangle inequality

1 9 Am
(4.120)

By [Barl0, p. 577] the function % is strictly decreasing on [0, oo) and

tends to zero as x — co. Numerical experiments have shown that m
is strictly decreasing on [7, 00) as well. Hence, it follows that

ef 4
BT —1) = a(lo(m) — 1)

and thus we conclude that

thm<M5(m+w> f@+“)

Using g = qff))\‘ this completes the proof. |

= 1.644967... < —
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Now we show that for the regularization with the continuous Kaiser—
Bessel window function (4.63) the uniform perturbation error (4.87) only
grows as O(y/m), cf. [KPT24, Theorem 4.6].

Theorem 4.49. Let f € By/2(R) with M € N, L = M(1+ X\)€ N with A > 0
and m € N\ {1} be given. Further let Rexp mf be as in (4.85) with the
noisy samples f; = f(%) + e, where |eg| < e foralll €Z and 0 < e < 1.
Then the regularized Shannon sampling formula with localized sam-

pling (4.74) using the continuous Kaiser—Bessel window function (4.63)

and B = ’{%T satisfies

242X
A

|RexcB,m f — RekBmflleom) <€ (2 + ﬁ) .

Proof. By Theorem 4.29 we only need to compute $.xp(0) for the con-
tinuous Kaiser—Bessel window function (4.63). By (4.115) we recognize
that

2m (sinh(,@) _1) _ 2m sinh(8) — B
MOEDIANE: VF VAL - 1)

Since it is known by [AS72, 9.7.1] that
lim V2rxe " Iy(z) =1,

Tr—00

@cKB (O) = (

we also have

wli)rrgo Verze ™ (In(z) — 1) = 1.
sinh(8)— 6
VB (Lo(8)-1)

Moreover, for 8 € [0, o) the term is monotonously increasing

with

- sinh(8) — 68 i 1—e 2/ —28eF \/F
oo VB (Io(B) —1)  f=oe 2V/Be P (Io(B)—1) V2
such that (4.87) using 8 = qui‘ yields the assertion. [ |

We remark that the triangle inequality combined with Theo-
rems 4.48 and 4.49 also implies an estimate on the perturbation er-

ror ||f — Rek,m fllco(r) cf. (4.88).
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Summary

Summarizing, we have seen that by the use of certain window func-
tions ¢ € @ in spatial domain, or rather their truncated versions (4.73), the
regularized Shannon sampling sums with localized sampling (4.74) possess
exponential error decay rates. For a comparison of the theoretical error
decay rates of the spatial window functions mentioned in Remark 4.22 we
refer to Table 4.1, while a visualization of the error decay rates can be
found in Examples 4.69 — 4.77.

4.3.3 Comparison of the two regularization methods

Finally, we compare the regularization methods studied in Sections 4.3.1
and 4.3.2. Similar to [KPT24], a summary of the theoretical error decay
rates presented for the window functions in the frequency domain and in
the spatial domain can be found in Table 4.1. It becomes apparent that
regularization with a frequency window function is less effective, as an
exponential decay can (up to now) only be realized using the regularization
with a spatial window function. For a numerical comparison of these
methods we refer to Example 4.78, which demonstrates that also in practice
this second approach using window functions in spatial domain performs
much better than window functions in frequency domain, since it produces
much smaller errors using the same amount of samples.

In summary, we found that the regularized Shannon sampling formulas
with localized sampling of Section 4.3.2 are much more powerful, since this
approach is easy to compute, robust in the worst case error, and requires
less data (for comparable accuracy) than the classical Shannon sampling
sums or the regularization with a frequency window function, see also
Section 4.5.

4.4 Multivariate regularized Shannon sampling
formulas

In the following, we generalize the previous findings to d > 1 and present
new d-dimensional regularized Shannon sampling formulas. As seen be-
fore, for regularizations with a window function in frequency domain from
Section 4.3.1 only algebraic error decay rates are achievable, while regular-
izations with a window function in spatial domain from Section 4.3.2 possess
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window function error decay rate see

sinc(L -) (T — L)~1/2 Lemma 4.6
Yrin in (4.44) (T — L)=3/? Theorem 4.14
Yeup in (4.47) (T — L)~ 5/2 Theorem 4.15
Yeos i (4.50) (T —L)™° Remark 4.16
’(Z}COHV’Q, cf. (4.57) (T-L) 5/2 cf. Lemma 4.12
©Oeonst 1N (4.84) E + W Remark 4.28
©Gauss in (4.60) e~ mmA/(2+2X) Theorem 4.33
p in (4.61) e~ m (In(rmA)=In(2s(1+2))) | Theorem 4.40
Qsinn 10 (4.62) e~ MmN/ (142) Theorem 4.44
¢exp in (4.63) e MmN/ (142) Theorem 4.48

Table 4.1: Summary of the theoretical results on decay rates for the window
functions in frequency domain considered in Section 4.3.1 and the
window functions in spatial domain considered in Section 4.3.2.

an exponential error decay and are numerically robust with respect to noisy
samples, see also Section 4.5. Therefore, for d > 1 we consider only the
second approach and focus on regularized Shannon sampling formulas with
localized sampling, cf. (4.74), using window functions in spatial domain,
cf. Remark 4.22.

For given ¢ € ® let ¢,, be the truncated window function (4.73) and
let (2.13) be the corresponding d-variate window function, where for sim-
plicity we denote the d-variate versions by ¢ and ¢, as well. Then we
approximate a function f € BM/Q(Rd) by the d-dimensional regularized
Shannon sampling formula

( Lme Zf % sinc Lﬂ'( %))‘Pm(w—%), iL‘ERd,
Lezd
(4.121)

As for the univariate version (4.74), this procedure is an interpolating
approximation of f on the grid %Zd, i.e.,

(Romf)(%) = £(%), ke, (1122)
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is fulfilled, since sinc(mk) =0 for each k € Z%\ {0}. Furthermore, the
use of the compactly supported window function ¢,, in (4.73) leads to
localized sampling of the bandlimited function f € By o (R%), i.e., the com-
putation of (Ry ., f)(z) for fixed @ € R?\ + Z? requires only (2m + 1)?
samples f(£), where £€Z? fulfills the conditions |, — Lay| <m
fort=1,...,d.

Note that in comparison to the univariate regularized Shannon sampling
formula (4.74) in the multivariate setting it is not sufficient to approxi-
mate f by Ry, f in (4.121) only on the open sets % + (O, %)d7 kezd,
since by the interpolation property (4.122) we obtain equality only for
the corners but not the whole edges of the respective hypercube. Hence,
we have to approximate f by R, mf separately on each closed hyper-
cube % + [O, L] k € Z<. For this reason, we also have to slightly enlarge
the corresponding index set used for each hypercube, such that we now work
with 72 . = {—m, ..., m+1}%, cf. (4.76). More precisely, by introducing
the d-variate reqularized sinc function

Y(z) = sinc(Lrz) p(x), x € R (4.123)

analogous to (4.69), for x € [0, %] % the d-dimensional regularized Shannon
sampling formula (4.121) reads as

Romf)@) = > f(£)v(@—%), @elo,1]"

£€jm+l

Indeed, on any shifted hypercube %+ [0, L]? with keZ? the
d-dimensional regularized Shannon sampling formula (4.121) has the form

Romf)(@+2)= 3 (88 y@—£), zelo, 1]’ (4124)
EGJm+1

cf. (4.77).
Now for given f € By/2(R?) and ¢ € ®, we estimate the uniform ap-
proximation error

17 = RemS lou(eay = max | £(@) = (Ronf) @) (4125)

of the d-dimensional regularized Shannon sampling formula (4.121). Note
that for d = 1 the following theorem coincides with Theorem 4.25.
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Theorem 4.50. Let f € By2(RY) with M eN, L=M(1+\)eN
with A > 0 and m € N\ {1}. Further let p € ® with the truncated window
function (4.73) as well as their d-variate versions (2.13) be given. Then
the d-dimensional regularized Shannon sampling formula (4.121) satisfies

Hf - Rtp,meCo(Rd) < (ET(<p7M7Lad) + Et(‘ﬂamalﬁd)) ||fHL2(le)7

where the corresponding error constants are defined by

d ve+L/2
E.(o,M,L,d) = M?%?  max 1-— H / Slu)dul|, (4.126)
ve[f%, %]d t—1 Jve—L/2
V2dLY? [ 1 L[ @2(t) 2
E Lyd) = "—— | = ¢*(™) + — dt .
t((pam7 ) ) T (mQSD (L)+LA/L t2 >
(4.127)

Proof. By (4.124) we approximate f by R, . f separately for each shifted
hypercube % + [0, £]%, k € Z*, where we split the approximation error

=

Fat ) - Bonh@+§) =aleth) texe). zel i)’

into the regularization error

ex(x) = f(@) = > f(E)p(z—£), zeR, (4.128)

VIy/A

and the truncation error

een(@) = F(EE)o(x—£) — (Rpmf)(@), xe 0, 1]" (4.129)

Lez4

Initially, we restrict ourselves to the hypercube [O, H ¢

We start with the estimation of the regularization error (4.128). By the
tensor product structure of ¢ in (4.123) the d-dimensional Fourier trans-
form 1) (v) equals the tensor product of one-dimensional Fourier transforms,
see Remark 2.3, such that we obtain by (4.70) that

d

R 1 ve+L/2
Y(v) = — p(u) du.
0.

—L/2
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Using the shifting property of the Fourier transform, the Fourier transform
of ¢( . —%), £ €74, reads as

L —orive/r ﬁ A
— e / o(u) du.
Ld =1 Jve—L/2

Therefore, the Fourier transform of the regularization error (4.128) has the
form

vt+L/2

ér(v) = flv) = ) %f ) em2mive/L H / du.  (4.130)

Lcz4 —L/2
Since f € Byr/2 (R?) and L > M by assumption, we have
}d

Hence, the restriction of f to [f%, 5] belongs to LQ([* %, g]d) and thus

possesses the convergent L-periodic Fourier expansion

fw) =3 co(fyemot/t, ve [-L,

Lez

N

supp(f) € [~ 4, M]% ¢ [-

N[

b

|t~

.

with the Fourier coefficients

ce(f) = % /[ o f(w)e > do = % f(-%), eez’

In other words, since f € B M/Q(Rd) is bandlimited with bandwidth M, its
Fourier transform f (v) with v € Z? can be represented as

F0) = g o) = (X 72 BV )y ypato)

ez

Introducing the auxiliary function

d vt+L/2
77(’0) = X[ M M H/ )du,

t=1 Jve—L/2
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cf. (4.72), we see by inserting (4.131) into (4.130) that é,(v) = f(v)n(v)
and thereby |é.(v)| = | f(v)] |n(v)|. Thus, by inverse Fourier transform (4.4)

we obtain
@) < [ lerto) v = /[M’ O TCE

2

< max v)| / v)|dv.
'UE[ M JM ]\/I 1\4

Using the Cauchy—Schwarz inequality and Parseval’s identity, we see that

/[] s </[M y) 12d”>1/2< /[ o |f(")|2dv>1/ 2

= M2 fll 1, @ay = MY2 | fll £, (ra)s
which yields the estimate
lexllcoay < Ex(e, M, L, d) || f]| 2, me)

with the error constant (4.126).
Now we estimate the truncation error (4.129). For k = 0 the representa-
tion (4.124) implies

ecol@ =Y f(f)ve—f). =z "

eezd\Ji+l

Then by the Cauchy—Schwarz inequality and (4.9) it follows that

o= S 1oF) (S we-nr)”

eeZd\J,jH eezd\‘j;‘fm-f—l

s

1/2
<l (X - HF)

lEZd\ngrl

Since

d
Zd\ L+1 U{ngdi b € Z\ Tm+1},
t=1
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we conclude by (4.123), the product structure of [sinc(Lra — ﬁé)]z and

[o(x — %)]2 as well as (4.10) that

S o< ( X e hF)

LeZNTL | t=1 “LeZ\Tm+1

11 (Z [sinc(La,, — Trf)f)

n=1 \(€Z
n#t

with the auxiliary function

1
hmy1(x) = Z m@2($— %) >0, z€[0, 1],
LETIN\ Tm+1

cf. (4.81). By analogy with (4.82) and (4.83) we can estimate

for all z € [0, +], and hence we obtain

< FE L.d ,
a:e[r(?fi)/{L]d |et’0(m)| - t(<,0,m, ’ )||f||L2(Rd)

with the error constant (4.127).
By the same technique, these error estimates can be obtained for each
shifted hypercube % + [0, %]d with arbitrary k € Z?, which completes the

proof. |
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Corollary 4.51. Analogous to Corollary 4.26 the error estimate of The-
orem 4.50 can be simplified, if the window function ¢ € ® wvanishes

on R\ [—f, f]. Then the truncation errors ey r(x) are equal to zero

for all x € [O, %}d and k € Z%, such that E¢(¢,m, L,d) =0 and we obtain
the simple error estimate

If = Rom[lleomey < Ex(e, M, L, d) || 1 . eey-

Remark 4.52. As mentioned in Remark 4.27 for the univariate setting also
the multivariate version in Corollary 4.51 applies to the modified B—spline
window function (4.61), the sinh-type window function (4.62) and the
continuous Kaiser—Bessel window function (4.63). Similarly, Corollary 4.51
does not hold for the Gaussian window function (4.60), since @gauss does
not vanish. o

Remark 4.53. Additionally, as in Remark 4.28, note that Theorem 4.50
could also be used to obtain a suitable error estimate for the constant
window function (4.84). Since no regularization is done for the constant
window function (4.84), we obviously have E, (¢, M, L,d) = 0 and therefore
Theorem 4.50 provides the error estimate

1f = Reonst.m fllcomey < Ei(p,m, L, d) | fl| £, ra

v2d 1 1
= L? s £l 2 ey,

which can be seen as a consequence of a result in [MXZ09]. This again
emphasizes that using localized sampling is not enough for obtaining
fast convergence results for the Shannon sampling series (4.15), rather
regularization is crucial as well. o

In order to apply Theorem 4.50 for a given window function ¢ € ®, it
merely remains to estimate the error constants (4.126) and (4.127). Since
the estimation of the multivariate truncation error constant (4.127) reduces
to the knowledge of the univariate truncation error constant (4.80), we
now aim to simplify the multivariate regularization error constant (4.126)
similarly. For this purpose, note that by definition (4.72) we have

v+L/2
/ pu)du=1-n), ve [—%, ]
v—L/2

vl
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Consequently, with regard to (4.126), we consider the expression

d vt+L/2 d
I—H/ = H (1=n(v)), v=(v,...,vq)

t=1 Jvue—L/2 t=1
(4.132)

Lemma 4.54. If the auziliary function n: [—%, %] — R defined in (4.72)

satisfies 0 < n(v) <1 forv € [ M 1\24]; we have

d

d
~JT @ —n0w) <3 nw), v=(vr,...,va) € [~ %, M]". (4.133)

t= t=1

—

If n in (4.72) at least fulfills |n(v)| <1 forve [, 2], then we have

fH(lf

t=1

d
-1
Z|77(vt)|, v=(v1,...,0q) € [,%7 %]d7
=1

(4.134)

where the factor %T_l is best possible.

Proof. The inequality (4.133) can easily be shown by induction. Obvi-
ously, the assertion (4.133) is valid for d =1 and d = 2, since n(v) > 0,
v E [—%,%], by assumption. Assume that (4.133) holds for arbi-
trary d > 2. Then we conclude

) o

t=1 t=1

d+1

1= J] (1= n(w)

t=1

IA
M& Y

n(ve) +n(vay1)

=1
d+1 i
= 77(Ut>7(U17---7Ud+1) € [_%7 %] )
t=1
since 0 <1 —n(v) <1lforwve [f%, %] by assumption.
M M

In case |n(v)| < 1for v e [—4L, &1, the inequality (4.134) can be shown
by the triangle inequality and the inequality of geometric and arithmetic
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means Yz - Tqg < é(ml + -4 x4). Since (4.134) is obviously valid
for d =1, we demonstrate (4.134) only for d = 2 for simplicity. Here we
have

d
-] - n(vt))| = [n(v1) + n(v2) = n(v1) n(v2)]

t=1

< In(vi)] + n(v2)] + n(v1) n(ve)]

[n(v1)] + [n(v2)| + V/[n(v1) n(v2)
[n(v)| + [n(v2)| + 5 (In(v1)| + [n(v2)])
=3 (In(o1)| + [n(v2)])-

Analogously, the inequality (4.134) can be shown for d > 2. Moreover, the

factor 2{1?1 is the best possible, since in case n(v;) = —1,t =1,...,d, we

obtain equality in (4.134). |

IN A

Based on these properties, we can now simplify the estimate of the
regularization error constant (4.126) from Theorem 4.50 as follows.

Corollary 4.55. For a given window function ¢ € ® let n: [ 5 ] - R
be its corresponding auziliary function defined in (4.72). Then the following
holds.
(i) If n in (4.72) fulfills the condition 0 < n(v) <1 for ve [-4 ]
then the error constant (4.126) can be bounded by
E.(p,M,L,d) <dM%? max n(v). (4.135)

vel 2 ]
(i) If n in (4.72) fulfills the condition |n(v)| <1 forv € [—%, %], then
the error constant (4.126) can be bounded by

Ei(p,M,L,d) < (2¢ — 1) M?/? In(v)]. (4.136)

a;
UG[—%, ]\24]

Proof. (i) If for ¢ € ® the auxiliary function (4.72) fulfills the condi-
tion 0 < p(v) < 1 for v e [—2, &1, then we conclude by (4.126), (4.132)

272
and (4.133) that
ﬁ ve+L/2
1- / o(u) du
=1 Jve—1L/2

E.(p,M,L,d) = M%?  max

ve[- M, M)
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(ii) If for ¢ € ® the auxiliary function (4.72) fulfills the condi-
tion |n(v)| <1 for ve [, 2], then we conclude by (4.126), (4.132)
and (4.134) that

E.(p, M, L,d) = M2 max

M M4
ve[- 4, &

ﬁ ve+L/2
1- / H(u) du
=1 ve—L/2

This completes the proof. |

Remark 4.56. As shown in (4.93) and (4.103), the Gaussian window func-
tion (4.60) and the B—spline window function (4.61) both satisfy the con-
dition 0 < n(v) <1, i.e., for both window functions the estimate (4.135)
can be applied.

Furthermore, it was demonstrated in (4.112) and (4.120), that the con-
dition |n(v)| < 1 is satisfied for the sinh-type window function (4.62) and
the continuous Kaiser—Bessel window function (4.63) with 8 > 7, such that
the estimate (4.136) can be applied for these window functions. o

Now, we will move on to the issue of numerical robustness. As seen
in Theorem 4.7, if the samples f(%), £ c 7% of a bandlimited func-
tion f e BM/Q(Rd) are not known exactly, i.e., only erroneous sam-
ples f == f(%) +e¢ with |eg| < e, £ € Z4, with sufficiently small £ > 0
are known, the corresponding Shannon sampling series (4.15) may differ
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appreciably from f. Analogous to (4.85) we denote the d-dimensional
regularized Shannon sampling formula with erroneous samples f; by

(Rpmf)(@) = fesine(Lr (z - £)) p(x—£), @R (4.137)
Lczd

Then, in contrast to the Shannon sampling series (4.15), the d-dimensional
regularized Shannon sampling formula (4.121) is numerically robust, i.e.,
the uniform perturbation error

”Rap,mf - R(p,meCO(]Rd) (4.138)

is small, as the following theorem shows. Note that for d = 1 the following
theorem coincides with Theorem 4.29.

Theorem 4.57. Let f € By2(RY) with M eN, L=M(1+X)€eN
with A >0 and m € N\ {1}. Further let ¢ € ® be a univariate window
function with its d-variate version (2.13). Moreover, let fe = f(%) + €,
£ € 7%, be given, where we have |eg| < € for all€ € Z¢ and 0 < ¢ < 1. Then
the d-dimensional regularized Shannon sampling formula (4.121) satisfies

5 “ d
HRso,mf - Rgo,mf”CO(Rd) <e (2 + L<P(O)) s
= “ d
If = Romfllcomey < IIf = RomFllcomey + ¢ (2+ L p(0))".
(4.139)

Proof. By (4.124) we denote the error on each shifted hypercube % + [O, %] ¢
with k € Z4 and @ € [0, 1]? as

éx(x) = (Ran)(:c + %) - (R%mf) (:IZ + %) = Z Ee+k w(x - %)

d
Led i

We start with the hypercube [0, %]d. Using |ee| < ¢, the definition (4.123),
and the non-negativity as well as the product structure of ¢ € ®, we receive

eo(@)] < D leel [v(z — £)]

ZEJ;]LJA

<e X vle-p=<II( X ew-h).

eejrcrlﬂ»l t=1
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Analogous to the proof of Theorem 4.29 it can be shown that for p € ®
and x € [07 %} we have

m

2. ¢ <2 e(f)

LETm+1 £=0
m/L
< 2¢(0) +2L/ o(t)dt < 2¢(0) + L$(0).
0
Thus, we obtain

d
we[nol?)/(L ’eo ‘ <e(2+ Lp0)".

