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ANOVA APPROXIMATION FOR HIGH-DIMENSIONAL CONTROL SYSTEMS

MELANIE KIRCHEIS!, DANIEL POTTS?, MANUEL SCHALLER? AND KARL WORTHMANN?

Abstract. We study the data-driven approximation of control-affine systems, where the drift and
each control vector field exhibit a low-dimensional structure. While the ANOVA (ANalysis Of VAri-
ance) decomposition is tailored to low-dimensional structures, a straightforward implementation does
not exploit control affinity, rendering the approximation computationally expensive. We propose a
coupled least squares approach for given state-control samples, whose ansatz is affine linear in the
control by construction and can be realized by a preprocessing of the ANOVA index sets. Based on
a Marcinkiewicz—Zygmund inequality for the resulting ansatz space, we prove a probabilistic Ls-error
bound with explicitly given constants. Separate error control on drift and input vector fields renders
the approach flexible to, e. g., parameter changes. Finally, we numerically illustrate the identification of
the coupling structure via global sensitivity indices on discretizations of a nonlinear advection-diffusion
equation, the shallow water equations and the viscous Burgers equation.
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1. INTRODUCTION

Whenever a first-principles model of a dynamical system is unavailable, too complex, or too costly to evaluate, a
surrogate model can be learned from measured data. Such a model can then be used for prediction and controller
design, e. g., within model predictive control [26]. In this work, we consider discrete-time control-affine systems

" = F(z) + G(z)u

with state x, successor state £+ € R, and control input w € R™. Such control-affine structures naturally
arise, e.g., from (time-discretized) mechanical, chemical, or fluid-dynamical models as well as from spatial
semi-discretizations of controlled partial differential equations [5,11]. Our approach relies on two structural
properties. First, the dynamics are affine linear in the control. Second, as is the case in many applications, each
component of F' and G depends on a few state variables only and couples them through low-order interactions.
For instance, in finite-difference or finite-volume discretizations of PDEs, each component couples only with
its spatial neighbours. Identifying this coupling structure from data reduces the computational effort, and the
learned model becomes interpretable and amenable to structure-exploiting controller design.
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The ANOVA (ANalysis Of VAriance) decomposition is tailored to such low-dimensional structures, since
it splits high-dimensional functions into terms depending on subsets of the variables only and quantifies the
importance of each term by global sensitivity indices. For control systems, however, the ANOVA approximation
is not directly applicable. On the one hand, F' and G can, in general, not be sampled separately. On the
other hand, a naive ANOVA approximation of the joint map (x,u) — H(x,u) = F(x) + G(x)u would spend
considerable computational effort on interactions of the control variables which are excluded a priori by the
control-affine structure. In this paper, we propose an approach which takes the control-affine structure into
account and works with given samples (z?, u’, H(x*,u')), i.e., it does not require particular control values to be
chosen by the user. Rather, it encodes the control-affine structure into the approximation ansatz itself. To this
end, the ANOVA index sets and the basis in the control variables are chosen a priori. This preprocessing step
ensures that the ansatz is affine linear in w, so that spurious control interactions cannot arise by construction.

We briefly comment on related work. Data-driven identification of dynamical systems under structural
assumptions has been studied, for example, using sparse regression approaches such as SINDy [4] and its
extension to control systems [3]. In these methods, sparsity is enforced on the coefficient vector over a fixed
dictionary. In contrast, our approach identifies sparsity in the variable couplings, i.e., in the ANOVA terms.
Koopman-based methods, in particular extended dynamic mode decomposition [32], likewise exploit the control-
affine structure by means of bilinear surrogate models. This is possible because the Koopman generator inherits
the control affinity of the dynamics [21]. For an error analysis of kernel-based EDMD we refer the reader
to [15] and, for an extension to control systems, to [2]. Finally, this work builds upon the ANOVA and
high-dimensional model representation (HDMR) literature on sensitivity analysis [25,30] and on the ANOVA
approximation approach [23,28]. To the best of our knowledge, a combination of the ANOVA approximation
with the control-affine structure as proposed here has not been considered so far.

Contribution and outline. In the preparatory Section 2, we briefly recall the ANOVA decomposition, its
data-driven implementation and the corresponding error analysis for the Chebyshev basis. The contribution of
this work is Section 3, where we make this machinery applicable to control-affine systems by means of a coupled
least squares approach for given state-control samples. In Section 3.1, we characterize its limit for infinitely
many samples as an orthogonal projection in Proposition 3.4. In Section 3.2, we establish a Marcinkiewicz—
Zygmund inequality for the resulting ansatz space in Proposition 3.7, i.e., a norm equivalence between the
discrete and the continuous norm which holds uniformly on the ansatz space with high probability. Based on it,
we prove a probabilistic Le-error bound with explicit constants in Theorem 3.8, which also yields error bounds
for the drift and the input map separately, see Remark 3.10. Section 3.3 extends these results to multivariate
controls, see Corollary 3.13. In Section 4, we illustrate the approach numerically, before we conclude in Section 5.
Appendix A describes how the coupled approach may be implemented within existing ANOVA software by a
suitable preprocessing of the index sets, see Algorithm A.1.

2. THE ANOVA DECOMPOSITION OF SCALAR-VALUED FUNCTIONS

In this part, we recall the ANOVA decomposition and refer the reader to [6,16,18,25] for a detailed exposition.
Let v C [d] :== {1,...,d} denote a subset of indices. For high-dimensional functions f: RY — R, we utilize
additive decompositions of the form

d
j=1

1<i<j<d vC[d]

where the term f, corresponding to v only depends on z; with j € v, or, equivalently, on @, = (2;);c, using
the inherent ordering of [d]. Clearly, every function f: RY — R may be decomposed in such a way by summing
over 27 terms with v in the power set of [d]. In this work, however, we are interested in the case where the
sum above contains significantly fewer summands and the cardinality |v| of the involved index sets v is small
in comparison to the dimension d. Such functions are said to have a low-dimensional structure.
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Example 2.1. For d = 4 consider the function
f(x) =1+ 2% + 2125 + w314 — sin(zyg). (2)
Clearly, this function can be represented using the five summands
Jo =1, f{1}(l‘1) = xf, f{1,2}(931,372) = $1$§, f{3,4}(9€37$4) = X34, f{4}($4) = —sin(xy). (3)

This yields significantly less summands than the number 2* = 16 of possible terms, which corresponds to the
cardinality of the power set of [4] = {1,2,3,4}, since each subset v may contribute a term f, in (1). Moreover,
in (2), each non-trivial term f,, v C [d], depends on two arguments at most.

The representation (1) is not unique in general. It becomes unique if one additionally requires the terms f,
to have mean zero and to be pairwise Lo-orthogonal, see, e.g., [16, Theorem 2.1 and Example 2.2]. This is
the ANOVA decomposition defined below. These conditions characterize the f, through Lo inner products
over the domain Q C RY i.e., through integrals that are however inaccessible when f is only known through
pointwise samples. In Section 2.2, we therefore replace them by a data-driven least squares approximation over
a subspace span{¢1, ..., @y} spanned by linearly independent functions.

2.1. Definition

In this part, we gather the notational conventions needed for the definition of the ANOVA decomposition.
For a bounded set  C R? and a probability density w: Q — (0, 00) we write Ly (£, w) for the weighted Lebesgue
space of real-valued functions with the inner product (f,g)r,0w) = fQ fgwdx and the induced norm. We
consider tensor product domains and densities

d
Q= X, w@) = [[wi), / wj(rj)de; =1, j=1,....d, (4)
i=1 i

and write 2y = X ¢, € and wy(zy) =[]
tensor product basis ¢p = szl o, (x5), k € N, built from orthonormal bases of the Ly(Qj,w;). Hence,
every f € Lo(f2,w) admits the expansion

jewwj(z;) for v C [d]. By separability, L(f2,w) has an orthonormal

flx) = Z ck(f) pr(x), ce(f) = ([, 90k:>L2(Q,w)7 (5)

keNgd

where we may assume ¢g = 1 without loss of generality. In the error analysis and in the numerical experiments,
we work with the Chebyshev basis®

Pt (z)) = ﬂmin{l’kj} cos(kj arccos(z;)), k; € Ny,

with Q= [-1,1), & (@) = ———. je[d. ©

! 7r\/173102~7

J

With these conventions in place, we can now state the ANOVA decomposition. We follow [16], where it is
derived together with the properties collected below.

2(z—a)

5—a~ — 1, so restricting to Q; = [~1,1] in (6) is no loss of generality.