By the same technique this error estimate can be shown for each shifted
hypercube % + [O, L] with arbitrary k € Z<.

In addition, the triangle inequality yields (4.139), which completes the
proof. |

In the remainder of this section we specify the results of Theorems 4.50
and 4.57 for the window functions in Remark 4.22. For this purpose, it
merely remains to estimate the regularization error constant (4.126), the
truncation error constant (4.127) as well as $(0) for the different window
functions, which shall be done in the following subsections.

Gaussian window function

Firstly, we consider the d-dimensional regularized Shannon sampling for-
mula (4.121) with the Gaussian window function (4.60) and show that its
uniform approximation error (4.125) decays exponentially with respect to m.
Note that in case d = 1 the following theorem coincides with Theorem 4.33.

Theorem 4.58. Let f € By(RY) with M eN, L=M(1+X)eN
with A >0 and m € N\ {1} be given. Then the d-dimensional regular-
ized Shannon sampling formula (4.121) using the Gaussian window func-

tion (4.60) and o = 37 TSy satisfies the error estimate

m(1+X)
Hf - RGauss,meCO(]Rd) (4140)

de/Q\/mJﬂde/2 AL+ M) neaj242x) 7]
mrvA "

(Re)-
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Proof. By Theorem 4.50 we only have to estimate the error constants (4.126)
and (4.127) for the Gaussian window function (4.60). For the regularization
error constant (4.126) we have seen in Corollary 4.55 and Remark 4.56
that this can easily be done by (4.135), i.e., we only have to consider
the univariate function (4.72). Since the truncation error constant (4.127)
also depends only on the univariate window function ¢ € ®, and these
univariate functions have already been estimated in Theorem 4.33, this
completes the proof. |

Now we show that the d-dimensional regularized Shannon sampling
formula with the Gaussian window function (4.60) is numerically robust
with respect to noisy samples and that the uniform perturbation error (4.86)
only grows as O(m??). Note that in case d = 1 the following theorem
coincides with Theorem 4.36.

Theorem 4.59. Let f € Byp(RY) with MeN, L=(1+A)MEeN
with A\ >0 and m € N\ {1} be given. Further let Rgauss’mf be defined
as in (4.137) with the noisy samples fy = f(%) + e, where |eg| < e for
all £ € 7% and 0 < ¢ < 1. Then the d-dimensional regularized Shannon
sampling formula (4.121) using the Gaussian window function (4.60)

and o = ﬁ . /ﬁ satisfies

- 242X
||RGauss,mf - RGauss,meCO(]Rd) <e <2 +

A

d
ﬁ) o (4.141)

Proof. By Theorem 4.57 we only need to compute @gauss(0) for the
Gaussian window function (4.60), which has already been done in Theo-
rem 4.36. |

We remark that the triangle inequality combined with Theo-
rems 4.58 and 4.59 also implies an estimate on the perturbation er-
ror || f — Raauss,m flcorays cf. (4.139).

B—spline window function

Secondly, we consider the d-dimensional regularized Shannon sampling
formula (4.121) with the modified B-spline window function (4.61) and
show that its uniform approximation error (4.125) decays exponentially
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with respect to m, if the oversampling condition (4.102) is fulfilled. Note
that in case d = 1 the following theorem coincides with Theorem 4.40.

Theorem 4.60. Let f € Byo(RY) with M eN, L=M(1+X) €N
and m € N\ {1} be given, where X\ >0 fulfills the oversampling con-
dition (4.102). Then the d-dimensional regularized Shannon sampling
formula (4.121) wusing the modified B-spline window function (4.61)
and s = {%1 satisfies the error estimate

AV i

14+X)))
\/5(28— ].)’/T Hf”Lz(Rd)

(4.142)

If = Bemflloyme) <

Proof. By Corollary 4.51 we only have to estimate the regularization error
constant (4.126) for the modified B-spline window function (4.61). As seen
in Corollary 4.55 and Remark 4.56 this can easily be done by (4.135), i.e.,
we only have to consider the univariate function (4.72). Since this function
has already been estimated in Theorem 4.40, this completes the proof. B

Now we show that the d-dimensional regularized Shannon sampling
formula with the modified B-spline window function (4.61) is numerically
robust with respect to noisy samples and that the uniform perturbation
error (4.138) only grows as O(m®?). Note that in case d = 1 the following
theorem coincides with Theorem 4.41.

Theorem 4.61. Let f € Byp(R?) with M eN, L=(1+AMEeN
with A > 0 and m € N\ {1} be given. Further let Rg ,,f be as in (4.137)
with the noisy samples fo = f(%) +cp, where |gg| < e for all £ < 7%
and 0 < e < 1. Then the d-dimensional regularized Shannon sampling
formula (4.121) using the B-spline window function (4.61) and s = [241]
satisfies

~ d
|Re.mf — Remflleymey <e(2+3vm)" (4.143)

Proof. By Theorem 4.57 we only need to compute ¢p(0) for the B—spline
window function (4.61), which has already been done in Theorem 4.41. W

We remark that the triangle inequality combined with Theo-
rems 4.60 and 4.61 also implies an estimate on the perturbation er-
ror || f — R fllcy ey, cf. (4.139).
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sinh-type window function

We proceed with the d-dimensional regularized Shannon sampling for-
mula (4.121) with the sinh-type window function (4.62) and show that its
uniform approximation error (4.125) decays exponentially with respect to m.
Note that in case d = 1 the following theorem coincides with Theorem 4.44.

Theorem 4.62. Let f € Byo(RY) with M eN, L=M(14+X) €N

with A >0 and m € N\ {1} be given. Then the d-dimensional regular-

ized Shannon sampling formula (4.121) using the sinh-type window func-
TmA

tion (4.62) and B = 75 satisfies the error estimate

1f = Rennm fllco@ey < (24 = 1) M2 eI | £ gay. (4.144)

Proof. By Corollary 4.51 we only have to estimate the regularization error
constant (4.126) for the sinh-type window function (4.62). As seen in
Corollary 4.55 and Remark 4.56 this can easily be done by (4.136), i.e., we
only have to consider the univariate function (4.72). Since this function
has already been estimated in Theorem 4.44, this completes the proof. W

Now we show that the d-dimensional regularized Shannon sampling
formula with the sinh-type window function (4.62) is numerically robust
with respect to noisy samples and that the uniform perturbation error (4.86)
only grows as O(m%?). Note that in case d =1 the following theorem
coincides with Theorem 4.45.

Theorem 4.63. Let f € Byo(RY) with MeN, L=(1+\)MEeN
with A >0 and m € N\ {1} be given. Further let Rsinh,mf be defined
as in (4.137) with the noisy samples fe= f(%) + eg, where |eg| < e for
all €7 and 0 <e < 1. Then the d-dimensional reqularized Shan-

non sampling formula (4.121) using the sinh-type window function (4.62)

and f = 7{%? satisfies

d
- [2 42X 1
”Rsinh,mf - Rsinh,meCo(Rd) <e (2 + T m \/TTL> .

(4.145)

Proof. By Theorem 4.57 we only need to compute @ginn (0) for the sinh-type
window function (4.62), which has already been done in Theorem 4.45. M
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We remark that the triangle inequality combined with Theo-
rems 4.62 and 4.63 also implies an estimate on the perturbation er-
ror Hf - RSiDh,mf”C[)(Rd)7 cf. (4.139).

Continuous Kaiser—Bessel window function

Finally, we consider the d-dimensional regularized Shannon sampling for-
mula (4.121) with the continuous Kaiser-Bessel window function (4.63) and
show that its uniform approximation error (4.125) decays exponentially
with respect to m. Note that in case d = 1 the following theorem coincides
with Theorem 4.48.

Theorem 4.64. Let f € Byp(RY) with M eN, L=M(1+X) €N

with X\ > —1= and m € N\ {1} be given. Then the d-dimensional regular-

ized Shannon sampling formula (4.121) using the continuous Kaiser—Bessel
TmA

window function (4.63) and B = 75 satisfies the error estimate

If — Rexm fllcoray (4.146)

242 TrmA(1 + A+ 4mA)
4112

<(2'-1) e NN £ 1, may.

Proof. By Corollary 4.51 we only have to estimate the regularization error
constant (4.126) for the continuous Kaiser—Bessel window function (4.63).
As seen in Corollary 4.55 and Remark 4.56 this can easily be done by (4.136),
i.e., we only have to consider the univariate function (4.72). Since this
function has already been estimated in Theorem 4.48, this completes the
proof. |

Now we show that the d-dimensional regularized Shannon sampling
formula with the continuous Kaiser-Bessel window function (4.63) is nu-
merically robust with respect to noisy samples and that the uniform per-
turbation error (4.86) only grows as O(m®?). Note that in case d = 1 the
following theorem coincides with Theorem 4.49.

Theorem 4.65. Let f € Byo(RY) with M eN, L=(1+\)MEeN
with A >0 and m € N\ {1} be given. Further let RCKBJ,LJE be defined
as in (4.137) with the noisy samples fe= f(%) + eg, where |eg| < e for
all € 7% and 0 < ¢ < 1. Then the d-dimensional reqularized Shannon
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sampling formula (4.121) using the continuous Kaiser—Bessel window func-

tion (4.63) and B = T{T)’\\ satisfies

242X

d
\ .

\/fn> (4.147)

| Rexcpm f — Reksmflloyme) <€ (2 +

Proof. By Theorem 4.57 we only need to compute ¢.xp(0) for the continu-
ous Kaiser—Bessel window function (4.63), which has already been done in
Theorem 4.49. n

We remark that the triangle inequality combined with Theo-
rems 4.64 and 4.65 also implies an estimate on the perturbation er-
ror Hf - RCKB,mf”C()(Rd)? cf. (4139)

Summary

In summary, we have shown that for the window functions mentioned in
Remark 4.22 the uniform approximation error (4.125) of the regularized
Shannon sampling formula (4.121) can be bounded for all d € N, analogously
to Section 4.3.2. For small d € {1, 2,3} this is also useful in practice, see the
numerical experiments in Section 4.5. Note, however, that for large values
of d these error constants may not be appropriate due to the exponential
term M2, We remark that this behavior is similar to what is known for
the FFT and the NFFT in Section 2 for dimensions d > 1.

4.5 Numerical examples & summary

Concluding this chapter, we have a look at some numerical examples,
cf. [KPT22, KPT24]. Besides illustrating the nonrobustness of classical
Shannon sampling series proven in Section 4.2 (see Example 4.66), we
also visualize the error decay rates shown for the regularization using the
frequency window functions considered in Section 4.3.1 (see Examples 4.67
and 4.68) as well as the spatial window functions studied in Sections 4.3.2
and 4.4 (see Examples 4.69 — 4.77). Finally, in a direct comparison of these
methods (see Example 4.78), we demonstrate that this second approach
using window functions in spatial domain is indeed more powerful as it
produces much smaller errors using the same amount of samples.
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Poor convergence of Shannon sampling sums

We start by visualizing that the convergence of the classical Shannon
sampling series (4.15) may break down completely in the presence of noise
in the samples.

Example 4.66. First of all, we exemplify the error bounds of the perturbation
error in Theorem 4.7, similar to [KPT24, Figure 2.1]. Since the norm
= fllcyraey as well as the lower and upper bounds (4.29) and (4.27)
do not depend on the actual choice of the function f € By, /Q(Rd), it is
sufficient to consider only the sums (4.31) when using the special error
terms (4.28). Note that by the tensor product structure of the sign and
the sinc function (3.31) we may rewrite (4.31) for all = € R? as

flz) — —¢ H ( Z sign(sinc(§ — mky)) sinc(Lrw, — Wkt)) .

ki=—T

Therefore, the computation of the multivariate approximation error

(-1, 1]
d T
- ign (sinc(Z — wk;)) sinc(Laz, — 7k
€ :z:EI[EEE(l]d' tl;[l (kt_z sign(sinc(3 — wky)) sine(Lrz, — 7 t)>|
T d
= i inc(5 — wk)) sinc(Lmx — 7wk 4.14
€ (xern[_afl] k:Z_T&gn(smc(Q 7k)) sinc(Lrx — 7 )) (4.148)

reduces to computing its univariate analogue, similar to the lower and
upper bounds (4.29) and (4.27), respectively.

In this experiment the maximum approximation error (4.148) is estimated
by evaluation at equidistant points z, = -1+ ¢ € [-1, 1], s =0,..., 285,
with § = 10°. For this purpose, we fix the bandwidth M = 128 and a
maximum perturbation of € = 1072, and consider the error behavior for in-
creasing truncation parameters T' € N, and several L = M (1 + X) with over-
sampling parameters A € {0,0.5,1,2}. The respective results for T' = 2¢,
c € {0,...,15}, are depicted in Figure 4.14, while Figure 4.13 displays a
detail for T € {1,...,10}. As mentioned before, we recognize that the
norm || f- fllcymay does not depend on the choice of the oversampling
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L—-—M

parameter A = > 0. It can clearly be seen that the numerical out-
comes perfectly fit the theoretical bounds, which are indeed very close to
each other, see Figure 4.13. However, since for increasing dimension d the
maximum approximation error (4.148) rises exponentially, Figure 4.14 also
illustrates that for " — oo the error behavior shown in Theorem 4.7 is
not satisfactory and therefore the convergence of the Shannon sampling
series (4.15) may even break down completely in the presence of noise in

the samples f(%), k ez o
8107 b 2.1072 »
6-107 il 151072 2
4.10°3 e A =0 1-1072 e A =0
*)\=05 3 *)\=05
. A=i 510~ A= |
2-107 wazaf “a=2
2 1 06 8 10 2 1 06 8 10
T T
(b) d = 2 (c)d=3

Figure 4.13: The maximum approximation error (4.148) as well as its
lower and upper bounds (4.29) and (4.27), respectively,
for T € {1,...,10}, and L = M (14 \) with A € {0,0.5,1, 2},
where M = 128 and € = 10~2 are chosen.

0.008[[e= x=0 0.06/[® A=0 0.5[7e x=0
- )\=05 )\ =05 047-0-A:0.5
0.006|* 2=1 A=1 : A=1
. - )\ =2 0.04]{== A=2 0.3/~ A=2
0.004 + 0.2F
0.02
0.1}
0.002+
L L L L L U L L L L L L | 0 L L L L L L
10° 100 10% 10° 10* 10° 10t 10% 10° 10* 10° 10t 10* 10° 10*
T T T
(a) d=1 (b)d=2 (c)d=3

Figure 4.14: The maximum approximation error (4.148) as well as its lower
and upper bounds (4.29) and (4.27), respectively, for T' = 2¢,
ce{0,...,15}, and L=M(14+)) with e {0,0.5,1,2},
where M = 128 and ¢ = 103 are chosen.



4.5 NUMERICAL EXAMPLES & SUMMARY 203

Regularization with a window function in frequency domain

Next, we proceed with the illustration of the theoretical results regarding
the regularization using the frequency window functions from Section 4.3.1.
More precisely, in the following two examples we verify the error bounds
of Theorems 4.14 and 4.15, and compare the frequency window functions
considered throughout Section 4.3.1.

We start examining the linear frequency window )y, in (4.45).

Example 4.67. As in [KPT24, Example 3.5], we now visualize the er-
ror bound of Theorem 4.14, i.e., for a given function f € By;/2(R)
with L = M (14 X), A > 0, we show that for the linear frequency window
function ¢y, in (4.45) the approximation error satisfies the estimate (4.46).
For this purpose, the maximum approximation error

[ ex |f(z) = (Pin1 f) ()| (4.149)

is estimated by evaluating the given function f as well as its approx-
imation P, 7 f, cf. (4.38), at equidistant points =z, = -1+ g € [-1, 1],
s=0,...,29, with S =10°. In this experiment we study the func-
tion f(z) = /M sinc(Mnz), z € R, such that Ifllo®) = 1. More specifi-
cally, we fix M = 128 and consider the error behavior for increasing trunca-
tion parameters T' € N and several oversampling parameters A € {0.5, 1, 2}.
The corresponding results are depicted in Figure 4.15. Note that the error
bound in (4.40) is only valid for 7' > L. Therefore, we have additionally
marked the point T'= L for each A\ as a vertical dash-dotted line. It
can easily be seen that the numerical error results are also much better
when T > L. Note, however, that increasing the oversampling parameter A
requires a much larger truncation parameter T to obtain errors of the
same size. Hence, for the regularization with the linear frequency window
function ¢y, in (4.45) a small oversampling A > 0 is desirable. o

As the error bound of Theorem 4.15 applies not only to the cubic
frequency window function ¢e,p in (4.48) but also to the raised cosine
frequency window function .. in (4.51) and the convolutional frequency
window function ¥ony,2 in (4.57), the next example combines the verifi-
cation of this error bound with the comparison of all frequency window
functions considered in Section 4.3.1.
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100, ]
100,
10—2, ...... - 10—3,
. 1076
W =0s : 1 lfeA=05
/\: - 10 I )\=1
X = = A=2| ... %
el A=2) L L TR el : L ‘
0 100 200 300 400 500 10 10t 10% 10 10*
T T
(a) T € {10,20,...,500} (b) T =2° ce{0,...,15}

Figure 4.15: Maximum approximation error (4.149) (solid) and error con-
stant (4.40) (dashed) using the linear frequency window i,
from (4.45) in (4.38) for the function f(x) = v/M sinc(Mrx)
with M =128, A € {0.5,1,2}, and different T" € N.

Example 4.68. Similar to [KPT24, Section 5], we compare the behavior
of the regularization in frequency domain Py rf in (4.38) of Section 4.3.1
to the classical Shannon sampling sums St f in (4.12), i.e., for a given
function f € Byr/2(R) with L = M(1+ X), A > 0, we consider the approxi-
mation errors

max |f(t) — (STf)(m)’ and max ‘f(x) — (PQ/,’Tf)(x)} (4.150)

ze[—1,1] z€[—1,1]

fOI"lb € {wlinv '(/)cub7 '(/Jcosa wconv,Qa wconv,?n wconv,47 1pconv,ocn 1prat}v cf. (445)7
(4.48), (4.51), (4.57), (4.58), and Remark 4.21, as well as the corresponding

error constants (4.46) and (4.49). As in Example 4.67 the errors (4.150)
shall be estimated by evaluating a given function f and its approximation
at equidistant points z, = =1+ § € [-1, 1], s = 0,...,2S, with § = 10°.
Analogous to [Obe90, Section IV, C] we choose the function

flz) = \/@ [sinc(M7z) + 3 sinc(Mr(z — 1))], = €R, (4.151)

with || f]]2 = 1. Since the error bounds (4.46) and (4.49) are only valid
for T > L, we fix M = 256 and consider several values of T =L+ m
with m € N\ {1} and A > 0.

The associated results are displayed in Figure 4.16. We see that for all
window functions the theoretical error behavior perfectly coincides with the
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numerical outcomes. In this regard, see also Table 4.1 which summarizes
the theoretical results. In particular, it can be seen that 1., in (4.48),
Yeos In (4.51), and Yeony,2 in (4.57) all meet the same error bound (4.49),
while the error decay for 1conv,n» becomes faster as n increases. Moreover,
note that Yeonv,co it (4.58) as well as ¢y, from Remark 4.21 indeed behave
similarly to the classical Shannon sampling sums (4.12), and thus the
corresponding approaches for designing optimal window functions have not
been successful. o

10! +sinc(L ) 10N S wsine(Lr )| 101 e sinc(Lr -)

Plin

1071

. Peonv,3
2 4 6 8 10 |* Yeonva
m

0 Peonv.co

3
2 4 6 8 10 |* ¥eonvd

107! .
@20
1073
m 0 YPeonv.co

(a) A= 0.5 (b) A =1 (c) A =2

Figure 4.16: Maximum approximation error (4.150) (solid) and error con-
stants (dashed) using classical Shannon sampling sums com-
pared to regularizations (4.36) with several frequency window
functions for the function (4.151) where M =256, T = L+ m
with m € {2,3,...,10}, and X € {0.5,1,2}.

Regularization with a window function in spatial domain

Now let us move on to the regularization using the spatial window functions
from Sections 4.3.2 and 4.4. Here we study the theoretical results regarding
the uniform approximation error of Theorems 4.25 and 4.50 as well as the
uniform perturbation error of Theorems 4.29 and 4.57. More specifically,
we visualize the specified error bounds for each of the window functions
mentioned in Remark 4.22 separately.

Gaussian window function We begin with the Gaussian window func-
tion (4.60).

Example 4.69. Analogous to [KPT22, Example 4.2] we now visualize
the error bound of Theorems 4.33 and 4.58, respectively. For a given
function f € Bas/o(R?) with fixed M € N, L = M(1+ A) € N with A > 0,
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and m € N\ {1}, we consider the approximation error

emn(f) = max_|f(@) - (Rpnf)(@)] (4.152)

ze[—1,1]¢

Using the Gaussian window function ¢ gauss in (4.60) with a = ﬁ

we show that by (4.140) we have e, A(f) < Em o [|f]|1,®e), Where

m
FIGESYPY

Er(@Gauss; M, L, d) + Et(‘pGaus& m, L, d) < Em,/\

o de/Q\/m—i— de/Q\/mefmm/(ﬂw)
o mrvA .

(4.153)

For this purpose, the error (4.152) shall be approximated by evaluat-
ing a given function f and its approximation R, ,,f on the equidistant
grid ®L,(zo,...,Tyg1/a)" with 2, = -1+ £ € [-1,1], s=0,...,25"4,
and S = 2'2. By the definition of the regularized Shannon sampling for-
mula with localized sampling in (4.74) and (4.121), respectively, it can be
seen that for x € [—1,1]¢ we have

(Ro,mf)(x) = Z f(%) Y(x — %)X[_%7 %](w — %) (4.154)

Legd |
with the regularized sinc function (4.123) and the index set

Tmp =20 [=m— L, m+L)
={£ecz2t —m—-L<l<m+Lt=1,...,d}.

Here we study the function f(x) = (%)d/2 sincz(%mﬂ), x € RY, such
that we have | f||,®ae) = 1. For d € {1,2,3} we fix M = 26/4 and choose
different values for the truncation parameter m € N\ {1} and the over-
sampling parameter A > 0. Note that the error bound of Theorem 4.60
only holds for A > 0, whereas the approximation error (4.152) can also be
computed for A = 0, since for the Gaussian window function (4.60) we have
limy 0 Gauss(z) = 1 for all z € R.

The associated results for m € {2,3,...,10} and A € {0,0.5,1,2} are
displayed in Figure 4.17. For all tested dimensions d € {1, 2,3} it becomes
evident that increasing the truncation parameter m and the oversampling
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parameter A results in strongly enhanced error results. Moreover, we remark
that the experimental approximation error fully fits the theoretical bounds
and the predicted decay rates. Note that for larger choices of M, the lines

in Figure 4.17 would be shifted slightly upwards. o
0 ® emo(f) ® emo(f) ® emo(f)
]E)Q = Emos 15)(2] = Emos = Enos
10 ®cp5(f)| 10 *cin05(f) *cin05(f)
1074 Em 104 Em m,1
106 em1(f) 10-6 em1(f) em1(f)
p I S 0l G S 0 516 s w0, m2
m * ema(f) m * ema(f) - m * ema(f)
(a)d=1 (b) d=2 (¢)d=3

Figure 4.17: Maximum approximation error (4.152) (solid) and error con-
stant (4.153) (dashed) using the Gaussian window func-

tion pgauss in (4.60) with « = ﬁ \ /ﬁ for the func-

tion f(x) = (%)d/2 sincz(%ﬂ'a:) with fixed M = 26/% as well
asm € {2,3,...,10}, and X € {0,0.5,1,2}.

Example 4.70. Next, analogous to [KPT22, Example 4.4], we visualize the
error bound of Theorems 4.36 and 4.59, respectively. Similar to Exam-
ple 4.69, we consider the perturbation error

Ema(f) = max |(Rpmf)(@) = (Rpmf)(@)]. (4.155)
xe[—1,1]¢
Using the Gaussian window function ¢Gayss in (4.60) with v = % . /m
we show that by (4.141) we have &, 1(f) < Em.x, where

242X

d
\ .

Epyi=c¢ (2 + m) (4.156)
We conduct the same experiment as in Example 4.69 and introduce a max-
imum perturbation of ¢ = 1072 as well as uniformly distributed random
numbers ¢ € (—¢,¢), £ € jnrfb’L. Due to the randomness we perform the
experiment ten times and then consider the maximum error. The corre-
sponding outcomes are depicted in Figure 4.18. Clearly, the experimental
error fully fits the theoretical bounds. o
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072 [ eno(A ] 107 e e eno() | 10° 2 1® emolf)
R “ Emos PR " Emos | -1 * Emos
'éml(l.‘}(f) 1(]*2 'éml(lj(f) . 'ém:()‘i(f)

Em.i Em.i 1072 Ein,l

o R e (1) | o et e e () || eetaaaa |+ )
2 4 6 8 10" Epp 2 4 6 8 10| Epa 2 4 6 8 10" Epo

mn * Ema(f) m * Ema(f) m * Ema(f)

(a) d =1 (b) d =2 (€)d=3

Figure 4.18: Maximum perturbation error (4.155) (solid) and error con-
stant (4.156) (dashed) using the Gaussian window func-

tion ¢YGauss i (4.60) with a = % . /ﬁ for the func-

tion f(x) = (%)d/2 sine? (& rz) with fixed M = 25/¢ as well

ase =103 m e {2,3,...,10}, and X € {0,0.5,1,2}.

B-spline window function Secondly, we consider the modified B—spline
window function (4.61).

Example 4.71. Analogous to Example 4.69 and [KPT22, Example 5.4], we
now visualize the error bound of Theorems 4.40 and 4.60, respectively, i.e.,
using the modified B-spline window function ¢p in (4.61) with s = [Z5]
we show that for the approximation error (4.152) we have by (4.142)
that e, x(f) < Em |l £y raey, where

3d VsMd o= (n(rmA)~In(2s(143)))

Er(QOBaMaIMd) < Em,/\ = m

(4.157)
Additionally, we now have to observe the condition (4.102). Note that

m+ 2 S 12
mm— (m+2) — 10r — 12

~0.6180, m € {2,3,...,10}.

Therefore, in Figure 4.19 the error bounds are plotted only for A € {1, 2},
since only then the requirements of Theorem 4.60 are fulfilled, while the
approximation error (4.152) is computed for all constellations of the param-
eters as in Example 4.69. For all tested dimensions d € {1, 2,3} it becomes
evident that the experimental approximation error fully fits the theoretical
results and that higher truncation parameters m and oversampling parame-
ters A reduce the error significantly. However, we recognize that compared
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to Figure 4.17 there is hardly any improvement using the modified B—spline
window function ¢p in (4.61) in comparison to the well-studied Gaussian

window function @gauss in (4.60). o
° enz,()(f) 10t hd ‘%n,[)(}[) ° em,(J(f)l
*ep05(f) *cpn05(f) * e 05(f)
m,1 m,1 E:n,l
em,l(f) ‘%n.l(}[) em,l(f)
_ - Em,Z . Em,Z B Em.z
107 5 1 6 8 10 * em?(f) * epalf) 10~ 51 6 8 10 * ey a(f)
m

m

(a)d=1 (c)d=3
Figure 4.19: Maximum approximation error (4.152) (solid) and error con-
stant (4.157) (dashed) using the modified B-spline win-
dow function ¢p in (4.61) with s = ["F!] for the func-

tion f(x) = (%)d/2 sine? (Y re) with fixed M = 25/¢ as well

asm € {2,3,...,10}, and X € {0,0.5,1,2}.

Example 4.72. Next, we visualize the error bound of Theorems 4.41 and 4.61,
respectively. Using the modified B—spline window function g in (4.61)
with s = [mTH] , we show, similar to Example 4.70, that for the perturbation

error (4.155) we have by (4.143) that &, A(f) < Em.x, where

By =c(2+ 3 ym), (4.158)

For the same experiment as in Example 4.70 the outcomes are depicted
in Figure 4.20. Clearly, the experimental error fully fits the theoretical
bounds. o

sinh-type window function We proceed with the sinh-type window func-
tion (4.62).

Example 4.73. Analogous to Example 4.69 and [KPT22, Example 6.2], we
now visualize the error bound of Theorems 4.44 and 4.62, respectively,
i.e., using the sinh-type window function @g,n in (4.62) with 8 = %ﬁ‘
we show that for the approximation error (4.152) we have by (4.144)

that en A(f) < Emx || fll £, (re), Where

Er(@sinh, M, L, d) < Epy = (24 — 1) MY/2 =m0/ (142, (4.159)
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1U72 . ETVL)\ 107! Em,)\ ]U” LT Em.)\
........................ - Emalf) & o) | 10t e e ()
*én05(f)| 1072 *cn05(f) , *én05(f)
ém,l(f) ém.l(,[) 107= ém,l(f)
10-3 M * ema(f) 10-3 .‘M * emalf) 103 t-p-t-t-t-t--t |+ ém,z(f)
2 4 6 8 10 2 4 6 8 10 2 4 6 8 10
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(a)d=1 (b)y d=2 (¢c)d=3

Figure 4.20: Maximum perturbation error (4.155) (solid) and error con-
stant (4.158) (dashed) using the modified B-spline win-
dow function ¢p in (4.61) with s =[] for the func-

tion f(z) = (32£) 2 sinc *(Mre) with fixed M = 25/¢ as well

ase =102 m e {2,3,...,10}, and X € {0,0.5,1,2}.

Note that the error bound of Theorem 4.62 only holds for A > 0, whereas the
approximation error (4.152) can also be computed for A = 0, since for the

sinh-type window function (4.62) we have limy_,0 @sinh(z) = 1/1 — (L""’)
The associated results are displayed in Figure 4.21. For all tested dimen-
sions d € {1, 2,3} it becomes evident that the experimental approximation
error fully fits the theoretical results and that higher truncation param-
eters m and oversampling parameters A reduce the error significantly.
Moreover, we see a substantial improvement in the results compared to

both Figure 4.17 and 4.19. o
2 2

© emo(f) 10] e cnolf) 10] ® enolf)

© Emos | 10- - Epos | 107 “ Emos
.em,il,i(,f) 104 *c05(f) 104 *en05(f)

m,1 - E, - E

10-7 m,1 10-7 m,1

e%l('f) 10(710 6%“1<f) 100 10 t’%"l(f)

2 4 6 8 10 m,2 2 v m,2 ~ m,2
m * ema(f) 24 r?z 8 101, ema(f) 24 r?v, § 101, ema(f)

(a)d=1 (b) d =2 (c)d=3

Figure 4.21: Maximum approximation error (4.152) (solid) and er-
ror constant (4.159) (dashed) using the sinh-type win-

dow function @gun in (4.62) with 8= 7{:’:;‘ for the func-

tion f(z) = (21) 2 sinc *(Mre) with fixed M = 25/¢ as well
asm € {2,3,...,10}, and X € {0,0.5,1,2}.
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Example 4.74. Next, we visualize the error bound of Theorems 4.45
and 4.63, respectively. Using the sinh-type window function gy, in (4.62)

with § = ’I%{‘, we show, similar to Example 4.70, that for the perturbation

error (4.155) we have by (4.145) that &, x(f) < Em.» where

d
~ [2 42X 1

For the same experiment as in Example 4.70 the outcomes are depicted
in Figure 4.22. Clearly, the experimental error fully fits the theoretical

bounds. o
e Emolf) | 107 2 Emo(f) ©® émo(f)
" Emos " Emos " Emos
*em05(f)| 1072 *ems(f) *émos(f)
Em,l Em,l Emn
- ‘N‘m,l<f) 3 ém,l(f) ém.l(f)
107° 2 4 '6 8 10 | Em_2 10 . Errz,? ’ Errz,z
" * ém.?(f) * ém,Z(f) * ém,Z(f)
(a) d=1 (b) d =2 (c)d=3

Figure 4.22: Maximum perturbation error (4.155) (solid) and error
constant (4.160) (dashed) using the sinh-type window

function g, in (4.62) with ﬂ:’{Tm;\\ for the func-

tion f(x) = (%)dm sine? (Y rz) with fixed M = 25/¢ as well
ase=10"%m e {2,3,...,10}, and X € {0,0.5,1,2}.

Continuous Kaiser—Bessel window function Finally, we study the con-
tinuous Kaiser—Bessel window function (4.63).

Example 4.75. Analogous to Example 4.69, we now visualize the er-
ror bound of Theorems 4.48 and 4.64, respectively, i.e., using the con-
tinuous Kaiser-Bessel window function gexp in (4.63) with g = 28
we show that for the approximation error (4.152) we have by (4.146)

that e A(f) < Emx || fll £, (re), where
Ex(¢pexn, M, L,d) < Enm, (4.161)
2 77Tm)\(1 + )\ + 4m)\) —m71'>\/(1+)\)

— (9d _ d/
=2-1)M TCEYE e .
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Note that the error bound of Theorem 4.64 only holds for A > —— > 1,
m € {2,3,...,10}. Therefore, Figure 4.23 displays the assoc1ated results
only for )\ € {1, 2} and A = 0.5 with m > 3, whereas the approximation
error (4.152) can also be computed for A = 0, since for the continuous Kaiser—
Bessel window function (4.63) we have limy_,o pexp(z) =1 — (%)2

For all tested dimensions d € {1,2,3} it becomes evident that the experi-
mental approximation error fully fits the theoretical results and that higher
truncation parameters m and oversampling parameters A reduce the error
significantly. Note that we see a substantial improvement in the results

compared to both Figure 4.17 and 4.19, just as in Figure 4.21. o
re © e, ()(f) A em,()(f) ® ep0( )
10-  Epmos v Emos | 1071 “ Emos
104 *ep05(f) *ep05(f) 1074 *en05(f)
7 m1 Emn 7 Epa
10 em,l(f) e%l(f) 10 f%l(f)
- Em,Z 10~ 5 - m,2 10~10 5 - m,2
* emalf) 2R Y Ve enaln) ’ * emalf)
(b) d =2

Figure 4.23: Maximum approximation error (4.152) (solid) and error con-
stant (4.161) (dashed) using the continuous Kaiser—Bessel

window function ¢.kp in (4.63) with 5 = T{T)’\\ for the func-

tion f(x) = (%)d/2 SiDC2(%TF€L’) with fixed M = 26/¢ as well
asm € {2,3,...,10}, and X € {0,0.5,1,2}.

Example 4.76. Next, we visualize the error bound of Theorems 4.49 and 4.65,
respectively. Using the continuous Kaiser—Bessel window function ¢.xp

in (4.63) with g = %, we show, similar to Example 4.70, that for the

perturbation error (4.155) we have by (4.147) that €, x(f) < Em.x where

Epyi=c¢ (2 + f) (4.162)

For the same experiment as in Example 4.70 the outcomes are depicted
in Figure 4.24. Clearly, the experimental error fully fits the theoretical
bounds. o
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Figure 4.24: Maximum perturbation error (4.155) (solid) and error con-
stant (4.162) (dashed) using the continuous Kaiser—Bessel
window function ¢.kp in (4.63) with § = A for the func-

tion f(x) = (¥)d/2 [EDY

sinc® (& rx) with fixed M = 26/7 as well
ase=10"3,m € {2,3,...,10}, and X € {0,0.5,1,2}.

Comparison of the spatial window functions Summarizing, we compare
the results for the spatial window functions considered above.

Example 4.77. Similar to [KPT22, Section 7], we consider a comparison
using ¢ € {@const, PGauss, PB; Psinhs PekB ;0 (4.84), (4.60), (4.61), (4.62),
and (4.63). Here we restrict ourselves to d = 1, as we have previously ob-
served that the regularized Shannon sampling sums with localized sampling
exhibit analogous behavior for d > 1. For a given function f € By;/2(R)
with L =M(1+ A), A >0, the maximum approximation error (4.152)
shall be estimated by evaluating f and its approximation at equidistant
points zy = -1+ £ € [-1, 1], s =0,...,25, with § =10°. As in Exam-
ple 4.68 we choose the function (4.151) with || f||2 = 1, fix M = 256 and
consider several values of m € N\ {1} and A > 0. Comparing the cor-
responding results in Figure 4.25, the superiority of the sinh-type and
continuous Kaiser—Bessel window function becomes apparent, since for all
parameter choices these window functions yield by far the best results. ¢

Comparison of the two regularization methods

Finally, we draw a comparison between the regularization using a window
function in frequency domain of Sections 4.3.1 and the regularization using
a window function in spatial domain of Section 4.3.2.
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Figure 4.25: Maximum  approximation  error (4.152) (solid)
and error constant (4.79) (dashed) using
© € {Peonst, PGauss: B, Psinhs PckB } for the function (4.151)
with M =256, d=1, as well as me€{23,...,10},
and A € {0.5,1,2}.

Example 4.78. Concluding, we compare the regularization methods pre-
sented in Sections 4.3.1 and 4.3.2, similar to [KPT24, Section 5]. Note that
in the univariate setting d = 1 the regularized Shannon sampling formula
with localized sampling (4.74) reads as

L+m

(Romf)(@)= > f(£)¢(z—%), zel-11], (4.163)

{=—L—m

with the regularized sinc function (4.69). Thus, in order to compare (4.163)
to Py rf in (4.38), we need to set T'= L + m, such that both approx-
imations use the same number of samples f (%) This is to say, we
conduct exactly the same experiment as already done in Examples 4.68
and 4.77, and therefore select only the best window functions for each
of the approaches. In other words, for a given function f € By;/2(R)
with L = M(1+ X), A > 0, we consider the approximation error in (4.150)
for Yeonv,n with n € {1,2,3,4}, cf. (4.45) and (4.57), as well as the ap-
proximation error (4.152) with ¢ € {©sinn, YcxB}, see (4.62) and (4.63),
accompanied by the corresponding error constants (4.46), (4.49), (4.159)
and (4.161).

The associated results are displayed in Figure 4.26. It can clearly be seen
that for increasing oversampling parameter A and truncation parameter m,
the error results using the regularization (4.74) in spatial domain get much
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better than the ones using the regularization (4.36) in frequency domain,
due to the exponential error decay rate shown for (4.74). This is to say, our
numerical results show that regularization with a spatial window function
performs much better than regularization with a frequency window function,
since an exponential decay can (up to now) only be realized using spatial
window functions. o

lein l(]1
Peonv,2 10-1
101 Veonv,3 .
*Peonvd| 1073

_3 ) .
10 - '{’slnh 107

- YekR -7

- 10
0516 8 10

m

108}

Vlin
- ’1(7(::)11\',2
YPeonv,3 p
WYeonv 4 *Yeonv 4
Psinh

11{’411]1
PeKB

® VKR

(a) A=05

Figure 4.26: Maximum approximation error (solid) and error constants
(dashed) using regularizations (4.36) in frequency domain com-
pared to regularizations (4.163) in spatial domain with se-
lected window functions each, for the function (4.151), where
M =256, m € {2,3...,10}, and A € {0.5,1,2}.

Remark 4.79. Note that the code files for all the experiments in this
chapter are available at [Kir] under https://github.com/melaniekircheis/
dissertation/tree/main/4-Regularized_Shannon_sampling formulas. o

In summary, comparing the proposed regularization methods as done
in Figure 4.25, the superiority of the sinh-type and continuous Kaiser—
Bessel window function can easily be seen, since rather small choices of
the truncation parameter m < 10 are sufficient for achieving high precision.
Due to the usage of localized sampling, the evaluation of (4.74) on an
interval [0, 1/L] requires only 2m samples and therefore has a computational
cost of O(2m) flops. Thus, a reduction of the truncation parameter m is
desirable to obtain an efficient method.

So, all in all, we found that the regularized Shannon sampling for-
mula (4.74) with spatial window functions is the best of the considered
methods, since this approach is the most accurate, easy to compute, robust
in the worst case error, and requires less data (for comparable accuracy)
than the classical Shannon sampling sums (4.12) or the regularization (4.36)
with a frequency window function.


https://github.com/melaniekircheis/dissertation/tree/main/4-Regularized_Shannon_sampling_formulas
https://github.com/melaniekircheis/dissertation/tree/main/4-Regularized_Shannon_sampling_formulas
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Summary

In this chapter, we gave the first comprehensive overview of the regularized
Shannon sampling formulas along with a detailed comparison of the different
regularization methods. For this purpose, the theoretical and numerical
properties of several known as well as newly proposed window functions
have been analyzed. In particular, we have adopted certain compactly
supported window functions established in the context of the NFFT, which
have been shown to be superior to previously known approaches. For the
first time, the multivariate setting d > 1 is considered as well and we have
presented error bounds that are valid for all d € N. However, since this
error constant includes the term M@ 2 it has been noted that this estimate
is only suitable for small d € {1, 2, 3}.



5 Fast sinc methods

Previously, we have seen that the sinc function plays an important role in
the context of the Whittaker—Kotelnikov—Shannon sampling theorem and
the regularized Shannon sampling formulas. To emphasize the significance
of the sinc function, in this chapter we focus especially on fast sinc methods,
i.e., efficient and accurate algorithms, where the sinc function is a crucial
ingredient.

Firstly, in Section 5.1 we consider the so-called discrete sinc transform and
present an efficient evaluation scheme for these sinc sums. More precisely,
we approximate the sinc function by means of an exponential sum, such
that the NNFFT, see Algorithm 2.6, can be applied for a fast evaluation.
Secondly, this fast sinc transform is generalized for the evaluation of the
regularized Shannon sampling sums in Section 5.2. Afterwards, we slightly
change the focus in Section 5.3 and introduce a new NFFT-like procedure
for bandlimited functions, i.e., a fast method to approximate the function
evaluations f(«,) at given nonequispaced points x;, j = 1,... N, from given
values f(k), k € Ipz, of the Fourier transform (4.4) of the bandlimited
function f € BM/Q(Rd). Subsequently, the concluding Section 5.4 contains
several numerical examples that demonstrate the accuracy and efficiency
of the new approaches, including a comparison with existing methods, as
well as a brief summary.