LA general interval [a, b] is mapped to [—1,1] via x —



4 TITLE WILL BE SET BY THE PUBLISHER

Definition 2.2. For a function f € L2(w) and a subset of indices v C [d], the ANOVA (ANalysis Of
VAriance) terms are recursively defined by

f@‘ = /S;f(fc)w(l') d.’l), fv(mv) = /g;vu f(:]:) ch(xvc)dmvc - z%;)fz(xz)v (7)

where the complement of v is defined as v° := [d]\ v. The corresponding expansion of the form (1) is called the
ANOVA decomposition and it fulfills the zero-mean property

/ fv(wv)wv(wv) dz, =0, v 7& g, (8)
Qo
the annihilation property
/ fo(@w) wj(zj)dz; =0, jev#a,
Q;

and thus L2(Q, w)-orthogonality

(for f2) 120wy =0, v # 2z Cd]. 9)

The following example illustrates that the ANOVA terms need not coincide with the naive representation of
a function.

Example 2.3. We illustrate Definition 2.2 by computing the ANOVA terms of the function (2) from Example 2.1
in the weighted Chebyshev space La([—1,1]* weP). Evaluating (7) yields the constant term fg = %, the one-
dimensional terms

fay(x) = ot + 2z — 3, fray(z4) = —sin(zy), fioy = f3y =0,

and the two-dimensional terms

f{1,2}(33179€2) = 371963 - %xl, f{3,4} (»’53, $4) = I374-

All remaining pair terms as well as all terms of order three and four vanish. Hence, the decomposition is of the
expected form

f(@) = fo+ fry(z) + frzy (@, w2) + fraay (w3, 24) + fray(z4). (10)

Note, however, that the ANOVA terms do not coincide with the representation (3). The zero-mean and or-
thogonality constraints enforce additional lower-order corrections such as the summand %xl appearing in fi1y
and fr1.2y. Thus, even if a function has an obvious low-dimensional structure, the number of ANOVA terms
required to represent it is not known a priori.

Using the basis expansion (5), the ANOVA terms (7) may also be written as

fol@o) = Y alf)enl@n), v Cld], (11)

keNg
supp k=v

where suppk = {j € [d|: k; # 0}, cf. [22]. Note that for suppk = v the tensor-product basis func-
tion ¢k (x) = H?:l or; () satisfies o5, = 1 for all j ¢ v, since g = 1. Therefore, ¢y, depends only on x,,
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which justifies writing g (2,). The same convention is used in Appendix A for indices with a non-zero control
component. In other words, the representation (11) exhibits the ANOVA decomposition as a partition of the
space of basis coeflicients ¢g(f). Therein, the term for v = @ collects the single coefficient co(f), the term
for a singleton v = {j} collects all coefficients on the respective axis except the 0-th one, and so on. Figure 1
illustrates this partition for the index set N¢ underlying the bases considered here. Every coefficient of (5) is
thus attributed to exactly one ANOVA term.

Qu-""’oo 3’ 20
o d.)"o °d~7°°o

k€ N} k=0 |supp k| =1 |supp k| = 2 |supp k| =3

FIGURE 1. Visualization of the partition in the space of basis coefficients, as provided by the
ANOVA decomposition, for a 3-dimensional function in the setting k € N¢ underlying the
Chebyshev basis (6).

The ANOVA decomposition also quantifies how much an individual term contributes to f, which will later
allow us to discard the irrelevant ones. With the variance of f and of an ANOVA term,

() = 1 Laiw) = for o (fo) = folliu@pwn> v Eldl, (12)

the zero-mean property (8) and the orthogonality (9) yield the variance decomposition o(f) = >_ £oC[d] o%(fv),
which explains the name “analysis of variance”. The share of the variance explained by the interaction of the
variables indexed by v is measured by the global sensitivity indices, or Sobol indices,

0.2(]0”) ZkENd,suppk:v |Ck(f)|2
Sy = = 0
(f) 72(f) 2keng, ko [k ()]?

€[0,1], @#vCld, (13)

see [30], where the second expression follows from the basis representations (5) and (11).

2.2. Efficient and data-driven implementation

Although (1) carries valuable information about a function, its defining relations (7) are not amenable to
computation. On the one hand, the number of terms grows exponentially in the dimension d. On the other
hand, each term is defined through integrals, which are inaccessible when f is only known through samples.
To enable an efficient and purely data-driven implementation, we therefore replace these relations by a chain
of approximations, cf. [23]. We first truncate the decomposition to its relevant low-dimensional terms, then
project each term onto a finite basis, estimate the resulting coefficients from samples, and finally post-process
the approximation to quantify the importance of the individual ANOVA terms. These four steps are detailed
in the following.

2.2.1. Truncation

Since it is unknown a priori which of the 2¢ terms in (1) are relevant, we first truncate the decomposition, that
is, we remove terms f,. To this end, we invoke the sparsity-of-effects principle [19], according to which many
phenomena are well described by a few low-order interactions. More precisely, we introduce the superposition
dimension q € N, ¢ < d, and truncate (1) as

f@)~ ) fols). (14)

lv|<q
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In many real-world problems the superposition dimension is indeed low, i.e., small choices ¢ € {2,3} already
suffice for a good approximation, see [6,9,16,22].

Now that we have reduced the number of ANOVA terms to be determined, we turn to their actual compu-
tation. Both representations (7) and (11) involve integrals and are thus not directly amenable to computation.
We build on the latter and render it computable in two steps, the first of which is the following projection.
2.2.2. Projection

The representation (11) of an ANOVA term still involves infinitely many basis coefficients. Therefore, we
introduce another truncation step, that is, for every subset v C [d] we define the index set

o
Iy = {k € NZ: suppk = v, ky € X {1,...,N? — 1}}, NYi= (N e enl (s)
=1

J
J

In other words, for v = @ we keep the single coefficient co(f) and for all v # & we consider only the first N 7=1

coefficients of (11) in every direction j that is present in v. For instance, when considering v = {1,2}
with NV = (6,4)" € (2N)? for our 4-dimensional example function (2), then the index set Zyv contains in-
dices k = (k1,k2,0,0)" with k; € {1,2,...,5} and ko € {1,2,3}. Hence, the approximation of the ANOVA
terms (7) is given by

fo(Tw) = Z ck(f) pr(Tw), v Cld.

kETnw

Using the (disjoint) union

of the index sets (15) we approximate the function f in (5) as

f@) = Pnf(@) =Y cu(f)er(), (17)

keIn

i.e., by the orthogonal projection of f onto the subspace span{yg}rezy, C L2(Q,w) employing the finite
dictionary D := {¢k}tkezn C {Pk}rend
2.2.3. Estimation

The above approximation (17) of the function f still requires the integrals cx(f) = (f, k) r,(0.w): K € IN,
from (5), which are inaccessible in a purely data-driven setting. We therefore keep the ansatz (17) and determine
its coefficients from data. To this end, assume we are given i.i.d. sample points {x!,..., 2™} Cc Q, M € N,
drawn according to the density w, as well as the corresponding function evaluations {f(x'),..., f(z™)} Cc R.
Then we may approximate the basis coefficients ¢ (f), k € I, in (17) by solving the least squares problem

min ||Ac— f|3, (18)
ceRIINI
where
WM i\ M
A= ((pk(agz))izl,kelzv € R, and  f = (f(z")),_, € RM.

We compute the solution of (18) via the normal equations of the first kind

ATAc=ATY. (19)
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If A has full column rank |Zn|, the matrix A" A is invertible and the unique solution of the least squares
problem (18) is given by

(Gr)eezy = €= (ATA)'ATS. (20)

Full column rank of A requires the overdetermined setting M > |Zn|. Moreover, if the &’ are drawn i.i.d.
according to w and the oversampling factor M/|Zn| is large enough, A is well-conditioned with high probability,
see [28, Theorem 4.2] and [13]. In the underdetermined case, regularization techniques are available [28], which
we do not pursue here. In high dimensions, (20) is computed iteratively by the LSQR algorithm [20], which
never forms A explicitly but only requires multiplication with A and AT. We use the implementation [27],
which provides fast algorithms for these products.