5.1 Discrete sinc transform

In this section we consider an interesting signal processing application

of the NNFFT, see Section 2.4. If a signal h: [— %, %]d — C is to be
11

reconstructed from its samples at arbitrary points aj, € [ — 3, §]d, kelx
with K € 2N, then h is often modeled as a linear combination of shifted
sinc functions (3.31), i.e.,

h(z) = Z cpsine(Mn (x —ai)), xe|-—43, %]d, (5.1)
k€l

with complex coefficients ¢, € C, k € k. Since sums of the form (5.1) are
often needed in practical applications, see for instance [LB92, Ste93], we
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propose a fast algorithm for the approximate evaluation of the discrete
sinc transform

h(be) = Y epsine(Mnm (b —ay)), (€Ip, (5:2)
kelk

d . . . .
where b, € [— %, %] , £ € Ty, with L € 2N, are given arbitrary points and
the coefficients ¢, € C, k € Tk, are known.

Remark 5.1. Such a function (5.1) occurs for instance in numerical realiza-
tions of the famous sampling theorem of Whittaker—Kotelnikov—Shannon,
see Theorem 4.2. By (4.7) a function f € BM/Q(Rd) can be represented in
the form

Z f % sinc M7T( %)), x € R
kezd

Truncation of this series yields the Shannon sampling sum

Z f(%) sinc (M (x — %)), xR,

Il oo <K

cf. (4.12), which is a linear combination of shifted sinc functions and has
the same form as (5.1) with aj, = & equispaced. o

Since the naive computation of (5.2) requires O(K L) arithmetic opera-
tions, the aim is to find a more efficient method for the evaluation of (5.2).
Up to now, several approaches for a fast computation of the discrete
sinc transform (5.2) are known. In [GLI06] the discrete sinc transform (5.2)
is realized by applying a Gauss—Legendre quadrature rule to a certain in-
tegral, such that the result can then be approximated by means of two
NNFFTs with O(K + L) arithmetic operations. For the univariate setting
with d = 1, a similar approach is taken in [LGBM18] using a corrected
trapezoidal quadrature rule, cf. [KR97], and in [KPT23] using a Clenshaw—
Curtis quadrature rule instead. Likewise, for d = 1 a multilevel algorithm
with O(Llog(1/6)) arithmetic operations, where ¢ is the desired evaluation
accuracy, is presented in [LB11] which is most effective for equispaced
points ax and by and, as the authors claim themselves, is only practical for
rather large 6, i.e., low accuracy.

In the following, we present a multivariate approach for a fast approximate
computation of the discrete sinc transform (5.2) in the fashion of [GLI06,
KPT23], where we make use of exponential sums of the form (2.19).
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5.1.1 Approximation of the sinc function by exponential
sums

In order to approximate the discrete sinc transform (5.2), we firstly study
the approximation of the sinc function sinc(Mma), which shall be realized
by means of the exponential sums (2.19). For simplicity we start with the
univariate setting d = 1, analogous to [KPT23].

Univariate setting

By [BMO02] the exponential sums (2.19) can be used for a local approxima-
tion of functions F' of the form

1/2 _
Pla) = / w(r)e M 4 4 e R, (5.3)
—1/2
where w: [—1, 2] — [0, 00) is an integrable function with f 2w w(T)dr > 0.
Substituting v = —M7 these functions (5.3) can be written as

M/2
v 2mive
—2)e dv
M ’
M /M/2

such that by (4.4) the Fourier transform F(v) = Zw (=) of F is sup-

ported on [—%, %], i.e., the function F' in (5.3) is bandlimited with
bandwidth M. Note that for w(r):=1, 7 € [-3, ], we obtain the

20 2
sinc function F(z) = sine(Mnz), see (3.31).

Theorem 5.2. Let I € By;/o(R) with M € N be a bandlimited function of
the form (5.3) and let £ > 0 be a given target accuracy. Then for sufficiently
large n € N with n+1 > 2M, there exist quadrature weights w; > 0 and
quadrature points z; € ( % %) j=0,...,n, such that

n
§ ’U)] 67271'1Mz T

Jj=

<e, we|[-

]. (5.4)

=

)

=

Proof. This result is a simple consequence of [BM02, Theorem 6.1]. Intro-
ducing N € N with N > 2M such that v := % < %, we obtain by substi-
tuting 7 := —< in (5.3) that

2v

1/2 . 1 v X
F(z) = /_1/2 w(r)e MM 47 — % /_ w(—2) ™Vt de.
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By setting o(t) = o w(fi) and y:= Nz € [f%, %], this yields

F(2) = / o(t) €™t dt. (5.5)

Then [BMO02, Theorem 6.1 with d = 1] implies the existence of x; > 0
and |0;| <v,j=1,...,N, such that

v N
| | oty wy e
-V

j=1

<e, yel[-§-1,F+1].

Hence, for all z = % € [—3, 1], we conclude by (5.5) as well as an index
shift that

N—-1 n
F((E) _ i1 e7T19J'+1N£E o ij e 2miMz;z <e,
=0 =0
where we set w; =f;y1 and z; = —% € (—%, %), ji=0,...,n,
for n := N — 1. This yields the assumption (5.4). u

We remark that the above Theorem 5.2 is a generalized version of [KPT23,
Theorem 5.1], where only the sinc function F(z) = sinc(Mmz) was consid-
ered.

Moreover, note that since we have ag, by € [—%, %] for k € Ig, L € Iy,
in (5.2), we need to approximate the sinc function sinc(Mmzx) for
all z € [-1, 1] to compute the discrete sinc transform (5.2). Therefore,
we modify Theorem 5.2 by substituting z = %, t € [-1, 1], and replacing
the bandwidth M by 2M, such that we obtain the following uniform
approximation of the sinc function on the interval [—1, 1], see [KPT23,
Corollary 5.2].

Corollary 5.3. Let € > 0 be a given target accuracy. Then for sufficiently
largen e N withn+1 > 4M there exist quadmture weights w; > 0 and
quadrature points z; € ( 2, 2) 7 =0,...,n, such that

sinc(Mnx) ij —miMziel e e [-1, 1] (5.6)
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In practice, the approximation of the sinc function sinc(M7z) by means
of an exponential sum on the interval [—1, 1] shall be simplified by assuming

that the points z; € [—%, %}, 7 =0,...,n, are given. Thus, we consider
an approximation procedure using approximate values w;. Apparently,
the easiest way to obtain appropriate weights w;, j =0,...,n, is a least

squares approach, i.e., for suitable given evaluation points y, € [—1,1],
p € Ip, we consider the minimization problem

Minimize E sinc(Mny,) — E wje _2T”MZ’y” . (5.7)
w; €C, j=0,...,n
pEZp

Asin [KPT23|, we might also approximate the sinc function using Clenshaw—
Curtis quadrature, see [Trel3, pp. 143-153] or [PPST23, pp. 393-400],
where for given Chebyshev points

zj—%cos(”)e[—%, %], j=0,...,n, (5.8)

the weights w; > 0 are explicitly known. In this case, we obtain the following
explicit version of the error estimate (5.6), cf. [KPT23, Theorem 5.3].

Theorem 5.4. Let the nonharmonic bandwidth M € 2N with M > 1 be
giwen. Then for sufficiently large n € N with n+1 > 4M, the estimate

48 3rM
< £2_" cosh <7T4) , xe[-1,1],

(5.9)

n
sinc(Mrz) — E w; e MMz

Jj=0

holds for the explicitly known quadrature points (5.8) and quadrature weights

132 2 2%j
_ 2 2 ™ .
w; = en(J) ggan@k) T cos( - >>07 j=0,...,n,
(5.10)
where £,(0) = e, (n) = % and ep(k) =1 fork=1,...,n—1.
Proof. Initially, we rewrite the sinc function in the form
Lt I
sine(Mmzx) = 5/ e mMMiT g — 5/ cos(Mrtz) dt. (5.11)
-1 -1
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Then, for given Chebyshev points z; = %COS(%) €[-3.14],7i=0,...,n,
as well as n € 2N with n>4M, we apply the Clenshaw—Curtis
quadrature rule, cf. [PPST23, Theorem 6.51], to the analytic func-
tion f(t,x) = % cos(Mmtz) with ¢t € [~1,1] and fixed = € [~1,1]. In doing

so, the integral (5.11) is approximated by

n n
sinc(Mmzx) ~ ij cos(2Mrzx) = ij e 2miMziw g e [1,1],
j=0 =0

(5.12)

with the explicit weights (5.10). If n is odd, then a similar formula holds,
see [PPST23, Theorem 6.51]. Note that in (5.12) and (5.9) we may use the
exponential form, since the imaginary part satisfies

Im ij e 2miMziw | — ij sin2Mmnzjz) =0, x€[-1,1],
=0 =0

due to the symmetry property of the weights w; = w,—;, j =0,...,n,
cf. [PPST23, p. 395], and the symmetry property of the Chebyshev
points z; = —z,_j, j =0,...,5 — 1, and 2,/5 = 0, which can be seen by
trigonometric identities.

For the estimation of the approximation error, we make use of [Trel3],
where an error estimate is given when |f(z, x)| is bounded above for z on
the Bernstein ellipse

E,={z€C:z=4(p+p ")(cos+isinh), 6 €[0,2m)}.
Note that for all z € C and fixed z € [—1, 1] we have

1
|cos(Mmzx)| = 5
1.
5 elMﬂmRe(z)

< cosh(M7zIm(z)).

eiM7r$(Re(z)+iIm(z)) + efi]VIﬂ'x(Re(z)jLiIm(z))’

e—MTrwIm(z)_’_l e—iMTrwRe(z) eMTrwIm(z)

IA

Therefore, the integrand f(t,z) = 5 cos(Mtx) is bounded on the interior
of the Bernstein ellipse £, with

f(z,2)] < %cosh(waIm(z)) < ;cosh<w> . zel-1,1],
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since cosh is even and monotonously increasing on [0, 00). Accordingly, the
estimate in [Trel3, Theorem 19.3] with p = 2 yields the assertion (5.9). H

In practice, the weights w; in (5.10) can be computed by means of a
fast algorithm, the so-called discrete cosine transform of type I (DCT-I) of
length n 4+ 1 (see [PPST23, Algorithm 6.28]), which uses the orthogonal
cosine matrix of type I

Chiq = \/g <sn(k) en(4) cos(]“if));:o .

In doing so, the computation of the weights w; in (5.10) can be summarized
as follows, cf. [KPT23, Algorithm 5.4].

Algorithm 5.5 (Fast computation of the weights w;).

Forn € N\ {1} let £,(0) = e, (n) = Y2 and e, (k) = L for k= 1,...,n — 1,
be given.

1. Form the vector (vg)p_, with O(n)
— En(2£)ﬁ Zk:2£,€:0,...,%,
"o k=2+1,0=0,...,2 1.
2. Compute (0;)}—y = Cj41(vk)j—y by means of a fast DCT-I.
O(nlog(n)
3. Set w; = ﬁen(j)@j, j=0,...,n. O(n)

Output: @; ~ w;, j =0,...,n, cf. (5.10).
Complexity: O(nlog(n))

Remark 5.6. In [GLIO6] a Gauss—Legendre quadrature was applied to obtain
explicit weights w; for given Legendre points

5=bGel-hil i=0.n (513

where (; denote the zeros of the (n + 1)-th Legendre polynomial. Due to
their error estimate the authors claimed that n € N with n > 5 M would
be sufficient in this setting. However, the computation of the weights w;
using our approach in Algorithm 5.5 is more effective for large M even
though here an oversampling of n > 4M is needed, see Example 5.17. ¢
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Multivariate setting

Now we proceed with the approximation of the sinc function sinc(Mmx)
in the multivariate setting d > 1. By the tensor product structure of
the d-variate sinc function (3.31), we recognize that by means of (5.12) we
are immediately given the approximation

d
sinc(Mrx) = Hsinc(Mmct)
t=1
d n
%H wye 2MMzTe L = (3, wg) € [—1,1)4
t=1 \ j=0

(5.14)

Note that also the error estimate of Theorem 5.4 can be extended to d > 1
with the help of the following lemma.

Lemma 5.7. For d € N let the vectors a := (a;)¢_,, b= (b)), € C? with
lag], |b:] < 1,t=1,...,d, be given. Then we have

d d
[[e -1
t=1 t=1

Proof. This statement can be shown by induction. Since the inequality is
trivial for d = 1, we start with d = 2. By using a constructive zero, the
triangle inequality as well as the assumption |a|, |b¢| < 1,t=1,...,d, we
obtain

d
< ay bl (5.15)
t=1

|a1a2 — b1b2| = |a1(a2 - b2) + bg(al — bl)‘
< la1| - |ag — ba| + |b2| - |a1 — b1
< lag — ba| + |ar — by].

Now assume the assertion holds for d =1,...,k. Then we conclude
for d = k + 1 by the same techniques as used above that

k k k
k41 - (H a -] bt) + (argr —bera) - [ ] or
t=1 t=1 t=1
k k
[Jo—II0
t=1 t=1

k+1 k+1

[Te I
t=1 t=1

<lagt1] -

k
+ |ak+1 — by - H |be |
t=1
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k k41
< Z las — be| + |ak+1 — bpg1| = Z lay — byl
t=1 t=1
This completes the proof. |

Now we can give an error estimate for the approximation (5.14).

Corollary 5.8. Let the nonharmonic bandwidth M € 2N with M > 1, the
quadrature points (5.8), and the quadrature weights (5.10) be given. Then
for sufficiently large n € N with n 4+ 1 > 4M, we obtain the error estimate

. ; 48 3rM
sine(Mmx) — H ij e 2miMzjze || < . 3F 27" cosh <7T4) ,
t=1 \ j=0

xc[-1, 1%

Proof. The given error estimate is a simple consequence of Lemma 5.7 and
Theorem 5.4. Note that we have sinc(Mra) = [[¢_, sinc(Mna;) = [[, as
and [sinc(Mnz)| <1, x € R, Additionally, by the triangle inequality
and [PPST23, Theorem 6.51] we obtain

n n
|bt| — ij e—27riMZjJJf, < Z |wj| . |e_27"iMZjl't|
Jj=0 j=0

<> wi=1, t=1,....4d,
j=0

such that combining (5.15) and (5.9) yields the assertion. |

Remark 5.9. We remark that for the approximation (5.14) we used a product
of one-dimensional exponential sums instead of a d-dimensional exponential
sum of the form (2.19). However, using suitable tensor decompositions,
it can be shown that the corresponding d-dimensional exponential sum
and the tensor product (5.14) are identical. To do so, we introduce the
notations

W= (), € CH and  Z:=(Z))7_ € CFVXY FeN, (5.16)

for the d-dimensional expressions, as distinct from the one-dimensional
quadrature weights w; in (5.10) and quadrature points z;, j =0,...,n,
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in (5.8) with n > 4M. Then the corresponding d-dimensional exponential
sum of the form (2.19) can be written as

il
Zu'}’j e 2mMZi® g — (g, ... xq)! € [-1,1]% (5.17)
j=0

In order to establish the connection between (5.17) and (5.14), the no-
tions (5.16) still need to be defined properly in accordance with (5.10)
and (5.8). For instance, for d = 2 the right-hand side of (5.14) reads as

n

2
H E w, 6727riMzJ-xt

t=1 \ j=0
n n

_ § A 2miMzy, a0 E A 2miMzj, xo
= w]l e J1 w]Q e 72

Jj1=0 j2=0

n n
_ ) A 2miM (25, x1425,T2)
= § , E :lewhe - 2T

Jj1=072=0

Thus, by defining the notions (5.16) as
W=wRw= : e cnt1)’ (5.18)

and

20 1n+1 z
Z=(201,11,1,11Q2) = : IS C(”+1)2X2, (5.19)
Zn * ].n_;,_l z

where w = (w;)’_, € R""! with the weights w; >0, j = 0,...,n, in (5.10)
and z = (z;);_, € R"*! with the points z; = Teos(If) e [-1, 1] in (5.8),
as well as setting 7 := (n + 1)? — 1, both representations (5.17) and (5.14)
can be used interchangeably. For d > 2 this construction is repeated

sequentially, such that we deal with

W=w® (w® (®(w®w))) c C(n+1)ti (5.20)
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and

zZ = (Z ® 1(n+1)d—1; 1n+1 ® ( S ® (Z ® 1n+1, 1n+1 ®Z))> c C(n+1)d><d
(5.21)

However, despite the equality of these representations (5.17) and (5.14),
comparing them in terms of the computational complexity, it turns out
that the computation of (5.14) is much more efficient. This can be shown
by assuming that both representations shall be evaluated at P arbitrary
points x,, p=1,...,P. Then the computation of (5.14) can be real-
ized by means of d one-dimensional NNFFTs, cf. Algorithm 2.6, and
(d — 1) multiplications, such that we obtain a total arithmetic complexity
of O(dM log M + dn + dP). In contrast, for (5.17) it is sufficient to employ
a single d-dimensional NNFFT (in addition to assembling the tensor prod-
ucts of the vectors), but this has a complexity of O(dM%log M + n + P).
Accordingly, although both representations (5.17) and (5.14) are identical,
for evaluation purposes it is recommended to use the much more efficient
product of one-dimensional exponential sums (5.14) whenever possible. ¢

5.1.2 The fast sinc transform

Given the approximation of the sinc function sinc(M ) by means of the
exponential sums (2.19), we can now state a fast approximate algorithm
for the discrete sinc transform (5.2).

For simplicity, we start again with the univariate setting d = 1, analogous
to [KPT23, Section 6]. Inserting the approxirnation (5.12) into the discrete

sinc transform (5.2) with given ag, by € [f 5 2} yields
h(b Z CL 51nc(M7r by — ak Z C Zw o 2miMz; (be—ay)
kely kelk 7=0
n
= wj( Z Ck e2”iMZja’”‘) e 2miMzibe - p T (5.22)
i=0 keIx

Note that the term inside the brackets is an exponential sum of the
form (2.19), which can be computed using an NNFFT, see Algorithm 2.6.
The remaining outer sum is of the same form, and thus can also be computed
using an NNFFT. Hence, similar to [GLI0O6], we may approximate the dis-
crete sinc transform (5.2) for d = 1 by means of an NNFFT, a multiplication
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by the given weights w;, and another NNFFT in O(M log M + K + L + n)
arithmetic operations. We remark that for a fixed bandwidth M also
the number n of quadrature points can be fixed for given target accuracy
in Theorem 5.4, such that the actual computational complexity reduces
to O(K + L).

In the multivariate setting with d > 1 we recognize that the decomposi-
tion (5.14) into a product of one-dimensional exponential sums is generally
not useful, unless (5.2) possesses a certain tensor structure. In general,
we rather have to make use of the tensor notation (5.17) introduced in
Remark 5.9, such that the discrete sinc transform (5.2) is approximated by

h(by) = Z cpsine(Mm (b — ag)) = Z Ck Zzﬁj e~ 2miMZ;(be—ar)

k€l k€Tk 7=0
n
_ E u—)»]( 2 Ck e27r1]%zjak> e*27\'1MZjbz, = IL, (523)
7=0 k€Tk

with the tensorized quadrature weights (5.20) and the tensorized quadrature
points (5.21). Thus, for d > 1 the discrete sinc transform (5.2) can be com-
puted the same way as in the univariate setting (5.22) using d-dimensional
NNFFTSs, see Algorithm 2.6, which results in an arithmetic complexity
of O(dM%log M + K + L + n?). Similarly, for fixed parameters M and n
this complexity reduces to O(K + L). In addition, note that this is basically
the same procedure as in [GLI06], where the arithmetic complexity was
overestimated as O((K + L) log(K + L)).

However, in the special case that the coefficients ¢ := (¢x) ez, as well
as the points a = (ag)kez, possess a tensor decomposition of the form

Y11 - Y2
0271 ®72 = € CK» 71)72 e(cﬁa (524)
Yk " Y2
and
a1, «
a=(a®1,,1,®a)= : ceCl*2 aecCr,  (525)

o1, «@
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with x € N and x? = K, the fast sinc transform can be accelerated as
follows. Note that, for the sake of simplicity, the procedure is described
only for d = 2, while the generalization to d > 2 is straightforward with
tensor decompositions analogous to (5.20) and (5.21). Using the structure
of (5.24) and (5.25), as well as the quadrature points (5.19), the vector of
the inner sums in (5.23) can be denoted as

7
g' = (gj)?:(] = ( Z Cr e27r1szak>
=0

k€l

n
§ § 2miMZ 1o 1 2miM Z; 2 2
= ( 71k172k2 € 1Yk € 3,2%k >

k1€l ka€l, J=0

n
( Y1k Y2k eQﬂ'iMzoakl e27riMZj2ak2>
E E 1 2

ki€l ko€, J2=0

n
< Viky Yok eQﬂ'iMZnDtkl e27riAIZj2ak2>
§ E 1 2
Jj2=0

k1€l ko€l

n n
( § Y1k, eQwiszlah) ®< § Yoky eQTriMijak2>

k1€l j1=0 \ k€l §2=0

=g, ®9,.