2.2.4. Post-processing and sensitivities

It remains to assess the importance of the individual ANOVA terms. We approximate the global sensitivity
indices (13) using the estimated coefficients (20) and the index sets (15), (16) as

~ |12
So(f) =~ Sy(f) = > keTpo k]

—m; @ #v Cld, (21)

with the intermediate approximation f built from the ¢ of (20). This is accurate whenever f, = fo,
since [02(fu) ~ 0 (Fo)l < | fo— Foll (2l fall =1 fo— foll) i La(Qus0), <. [24, (5.3)]. Given a threshold = € (0,1),
the relevant ANOVA terms are collected in

v::{@}u{vg[d]:o<|v|gq, Sv(f)>5}, (22)

where v = @ is added manually, since (13) carries no information about the constant term. Restricting (16) to
these terms gives

(V) = | Zno, (23)
veV

and we solve the correspondingly truncated least squares problem

. 2
oin ) lAve = £l (24)
with the truncated matrix Ay = (cpk(:cl))f\il kez(v) € RMXIZV)I to improve the fit of (20), and set
fr@)= Y cerl(@) (25)
keZ(V)

as our approximation of f. The resulting workflow is summarized as follows.

Algorithm 2.4 (ANOVA approximation, cf. [22,23,27,29]).

Input: deN dimension
geN, g<d superposition dimension
{zl,..., 2™} CcQ, M eN i.9.d. sample points drawn according to the density w
f= (f(:c’))f\il function evaluations at the sample points
€€ (0,1 threshold parameter
r>0 confidence parameter, cf. Theorem 2.6
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(1) For all subsets with |v| < q choose NV = (N”)‘vl € (2N)?l in (15) such that the index set In in (16)
satisfies |In| < m . IOgLM with the given r > 0, where a == maxgez, | Supp k| < gq.

2) Compute the estimated coefficients ¢ = (C)kezn @S Solution to the least squares problem (18) using the

( €in g

LSQR algorithm.
(8) Compute the approximate global sensitivity indices

3 ZkEIN'U |5k|2

Su(f) = @ #v C[d],

Y keTn\{o} [Gk]*
see (21).
(4) Determine the set

V:{@}U{vg[d]:0<|v|§q, Sv(f)>€}

of relevant ANOVA terms, see (22), and set Z(V) = U, ey Inv, see (23).
(5) Compute the coefficients ¢* = (cj)rez(v) as solution to the truncated least squares problem (24) using
the LSQR algorithm.

Output: coefficients (cg)kez(v) € REWI of the approzimation f* = Zkez(v) ok~ f, see (25)

Algorithm 2.4 combines the truncation, projection, estimation, and post-processing steps introduced above
into a single data-driven ANOVA approximation. Before analyzing its approximation error, we comment on
two ways in which the procedure can be refined in practice.

Remark 2.5 (Possible improvements of the algorithm). Note that in steps 4 and 5 of Algorithm 2.4, the
index sets (15) may be further adjusted. Since the truncation by V in (22) typically renders Z(V) in (23)
considerably smaller than Iy in (16), the condition M > |Z(V)| now suffices. This allows for larger choices
of the corresponding bandwidth parameters N for the least squares problem (24). In doing so, the additional
basis coefficients are spent on the relevant terms v € V' only. Note, however, that M > |Z(V)| only guarantees
that the truncated least squares problem is not underdetermz’ned The error bound of Theorem 2.6 below requires
the strictly stronger sampling condition |Z(V')| < 102”7(%1) logM If the bandwidths are enlarged beyond this
condition, the resulting approximation f* is still computable, but it is no longer covered by the theory.

Moreover, it is also possible to reiterate steps 3-5 of Algorithm 2.4 until no further truncation of the ANOVA
decomposition can be achieved, i. e., until the set V in (22) no longer changes.

2.3. Error Analysis

In this part, we recall the approximation error of the ANOVA approximation, restricting our discussion to
the Chebyshev basis (6) for the sake of clarity of presentation. In this case, we define the Sobolev-type space of
dominating mixed smoothness

Hrinx([_la 1]d) = {f [_17 l]d —-R | ”fH?‘Ignix([fl,l]d) < 00}7 s>0
with the norm
d
”fHH;‘x([ 1,1]9) = Z lex(f H 1+ |k;[%) (26)
keNg Jj=1

where the coefficients cg(f) are given as in (5), and we refer the reader to [1, Corollary 2.2] and [10, p. 9] for
details.
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The following result, which we recall from [28], yields a worst-case bound for the error of the ANOVA
approximation in Algorithm 2.4.

Theorem 2.6 ([28, Theorem 4.10]). Let M > 3 sample points drawn i.i.d. w.r.t. the Chebyshev density weP
in (6) be given such that for the index set Z(V') in (23) we have

M

T <
V)l = 10-29(r 4+ 1)log M

for some r > 0 and o == maxgez(v) | suppk|. Then for all f € HE, ([-1,1]%), s > L, the solution f* in (25) of
the least squares problem (24) satisfies the estimate

2¢(1 ++/5)? 1 1
1f = 112 eaaptwerery < B3 (Cpgge -max{ o > -
La(=1 1) wete®) Hi (=119 2 SIZWII iz PR infieengnzr) B(R)

with probability at least 1 — (23/* + 1)M~", where
Blk) = [T (1 Ik )’ (27)

denotes the weight function of H2, ([—=1,1]%), cf. (26).

The error bound of Theorem 2.6 is governed by the chosen index set Z(V') and holds with a probability depend-
ing on the coupled parameters r and M. Before relating it to the individual approximation steps, we point out a
limitation in the high-dimensional regime. The first argument of the maximum carries the explicit factor 2¢, and
the sum 3,07y 1/B(k) is exponential in d as well, since ZkeNg 1/B8(k) = Cdwith Cy =Y, oy (14+n%) 7% > 1.
The second argument, in contrast, is free of any explicit dimension dependence. Theorem 2.6 is therefore in-
formative for moderate d and large smoothness s (note Cs — 1 as s — 00), while for large d it is a qualitative
rather than a quantitative statement.

Remark 2.7 (Error terms and choice of the parameters). Writing Pr(yy for the orthogonal projection

Pranf(@) = > (f,0k)1a(w) Pk(®) (28)

keZ(V)

onto span{k }kez(v), ¢f. (17), the error of the approximation f* from (25) splits as

1% = 0w = 15 = Prony 0w+ 1Py f = T,

estimation error truncation and projection error

Therein, equality holds by the theorem of Pythagoras. Both f* and Pryyf lie in span{og}rez(v), whereas
[ — Pz f is orthogonal to that subspace, such that the two summands of f*— f = (f*— Pro)f) +(Prevyf —f)
are orthogonal. The two approximations differ only in how their coefficients are obtained, using the empirical
problem (24) instead of the exact inner products. Hence, the first term measures the error introduced by the
regression step, while the second term is the error of the best-approximation in the subspace.

Both sources appear in Theorem 2.6, though not as a trade-off between the two arguments of the mazximum.
By (26), the second argument is the best-approzimation bound

1f = Prov) fll sy < Hf“?ffnix([—lal]d)/ké%(fv)ﬁ(k)’
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whereas the first carries the constants of the sampling step. Both decrease monotonically as Z(V) grows and
tend to zero for T(V) 1+ N&, and neither contains M. The sample size enters only through the admissibility
condition |Z(V)| < M/(10 - 2%(r + 1)log M). Consequently, enlarging Z(V') improves the bound, and for a
given M it is optimal to choose Z(V) as large as that condition permits. The projection error itself vanishes
for Z(V) = N¢ and can be reduced either by admitting more basis coefficients per ANOVA term, cf. (15), or by
admitting more ANOVA terms. For specific Z(V'), the two quantities of Theorem 2.6 are evaluated explicitly
in [28, pp. 126-127]. The estimation error vanishes as M — oo as due to the normal equations (19) and
for i.i.d. samples, Monte-Carlo integration gives ﬁA‘T/AV — I and ﬁAaf = ({f, or))kez(v), so that (19)
converges to the coefficients of (28).
For finite M, the parameters are coupled through the two constraints

M
<M =10 20TV, 29
oS e @ zw) (29
1—coM ™" >p, cg:=2%*41, (30)

for a prescribed target certainty p € (0,1). Here v > 0 is a purely theoretical parameter, while M is the
actual sampling effort. Since the right-hand side of (29) increases monotonically for M > 3, the smallest
admissible M is optimal, so (29) may be assumed active. This gives 1 = M/(c1logM) — 1 and, inserted
into (30), the condition log((1 — p)/c2) > logM — M/cy determining M. These constraints couple target
accuracy (through ci, since a smaller error bound requires a larger Z(V')), certainty p and sample size M.
Fizing any one of them yields a monotone trade-off between the remaining two. For fived c1, for instance, the
achievable certainty p(M) = 1 — co M *=M/(c1108 M) jpcreases monotonically in M with p(M) — 1. Conversely,
for fized M a larger Z(V) lowers the error bound but requires a smaller v, which in turn leads to a smaller
certainty.