Therefore, by additionally using the decomposition (5.18) of the quadrature
weights, the outer sum in (5.23) can be computed by

—* = —QWiMZjbg

h( = wj g; e

‘M:L

<
I
o

I
n M3

n
. . o a—2miM 2z, b1 ,—2WiM 25, by 2
E Wj, Wi, G151 92352 € - € 2

n n

—2mwiMz;, b —27iM z;, b

- Z Wj, G5, € noe Z Wi, 925, © ez, lelp.
Jj1=0 J2=0

In other words, given a suitable tensor structure, we decomposed the dis-
crete sinc transform (5.2) into a product of one-dimensional exponential
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sums (5.14), as recommended in Remark 5.9. Thereby, instead of a single
d-dimensional NNFFT we may use d one-dimensional NNFFTs, cf. Algo-
rithm 2.6, which is much more efficient. Accordingly, in this setting the
fast sinc transform, as an application of the NNFFT, can be summarized
for all d > 1 as follows, cf. [KPT23, Algorithm 6.1].

Algorithm 5.10 (Fast sinc transform).

Ford, M € Nand K, L € 2N let a; € [—%, %]d, k€ Tg,and by € [—%, %]d,
{ €T, be given nodes, as well as ¢, € C given coefficients. In
addition, let x € N with % = K, such that the coefficients satisfy

the tensor decomposition (cg)rez, = ®f:1(%k)kezﬁ and the nodes
fulfill (ak)kezk = (a ®1a-1,131® ( e ® (a ®1:,1,® a))) € CKxd

with & = (ay,. .., a,{)—r € C*. Furthermore, we are given the quadrature
points z; € [—%, %], j=0,...,n, withn > 4M.

0. Precomputation: Compute the quadrature weights w;, 7 =0,...,n,
either by solving the least squares problem (5.7) or by means of
Algorithm 5.5.

1. Fort=1,...,d:
a) Approximate the sums O(MlogM + k+mn)

~ E 2miMzj o, s
g; ~ Ytk € ! k? ]—O,...7’I’L,
k€T,

by means of an NNFFT in Algorithm 2.6.

b) Form the products O(n)
T =wj-g, J=0,...,n
¢) Approximate the sums O(MlogM + L +n)

n
th =~ E Tj eizmszbK’t, telp,
Jj=0

by means of an NNFFT in Algorithm 2.6.
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2. Compute O(dL)

d
he =[] hes, €L (5.26)
t=1

Output: hy ~ h(by), £ € Iy, cf. (5.2).
Complexity: O(dM log M + dk + dL + dn)

Remark 5.11. Note that in the univariate case with d = 1 the error

max |h(be) — hel (5.27)

of the fast sinc transform in Algorithm 5.10 was estimated in [KPT23,
Theorem 6.2]. There it was shown that (5.27) depends mainly on the quality
of the precomputation of the weights w;, j = 0,...,n. More precisely, when
using the precomputation in Algorithm 5.5, this result ensures that we
only need to choose n large enough such that é—? 2—n cosh(3“4M ) < ¢ holds
for a given target accuracy € > 0, cf. Theorem 5.4. In other words, for
a given target accuracy, the explicit error estimate (5.9) allows us to fix
the parameters M and n, such that the complexity of Algorithm 5.10 is
independent of these parameters. Consequently, the fast sinc transform
can be realized with only O(dk + dL) arithmetic operations.

For the least squares problem (5.7), however, the error of the precomputa-
tion depends strongly on the choice of the quadrature points z;, j =0, ..., n,
and the accuracy of the iteration procedure, which makes it impossible to
bound the resulting error (5.27) or introduce such a simplification.

Finally, it should be noted that in case the coefficients vector ¢ in (5.24)
satisfies > ;o7 |yl <1, t=1,...,d, the estimate of the error (5.27)
in [KPT23, Theorem 6.2] can be generalized to d >1 by means of
Lemma 5.7. o

Remark 5.12. Summarizing, we examine certain special cases, where the
fast sinc transform in Algorithm 5.10 simplifies.

(i) If the coefficients of (5.2) satisfy ¢ = ®f:1 v, i.e., the factors in
the decomposition (5.24) are all identical, then the steps a) and b)
of Algorithm 5.10 are independent of d, and the overall complexity
reduces to O(dM log M + k + dL + dn).



232 5 FAST SINC METHODS

(ii) If the evaluation points b := (by)ecz, of (5.2) also possess a tensor
decomposition of the form

B1-1n B
b=(B®1,,1,®0) = : eCl>2 pgec (5298
Br-1x B

with A € N and A\? = L for d = 2, or analogous to (5.19) for d > 2,
respectively, the outer sums in (5.23) can be computed by

I
o - = —27wiMZ;by
(he)gez, = <§ wj gje g ’)
LeTr,

J=0

n n
_ ) . . A 2miMz be1 —2TiM 2, b0 2
- ( E : E : Wi, Wi, g1y 925, € - € 2
LET]

Jj1=072=0

n

n
. . . L —2nwiMz,, 1 ,—27iM z;, Be
< E E : Wy, Wy, G1j; 925, © e 2t

J1=0j2=0

A

la=1

A

n n
. . . . —2miM z; B)\ —27miM z; ﬁz
( E : E : Wjy Wi, g1y 925, © e Jarte
71=0 j2=0 t2=1

A

n A n
_ ) o a—2miMzj, Be . A 2miMz4, Be
- E : Wy, g1j, © s ® E Wiy G235 © s2rte

Jj1=0 l1=1 Jj2=0 lo=1

= hy ® h,.

Consequently, the complexity of step c¢) in Algorithm 5.10 re-
duces to O(M log M + X + n), and instead of computing the prod-
uct (5.26) in step 2 of Algorithm 5.10, we have to compute the
tensor product (he),c7, = ®f:1 hi in O(\4) = O(L) arithmetic op-
erations. Therefore, the overall complexity of Algorithm 5.10 reduces
to O(dM log M + dk + L + dn).

(iii) In case that both of the aforementioned conditions are met, all the
steps a), b) and c) are independent of d, thereby reducing the overall
complexity of Algorithm 5.10 to O(M log M + k+ L + n).
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(iv) For equispaced points aj with a = (%)IEGIM and k = M in (5.25),
the NNFFT in step a) of Algorithm 5.10 turns into an NFFT, see
Algorithm 2.2, such that the overall complexity of Algorithm 5.10

reduces to O(dM log M + dL + dn).

(v) For equispaced evaluation points by in (5.2), i.e., points satisfying a
decomposition of the form (5.28) with 8 = (%)EGIM and A = M, the
NNFFT in step c) of Algorithm 5.10 simplifies to an adjoint NFFT,
see Algorithm 2.5. Note, however, that the overall complexity of
Algorithm 5.10 remains O(dM log M + dk + M? + dn).

(vi) In case that both sets of nodes a; and by are equispaced, both steps a)
and c¢) of Algorithm 5.10 turn into an (adjoint) NFFT and thus the
computational cost reduces to O(dM log M + dn + M?). o

5.2 Application to regularized Shannon sampling
formulas

In this section we consider a generalization of the fast sinc transform in
Algorithm 5.10 to the regularized Shannon sampling sums from Section 4.3.
More precisely, in case the direct evaluation of the partial sums (4.38) is
too costly, we describe an efficient approximation procedure analogous to
Algorithm 5.10 in Section 5.2.1. Similarly, an approximation procedure
can also be derived for the regularized Shannon sampling formula with
localized sampling (4.74) in Section 5.2.2.

5.2.1 Fast approximation using frequency window functions

Firstly, we introduce a method analogous to the fast sinc transform in
Algorithm 5.10 for the regularization with a window function in frequency
domain from Section 4.3.1. As observed previously, the partial sums (4.38)
are dense, which is why a direct computation is rather costly, similar
to (4.12). Likewise, by definition of the frequency window function (4.33)
its corresponding function (4.34) in spatial domain is bandlimited with band-
width L. Thereby, we immediately obtain the existence of suitable quadra-

ture weights w; > 0 and quadrature points z; € ( — %, %), j=0,...,n, by



234 5 FAST SINC METHODS

means of Theorem 5.2. However, note that by Theorem 5.2 we only receive
11

a good approximation of ¥ on the interval [— 5 5}. Since the partial
sums Py pf in (4.38) shall be evaluated at z € [—1, 1] with¢ € {-T,...,T},
T > L, we have |z — %\ <1+ L. Therefore, we adjust the result analo-
gous to Corollary 5.3, such that the number of quadrature points needs to
fulfill n+1>4(1+ L)M.

Similar to Section 5.1.1, the practical approximation of the function % by
means of an exponential sum shall be realized efficiently using Clenshaw—
Curtis quadrature. To this end, explicit weights can be derived analogous

to Theorem 5.4 by rewriting the function (4.34) as

. . L/z | .
_ / w(v) evaz dv = w(v) eZTrwx dov

-L/2

_ L 7u —TriLuac
= / 5 V(5% du.

Thus, by utilizing the Clenshaw-Curtis quadrature rule for the inte-
grand h(u) == £ (&) e ™Lu® with fixed parameter z € [ —1— L, 1+ I],
we obtain

1 1 1 n .
7 Y(x) = 7 /1 h(u)du ~ 7 Z 2w; h(2z;) Z w; P Lz] e 2mibzz
3=0

with given Chebyshev points z; in (5.8) and the quadrature weights w;
n (5.10). In other words, now we have the scaled weights

wj’ = w;j 1[)(sz), (5.29)

where in practice the weights w; in (5.10) can be precomputed by means
of the fast procedure in Algorithm 5.5 again.

In addition, we obtain the following error estimate analogous to Theo-
rem 5.4.

Theorem 5.13. Let the nonharmonic bandwidth M € 2N with M > 1 be
giwen. Then for sufficiently large n € N with n+ 1> 4 (1 + %)M, the
estimate

n
_ § ,w;l) o~ 2milz;w <
J=0

48 . 3nL
% 2 L cosh (4) 5
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holds for all x € [f 1-— %, 14 %} with the Chebyshev points z; in (5.8)
and the scaled quadrature weights (5.29).

Proof. Analogous to the proof of Theorem 5.4. |

Finally, the T-th partial sums (4.38) can be approximated by

(Pocel)@) ~ Poe )@ = Y 1(2) wa —erits, (s 1)

{=-T

n T
Zw;li ( Z f % 27r1z] ) —27riLij7 = [_17 1]7

7=0 (=-T
(5.30)

and thus a variant of the fast sinc transform in Algorithm 5.10 with the
scaled weights (5.29) can be applied, where we only have d = 1. Note that
by Remark 5.12 (iv) the fast sinc transform in Algorithm 5.10 simplifies
since the inner sum of (5.30) can be computed by means of an NFFT.
Hence, the obtained algorithm can be summarized as follows.

Algorithm 5.14 (Fast sinc transform for frequency regularization).

For M,PeNand T'> L:=M (1+X) € N with A >0, let z, € [-1, 1],
p=1,..., P, be given nodes, as well as f(%), {=-T, ..., T, given sam-
ples of a bandlimited function f € Bys/2(R). Furthermore, we are given the
quadrature points z; € [—%, %}, 7=0,...,n, with n4+1>4 (1 + %)M
and the corresponding evaluations zZJ(sz) of the frequency window func-
tion (4.33).

0. Precomputation: Compute the quadrature weights w;, j =0,...,n,
either by solving the least squares problem (5.7) or by means of
Algorithm 5.5.

1. Approximate the sums O(TlogT +n)
T
g; ~ Z f(%)QQijé’ Jj=0,...,n,
=T

by means of an NFFT in Algorithm 2.2.
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2. Form the products O(n)

T =w;Y(Lz;)-g;, j=0,...,n.

3. Approximate the sums O(Llog L+ P +n)

(Py.rf)(zp) ~ ZTj e Zmilziwy p =1, P,

j=0

by means of an NNFFT in Algorithm 2.6.

Output: (Pyrf)(x,) ~ (Pyrf)(x,), p=1,...,P, cf. (4.38).

In order to compare the computational cost of the direct computation
of Pyr in (4.38) and its approximation Py in (5.30), we assume that
both representations shall be evaluated at P arbitrary points z, € [-1, 1],
p=1,...,P. Then the direct computation of P, in (4.38) has a
total arithmetic complexity of O(TP), while the approximation by
means of the fast sinc transform in Algorithm 5.14 has a complexity
of O(Llog L 4+ T'logT + n + P). Thus, for the evaluation at a single point,
i.e., for P =1, the direct computation of (4.38) is obviously much faster,
whereas for increasing numbers P the approximation by means of the fast
sinc transform in Algorithm 5.14 becomes more efficient. For the numerical
comparison of these two methods, we refer to Example 5.19.

5.2.2 Fast approximation using spatial window functions

A similar method can also be derived for the regularization with a window
function in spatial domain from Sections 4.3.2 and 4.4. Namely, in case
the regularized Shannon sampling formula with localized sampling (4.74)
or (4.121) is too costly to be computed directly, an efficient approximation
procedure analogous to Algorithm 5.10 can be used. Note, however, that
in general these sums are sparse due to the characteristic function in their
definition, i. e., this method might only be useful for rather large truncation
parameters m € N or higher dimensions d > 1. For the sake of simplicity,
we firstly describe only the univariate version with d = 1.

As already observed in Lemmas 4.32, 4.38, 4.43, and 4.47, for
the window functions mentioned in Remark 4.22 the regularized
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sinc function ¥ (z) = sinc(Lwx) ¢(x) is essentially bandlimited on the in-
terval [—£ (14¢), £ (1 +¢)] with certain € > 0, where in practice £ = 1
always seems sufficient, cf. Figures 4.4, 4.5, 4.7, and 4.10. Thus, although
Theorem 5.2 is not applicable since % is not bandlimited, we aim to use the
fact that 1 is essentially bandlimited. To this end, similar to Section 5.1.1,
the practical approximation of the function @ by means of an exponen-
tial sum shall be realized efficiently using Clenshaw—Curtis quadrature.
Note that since the regularized Shannon sampling formula with localized
sampling (4.74) can be written as

z 0
( cpmf Zf f 7)X[_%7%](x_f)a z €R,
LEL
we only need to evaluate 1 for ‘x — f‘ < with 2m < L. Hence, it
suffices to consider the approximation of ¢ (x ) for x € [ — 5, f} In other

words, although Theorem 5.2 is not applicable since 1 is only essentially
bandlimited, we assume that the number of quadrature points should
satisfy n +1 > 2M as well.

Since we have seen that v is negligible for |v] > L, we have by the inverse
Fourier transform (4.4) that

L 1
= / ’L/AJ(U) e2™VT 14 / 1&(”) e2mvE Jyy — / Li/AJ(Lu) e~ 2miluz g,
R _L 1

We remark that we additionally used the fact that for the considered
window functions from Remark 4.22 the regularized sinc function 1 is even
by Lemmas 4.31, 4.37, 4.42, and 4.46. Then explicit weights can be derived
analogous to Theorem 5.4 by means of Clenshaw—Curtis quadrature for
the integrand h(u) == L1 (Lu) e~2™Lu= with fixed parameter z € [-1, 1]
This reads as

~ 9w L1p(2Lz;) e 20T — [N ﬁ(sz)e—zwiszm

j=0 J

T)el-53] i=0.m,
5.10), and L = 2L. In other Words

-

Il
o

3\‘

Wlth given Chebyshev points z; = %c (
n (5.8), the quadrature weights w; in (
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now we have the scaled weights
w? = Lw;(Lz;). (5.31)

In practice, the weights w; in (5.10) can again be precomputed by means
of the fast procedure in Algorithm 5.5, and the evaluations of 1[) need to be
precomputed according to Lemmas 4.31, 4.37, 4.42, and 4.46.

Finally, using the representation (4.77) the regularized Shannon sampling
formula with localized sampling (4.74) can be approximated on any open
interval (5 @) with k € Z by

(Romf) (@ + §) = (B f)(z + F) (5.32)
_ Z f Zwsa —271'1sz T— ;i)
Ledm
( Z f % 27ri1izje/L> e—Qﬂiiij’ rc (O, %)’
=0 tedm

with the index set J,, defined in (4.76). Thus, a variant of the fast
sinc transform in Algorithm 5.10 with the scaled weights (5.31) can be
applied, where we only have d = 1. Note that by Remark 5.12 (iv) the fast
sinc transform in Algorithm 5.10 simplifies since the inner sum of (5.32) is
computed by means of an NFFT. Hence, the obtained algorithm can be
summarized as follows.

Algorithm 5.15 (Fast sinc transform for spatial regularization).

For M,P € N, L = M (1+)) € Nwith A > 0, and L := 2L let z;, € (0, 1),
p=1,..., P, be given nodes, as well as f(%), L€ T, cf. (4.76), given
samples of a bandlimited function f € BM/Q(R). Furthermore, we are
given the quadrature points z; € [ 5] 7=0,...,n, withn+1>2M
;) of the Fourier transform of the

1
T2

and the corresponding evaluations w(

regularized sinc function (4.69).

0. Precomputation: Compute the quadrature weights w;, 7 =0,...,n,
either by solving the least squares problem (5.7) or by means of
Algorithm 5.5.
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1. Approximate the sums O(mlogm + n)
g; ~ Z f(%) GQWiZZ][/Lv .] :Oa"'ana
LeETm

by means of an NFFT in Algorithm 2.2.
2. Form the products O(n)

Tj = iwj z/?(f/zj) g5, Jj=0,...,n.
3. Approximate the sums O(LlogL+ P +n)

n

(R f)(xp) = ZTj e mlbzmy p =1 P,
=0

by means of an NNFFT in Algorithm 2.6.

Output: (Remf)(@p) & (Rom ) (@p). p=1,.... P, cf. (4.74).

In order to compare the computational cost of the direct computation
of R, m f in (4.74) and its approximation f%%mf in (5.32), we assume that
both representations shall be evaluated at P arbitrary points z;, € (0, 1),
p=1,...,P. Then the direct computation of R, ,,f in (4.74) has
a total arithmetic complexity of O(mP), while the approximation by
means of the fast sinc transform in Algorithm 5.15 has a complexity
of O(Llog L+ mlogm+n+ P). Thus, for the evaluation at a single
point, i.e., for P = 1, the direct computation of (4.74) is obviously much
faster, whereas for increasing numbers P the approximation by means of
the fast sinc transform in Algorithm 5.15 becomes more efficient. For the
numerical comparison of these two methods, we refer to Example 5.20.

Additionally, we remark that this procedure can be generalized to the
multivariate setting (4.124) analogous to (5.23).

5.3 Approximation of bandlimited functions
based on Fourier data

So far, this chapter was dedicated to the task of efficiently computing certain
sinc sums including only terms in the spatial domain. In this section, we
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consider a completely different problem, where the sinc function still plays
an important role as it provides a fast and accurate approximation. More
precisely, for given values f (k), k € Ipg, of the Fourier transform (4.4) of
a bandlimited function f € B M/Q(]Rd), we are looking for function evalu-
ations f(x;) at given nonequispaced points z;, j = 1,... N. Note that if
a trigonometric polynomial f € Ly(T?) is given, it is already known that
this problem can be solved by means of the NFFT, see Algorithm 2.2.
Hence, we aim to introduce a new NFFT-like procedure for bandlimited
functions, which is based on the regularized Shannon sampling formulas,
see Section 4.4.

5.3.1 Derivation of the fast algorithm

To this end, note that it is known by Section 4.3.2 that the regu-
larized Shannon sampling formula R,f in (4.64) with suitable win-
dow function ¢ € ® yields a good approximation of f. Further as-
sume that the bandlimited function f € Byo(R?) fulfills the condi-
tion (4.35) with L > M. Thus, inserting the approximation (4.64) into the
Fourier transform (4.1) and using the definition (4.69) of the regularized
sinc function 9 (x) = sinc(L7zx) p(x), we have

f(v) = flx) e 2mIVE 40 oy / (R, f)(x) e 2mivE {0
R Rd

[ T i@ v e

Lez4

=2 (e | vy)e iy
Lczd

- ( (%) e—Q’“"l/L> (). (5.33)

Le74

We remark that summation and integration may be interchanged in (5.33)
by the theorem of Fubini—Tonelli, since
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is fulfilled, by (4.35) and ¢ € L;(R?) for all p € ®. By defining

= > f(£)e ¥l weR, (5.34)
£ezd

we recognize that this function © is L-periodic, since

’U+L Z f —27'ri('v+L)l/L
Lez
Z f % —2mive/L —271'1[ ﬁ(’lj), v eRd,
Lez

by e?™" =1, r € Z. Thus, due to the fact that the Fourier transform of
the bandlimited function f € By, /Q(Rd) is non-periodic, the approxima-

tion (5.33) can only be reasonable for v € [ — £, g]d.
As the goal is to recover the nonequispaced samples f(x;), j =1,...,N,

from given values f (k), k € Zpg, we aim to use the approximation (5.34) in
combination with a regularized Shannon sampling formula (4.121). For this
purpose, we need access to as many equispaced samples f (%) as possible,
i.e., we are looking for an inversion formula for (5.34). To this end, note
that (5.34) can be written as

_ Z f(%) 6727711)2/1/

Lele

4 Z Z f(l-i—];r@) e—27‘ri'u(l-i—‘r@)/L7 = Rd,
reZi\{0} £Lele

where the index set Zg is given in (2.1) with @ =014, © € 2N.
Since f GBM/Q(]Rd) C Cy(R?), see Lemma 4.1, the equispaced sam-
ples f(%) are negligible for all ||£]o > $ with suitably chosen ©. In
order to avoid aliasing in the computation we assume that © = L is suffi-
cient. Hence, we consider

D(v) mD(v) =Y f(£)e ™ v eRY, (5.35)
e

and thus by (5.33) the approximation

f(v) = d(v) - p(v), wve [— ]d. (5.36)

|t~
Ny

)
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Since it is additionally known that f(v) = 0 for all v ¢ [- 4, %}d and

Y(v) #0 for all v € [- L, %]d, we might use (5.36) and (5.35) for given

f(k), k € Tpg, to approximate the equispaced samples f(%), Lelr, by
setting

I(k) =< Wk k € In,
0 . keI \IM,
and subsequently computing
1 R .
F(F) = e = 7] D DRy e Ty, (5.37)
L kel

by means of an iFFT.

To finally approximate the samples f(x;), j =1,..., N, we make use
of the regularized Shannon sampling formula R, ., f with localized sam-
pling in (4.121). This means, analogous to the NFFT we now assume
that the window function ¢ € ® is well localized, such that it is small

outside the square [—%, %] ¢ and can be approximated by the compactly
supported function ¢, in (4.73). In doing so, we benefit from the good
approximation properties of the regularized Shannon sampling formula
with localized sampling in (4.121) known by Section 4.4 as well as from
its efficiency, since the computation of (Ry . f)(x) for fixed x € R?\ 1 Z¢
requires only (2m + 1)% samples f (%), where £ € Z¢ fulfills the condi-
tions |[¢; — Lz <m for t =1, ..., d. However, we have already encoun-
tered that using (5.37) we might approximate only the equispaced sam-
ples f (%) with £ € Zr,. Thereby, the regularized Shannon sampling for-
mula (R, f)(z) can be evaluated only for @ € [—3 + 2, 1 — )4 gince
only in this case exclusively the evaluations f (%), £ € I, are needed for

the computation due to the fact that

pm(@—£)#0 = (z-4£) e [-2,2]°
<m

<— —-m+Lx</¥ + Lx.

In other words, in order to avoid aliasing in the computation of the in-
verse Fourier transform in (5.37), we are confronted with a limitation
of the feasible interval for the points x;, j = 1,...,N. Nevertheless, for
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given x; € [f% + 7, % - %)d, j=1,...,N, we may insert the approxi-
mated samples (5.37) into the definition of the regularized Shannon sam-
pling formula with localized sampling (4.121). Thereby, the final approxi-

mation is computed by

(Romf)(@;) ~ fj =Y Ogsinc(Lr(z; — £)) om(z; — £)  (5.38)

LeT;
= Y. esinc(Lr(x; — ) em(z; — 1),
LeJrL m(x;)
where the index set of the nonzero entries
Tom(x;) ={L€Z" —m+Lx; <L<m+Lx;} (5.39)

contains at most (2m + 1)¢ entries for each fixed z;, cf. (2.12). Thus, the
obtained algorithm can be summarized as follows.

Algorithm 5.16 (NFFT-like procedure for bandlimited functions).

For d,m,N € Nand M € 2N let x; € [—%—l—%,%— %)d,jz 1,...,N, be
given nodes as well as f (k) € C, k € Ipy, given evaluations of the Fourier
transform of the bandlimited function f € BM/Q(Rd). Furthermore, we are
given the oversampling parameter A > 0 with L = M (1 + A) € N, as well
as the window function ¢ € ®, the truncated window function ¢,,, the
corresponding regularized sinc function 1 and its Fourier transform z/;

0. Precomputation:
a) Compute the nonzero values ¢(k) for k € Zps, cf. (2.1).

b) Compute the evaluations sinc(Lﬁ(a:j — %)) ©Om (:cj — %) for
j=1,....,N,and £ € Jp n(x;), cf. (5.39).

1. Set O(|Zml)
. fe) .
Iy =14 o = FEIm
0 k €T\ Iar.
2. Compute O(|Znr|1og(|Znsl))

1 ~ .
9, = Sk 27ike/L lcT
v 7|IL|ke§I (k)e , LeTg,
L

by means of a d-variate iFFT.
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3. Compute the short sums O(N)
fi= Z ﬁgsinc(Lw(wj—%))(pm(wj—%), j=1,...,N.
lGJL,m(mJ)

Output: f; =~ f(x;), cf. (4.4), j=1,...,N.
Complexity: O(|Zps|log(|Zag]) + N)

Note that by defining the vectors 9 := (Jg)ecz, and f = (f(k))rezr
as well as the matrix

D = diag <1> € CPmlxITml (5.40)
Zel-P(k) ) ez,

the definition (5.37) can be written as

9 =FD,f,

where F € ClZr!x1Zml denotes the Fourier matrix (2.15) with L = M,. By
additionally defining the vector f := (f (a:j));.v:l and the (2m + 1)%-sparse
matrix

N

= (sinc(Lw(wj —£)) om(z; — f)) e RVXIZel - (5.41)
j=1,£€T;

the approximation (5.38) can be written as f &~ ¥1. Thereby, the overall
approximation of Algorithm 5.16 is given by

f~®9=UFD,f (5.42)

5.3.2 Comparison to the classical NFFT

Due to the fact that f € Bys/2(R?) is a bandlimited function one could
also directly apply an equispaced quadrature rule to the inverse Fourier
transform (4.4), i.e., consider the approximation

f((L') = f(v) e2mivE 4, — / f(,v) e2T™IVT oy g Z f(k) o2rikT
Rd

[ M Mia keZng
272
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Thereby, the function evaluations f(«;), j =1,..., N, might also be ap-
proximated efficiently by means of the NFFT, see Algorithm 2.2. Since
this raises the question of which of the two methods, Algorithm 2.2 or Al-
gorithm 5.16, is more advantageous, this section deals with the comparison
of the two approaches.

Considering the matrix notations

BFD and YFD,,

cf. (2.17) and (5.42), the first thing to realize is that for B € RV*IZzl
in (2.16) the window function ¢,,(x) is used, while for ¥ € RV*IZzl
in (5.41) we consider the sinc regularized window function sinc(Lmx) o, ().
A similar remark can also be made about the diagonal matri-
ces D € CPmlxTrl in (2.14) and D ; € CPaxITnl in (5.40).

It is also important to note that the two methods can only be compared
for @ € [-3 + 2,1 — ™) as the approximation by Algorithm 5.16 is only
reasonable in this case. This implies that the matrix B is, unlike usual,
non-periodic in this setting, whereas the matrix W is inherently non-periodic
by definition.

To study the quality of both approaches, note that for k € Zps fixed the
NFFT gives the approximation

2mike 27r1k£/L ~ _ L d
e |IL| eezz:e (x—£), zeT (5.43)

cf. (2.17) with L = M,, where ¢p(x) =3, cza @m(x + 1) denotes the
1-periodic version of the compactly supported window function ¢,,. Thus,
we look for a comparable approximation of the exponential function
using our newly proposed method in Algorithm 5.16. For this pur-
pose, we consider the regularized Shannon sampling formula with lo-
calized sampling (4.121), which is known to provide a good approxima-
tion f(x) ~ (Rymf)(x), * € RY, for bandlimited functions f € By /o (R?).
It is easy to see that f(x) = ¢ (x) e2™*® with k € R fixed, possesses the

Fourier transform f(v) =¢(k —v). Therefore, we have f € By/2(R%)
for all k € [ 3 Mo g M _ %]d using the regularized sinc functions g

n (4.96), tginn in (4. 105) and Y.xp in (4. 113) and f is essentially ban-
dlimited with bandwidth M for all k € [ — 7 + 7, % — %]d using YqGauss
n (4.89). Hence, inserting this function f(z) = i (x) e>™** in (4.121) we
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obtain
’l/) Zﬂlkm ~ Z 1)[} % 27rikl/L SiIlC(Lﬂ'(m - %)) (pm(ﬁc - %)’ x € Rd7
Lz
or rather
g
o2mikz Z L e2mike/L sinc(L?T (SE - %)) Pm (iL‘ - %)’
EIL w)

mad
ze|-3+T5- 1)
Numerical experiments7 cf. Figures 4.4, 4.5, 4.7, and 4.10, have shown

that 1 (y) ~ IZ LY E [- &, %)d, for all the window functions mentioned

in Remark 4.22. Thereby, the above approximation simplifies to
e2mike o Z e?mike/ L gine (Lr(z — £)) pm(z — £), (5.44)
el

which equals the approximation YFD, of Algorithm 5.16 since 1/)( ) & ‘I i
k € Tpg. Therefore, we can compare the quality of the two methods by
considering the approximations (5.43) and (5.44) of the exponential func-
tion.

For the sake of simplicity in the visualization, we restrict ourselves to the
one-dimensional setting d = 1. To estimate the quality of the approaches,
we consider the approximation error

e(v) = max - |e2’m””f’ — h(zp)], (5.45)

where the term h(z),) is a placeholder for the right hand sides of (5.43)
and (5.44), respectively, evaluated at a fine grid of P = 10° equispaced
points x,, p=1,...,P. This approximation error (5.45) shall now be
computed for several values

vs:—%—er%e [—%—m,%—&—m], s=0,...,5(M +2m),
(5.46)

where S = 1 corresponds to integer evaluation, whereas we use S = 32 to
examine the approximation at non-integer points as well. Note that (5.43)
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is expected to provide a good approximation only for v € [f %, %],

while (5.44) is expected to do so only for v € [ — % + 7, % = %] Never-
theless, we test for v from a larger interval to confirm this assumption.
The corresponding outcomes when computing the approximations (5.43)
and (5.44) using the sinh-type window function (4.62) as well as the parame-
ters M =20, A\=1, L = (1 4+ A\)M, and m = 5, are displayed in Figure 5.1.
For z € [ — %, %) it is easy to see that our newly proposed method (5.44)
indeed does not provide reasonable results, while the approximation (5.43)
by means of the NFFT is only useful at integer points v. For the trun-
cated interval x € [— % + 7, % — %), however, both approximations (5.43)
and (5.44) are clearly beneficial for non-integer points v as well, but as
expected these methods only succeed when |v] < % Nevertheless, al-
though also the approximation (5.43) by means of the NFFT yields better
results in this setting, the approximation (5.44) by means of our newly
proposed method easily outperforms the classical NFFT in terms of the

approximation error (5.45).

105, *BFD B *BFD
10° ‘ . ‘
10! 107!
1 SRR R RS
10 10—3
1073F
—5 | I L 1075
107y 0 M Y 0 i
2 2 2 2
v v
1 1 1 1
(a)ze[-33) M ze[-5+F5-F)

Figure 5.1: Maximum approximation error (5.45) for P = 10° com-
puted for (5.46) with S =32 using the sinh-type window
function (4.62) as well as the parameters M =20, A =1,
L= (1+A)M, and m = 5 in the one-dimensional setting d = 1.

That is to say, Figure 5.1 demonstrates that the novel NFFT-like approach
in Algorithm 5.16 is better suited for bandlimited functions, as the errors
are smaller. Note that this superiority is not limited to k € Zy; but extends

to the entire domain v € [ — %, %] Moreover, the error of Algorithm 5.16
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is bounded by the error estimates of the regularized Shannon sampling
formulas in Section 4.4, whereas the quadrature error of the NFFT is
completely unclear.

5.4 Numerical examples & summary

Concluding this chapter, we have a look at some numerical examples. After
investigating the accuracy of the fast sinc transform from Section 5.1 (see
Examples 5.17 and 5.18), we also examine the quality and efficiency of its
generalized versions for the evaluation of the regularized Shannon sampling
sums introduced in Section 5.2 (see Examples 5.19 and 5.20). Moreover,
also a test of the NFFT-like procedure for bandlimited functions from
Section 5.3 is included (see Example 5.21).

Discrete sinc transform

We start by examining the quality of the approximation of the sinc function
using the exponential sums (2.19).

Example 5.17. (a) Analogous to [KPT23, Example 5.5], we verify the result
of Theorem 5.4, i.e., we visualize the error constant and the maximum
approximation error, cf. (5.9). To this end, we compute the discrete
maximum error

n
: o A 2miMzx,

max sinc(Mnx,.) gw] e (5.47)
on a fine evaluation grid x, = % €[-1,1], r € Zg, with R =10° fixed
for certain bandwidths M = 2°, s € {1,...,15}. More precisely, for sev-
eral choices of n = cM with ¢ € {1,...,10} we compute the weights w;,
j=0,...,n, using Algorithm 5.5. Subsequently, the approximation (5.12)
of the sinc function is computed by means of the NFFT, see Algorithm 2.2.
The corresponding results are depicted in Figure 5.2. Note that Figure 5.2a
shows only the error bound (5.9), thereby clearly illustrating the fact
that n 4+ 1 > 4M is a necessary condition for the error constant to decay
with respect to the bandwidth M. In Figure 5.2b it can be seen that
the maximum approximation error (5.47) also gets as small as possible
for n 4+ 1> 4M, where the optimal choice of the constant ¢ appears to
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depend on the size of the bandwidth M, with smaller ¢ being sufficient
for larger M. It should be noted that not all of the tested parameter
constellations could be shown in Figure 5.2 since the error constant (5.9)
might be huge for small ¢ < 4 or smaller than machine precision for ¢ > 4
depending on the size of M. Additionally, we remark that although Fig-
ure 5.2 displays only the results for d = 1, the results for d > 1 look the
same due to tensorization, see (5.14) and Corollary 5.8, respectively.

Loul [ e=1 M =4
=2 g - M=16 ||
o4 c=3 o - M =64
10 c=4 . | M =256
wc=5| 0 e LV e M = 1024 ]

.
s
.t

6 32 ) ‘ ; 10

(a) Error constant (5.9) (b) Maximum error (5.47)
and error constant (5.9)

Figure 5.2: Error constant (5.9) (dashed) and maximum error (5.47) (solid)
of the approximation of sinc(Mnrz), z € [—1,1], with R = 106
for certain bandwidths M =2° se€ {1,...,15}, using the
Chebyshev nodes (5.8) and the weigths computed by Algo-
rithm 5.5, where n = ¢M with ¢ € {1,...,10}.

(b) Having verified the quality of the approximation (5.12) using the
weights computed by means of Algorithm 5.5, we proceed with a com-
parison to other methods for choosing the weights w;, j =0,...,n. Es-
pecially, we consider the method from [GLIO6] mentioned in Remark 5.6,
where a Gauss—Legendre quadrature was used instead of the Clenshaw—
Curtis quadrature in Theorem 5.4. For certain bandwidths M = 2%,
se€{l,...,15}, we compute the maximum error (5.47) of the approxi-
mation of the sinc function sinc(Mrx), z € [—1,1], with R = 10° using the
Legendre points (5.13) and the weights proposed in [GLI06] with n = 2M.
The corresponding results are depicted in Figure 5.3. Comparing Fig-
ures 5.3a and 5.2b it becomes apparent that indeed a smaller number n
of quadrature weights is sufficient for the Gauss—Legendre weights men-
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tioned in Remark 5.6. However, comparing the time needed to compute
the approximation of the sinc function, we see that our method using the
Clenshaw—Curtis weights computed by Algorithm 5.5 with n = 4M is more
efficient than the procedure of [GLIO6] using the Gauss—Legendre weights
mentioned in Remark 5.6 with n = 2M, see Figure 5.3b. Therefore, we
consider our method to be at least a slight improvement on [GLIO6].

M =4 Clenshaw—Curtis with n = 4M
10-3 -2 M =16 || =#= Gauss-Legendre with n = 2M
- M =64 ‘
= M = 956 1072
1077 == ) = 1024
1072
10—11 =
1074
1075 L ‘ ‘ ‘ L
2 4 6 8 10 ot 102 10° 10t
c M
(a) Maximum error (5.47) using (b) Time needed to compute the
the weights mentioned in approximation (in seconds)
Remark 5.6

Figure 5.3: Comparison of the approximation of sinc(Mnz), x € [—1, 1], for
certain bandwidths M = 2% s € {1,...,15}, using the Gauss—
Legendre weights mentioned in Remark 5.6 and the Clenshaw—
Curtis weights computed by Algorithm 5.5.

(c) Finally, we compare the analytic result of Theorem 5.4 to the empirical
least squares approach (5.7), where for simplicity we describe only the
one-dimensional case d =1. Note that for (5.7) we are free to choose
the quadrature points z; € [—%, %], 7 =0,...,n, as well as the evaluation
points y, € [—1,1], p € Zp. Therefore, we consider different combinations

of the equispaced points
€l-3.4, j=0...,n, (5.48)

the Chebyshev points (5.8) and the Legendre points (5.13) with similarly
chosen evaluation points y, € [—1,1], p € Zp, and investigate which choices
of y, and z; lead to the best approximation results. More precisely, for
the given sets of points we compute the corresponding weights w; € C,
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(a) Equispaced points y, (b) Legendre points y, (c) Chebyshev points y,

Figure 5.4: Discrete maximum error (5.47) of the approximation of the
sinc function sinc(Mnz), z € [—1,1], with R = 10° for certain
bandwidths M = 2% s € {3,...,13}, shown for several choices
of y, € [-1,1], p € Zp, with P = 2.5n and n = 4M, where the
weights wea™, wheb and w'®® are computed using the least
squares approach (5.7) for z; € [-3, 3],/ =0,...,n, in (5.48),

(5.8), and (5.13), compared to the analytic weights w®® com-
puted by Algorithm 5.5.
j=0,...,n, iteratively as the least squares solution to the linear sys-

tem (5.7), where for equispaced y, we employ an NFFT and for nonequis-
paced y, we make use of an NNFFT, respectively. Note that according to
the choice of the quadrature points z; we denote the weights as w®I4, weheb
and w!°8. For comparison, we also compute the analytic weights w® in (5.10)
by means of Algorithm 5.5. Consequently, we calculate the discrete maxi-
mum error (5.47), again choosing R = 106 with R > P, where P = 2.5n
and n =4M.

The corresponding outcomes are depicted in Figure 5.4, where it becomes
apparent that, except for very small bandwidths M, the analytic weights w*°
in (5.10) are superior to all tested least squares weights. Only in case of
equispaced evaluation points y, we see that choosing Chebyshev points (5.8)
or Legendre points (5.13) leads to comparable results. Considering only the
results of the least squares approach, we find that, regardless of the special
choice, the approximation is best when equispaced points are combined
with nonequispaced points. Furthermore, we observe that the best results
can be obtained when (5.7) is an overdetermined problem with P > 2n,
where P = 2.5n has proven to be a good ratio. Additionally, we remark
that for y, other than equispaced we observe that the iteration procedure
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did not yet converge to the desired accuracy 107! although 10000 iteration
steps were permitted. Thus, for the least squares approach (5.7) the best
choice is equispaced evaluation points ¥, and nonequispaced quadrature
points (5.8) or (5.13), since in this setting we obtain the best results with
the least effort due to the NFFT. Nevertheless, these results are still being
outperformed by the analytic approach using (5.10). o

Next we study the accuracy of the fast sinc transform in Algorithm 5.10.

Example 5.18. Similar to [KPT23, Example 6.3], we now compare the
discrete sinc transform (5.2) with its approximation (5.26) by means of

the fast sinc transform in Algorithm 5.10. To this end, we choose ran-

dom nodes ay,by € [— %, %]d, kelk, el as well as random coeffi-

cients ¢ € [0,1]¢, and compute the maximum error (5.27). Due to the
randomness of the given values, this test is repeated one hundred times
and afterwards the maximum error over all repetitions is computed. In
this experiment we consider certain bandwidths M = 2% s € {5,...,13},
and without loss of generality we choose d =1 and K = L = M for the
visualization.

The only thing left to do to compute the fast sinc transform in Algo-
rithm 5.10 is the specification of the precomputation scheme, which shall
be either the least squares problem (5.7) or Algorithm 5.5. For the ana-
lytic weights w;, 7 =0,...,n, computed by means of Algorithm 5.5 the
Chebyshev points (5.8) are used, such that only the number n of quadrature
weights is free to choose. For the weights w; computed by solving the least
squares problem (5.7) we have seen in Example 5.17 that the best choice
are equispaced evaluation points y, = %, p € Ip, with P = 2.5n, and the
nonequispaced quadrature points (5.8), such that also the parameter n is
left to choose. To this end, we compare both approaches for several choices
of n = e¢M with ¢ € {2,4,6,8}.