3. CONTROL SYSTEMS

In this section, we present our main contribution, i.e., a tailored and efficient ANOVA approximation for
control-affine systems whose right-hand side exhibits a low-dimensional coupling structure. Such systems arise
from spatial discretizations of controlled partial differential equations, where the locality of the differential
operators induces sparse interactions between the state variables. Consequently, each component couples only
with its spatial neighbours. We will make the ANOVA machinery of Section 2 applicable to this setting while
leveraging the control-affine structure.

Control-affine dynamical systems are of the form

" = F(z) + G(z)u.

Therein, £ € R? is the state, the control w evolves in a compact control constraint set U € R™, and the
maps F: R4 = R? and G: R? — R¥"™ with d,m € N describe the drift and the input, respectively. Note
that the number of actuators is usually much smaller than the number of states, i.e., m < d. We now
define H: R% x R™ — R? via

H(z,u) = [F(z) G(z)] [i] = F(z) + G(z)u (31)

and assume that F' and G are of low-dimensional structure. More precisely, we require that, for suitable index
sets, we have

Fi@) = 3 fil@),  Gu@ =Y gil@e), j=1,....d f=1,..,m, (32)

’UEijo 'UE‘/},Z
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where we denote the functions F' and G entry-wise as F(x) = (Fj(w))?zl and G(z) = (ij(w))j;T,z:17
with V;, C 2[4l being index sets with small cardinality for all j = 1,...,d, and £ = 0,...,m. Moreover,
we denote by Gy = (ng)?zl the /-th column of G, i.e., the /-th control vector field. Our task is then to re-
construct this structure from given samples. We illustrate the class of systems (31) with two examples, namely
a small benchmark oscillator and a higher-dimensional system stemming from a discretized partial differential
equation.

Example 3.1. Consider the Fuler approximation of a controlled Duffing oscillator

+ i) _ xr1 + At.TQ
@t ==z + At <x1 - 3x:{’u> - (xg + At(z1 — 3z3u) (33)
which corresponds to the system (31) withd =2, m =1, and
_ X =+ Atxz _ 0
F(x) = (xz + Atm) ’ G(x) = (—3Atxi’) ’

Clearly, these functions F' and G are of low-dimensional structure compared to the small state space dimension
of this problem, since only one-dimensional terms occur, but no constant or two-dimensional terms. In the
notation of (32) we have the index sets Vi g = Voo = {{1},{2}}, V1,1 =&, as G11 = 0 contributes no terms at
all, and Va1 = {{1}}.

The next example is higher-dimensional and closer to the applications targeted in Section 4, where we will
illustrate the proposed method on discretizations of partial differential equations, which naturally lead to high-
dimensional problems with a low-dimensional coupling structure.

Example 3.2 (Controlled viscous Burgers equation). Consider the controlled viscous Burgers equation

0 02

&x:D x2$+’y(w)xU1+b(w)U2, we (0,L), t >0,

Bz’ Ow

with viscosity D > 0 and two scalar controls w = (Uy,Us) T acting through nonnegative actuator profiles v, b :
(0,L) — R. We discretize the spatial domain by an equidistant grid w; = iAw, i = 1,...,d, with grid
size Aw = L/d > 0. All quantities indezed by i denote evaluations at the grid point w;, i.e., X; ~ x(w;, ),
i = v(w;), and b; == b(w;). Using a finite-difference approximation of the spatial derivatives on this grid and
an ezxplicit Euler method with time step At > 0, we obtain a system of the form (31) with m = 2 and

Xip1—2X5+ X Xit1 — Xi1
Aw? 2Aw ’
Gin(X)=Aty; Xi,  Gia(X)=Atb, i=1,....,d,

Fi(X) = X, + At (D - X;

at each spatial point i. Here, we understand the indices cyclically, i. e., Xo = Xgq and Xg41 = X1, correspond-
ing to periodic boundary conditions. Again, F and G are of low-dimensional structure. The diffusion term
contributes the one-dimensional terms of node i and of its two neighbours, while the advection term contributes
the two adjacent pair interactions. The input map is state-affine in the first control and constant in the second.
In the notation of (32) this yields, for every i =1,...,d, the index sets

‘/i,O = {{Z_ 1}7{i}’{i+1}7{i_17i}v{i7i+1}}7 Vi,l = {{Z}}z Vi,2 = {@}’

where Vi1 = @ for v, = 0 and V2 = @ for by = 0. Hence, although the number of discretization points and
hence the dimension d may be large, every interaction set satisfies |v| < 2. We remark this low-dimensional
structure is also present in the context of other boundary conditions, e.g., of Dirichlet or Neumann type, only
modify the stencil at the two boundary nodes i € {1,d}.
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In general, the vector field F' and the columns of G cannot be sampled separately, such that an off-the-
shelf application of the ANOVA approximation of Section 2 to the individual functions in (32) is not possible.
Therefore, we aim for a coupled reconstruction of the dynamics map (31). However, applying the ANOVA
approximation as a black box to this coupled map does not leverage the structure, since ignoring the control-
affine structure would spend considerable computational effort on interactions of the control components that
are excluded a priori.

In many data-driven scenarios, one merely observes the system under some given excitation, i.e., one is
provided with samples (z?,u?, H(z’,u’)). These pairs of samples correspond to state, the employed action,
and the resulting successor state. In the following, we therefore develop an approach that works with i.i.d.
sampling points (z,u’) drawn from a tensor-product density on  x U and computes an approximation by
coupled least squares leveraging the control-affine structure. To this end, we assume that both the control
domain U = X}*; U, and the sampling density @ = [],"; w4te are of tensor-product structure. The main
idea is to encode the control-affine structure of (31) directly into the approximation ansatz. To this end, we
employ a dictionary consisting of basis functions in ® only, augmented by the same basis functions multiplied
by the components u, of the control. Thereby, the ansatz is affine linear in w by construction, and no spurious
interactions between the components of u have to be computed. We first discuss the case of a univariate control
in Section 3.1, including the resulting coupled least squares problem and its interpretation as an orthogonal
projection. In Section 3.2, we prove an error bound for finitely many samples in the spirit of the bound for
uncontrolled scalar functions recalled in Theorem 2.6. Afterwards, we generalize the ansatz and the error bound
to multivariate controls in Section 3.3 and refer the reader to Appendix A for an implementation of the resulting
approximation via preprocessed ANOVA index sets.

3.1. Coupled least squares approximation for univariate control

We first examine the case m = 1in (31), i. e., single-input systems. In this case, the system to be approximated
reads
Hl (:12, 'LL)
: = H(z,u) = F(z) + G(x)u, ueR.
Hd(m7 U)
Since the ANOVA decomposition of Section 2 is defined for scalar-valued functions, we proceed rowwise, i. e., our

objective is to approximate each row of (31) separately by means of the ANOVA approximation of Section 2.2.
Consistent with the structure of the map H, we choose an ansatz of the form

Hi(w,u)~ Y cppp(@)+ Y, caes(@u, j=1,....4 (34)
keZ(Vh) s€Z(Va2)

where {(p,lc} kez(vy) and {Wi}sel(vz) are two possibly different orthonormal systems. To compute the coefficients,
we sample system (31) at i.i.d. data points (z°,u’) € Q@ x U ¢ R¥! i =1,..., M, drawn according to the
tensor product density (w - wgi1) (@, u) = w(x)wgyi(uw) with M € N and wgy; being the density corresponding
to U C R. Throughout this section, we abbreviate the first two moments of the control distribution by

n= <1au>L2(U,wd+1) = /Uuderl(u) du? V= ||u||%2([[},wd+1) = /IUUQ WdJrl(u) du. (35>

Here, 7 is the mean and v the second moment of a control drawn according to wgy1, such that v — n? is its
variance. Note that [|1]|7 (Uwass) = Jywar1(u)du =1, since wq 1 is a probability density, such that expanding
the square yields

0 < flu=nllE, 0wy =¥ = 20 (L) Lawarn) T 1 1Ly =¥ — 0™ (36)
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We therefore have n? < v, and equality holds if and only if ||ju — N LoUwasy) = 0, i-e., if and only if u equals
its mean 7 wg41-almost everywhere. Negating this equality case shows that the following three conditions are
equivalent:

(i) The control u is not wgyi-almost everywhere constant.
(ii) The variance v — n? of the control distribution is positive.
(iii) The control u attains at least two distinct values on sets of positive measure.

Indeed, (i) is the negation of the equality case just discussed, (ii) is equivalent to (i) by (36), and (iii) restates (i)
for a real-valued random variable. We call a control distribution with these properties non-degenerate. For later
reference, we state this property as an assumption.