The corresponding outcomes are shown in Figure 5.5. For both precom-
putation schemes we recognize that for n = 2M the approximation results
are not as good as for larger n. This indicates that also for the least squares
approach (5.7) the condition n > 4M seems to be necessary to obtain the
best approximation possible. Moreover, it can be seen that there is hardly
any difference between the results for ¢ € {4,6,8}. However, we point out
that a larger parameter n = cM heavily increases the computational costs
of the fast sinc transform in Algorithm 5.10. Therefore, it is recommended
to use the smallest possible choice n = 4M.
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Figure 5.5: Maximum approximation error (5.27) of the fast sinc transform
in Algorithm 5.10 for certain bandwidths M = 2%, s =5,...,13,
shown for several choices of n = ¢M with ¢ € {2,4,6,8} when
using random nodes ag, by € [ — %7 %] and random coeffi-

cients ¢ € [0,1] with d =1 and K = L = M, compared for

different weights w;, j =0,...,n, obtained by Algorithm 5.5

or the least squares approach (5.7) with z; in (5.8) each.

Comparing the two approaches in Figure 5.5a and 5.5b we recognize
that, as expected by Figure 5.4, the errors obtained by using the analytic
weights computed by Algorithm 5.5 are much smaller than by using the
least squares weights computed by means of (5.7). Note that identical
results are obtained for ay or by equispaced, for d > 1 and for K # L # M.
This once more emphasizes the superiority of the analytic weights com-
puted by Algorithm 5.5 and hence we strongly recommend to make use of
Algorithm 5.5 in the precomputational step of Algorithm 5.10. o

Application to regularized Shannon sampling formulas

Next, we proceed with the examination of the generalization of the fast
sinc transform introduced in Section 5.2. More precisely, we study the
quality and efficiency for the evaluation of the regularized Shannon sampling
sums, where Example 5.19 deals with the method for the regularization
with a window function in frequency domain presented in Section 5.2.1 and
Example 5.20 is concerned with the method for the regularization with a
window function in spatial domain suggested in Section 5.2.2.
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Example 5.19. Firstly, we have a look at the fast evaluation of the regular-
ized Shannon sampling formulas with regularization in the frequency do-
main, see Section 5.2.1. More precisely, for the bandlimited function (4.151)
we compare the regularization in frequency domain Py rf in (4.38) of
Section 4.3.1 with its approximation Pw,Tf in (5.30) by means of the
fast sinc transform in Algorithm 5.14, where the weights w; in (5.10) are
precomputed by Algorithm 5.5. To this end, we consider the maximum
approximation error

e [P f)(a) - (Porf)(@) (5.49)

for several frequency window functions ¥ € {Yin, VYeub, Yeos, Yeonv,2}
see (4.45), (4.48), (4.51), and (4.57). Similar to Example 4.67, the er-
rors (5.49) shall be estimated by evaluating the approximations Py rf
and J5¢7Tf at a fine grid of equidistant points z, = -1+ ¢ € [~1, 1],
s=0,...,29, with S = 10°. In addition, we also quantify the time needed
for the naive computation of Py rf in (4.38) as well as the computation
of its approximation sz’T f in (5.30) by means of the fast sinc transform
in Algorithm 5.14, where the precomputation of the corresponding coeffi-
cients zﬂ(sz) and weights w;, 7 =0,...,n, is excluded.

The results for fixed M = 64, A =1, and L = (1 + \)M, as well as sev-
eral values of the truncation parameter T = cL with ¢ € {1,...,10} are
depicted in Figure 5.6. It can be seen in Figure 5.6a that the accuracy
of the approximation ]5,/,7T f in (5.30) seems to depend strongly on the
choice of the window function, as the maximum approximation error (5.49)
differs appreciably for the considered ¥ € {%iin, Yeub, Yeoss Yeonv,2}. More-
over, we recognize that the approximation ]5¢,,T f in (5.30) inexplicably
improves for larger truncation parameter T', which was only expected for
the approximation of f by means of Py rf and 13¢7T f, respectively. When
considering Figure 5.6b, however, it becomes apparent that by using the
fast sinc transform in Algorithm 5.14 the computation times are reduced
by approximately two orders of magnitude for all considered window func-
tions, thereby yielding a significant acceleration in the computation of
the regularization in frequency domain Py rf. Thus, since we observed
that the approximation of the bandlimited function f is almost equally
good for Py rf and Py rf, it is recommended to make use of the fast
sinc transform in Algorithm 5.14, especially for large truncation parame-
ters T'. o
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Figure 5.6: Comparison of the regularization Py rf in (4.38) in fre-
quency domain (dashed) and its approximation ]5¢7T I
in (5.30) by means of the fast sinc transform in Algo-
rithm 5.14 (dotted), for several T = cL with ¢ € {1,...,10}
and ’(/) € {’(/)lina Peub, wcos; wconv,Q}v in (445)7 (448>’ (4'51)7
and (4.57), for the bandlimited function (4.151) with M = 64,
A=1,and L = (14+ M.

Example 5.20. Secondly, we study the fast evaluation of the regularized
Shannon sampling formulas with regularization in the spatial domain, see
Section 5.2.2. Namely, for the bandlimited function (4.151) we compare
the regularization in spatial domain R, ., f in (4.74) of Section 4.3.2 with
its approximation R%m f in (5.32) by means of the fast sinc transform
in Algorithm 5.15, where the weights w; in (5.10) are precomputed by
Algorithm 5.5. Similar to Example 5.19 we consider the approximation
error

max |(Rymf)(x) — (Rpmf)(2)] (5.50)

ze[—1,1]

for ¢ € {pcauss, ¥B, Psinh, PekB}, see (4.60), (4.61), (4.62), and (4.63),
which shall be estimated by evaluating the approximations R, f

and R%mf at a fine grid of equidistant points z, = —1+ g € [-1, 1],
5=0,...,29, with S = 10°. Moreover, we also quantify the time needed
for the naive computation of Ry ., f in (4.74) as well as the computation
of its approximation ]:Z%m f in (5.32) by means of the fast sinc transform
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Figure 5.7: Comparison of the regularization R ,,f in (4.74) in spatial
domain (dashed) and its approximation R, ,,f in (5.32) by
means of the fast sinc transform in Algorithm 5.15 (dotted),
for several m € {1,...,10} and ¢ € {¥Gauss; ¥Bs Psinhs PcKB }s
in (4.60), (4.61), (4.62), and (4.63), for the bandlimited func-
tion (4.151) with M =64, A=1,and L = (1 + \) M.

in Algorithm 5.15, where the precomputation of the corresponding coeffi-
cients Qﬁ(f/zj) and weights w;, j =0,...,n, is excluded.

The results for fixed M =64, A =1, and L = (1 + \)M, as well as sev-
eral values of the truncation parameter m € {1,...,10} are displayed in
Figure 5.7. Considering Figure 5.7a we recognize that, in contrast to
FExample 5.19, the accuracy of the approximation R%m f in (5.32) does
not depend much on the choice of the window function, as the maximum
approximation error (5.50) is almost identical for all considered window
functions ¢, except for gauss in (4.60) being slightly worse. However,
similarly as already observed in Example 5.19, it can be seen that the
approximation R%m f in (5.32) inexplicably improves for larger truncation
parameter m, which was only expected for the approximation of f by means
of Ry m f and R%m f, respectively. In Figure 5.7b we see that the compu-
tation times are only slightly reduced by using the fast sinc transform in
Algorithm 5.15. This means, when factoring in also the time needed for the
precomputational step of Algorithm 5.15, there is hardly any difference be-
tween the two computation schemes. Hence, the approximate computation
of R%m f by means of the fast sinc transform in Algorithm 5.15 might only
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be useful for high dimension d > 1 or very large truncation parameters m,
due to the sparse structure of Ry . f in (4.74). o

NFFT-like procedure for bandlimited functions

Finally, we test the NFFT-like procedure for bandlimited functions intro-
duced in Section 5.3 in comparison to the classical NFFT.

Example 5.21. To examine the approximation quality of the NFFT-like
procedure for bandlimited functions in Algorithm 5.16 we provide a func-
tion f with its corresponding Fourier transform f in (4.1), such that we
have access to the exact values f(k), k € Ty, as input for Algorithm 5.16,

as well as the exact function evaluations f(x;), j=1,...,N. In doing
so, we can compare the result f;, j=1,..., N, of Algorithm 5.16 to the
exact function evaluations f(z;), j = 1,..., N, by computing the maximum

approximation error

max [ = f(z)] (551)

For the reason of comparison, we also compute the approximation er-

ror (5.51) when f;, j=1,..., N, is the result of the classical NFFT in
Algorithm 2.2.

Here we consider the one-dimensional setting with d = 1 and for sev-

eral bandwidth parameters M € {20,40,...,1000} we study the func-

tion f(z) = sinc? (%mc) with the Fourier transform

2 ) M
floy = gLl s
M |0 : otherwise.

Note that the function f is scaled appropriately such that max,cr f(z) =1
independent of the bandwidth M and thereby the approximation er-

rors (5.51) are comparable for all considered M. As evaluation
points x; € [— % + 7, % - %}, j=1,..., N, we choose the scaled Cheby-
shev nodes

:z:]cos<(JN1)7r>(;7z> j=1,...,N, (5.52)

with N =2 m =5, as well as M, = L = M(1+ \) with A = 1, and we
use the sinh-type window function (4.62).
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The corresponding results are depicted in Figure 5.8. As expected by
the previous comparison of the two approaches in Figure 5.1, the new
NFFT-like procedure for bandlimited functions presented in Algorithm 5.16
performs much better than the classical NFFT in Algorithm 2.2. While
for M < 80 both approaches exhibit the same maximum approximation
error (5.51), for larger bandwidth M the approximation error (5.51) gets
smaller only for the NFFT-like procedure in Algorithm 5.16. That is to say,
when approximating the evaluations f(z;),j =1,..., N, of the bandlimited
function f € By 2(R) by given samples f(k), k € Ty, of the corresponding
Fourier transform (4.1), reasonable results can be obtained by the NFFT in
Algorithm 2.2, yet evidence indicated that our newly proposed NFFT-like
procedure for bandlimited functions in Algorithm 5.16 yields results that
are at least as good, if not superior. Accordingly, the NFFT-like procedure

in Algorithm 5.16 is the preferred approach in this context. o
~ [=BFD
- UFD,
A |
1074F
1075}

0 200 400 600 800 1000
M

Figure 5.8: Maximum approximation error (5.51) of the NFFT-like pro-
cedure for bandlimited functions in Algorithm 5.16 and the
classical NFFT in Algorithm 2.2 using the sinh-type window
function (4.62) computed for the function f(z) = sinc? (& rz)
using several bandwidth parameters M € {20,40,...,1000}
and the scaled Chebyshev nodes (5.52) with N = &, m =5,

M,=L=(1+XM,aswellas A\ =1and d = 1.

Remark 5.22. Note that the code files for all the experiments in this
section are available at [Kir] under https://github.com/melaniekircheis/
dissertation/tree/main/5-Fast_sinc_methods. o


https://github.com/melaniekircheis/dissertation/tree/main/5-Fast_sinc_methods
https://github.com/melaniekircheis/dissertation/tree/main/5-Fast_sinc_methods
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Summary

In this chapter, we have studied several fast approximation schemes in which
the sinc function plays an important role. On the one hand, we presented
efficient and accurate algorithms for the evaluation of the Shannon sampling
sums (4.12) and the regularized Shannon sampling formulas introduced in
Sections 4.3.1 and 4.3.2, which were both theoretically and numerically
verified. On the other hand, we proposed a new NFFT-like procedure
for the approximation of function evaluations f(z;), j=1,...,N, of a
bandlimited function f € B M/Q(Rd) from given samples f (k), k € Ipg, in
the frequency domain. It has been shown that this new approach, which is
based on regularized Shannon sampling formulas, can indeed outperform
the classical NFF'T in this context, thereby highlighting the importance of
the sinc function.






6 Reconstruction of the Fourier
transform of bandlimited functions
from nonequispaced spatial data

So far, we have studied inversion approaches only for the NFFT, i.e.,
to efficiently find a solution to the discrete inversion problem (3.3) of
computing the Fourier coefficients fk € C, k € Iy, from given function
evaluations f(x;) € C, j =1,..., N, of the trigonometric polynomial (2.8).

Various applications such as MRI, cf. [DAP22, EKP22|, etc., how-
ever, deal with the analogous continuous problem, considering bandlim-
ited functions f € BM/Q(]Rd), cf. (4.3), instead of trigonometric polyno-
mials (2.8). In this case the aim is the reconstruction of point evalu-
ations f(k) € C, k € Iaz, of an object f in (4.1) from given measure-
ments f(x;), j=1,...,N, of the form (4.4). Note that this can be seen
as a generalization of the problem (3.3), as already mentioned in the frame
theoretical approach in Section 3.3.4. Therefore, known approaches for
the direct inversion of the NFFT from Section 3 shall now be extended
to bandlimited functions f € Bps/2(R?) with maximum bandwidth M,
cf. [KP23b).

To this end, this chapter is organized as follows. Initially, in Section 6.1 we
investigate the extension properties of the density compensation technique
from Section 3.2.1, that leads to an exact reconstruction for all trigonometric
polynomials (2.8) of degree M. Subsequently, in Section 6.2 we comment
on the analogous use of the matrix optimization approach from Section 3.3
for bandlimited functions. Finally, in Section 6.3 we show some numerical
examples to investigate the accuracy of our approaches, including a short
summary.

6.1 Density compensation factors

In this section the aim is to extend the density compensation method from
Section 3.2.1 to bandlimited functions f € By (R?) with maximum band-
width M, as done in [KP23b]. For this purpose, we show in Section 6.1.1
that for any bandlimited function f there exists a certain corresponding
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trigonometric polynomial f that could be used for the reconstruction of
the values f (k), k € Zpg. Moreover, we show that it is reasonable to con-
sider the inversion problem (3.3) for bandlimited functions f € By 2 (R%)
as well. Besides, we describe a connection to some related approaches
from the literature in Section 6.1.2. Finally, we provide some additional
observations that can be made using the theory of tempered distributions
in Section 6.1.3.

6.1.1 Reconsideration as trigonometric polynomials

To find a suitable reconstruction technique for a bandlimited func-
tion f € BM/Q(Rd), we assume that additionally f € L;(R%) holds, such
that we can consider its 1-periodized version

f(x) = Z flx+r), zecRL

reZd

Further assume that 3, ;.| f(k)| < co. Then the Poisson summation

formula, cf. [PPST23, Theorem 4.28], yields that fe L1 (T9) is uniquely
representable in form of its absolute convergent Fourier series

f@)= ) a(f) e, (6.1)

keZd

where the Fourier coefficients are given by

cr(f) = /f(w)e_%ikm de = /f(a:) e ke qg = f(k), keZ (6.2)
Td R

cf. (4.1). In addition, it is known that f € Bys/o(R?) is a bandlimited func-

tion with bandwidth M, i.e., we have f(k:) =0, k € Z*\ Zps. Therefore,
the periodic function (6.1) in fact is a trigonometric polynomial of degree M
as in (2.8), which makes it reasonable to utilize the result from Section 3.2.1
to reconstruct the Fourier coefficients (6.2). In other words, for an exact
solution of the linear system (3.12) we obtain an exact reconstruction of
the form

N
flk) = ci(f) =D wj f(a;)e ™ kely. (6.3)

Jj=1
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Note that using the nonequispaced Fourier matrix A € CN*ITwm|
in (2.7), the weight matrix W = diag(w;)_, as well as the vectors

f = (f(mj))évzl and f = (f(k))rez,,, the reconstruction (6.3) can be
denoted as f = A*W f. Moreover, by (6.1) we have f = Af, such that
the property AW A = Iz, is fulfilled, cf. Remark 3.7.

However, in practical applications, such as MRI, this is only a hypothetical
case, since the periodization f in (6.1) cannot be sampled. Due to a
limited coverage of space by the acquisition, the bandlimited function f is

typically not known on whole R¢, but only on a bounded domain, w.l.o.g.

for x € [ 55 é) , cf. [EKP22]. Thus, we need to assume that the given

function f is small outside this interval [—3, 2) , such that f(x;) ~ f(z;),
j=1,...,N, holds. Hence, we have to deal with the approximation

N
k)~ ij flx;)e 2™k ke Ty, (6.4)

which can also be written as f~ A*Wf with W = diaug(ug)?i1
from (3.12).

That is to say, by (6.3) the error in the approximation (6.4) solely occurs
because the bandlimited function f is not known on whole R%. If we had

access to the periodization f or the function f would be supported on

the interval [—1, %)d, respectively, then (6.3) would guarantee an exact
reconstruction. Therefore, the density compensation approach from Algo-
rithm 3.2 using the weights computed by Algorithm 3.10, is also suitable

for bandlimited functions f € By/2(R%).

Remark 6.1. Typically, the approximation (6.4) is motivated the following
way, cf. [KP23a, Section 3.2]. Considering the integral representation (4.1)
we are provided with an exact formula for the evaluation of the Fourier
transform f However, since in practical applications the function f is only

d, we have to deal

known on a bounded domain, w.l.o.g. for € [ 55 2)

with the approximation

/ flx)e?™ v de, wve -4, %)d . (6.5)

Then applying a nonequispaced quadrature rule, the evaluations of (6.5)
at uniform grid points k € Zps can be approximated via (6.4). However,
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since this perspective does not immediately reveal the connection to the
inversion problem (3.3) or directly suggests suitable quadrature weights,
we prefer the explanation above. o

Summarizing, we present an error bound on density compensation factors
computed by means of (3.12), analogous to Theorem 3.11, that applies to
bandlimited functions f € BM/Q(Rd), cf. [KP23a, Theorem 3.14].

Theorem 6.2. Let p,q € {1,2,00} with %—!— % =1. For given d,N € N,
vector M =M -14 € (2N)? and nonequispaced nodes x; € [—3, %)d,
j =1,...,N, let AeCN*IZml pe the nonequispaced Fourier matriz

n (2.7). Furthermore, we assume that we can compute density com-
pensat@on factors W = diag (w; )J € CVXN by means of Algorithm 3.10,

such that

N

Irika,
E wj e M = 0g p + €k, k€ Iam,
i=1

with small e, € R for all k € Zapng. Then there exists an € > 0 such that for
any bandlimited function f € Byy/o (R%) with bandwidth M the corresponding
density compensation procedure satisfies

If = AW < |Zaale- || £, + NV IZaa)) P wllg - | Qlloersy,  (6.6)

where f = (f(k))kez,, are the integer evaluations of (4.1) and Q is defined
as the pointwise quadrature error

Qx) = /[ fwyer™®dv — Y~ f(k)e*™*®  zeT (6.7)

kEZns
Proof. Note that by (3.24) it only remains to estimate the error
term HA f-7 || For any bandlimited function f € BM/Q(]Rd) with band-

width M we may use the notation f := (f(k))rez,, as well as the inverse
Fourier transform (4.4) to estimate

)= X kg

kETnr
=|Q(z;)| < IRQll¢(rey, j=1,...,N,

[af -],
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with the pointwise quadrature error (6.7). For detailed investigations of
quadrature errors of bandlimited functions we refer to [GR23, KPT23].
Hence, we obtain HAf' - f”p < NY7|Q||¢(ray, which by (3.24) implies
the assertion (6.6). [ |

6.1.2 Linking to approaches in literature

In the literature, a density compensation approach is known which is closely
related to our representation (6.3). Therefore, this approach is studied in
the following.

Analogous to [GLI06] we now aim to compute weights w;, j =1,..., N,
such that not only (6.3) holds, but its extension onto the whole interval,
ie.,

N
f(v) = iL(’U) = ij f(mj)ed’ri”j, v e [—%, %)d, (6.8)
j=1

is preferably a good approximation. Note that by inserting (6.8) into the
inverse Fourier transform (4.4), we obtain the equivalent characterization

f(x) = / f‘(,u) e2TIVE o0 / iL(’U) e2mivE Jo

44" [ ¥.4)"
N
_ ij Fla;) / o 2riv(@; @) gy
=1
’ [, 4)

N
= ij f(x;) - || sinc(Mn(z; — x)), x€R%

with the d-variate sinc function (3.31). Since f in (6.1) is still unknown in
practical applications, we have to deal with the overall approximation

N
f(x) ~ ij f(x;) - |Zag|sine(Mr(z; — x)), =eR% (6.9)
j=1

That is to say, to obtain an approximation of the form (6.8) one might aim
to choose suitable weights w; € C, j =1,..., N, based on (6.9). Especially,



266 6 RECONSTRUCTION OF THE FOURIER TRANSFORM

by evaluation of (6.9) at the given nonequispaced nodes = xj, we obtain
the condition

N
Fl@n) = > wj f(x;) - [In|sine(Mn(z; — @n)), h=1,...,N.
j=1
By defining the nonequispaced sinc matrix

N
C, = (sinc(Mﬁ(wj — ach))> € RNxN7 (6.10)
j,h=1

and f = (f(al:j))j.\]:1 we see that this means that one may try to find a weight

matrix W = diag(w;)}_, such that the approximation f ~ [Zps|- C,W f
is best as possible. Ideally, one Would aim for equality I'ny = |Zag]- CaW.

Considering the main diagonal of z |I ~N = C,W the weights are given as
ﬁ = w; sinc(Mn(x; — x;)) = w;sinc(0) =w;, j=1,...,N.
For all other entries with j # h, however, the condition
sinc(Mn(x; —xp)) =0

can only be fulfilled for ; equispaced. In other words, for arbitrarily spaced
points x; equality in |Zps| - CoW ~ Iy is not possible for any weights.

Hence, one can only look for an approximate solution, e. g. by considering
the least squares problem

Minimize  ||[Zaz] - CouW — In||3. (6.11
GMinimizo, || 2 )

By denoting the j-th column of In,C, € RV*N and W ¢ CNV*N
as e, [Cy]; € RN and w; € CV, respectively, we may rewrite the Frobenius
norm in (6.11) by means of the property (3.34), only considering the nonzero
entries, as

N
IZar] - CuW — Inllz = > 1 Zaa] - Cow; — &3

j—l

2
Z 1 Zne] - [Cnljwj — el -
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Thus, as stated in [GLIO6] (without proof) the least squares solution to the
minimization problem (6.11) is given by

L Te. — L * _
‘IM| [Cn]j J |IM| ([Cn]] [CH]J)
sinc(Mn(x; — ;)

1Tl 0L sine® (M (@, — @)

1 (&, -
= m <}; sinc”(Mm(x; — -’Eh))> . (6.13)

However, we see in the numerical examples in Section 6.3 that the recon-
struction using the weights (6.12) seems to be much worse than the recon-
struction (6.4) with weights computed such that the linear system (3.12)
holds.

wj; = [Cn]* €; (612)

Remark 6.3. As already mentioned in Remark 3.16, it was claimed
in [GLIO6] that this approach coincides with the one in [PM99], considering
finite sections of the sinc operator

¢ (sinc(Mﬂ(a:j _ @)))N (6.14)

j=1,eczd

with £ € Zps. However, in the following we show that this claim only holds
asymptotically for |Zps| — oo, i.e., when using C in (6.14), cf. [KP23b,
Remark 3.2].

By the classical sampling theorem of Whittaker—Kotelnikov—Shannon,
see Theorem 4.2, any bandlimited function f € By;/z (R9) can be recovered

from its uniform samples f(%), £ € Z4, as
Z f(&)sinc(Mn(z— %)), xeR% (6.15)
Lezd
Applying this sampling theorem to the shifted sinc function
f(x) =sinc(Mn(x; —x)) € BM/Q(Rd)
with j fixed, we find the equality

sinc(Mn(x; Z sinc (M (x ))51nc(M7r( %)) (6.16)
Lezd
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Note that using the sinc operator C in (6.14) and the nonequispaced
sinc matrix in (6.10), the evaluation of (6.16) at the given nonequispaced
points x = x,, h=1,..., N, can be written as

C,=CC* ¢ RV*N, (6.17)

Hence, a restriction to finitely many £ in (6.16) corresponds to a uniform
truncation of the Shannon sampling series (6.15), which is known as a
poor approximation due to the slow convergence of the sinc function, see
Section 4.2. Thus, equality in (6.17) is only satisfied using the operator C
in (6.14), while considering finite sections of (6.14) with £ € Zps implies a
poor approximation of C\,. o

Remark 6.4. Additionally, note that the sinc operator (6.14) has an in-
teresting property, cf. [KP23b, Remark 3.1]. First of all, by [LB92, Ex-
ample 1.22] it is known that the M-periodization of the function e*7t®,

d . .
te [—%, %) , with & € C? fixed, possesses the absolutely and uniformly
convergent Fourier series

emite — Z sinc(Mn(z — £ )) e2mit/M, (6.18)
Lczd

Therefore, the terms sinc(Mr(x — %)) as the Fourier coefficients of (6.18)

are {y-summable, and thus the sinc operator (6.14) is well-defined, see
also (4.10).

Based on this, by additionally defining the one-sided infinite Fourier
matrix

Fo— <e27rik£/M)
L7 k€I ’

cf. (2.15), the matrix product CF can be written as

N
CF = < Z ?miket/M sinc(Mn (z; — ﬁ))) =A (6.19)

Lczd j=1,kEIng

with the nonequispaced Fourier matrix A € CNV*IZml in (2.7), since the
components of (6.19) coincide with point evaluations of (6.18) at & = x;,
j=1,...,N,and t =k € Ip,.

Note that in comparison to the series expansion (6.18) we already found
the approximation (5.44) of the exponential function, where we obtained a
finite sum by the use of the compactly supported window function ¢,, and

.. d
the restriction of x € C% to @ € [—%—i—%,%—%) . o
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6.1.3 Exactness condition in the sense of tempered
distributions
Similar to [KP23a], we now present some additional observations that can

be made regarding the conditions for an exact reconstruction using the
density compensation method. For this purpose, analogous to (6.8), we

. . . d .
extend the approximation (6.4) onto the whole interval [—%, %) , e,
we consider
al d
f(v) = h(v) = ij flxj)e ™% e [-4 )7 (6.20)
j=1

Note that in comparison to (6.8) here we directly consider the samples f(x;)
of the bandlimited function f € Bys/2(R?) instead of the samples flzx;) of
its periodization.

Analogous to Section 3.2.1 we analyze (6.20) being exact and start our

investigations with the continuous analogon of Theorem 3.4, cf. [KP23a,
Theorem 3.8]
Theorem 6.5. Let nonequispaced nodes x; € [f%, %)d as well as quadrature
weights w; € C, j =1,..., N, be given. Then an ezact reconstruction for-
mula (6.20) for bandlimited functions f € Byg/2(RY) with bandwidth M € N,
i.e.,

£ —2mive; d
f) =h(v) => w;f(z;)e ™, wve -4 A7 (6.21)
=1
implies that the quadrature rule

f dw—Zwa ;)

s exact for all bandlimited functions f € BM/Q(Rd) with bandwidth M.

Proof. Given the Fourier transform (4.1) we can express (6.21) as

L\J‘E

/f 727r1va: doe = Zw]f m] 7271'1'uw] ve [7%, )d.

(6.22)
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In particular, evaluating (6.22) at v = 0 yields the assertion. ||

However, in contrast to Theorem 3.4, an explicit condition for the compu-
tation of suitable weights w; € C, j =1, ..., N, such that the reconstruction
formula (6.20) is preferably exact, could not be given in the above Theo-
rem 6.5. Thus, in order to obtain a condition for exactness, we generalize
the concept of an exact reconstruction A of f and employ the theory of
tempered distributions. To this end, let

S RY = {p € C°(RY): aB(D¥)(x) € Co(RY), a, B € NI}

be the Schwartz space of rapidly decreasing functions, see [PPST23, Sec-
tion 4.2.1]. Then a tempered distribution is a continuous linear functional
on the Schwartz space .(R?) and the set of all tempered distributions is
denoted by .#/(R?), see [PPST23, Section 4.3.1]. For any slowly increasing
function f: R? — C, satisfying |f(x)| < ¢(1+ ||z|]2)" almost everywhere
with ¢ > 0 and n € Ny, the induced tempered distribution Ty shall be defined
by

@)= [ ol@) fla)de, o e s @,

The simplest tempered distribution, which cannot be described this way, is
the tempered Dirac distribution ¢ defined by

6.9) = [ po)do)dv=p(0). ¢ e SRY,

cf. [PPST23, Example 4.37]. For a detailed introduction to the topic we
refer to [PPST23, Sections 4.2.1 and 4.3.1].

Finally, utilizing these concepts of tempered distributions, the following
generalized exactness property can be shown, cf. [KP23a, Theorem 3.9].

Theorem 6.6. Let nonequispaced nodes x; € [—%, %)d, j=1,...,N, and
quadrature weights w; € C be given. Further let Ty be the distribution
induced by some bandlimited function f € Byy/z (R%) with bandwidth M € N.

Then

<6v <P> = <T§7 90>7 pE y(Rd)v (623)
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with
N .
é(v) = ij Ve gy € RY,
j=1
implies
(Ts,0) = (Th, ), ¢€ S (RY), (6.24)

with the function h defined in (6.20).

Proof. Using the definition (6.20) of the function h as well as the fact that
the inversion formula (4.4) holds for all € R?, we have

N
<Tha S0> = /]Rd h(’v) QD(’U) dv = /Rd (p(fu) ijf(mj) e~ 2mvE; o
j=1

N
= /Rd p(v) ;wj ( y f(u) e?miu®i du) e~ 2mvT; g,

Since f € BM/Q(Rd) implies f € L1 (RY), see the proof of Lemma 4.1,
and ¢ € . (R%), we obtain by Fubini’s theorem that

N
T) = [ ) [ o0) 3wy avau

j=1

N
:/ f(u)/ o(u —v) ij e?™v®i dy du
R4 R =

= [ i [ ptu=v)g@dvdu
Then we make of the equality (6.23), such that
Tug) = [ Fw) [ otu=v)50)dvdu
= [ ftw) [ ooy stu—v)dvau = [ ) plwdu = (77,5

Rd

yields the assertion. |
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Note that the property (6.24) states that h in (6.20) is an exact recon-
struction of the function f in the sense of tempered distributions. However,
this does not imply equality of point evaluations of the functions f and h.
Moreover, in practice the condition (6.23) is hard to fulfill. Thus, although
a generalization of the ideas of Section 3.2.1 to bandlimited functions is
possible, the results are not directly helpful for the numerical computa-
tion of suitable weights w; € C, j =1,..., N. That is why, in numerical
computations, we rather take the detour via trigonometric polynomials
as described in Section 6.1.1, and look for an exact solution of the linear
system (3.12).

6.2 Optimization of the sparse matrix B

As already seen in (6.4), we might use the density compensation approach
from Algorithm 3.2 for bandlimited functions f € Bys/2(R?) as well, i.e.,
we may try to find a solution to the continuous inversion problem by means
of f ~ D*F*B*W f with the matrices D € CITmI*Zml | ¢ ClZTnmo x| Zm]
and B € RV*ITme| defined in (2.14), (2.15) and (2.16).

However, similar to Section 3.2, this approach will be most useful in
the highly overdetermined setting |Zaas| < N, since only in this case we
are given a theoretical guarantee for (6.3) by Theorem 3.6. To relax
this condition on overdetermination, we aim to generalize the method in
Section 6.1 in the style of Remark 3.3. That is to say, as in Section 3.3
we consider the optimization of the sparse matrix B € RV*IZms| in (2.16)
from the NFFT decomposition, see Section 2.2, such that an approximate
solution to the continuous inversion problem can be computed by means of
Algorithm 3.21 using the optimized matrix resulting from Algorithm 3.25.
Note that this is reasonable due to the fact that the continuous inversion
problem can be seen as a generalization of the discrete problem (3.3).
Moreover, we remark that it was already mentioned in Section 3.3.4 that
the frame theoretical approach, cf. [GS14], is originally designed for the
continuous inversion problem anyway.

6.3 Numerical examples & summary

This chapter is concluded with a numerical example comparing the density
compensation approach from Section 6.1 with the matrix optimization
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approach from Section 6.2 for bandlimited functions, cf. [KP23a, KP23b].

Example 6.7. Similar to [KP23a, Example 5.5] and [KP23b, Example 4.2],
we examine the reconstruction properties of the direct inversion methods
for bandlimited functions f € By, /2<Rd) with maximum bandwidth M. To
determine the errors properly, we firstly specify a compactly supported
function f in the Fourier domain and consequently compute its inverse

Fourier transform (4.4), such that its samples f(x;) for given x; € [f%, %)2,
j=1,...,N, can be used for the reconstruction of the samples f(k:),

k € Ips. Here we consider the tensorized function f(v) = g(v1) - g(vs),
where g(v) is the one-dimensional triangular pulse function (3.93). Then
for all b € N with b < % the associated inverse Fourier transform

f(z) = f(v) ™ dy = b2 sinc? (brx), « € R? (6.25)
R2

is bandlimited with bandwidth M. For this function, we compare the density
compensation methods from Section 6.1 and the matrix optimization ap-
proach from Section 6.2. On the one hand, we study Algorithm 3.2 with the
weights computed via Algorithm 3.10 and the computation scheme (6.12).
Since we have already seen in Example 3.33 that from the density com-
pensation methods in Section 3.2.4 only the weights computed via (3.44)
yield a reconstruction comparable to the one computed via Algorithm 3.10,
the computation scheme (3.44) is considered as well. On the other hand, it
is known by Example 3.35 that the best matrix optimization approach is
given by Algorithm 3.21 with the optimized sparse matrix computed by
Algorithm 3.25, such that we consider only this approach.

(a) As a first experiment we fix M =32 and b =12 and consider the
case |Zapr| < N, which yields optimality for trigonometric polynomials,
cf. Section 3.2.1. In addition to the real-world sampling of (6.25) we also
examine the artificial sampling data

flay)= > flk)e*™ @ j=1,.N, (6.26)

kEZng

of the periodization (6.1). A visualization of the chosen function f and the
difference f — f can be found in Figure 6.1.
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05

(a) The function f (b) The difference f — f

Figure 6.1: The function (6.25) with b = 12, and its periodization (6.26).

For the modified polar grid, cf. Figure 3.4b, of size R =2M, T = 2R,
we use these two kinds of sampling data to compute the reconstruc-
tions h € {hw,hopt}, cf. (3.6) and (3.60), and the respective pointwise
errors ’fz — f' | The corresponding results are displayed in Figure 6.2. It
can easily be seen that for the artificial sampling data (6.26) our newly
proposed weights computed by (3.15) indeed yield a nearly exact reconstruc-
tion, see Figure 6.2b (bottom), and thus are optimal. However, in the more
realistic setting using the real-world sampling of (6.25) the results are not
as good, see Figure 6.2b (top). Nevertheless, comparing to the equispaced
setting in Figure 6.2a (top), it becomes apparent that Algorithm 3.2 using
the weights computed by (3.15) and (3.44), as well as Algorithm 3.21 using
the optimized sparse matrix By € RNXIZmo | produce nearly the same
error as a reconstruction on an equispaced grid. This nicely illustrates that
for bandlimited functions the restricted knowledge of f(x;), j=1,...,N,
instead of f (x;) is the dominating error term and therefore reconstruction
errors smaller than the ones shown in Figure 6.2 cannot be expected. In
addition, we remark that the reconstruction using the weights (6.12) is not
competetive, for none of the sampling data, see Figure 6.2d. Finally, note
that we chose comparatively small M = 32 in order that the computation
schemes (3.44) and (6.12) are affordable.

(b) In a second experiment we sample the function (6.25) with param-
eters M =64 and b =24 at linogram grids, cf. Figure 3.4c, of differ-
ent sizes R € {40,48,...,104}, T = 2R. The corresponding relative er-
rors (3.99) can be found in Table 6.1. It should be noted that for M = 64
we have |Zps| = 4096 and |Zapg| = 16384, i.e., the underdetermined set-
ting |Zag| > N is considered once, while the setting |Zaas| < N needed
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for exactness of the weights in Section 3.2.1 is considered twice. In gen-
eral, we observe that the use of the weights (3.15) and (3.44), as well
as Algorithm 3.21, produces almost identical outcomes. Nevertheless,
for 1|Zaar] > N it can be seen that Algorithm 3.21 exhibits a marginal
advantage, while for |Zaps| & N the scheme (3.15) is infinitesimally bet-
ter. o

Remark 6.8. Note that the code files for all the experiments in this
section are available at [Kir] under https://github.com/melaniekircheis/
dissertation/tree/main/6-Reconstruction_of_the_FT_of_bandlimited_

functions. <o

Summary

In this chapter, we have examined direct inversion methods for the
continuous analogon to problem (3.3), considering bandlimited func-
tions f € Bar/2(RY), cf. (4.3), instead of trigonometric polynomials (2.8).
That is to say, in this setting the aim is the reconstruction of point
evaluations f(k) € C, k € Ipg, of an object f in (4.1) from given mea-
surements f(x;), 7 =1,...,N, of the bandlimited function f. To solve
this problem, we have extended the density compensation technique from
Section 3.2.1 and the matrix optimization approach from Section 3.3 to
bandlimited functions f € B M/Q(Rd). In doing so, we have demonstrated
both theoretically, in Section 6.1.1, and numerically, in Example 6.7, that
the reconstruction error is dominated by the fact that the bandlimited
function f is not known on whole R, but only on a bounded domain.
Nevertheless, we have confirmed that our density compensation approach
in Algorithm 3.2 with the weights computed by Algorithm 3.10 as well as
our matrix optimization approach in Algorithm 3.21 with the optimized
sparse matrix computed by Algorithm 3.25 yield the best results possible.


https://github.com/melaniekircheis/dissertation/tree/main/6-Reconstruction_of_the_FT_of_bandlimited_functions
https://github.com/melaniekircheis/dissertation/tree/main/6-Reconstruction_of_the_FT_of_bandlimited_functions
https://github.com/melaniekircheis/dissertation/tree/main/6-Reconstruction_of_the_FT_of_bandlimited_functions
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Figure 6.2: Pointwise absolute error ‘iz — f ’ of the reconstruction of the

samples f (k), k € Zng, of the tensorized triangular pulse func-
tion (3.93) with M = 32 and b = 12, using the density compen-
sation factors computed by (3.15), (3.44) and (6.12) as well as
the optimization approach from Algorithm 3.21 for the modi-
fied polar grid, cf. Figure 3.4b, of size R = 2M, T = 2R, using
samples f(x;), j =1,..., N, (top) and artificial samples f(acj)
in (6.26) (bottom).

[ R | N [Useof (3.15) | Useof (3.44) | Use of (6.12) | Alg. 3.21
40 | 3120 8.4481-01 6.6334—01 7.8579-01 5.1464—01
48 | 4512 7.8774—01 4.7713-01 7.1759—01 2.1346—01
56 | 6160 7.4191-01 2.7790-01 5.5826—01 6.3496—-02
64 | 8064 5.6105-01 3.8184-03 8.2305-02 3.7609-03
72 | 10224 | 3.7650—03 3.7651-03 3.3180—-01 1.8321-02
80 | 12640 | 3.7724-03 3.8150-03 2.8526—-01 4.8235-03
88 | 15312 | 3.7692-03 3.7689-03 2.1575-01 3.8691-03
96 | 18240 | 3.7599-03 3.7677—-03 1.6278-01 3.7741-03
104 | 21424 | 3.7599-03 3.7517-03 1.3832-01 3.7620-03

Table 6.1: Relative errors (3.99) of the reconstruction of the samples f (k),

k € Ipg, of the tensorized triangular pulse function (3.93)
with M = 64 and b = 24, using the density compensation factors
computed by (3.15), (3.44) and (6.12) as well as the optimization
approach from Algorithm 3.21 for linogram grids, cf. Figure 3.4c,
of different sizes.
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List of Symbols

Largest integer < x for given z € R.
Smallest integer > z for given x € R.

Centered cardinal B-spline of order m.
Paley—Wiener space of bandlimited functions.

Set of complex numbers.

Banach space of continuous functions f: R — C.

Banach space of continuous functions f: R? — C with
Banach space of r-times continuously differentiable functions
f: R4 C.

Kronecker symbol with 0, =1, k =4, and 65, =0, k # £.
Dirac distribution.
Diagonal matrix with the diagonal entries a = (a;)1,.

Euler’s number.

Complex-valued 1-periodic function.
Complex-valued function.
Convolution of f, g € L1(T?) or f, g € L1 (R?).

Imaginary unit.

Identity matrix of size N x V.

Multi-index set Z4 N Ht L[, M),

Modified Bessel function of first kind of order v.

Index set {—m+1, —m+2, ..., m} for m € N.
Bessel function of first kind of order v.

Modified Bessel function of second kind of order v.



298 LI1ST OF SYMBOLS

L,(X) Banach space of measurable functions f: X — C with inte-
grable |f|P, p > 1.

Ly(X) Hilbert space of square integrable functions f: X — C.

N Set of positive integers.

Ny Set of nonnegative integers.

O Landau symbol.

P Set of window functions in spatial domain.

R Set of real numbers.

Z(R%) Schwartz space of rapidly decreasing functions.

S (R) Space of tempered distributions on .7 (R?).

sign(x) Sign of x € R.

sinc Cardinal sine function.

Si Sine integral function.

supp(f) Support of f: R — C.

d : : d\ 7d ~ [_1 1)

T d-dimensional torus R \ Z% 2 [—5, 5) .

v Vector v = (vj)é-vzl € CV with components v1, ..., vx.

1,4 Vector of ones, 14 = (1,...,1)T € 7.

Ty Inner product xy:=x1y; + -+ xqyq of two vectors
x,y € R9

TOyY Componentwise product * @ y = (x1y1, - . - ,xdyd)T of two
vectors x,y € R?.

M Reciprocal M~ " = (M, .. .,Md_l)T of a vector M € Z¢
with nonzero components.

X[a,b] Characteristic function of the interval [a, b].

Z Set of integers.

The table above lists the most frequently used notations, but it is not com-
prehensive. Additional necessary notations may appear locally throughout
the work.
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