Assumption 3.3 (Non-degenerate control distribution). The control distribution is non-degenerate, i.e., v —

n* > 0 with n and v from (35).

This assumption will be used repeatedly below. It guarantees that the control samples carry enough infor-
mation to separate the contributions of F; and G, whereas these contributions are indistinguishable for an
almost everywhere constant control.

For each 7 = 1,...,d, we define the vectors h := (Hj(:cz,uz))f\il e RM ¢! = (cllc)kez(vl) e RIZWI
and ¢? == (cg)sez(%) € RIZ(2)I a5 well as the matrices
A ._( 1(331‘))1\4 c RMXIZ(V)| A ._( 2(wi))M c RMXIZ(V2)] (37)
1= Pk i=1, keT(V1) ’ 2= \¥s i=1, s€T(Va) ’
and
U = diag(u',...,uM) e RM*M, (38)
Then, for fixed j = 1,...,d, the approximation (34) can be written in matrix-vector notation as
cl
h ~ (A1 UAQ) <02) . (39)
The coefficients ¢!, ¢? are then computed analogously to (18) by solving the least squares problem
~1 2
min '(Al UA,) <?2) —h (40)
(81,82) T eRIZ(VD I+ Z(V2)| c )

For the least squares solution to be computable by the normal equations

(AATU> (41 Udo) () - (AAU) h, (41)

we need to ensure that the system matrix (A1 UAQ) e RMx(Z(V1)IHIZ(V2)D) has full column rank. To this
end, we necessarily require M > |Z(V})| + |Z(V2)], i.e., sufficiently many sample points x?, i = 1,..., M.
In addition, we may assume that A;, As have full column rank, see Section 2.2. Whether the composed
matrix has full column rank depends on the sampled control values u’ and thus on their underlying sampling
distribution. For instance, for ¢ = p3 = 1 and constant control samples u! = .- = uM = ¢ # 0 the
matrix (A1 U Ag) = (1 cl) is rank deficient. However, by Proposition 3.4 below the scaled Gram matrix
converges to a positive-definite limit under Assumption 3.3. Thus, for almost every realization the system
matrix has full column rank for all sufficiently large M. A quantitative version of this statement, which holds
with high probability, is given in Proposition 3.7 below.
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Before turning to the error analysis, we clarify the main objective of the coupled least squares problem (40).
To this end, we consider the infinite-data limit. Roughly speaking and after scaling by ﬁ, the entries of the
normal equations (41) are Monte-Carlo estimates of the corresponding inner products in La(2 x U w + way1).
Hence, the scaled discrete system converges to a continuous one as the number M of samples grows. The
following proposition identifies this limit system as the one characterizing the orthogonal projection of H; onto
the span of a particular dictionary corresponding to the ansatz space of (34). It also states that this system is
uniquely solvable and shows that the coefficients computed from finitely many samples converge to those of this
projection. Consequently, the approach of this section is an empirical least squares approximation with respect
to this dictionary. This interpretation is used throughout the remainder of the section. It may be used as a
guidance for the choice of the control density (see Remark 3.5), allows the comparison with a separate ANOVA
approximation of F' and G in Remark 3.6, and leads to the multivariate analogue in Section 3.3.

Proposition 3.4. Let (z,u'), i = 1,..., M, be i.i.d. samples drawn according to the density w - wqy1, let
Assumption 3.3 hold, and let F;, Gj € Lo(Q2,w). Then, abbreviating by

D= {pt: ke Z(Vi)} U{pu: s € I(Va)}

the dictionary of the ansatz (34), the following assertions hold.
(i) After scaling by ﬁ, the normal equations (41) converge for M — oo, entrywise and almost surely, to a
limit system.
(ii) This limit system is the Gram system ofﬁ in Lo(QxU,w-wqy1). It is uniquely solvable, and its solution
consists of the coefficients of the orthogonal projection P5H; of H; onto span D.
(iii) For almost every realization of the samples, the scaled normal equations are uniquely solvable for all
sufficiently large M, and their solutions converge to the coefficients of PxH;.

Proof. We prove the three assertions in the order in which they are stated.
Convergence of the sampled inner products. The normal equations (41) may also be written as

AlA, AlUAy)\ (& Alh
T Trr2 ~2 (42)
A, UA, A, UAy) \c AJUh

Then the strong law of large numbers yields for i.i.d. data points (x/,u’) € Q@ x U c R4, i =1,..., M, drawn
according to the density w - wgy1 that, after scaling, the entries of the block matrix converge almost surely to

1
Jim 2 [A] Al = lim M Z‘Pk ') = (ks Ph) Lo(2w) = Ok K, M€ T(VA),
.
Jim IATU A = Jim M Zwk Ju'eg(@") = (@i WS Loty k€ T(VA), 8 € I(VR),
Iv}linoo M[ATUQAQ] = Jv}igloo M Zu Yl (') = (up?, u@g>L2(QXU’w.wd+l), r, s € Z(V3).

Here, the strong law of large numbers is applicable since all involved random variables are integrable. Indeed,
the products of two basis functions are integrable by the Cauchy-Schwarz inequality, the additional factors u
are bounded by the compactness of U, and H; € Ly(Q x U,w - wgy1). Moreover, all integrands appearing above
are absolutely integrable. By Tonelli’s theorem, the Cauchy—Schwarz inequality and the orthonormality of the
two systems we have

/Q 5 ok (@)es(@) ul (w - warn) (@, w) d(@, 1) < [0 a0 |95 ] L0 max fu] < oo
X u
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The remaining integrands can be treated analogously, where we used the compactness of U. Hence, Fubini’s
theorem yields

(s U2 L @ nsn) = / (@) (@) (@ wapn) (@, v) A, u)

//@k ) g3 (x)uw(@) war (u) dude

= Ok, P2) Lo (@0 (L, U) Loy (Uywar1)> (43)

(0% U2 L (X Drnnss) = / 2 (@) (@) (- wayn) (@, w) d(, w)
//% 2) 0 () (@) was (u) du dz

= <<107"@s)Lz(Q,UJ)||uHL2(U,wd+1)' (44)

For the right-hand side we obtain similarly, now using in addition that F;,G; € Ly(Q,w),

1
lim M[ATh] = lim 72@]@ ):<Hja<pllc>L2(Q><U,w~wd+1)

M— o0 M—>oo
= (I}, @k>L2(Q,w> + (G, k) Lo (20) (1 W) Ly (Ui

as well as

lim —[Az Uhls = lim —Zu i):(Hj,uap@Lg(Qwa.wdH)

M—o0 M M—oo M
= <F]? <)03>L2(Q,UJ) <17 u>L2(U,wd+1) + <G]7 <)0§>L2(Q,w) Hu||%2(U7wd+l).
Thus, by (43) and (44), for M — oo the linear system (42) converges to
( Iy (L)) @ ) (51>
2 ~2
<1au>L2(U,wd+1) P ||’U’||L2(U’wd+1) 'I|I(V2)\ C

(<Fj7 90116>L2(Q,w) + <Gja (Pllc>L2(Q,w)<17 u>L2(U,wd+1))keI(V1)

_ (45)
(<Fja 03) L2(9.0) (L W) Ly 0,04 10) + (G <P§>L2<Q,w>HUIIiQ(U,wdH))SGIWZ)
with ® := ((¢g, 90§>L2(Q,w))kez(vl),seI(VQ), which shows (i).
Identification with the orthogonal projection. We consider the dictionary
D= {Yn:n €T} = {pp: k € W)} U{piu: s € (o)}, T:=Z(V1)UZ(Va), (46)

where the unions are to be understood as disjoint unions, since an index k € Z(Vy) N Z(Va) refers to the two
different functions ¢}, and @3zu. The corresponding orthogonal projection of a function f € La(Q x U,w - wa1)
onto span D is given by

Psf(x,u) = chwnwu

nel



16 TITLE WILL BE SET BY THE PUBLISHER
where the coefficients are given as the solution of the linear system
((¥p, ¥n) Ly@xUwwarr) ) pmeT * (€n)ner = ((fs ¥p) Lo(@xUw-warr))peT- (47)

By the structure of D, every element of spanD is of the form 2 keI(Vh) chon(x) + Do se(Va) Ai(x)u, ie.,
precisely of the form of our approximation (34). Moreover, ordering the dictionary according to this splitting
and choosing f = Hj, the Gram system (47) coincides with the limit system (45), since its entries (¢p, V)
and (Hj,¢p) are the limits computed in the first step. For functions not depending on u, the inner products
of Lo(Q X U,w - wgy1) and of Lo(Q,w) agree, since wgi is a probability density. Recall that a Gram matrix is
positive definite if and only if the underlying family is linearly independent. It therefore remains to verify the
latter, which holds by Assumption 3.3. If

S ah@ (Y be@)u=0

kez(V1) sEI(Va)

for (w - wgs1)-almost all (x,u), then, since u attains at least two distinct values on a set of positive measure,
the left-hand side is an affine function of w vanishing at two distinct points for almost every . Hence, both
sums vanish separately. The orthonormality of the two systems then yields ai = by = 0.2 Altogether, the limit
system (45) and the projection system (47) for f = H; are one and the same system, and it is invertible. Hence,
both systems have the same unique solution. Viewing the index set Z in (46) as the disjoint union of Z(V7)
and Z(V5), this solution is given by the pair (&', &%) and, equivalently, by the coefficient vector (¢, )nez of PxH;.
Thus, the two coefficient representations coincide, which proves (ii).

Convergence of the solutions. The determinant depends continuously on the entries of a matrix, such that
the almost sure convergence of the scaled system matrix to the invertible limit matrix implies that, for almost
every realization, the scaled system matrix is invertible for all sufficiently large M. The threshold M from
which on this holds depends on the realization, so this argument does not yield a quantitative statement, cf.
Remark 3.5 and Proposition 3.7 below. Since matrix inversion is continuous as well, the solutions (&*, &%) of (40)
then converge almost surely to the coefficients of PxH;, which shows (iii). O

The following remark quantifies this solvability in terms of the control distribution.

Remark 3.5 (Quantitative solvability and conditioning). The unique solvability of the limit system (45) was
obtained in the proof of Proposition 3.4 from the linear independence of the dictionary, which is a purely
qualitative statement. It may be quantified in terms of the first two moments (35) of the control distribution
alone. To this end, we abbreviate g = Zkel’(vl)a‘k(p}c and h = Zsel(w)yswﬁ for coefficient vectors a,y,
so that |lall2 = ||9llL,.w) and ||yll2 = ||h||L,.w) by the orthonormality of the two systems. Denoting the
system matriz of (45) by G and recalling from the proof of Proposition 3.4 that it is the Gram matriz of the
dictionary (46), its quadratic form reads

(a,9) "G (a,y) = g+ hull, @xvwwesn) = 191 Ta@w) + 209 M) 1@ + 7 1P, 0.0)-

By the Cauchy-Schwarz inequality, [(g,h)r,.w)| < 19w lPllsw), such that the right-hand side is

bounded from below and from above by the quadratic forms of the symmetric matrices (:F\ln\ ﬂFlljnl) evaluated

at (|9]| o (0,0): 17l La(0.w)) - Both matrices have trace 1+ v and determinant v —n?, hence the same eigenvalues,
and we obtain

14+ 0) £ /O -0+ 4
A T<G<A T A= 1Y (2 VERA (48)

2Note that for an wq+1-almost everywhere constant control the two parts of the dictionary may overlap and this argument
breaks down, in accordance with Assumption 3.3.
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Therein, v — n? is the variance of the control, cf. (35), such that G is positive definite if and only if the
control distribution is non-degenerate, and its smallest eigenvalue degenerates as the control variance tends
to zero. Note that (48) holds for arbitrary basis systems @' and ©?, and that both bounds are attained
for {op ez = {api}sez(w), where G = (,1, 2) @ Iz(vyy|- Moreover, the condition number of G is bounded by
the fraction Ay /A_, which for fized v is minimal for n = 0. If in addition v = 1, then Ay = 1, the limit matriz
s the identity and the least squares problem is asymptotically perfectly conditioned. This provides a practical
guideline for the choice of the control density wqy1.

The next remark identifies the situation in which the coupled reconstruction coincides with separate ANOVA
approximations of the maps F' and G.

Remark 3.6. If one has access to the samples

f= (Fj(azl))lj\il and g := (Gj(wi))j\il, (49)

one could apply the ANOVA approximation separately to the functions F' and G. Therein, one would again use
the matrices A1 and Az in (37) and seek coefficients ¢'* and c®* with

¢t = argmin [Aje— |3, ¢** = argmin |Asc—g|3, (50)

ceRIT(V1)| ceRIT(V2)]
cf. Section 2.2. In the limit M — oo they would result from the normal equations as
Iz e = ((F) 0k)ta@e) ) heznny . Lz € = (G 98 1200) sezva) »

or combined from the system

<IIZ(V1) 0 ) (c“) _ ((E k) La(20)) ez (vn)
0 I‘I(VQ)‘ 62’* (<Gj7(p§>L2(Q7w))s€I(V2) -

Inserting this equality into the left-hand side of the system (45), we obtain

((F;, @ihﬁﬂ,w))kez(m + (L) Ly (Uwas ) - R (G, <P§>L2(Q,w))sez(v2)
1 2 2 .
(L) s s - 8 ((Fh k) 1200) ez T 100100000 (G 98 020.0)) sezua

In other words, the coupled reconstruction approach above coincides with the separate application of the ANOVA
approzimation, if

(I,(<Gj7 ¢§>L2(Q"*’))SGI(V2) = Z <9011ca ‘Pg)Lz(Q,w) <Gj7 (P§>L2(Q,w)

SGI(VQ) kEI(Vl)

= (G Ph) L2©)) ez
and

QT (<Fj7 9011;-,>L2(Q,w))k€1(v1) = Z <<pllc7 @§>L2(Q7w) <Fj7 @i:>L2(Q7w)

keZ(V1) s€Z(Va)

2
(<Fja <)03>L2(Q:W))SEI(V2) :
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Both conditions are fulfilled if {Sﬂllc}kez(vl) = {Wﬁ}sez(w): as in this case ® = ((gp,lc, SDE)L?(QvW))keI(Vl),sEI(Vg)
1s the identity matriz. Two refinements of this conclusion are in order. First, in the two conditions above the
common factor (1,u) 1, (U,w,,,) has been cancelled. If the control density has zero mean, i. e., (1,%) 1,(U,way1) = 0,
the off-diagonal blocks in (45) vanish and the coupled approach coincides in the limit with the separate ANOVA
approzimation for arbitrary basis systems. This provides yet another argument in favour of zero-mean control
densities. Second, for (1,u)r,w..,) # 0, if the two conditions are required to hold for all Fj,Gj, they are
equivalent to span{gp}c}kez(vl) = span{gpi}sez(vz). The systems meed not be identical, since any orthonormal
basis of the same subspace suffices.

3.2. Error analysis

We now turn to the error analysis of the coupled approach for finitely many samples. The empirical least
squares problem (40) controls the residual of H; at the sampling points, whereas we aim to bound the Lo-error of
the resulting approximation. The link between these two quantities is a norm equivalence between the discrete
and the continuous norm. For a fized bounded function f, such an equivalence holds with high probability by
Hoeffding’s inequality [12], since 47 le\il |f(2")]? is the sample mean of the i.i.d. random variables |f(z%)|? with
expectation ||f\|%2(QX]U’w,wd+l). The residual H; — ij, however, depends on the samples through the computed
coefficients, such that a statement for a fixed function does not suffice. Instead, we establish a norm equivalence
which holds uniformly on the ansatz space, i.e., a Marcinkiewicz—Zygmund inequality for the dictionary D
under random sampling, cf. [7, 8], where such norm equivalences form the core of the stability analysis of least
squares approximation. In the proof of the error bound, it is applied to the component of the residual in span 15,
whereas the remaining component is a fixed function to which Hoeffding’s inequality applies.

In the following, we fix three conventions. First, the index sets Z(V1) and Z(V3) are understood as prescribed,
deterministic sets, i.e., we assume that the truncation step of Algorithm 2.4 is not carried out but that the
index sets are built from the exact structure (32) instead. We refer the reader to Remark 3.9 for a discussion of
the data-dependent case. Second, we use the Chebyshev basis (6) in both systems, i.e., p! = ¢? = ¢h°b with
possibly different index sets Z(V};) and Z(V5), we sample according to w™P-wy 1 with a probability density wg.
on the compact set U C R, and we let Assumption 3.3 hold, such that A_ > 0 in (48). Third, the estimates are
stated for one fixed row j € [d]. A statement holding simultaneously for all j = 1,...,d follows from a union
bound over the d rows, which multiplies the failure probability by d. We abbreviate

= |Z(V1)], = |Z(V5)], max = , = k|,
ny = |Z(V1)] ny = |Z(Va)] u IgggIUI a kg(rvrll?gz(mlsupp \

and denote by Gy = ﬁBTB with B = (A; UA,) € RM*(n1+n2) the scaled system matrix of the normal
equations (42), whose limit for M — oo is the Gram matrix G of D by Proposition 3.4. For g = Zkez(vl) arPr+

queI(VQ) YsPs € spanﬁ with coefficient vector ¢ = (a,y)' we have
1 & 1
1903 v gy = € Ge and S gl ) = S Belf = ¢ Gare G1)
i=1

Proposition 3.7 (Marcinkiewicz—Zygmund inequality for the coupled dictionary). Let 6 € (0,1), » > 0
and M > 3 satisfy

cs A - M
ny +ul,, no < 5a d cs = (1+0)log(1+0)—9, (52)

(r+1)logM’
where ni, No, Umax and a are given above, and where

(1+v) = A=+

)\7:
2

0
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is the lower bound on the spectrum of the Gram matriz G from (48) with the moments n,v of the control
distribution from (35). Then, with probability at least 1 —2M ™",

M
1 i 5
(1= 0) 19017, xvwebetwgyy) < ME lg(x’, u')* < (1 +0)|9ll7, xvwenerwysyy  for all g € spanD,
i=1

(53)

or, equivalently, (1 —06)G 2 Gy 2 (1446)G.

Proof. Let v(z) € R™*"2 denote the vector of all elements of D evaluated at z = (z,u), such that G =
E[v(z)v(z)T] and Gy = ﬁzglv(zi)v(zi)—r. The matrices X; = G~ /2v(z")v(2))TG~1/? are iid. and
symmetric positive semidefinite and satisfy E[X;] = G~'/2E[v(z")v(2") "] G~Y2 = I as well as

IXill2 = G ?0(z")]3 < K = sup [G~/?v(2)|3.
zeQxU

Hence, the matrix Chernoff inequality [31, Theorem 1.1] yields, with n = ny + no,

M M
PAmin( Y Xi) < (1= 0)M) <ne MO/ Pnax(D Xi) = (14 6)M) < ne M/K,
i=1 1=1

where &5 = 6 + (1 — ) log(1 — §) > ¢5. Since G126y G2 = LM X, is symmetric, the event

Es ={lG""?GuG " ~ 1|, > 6}

occurs if and only if the smallest eigenvalue of this matrix is smaller than 1 — § or its largest eigenvalue is
larger than 1+ §. Since the probability of a union of two events is at most the sum of their probabilities, we
get P(Ej) < 2neMes/K,

It remains to bound K = sup, gy |G~ /?v(2)|3. By (48), [|G72v(2)||2 = v(2) TG v(2) < ||lv(2)|3/A-.
Moreover, the Chebyshev basis (6) satisfies |pg()|? < 2/5UPPkl < 22 for all € [~1,1]? and k € Z(V1) UZ(Va),
such that

lw)5= Y ler@)P+u” > lps(@)® < 2%(n1 + ufrax n2)-
kEI(V1) SEI(V2)

Hence, K < 2%(ny + u2,.n2)/A_, and (52) yields K < csM/((r 4+ 1)log M), i.e., e~ Mes/K < pr=(rt1),
Since n = tr(I) = E[tr X,;] = E||G~'/2v(2%)||3 < K < M (note that ¢; < 1 and (r+1)log M > 1 for M > 3), we
obtain P(E5) < 2nM~—(r+1) < 2M~". On the complement of Es, we have (1-96)I < G~12G,,G-1/2 < (141,
which is equivalent to (1 —6)G < Gy < (1 +9)G and, by (51), to (53). O

We now may prove an error bound for the ANOVA-based approximation tailored to control-affine systems.
For an index set Z C Nd we abbreviate the two tail quantities of the weight 3 from (27) by

1 1

T = Sup —— and pT = ,
keNi\T B(k) Z (k)

where pr < oo for s > %, cf. the discussion following Theorem 2.6.

Theorem 3.8 (Error bound for the coupled approach). Let m =1, let F;,G; € Hgy ([—1,1]%) with s > 1, and

let 6 € (0,1), 7 > 0 and M > 3 satisfy (52). Let H; be the approzimation (34) with the coefficients obtained
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from the least squares problem (40), and abbreviate || - || ms

= = |- g (~1,104)- Then, with probability at
least 1 —3M™T,

mix

2 2(2-9) 1/2 12 )2
2
| H; — HjHLz([f1,1]dxuwcheb-wdﬂ) =1 _ (HF HHm,x ) + \fHG HHfmx Z(Va) )
2‘1"’1 rlog M (54)
1/2 2 42
15\ “ar (Fill, o + tma |Gl 073"
Proof. The proof consists of four steps. We write || - ||z, for the norm of La([—1,1]¢ x U,w®e - wyiq), ||+ llo
for the supremum norm on [~1,1]% x U, and [|w]|3; == 2 SM | Jw(a?, u?)|? for the squared discrete seminorm

induced by the samples.
Step 1. With the orthogonal projections (28), we set

g = PI(Vl)Fj+UPI(V2)Gj Gspanﬁ and € = ijg: (Fj*PI(VI)Fj)+U(Gj 7PI(V2)Gj)-

Note that g and e do not depend on the samples. For f € H2. ([~1,1]%) and an index set Z, Parseval’s identity
and (26) yield

If— PIf||L2([ 1,1]d weheb) = Z lek(F)I? < 7z ||fHH“, ([=1,1]4)
k¢T

and the Cauchy—Schwarz inequality with the weights 3(k)'/23(k)~1/2 gives Yorgr ()] < pl/2 Kl
1
2
uniformly, f coincides with a continuous function (which is the representative being sampled), and f — Prf =
> kg Ck(f)pr holds pointwise. Since |px(z)| < 2lsuppkl/2 < 9d/2 for all & € [~1,1]¢ by (6), the triangle
inequality yields

H. ([—-1,1]9)-

rmx

In particular, ZkeNg lex(f)] < oo for s > %, such that the Chebyshev series of f converges absolutely and

If = Prflloqrny <2723 leu() < 22 07> I fllas, o110
k¢Z

Moreover, for a,b € La([~1, 1]%,w) we have [la -+ ub|2, = [lal> + 2n(a,b) + v[bl}2 < (lall + v/7bl])? with the
norm and inner product of Ly([—1,1]¢,wi®P)  since n? < v by the Cauchy-Schwarz inequality. Applying these
three estimates to e yields

1/2
lell, < IFjllms, 7100y + VPG s 71l lello < 272 Fllas,, o v + tmaxl Gill s, p7(rs))- (55)

mix mix

Step 2. On the event where (53) holds, Gy is positive definite, hence B has full column rank and (40) has
a unique solution ¢*. Let II € RM*M denote the orthogonal projector onto the range of B, let Cq be the
coefficient vector of g, and let e := (e(z?,u*))M,. Then Be* = ITh with the sample vector h = ( (@t uh)M,
from (40) and Bc, = IIBcy, such that B(c* — ¢4) = II(h — Bey) = Ile and therefore

1H; = gllar = M™V2|B(e" — ¢g)llz = M~V2|Hells < M~ le]l = Jlellar-

As H; —g € spanD, the lower bound in (53) gives |H; — gllp, < (1—08)"Y2|H,; — g|lam, and the triangle
inequality yields

1Hj — HjllLy < llellz. + llg = Hjllza < llellz, + (1 =8)""?|lellss  and hence

N 2 (56)
1H; — Hyll7, <2llelZ, + mllell?w-
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Step 3. The quantity |e||3, is the sample mean of the i.i.d. random variables |e(z’,u’)]? € [0, [|e||Z] with
expectation |le]|7,. Hence, Hoeffding’s inequality [12] yields P(|le||3, — llell7, > t) < exp(—2Mt*/|le[|¢,) for
every t > 0, and the choice t == |le||%+/rlog M/(2M) gives

rlog M
2M

lell3s < llell7, + llell& (57)

with probability at least 1 — M~ (if |le||c¢ = 0, there is nothing to show).
Step 4: Conclusion. By Boole’s inequality, (53) and (57) hold simultaneously with probability at least 1 —

2M~" — M~". Inserting (57) into (56) and using 2 + 25 = 2(12__65), we obtain
~ 2(2-9) 2 rlog M
2 2 2
18— 312, < 2222, + 2 el e
and (55) yields the assertion. O

We give a short interpretation of the estimate (54), which features two central components. The first term
is independent of M and bounds the squared distance [le||7, of H; to the comparison function g, i.e., the
truncation and projection error of Remark 2.7 in the coupled setting. Note that g consists of the Lo-projections
of F; and Gy, i.e., of their separate ANOVA approximations in the limit M — oo, cf. Remark 3.6. For n = 0,
the Gram matrix G is block diagonal and g coincides with the orthogonal projection PzH; of Proposition 3.4,
such that |le]|z, is the best-approximation error of H; in span D itself. The factor 2(2 — 0)/(1 — &) stems from
the binomial estimate in (56) and from the lower bound in (53). The first term can only be reduced by enlarging
the index sets, and the factor /v weights the contribution of G; with the second moment of the control. The
second term is the estimation error and stems from replacing the Lo-norm of the fixed remainder e by its discrete
counterpart, decays like (log M /M )1/ 2 for fixed index sets, and is proportional to the squared supremum norm
of e. This is why it involves the ¢;-tails p7 instead of the ¢s-tails 77 and carries the factor 2¢.

We briefly comment on the choice of the index sets in the above theorem.

Remark 3.9 (Deterministic versus data-dependent index sets). Theorem 3.8 (and likewise Corollary 3.13
below) is formulated for index sets that are fized before the data are drawn. This is consistent with the sampling
condition, which is a statement about the random matriz B associated with the prescribed dictionary 5, cf.
Proposition 3.7 and [13,28]. In Algorithm 2.4, however, the set V' of relevant terms in (22) is determined from
the global sensitivity indices of a first approximation, i. e., from the same data that are subsequently used for the
final least squares fit. Strictly speaking, the resulting index sets are then random and depend on the samples, so
that the cited concentration results are not directly applicable and the theorem does not cover this variant. Hence,
we briefly discuss two possible remedies that are standard in the ANOVA literature. FEither the truncation step
is skipped and the structure (32) is prescribed, in which case the theorem applies as stated. Alternatively, the
data are split into two independent batches. The first one is used for the detection of the active sets, while the
second, conditionally independent batch is used for the final fit. In this case, the theorem applies conditionally
on the first batch.

The above results are statements about the combined map H;. They also yield bounds for the drift and the
input map separately, which we make precise in the following remark.

Remark 3.10 (Separation of drift and input map). First note that computation in Remark 3.5 does not use
that the functions g and h therein belong to the spans of the two systems. Hence, for all a,b € Ly(Q,w), we
have

a4+ bullZ, xwwasn) = 1T, + 2100 Ly@.w) + ¥ 017,00y = A= lallT, .0y + 1017, 0.0)-
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Choosing a = F; — Fj and b = Gj — G with Fj := D kez(vi) chor and Gy = 2 oseT(va) c2p2. yields

- - 1 -
”FJ - FjH%g(Q,w) + HGJ - Gj”ig(ﬂ,w) < )\T ||H] - HjH%z(QXU,UJ'wd+1)'

Consequently, Theorem 3.8 yields error bounds for F; and G; individually, with the same probability and the
additional factor 1/\_. In this sense, the coupled ansatz separates the drift from the input map for finitely many
samples under Assumption 3.3.

3.3. Multivariate control

For m > 1 note that the rows of (31) can be written as
m
Hy@w) = @)+ Y Gul@ue, j=1,....d
=1

with w = (u)j%, € R™. Thus, we generalize the above idea of (34) as

Hi(zu)~ Y aep@)+) | Y &ledt @) |ue j=1.....d (58)
kGI(Vl) =1 SGI(V[+1)

Again we sample the whole system (31) at i.i.d. data points (%, u’) € Q@ x U ¢ R¥*™ i =1,..., M, drawn
according to the tensor product density w-w with M € N and @ = HTzl wq+¢ being the density corresponding
to U = X;°; Us C R™. Analogously to (35), we abbreviate the first two moments of the components of the
control by

Ne = <17UZ>L2(U£,(.«),H_£)) Vg == ||’U’Z||%2(U5,wd+z)’ E = 1’ R (59)

and replace Assumption 3.3 by its multivariate counterpart.

Assumption 3.11 (Non-degenerate control distribution, multivariate case). The distribution of each compo-
nent ug of the control is non-degenerate, i.e., vp —n7 >0 for £ =1,...,m.

Introduce the vectors

cttt = (ciﬂ)kez(vgﬂ) IS Rlz(w“)l, {=0,...,m,

and matrices

Arpri= (95 (@)1 ez, € RV 0=0, . m, (60)
as well as

U, = diag(ug,...,up?) e RM>*M —p—1 . m. (61)
Then, the same technique as pursued for the single-input case m = 1 applies to the individual components of u’.
For fixed j = 1,...,d, we obtain the matrix-vector form
cl
h=(Hy(@' u)) ~ (A UiAs ... UpAuis)

cm+1
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The least squares solution to this problem is again computed by means of the normal equations. Thus, we need
to ensure that the system matrix has full column rank. Since we may assume that all Ayy; have full column
rank by Section 2.2, we require an overdetermined system with M > |Z(V)| + -+ + |Z(Vins1)|- Again, the
scaled Gram matrix converges almost surely, entrywise, to the positive definite limit matrix of the following
remark, provided that Assumption 3.11 holds. Since the limit matrix is invertible, the event of full column rank
has asymptotic probability one. A quantitative statement, which holds with high probability, follows from the
multivariate analogue of Proposition 3.7, see the proof of Corollary 3.13 below. Concerning the conditioning,
zero-mean and normalized control densities again yield the identity as limit matrix, cf. Section 3.1.

Remark 3.12. In analogy to the proof of Proposition 3.4, the normal equations converge after scaling by ﬁ
for M — oo to the limit system

I|z(x%)| - P2} v M Primyy c!
m- Py v1 - Lizovy)) ce s Py} 2
Nm - ¢?17m+1} mnm - q’??,m+1} . Vm * I|I(Vm+1)\ CWH_1

(<Fj’ 9011c>L2(QaW) + Z;nzl Tin <Gjn7 90}3>L2(va))k:el Vi)
(M (F,03) Low) + V1 (G i1, 03) La(@uw) + 11 2y Mo AGjns €3) Lo (@) se(va)

(77m <Fj7 @T+1>L2(Q,w) + Um <Gjm7 <P7sn+1>L2(Q,w) + Mm Zn;ﬁm U <Gjn7 @?+1>L2(Q,w))sez(\/m+l)

with the matrices

o /41 n+1
@{Z+1,n+1} = (<50k )y Ps >L2(Q’w))k€I(Ve+1),SGI(V,,,_H) , 0< f<n< m,

and the moments ng, vy from (59). This limit system again coincides with the linear system characterizing
the orthogonal projection of H; onto the span of the corresponding dictionary, cf. (45) and the projection
interpretation given there. Here, we used H; = F; + Zle Gjnun and the independence of the components
of w, i. e., (Un,us) = nune for n # L. For m = 1, the system indeed reduces to (45). Concerning solvability, the
interpretation as an orthogonal projection carries over from the proof of Proposition 3.4. The limit system is the
Gram system of the dictionary { o} Yrez(v)UUper {5 uetsez(v,, ) in Lo(2x U, w-@). Under Assumption 3.11,
i. e., if none of the uy is wqi¢-almost everywhere constant, the functions 1,uq, ..., Uy, are linearly independent
in Lo(U,@), as the ugy are independent and non-degenerate. Therefore, the dictionary is linearly independent,
its Gram matriz is positive definite, and the limit system is uniquely solvable. Finally, if all control densities
have zero mean, i.e., g =0 for £ =1,...,m, all off-diagonal blocks, which carry the factors ng or ngmy,, vanish.
The limit system then becomes block diagonal, and the coupled reconstruction coincides in the limit with the
separate ANOVA approzimations of F; and G for arbitrary basis systems, in complete analogy to Remark 3.6.

The error analysis of Section 3.2 carries over to multivariate controls. To formulate it, we denote by

N::/ (1) <1>Ta(u)du= (1 T "Tz ) )eR(m“)X(m“) (62)
v\ \u n nm' +diag (i =i, Vi — )

with n == (n,)}2, the Gram matrix of the functions 1,u1,...,un in Ly(U,©), where the second identity follows
from the independence of the control components. Its Schur complement with respect to the top left entry is
the diagonal matrix of the variances vy — 77, such that IN is positive definite if and only if Assumption 3.11
holds. For m = 1, the eigenvalues of N = (/1) are Ay from (48), and for zero-mean controls we have N =
diag(1,v1,. .., Um).
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Corollary 3.13 (Error estimate for multivariate control). Let m > 1, j € [d], let Assumption 3.11 hold, and
let A_ > 0 denote the smallest eigenvalue of N in (62). Let F;,Gj1,...,Gjm € Hi ([-1,1]%) with s > %, let
the sample points be drawn i.i.d. according to w™" - @, and use the Chebyshev basis (6) in all m + 1 systems
of the ansatz (58) with prescribed index sets Z(V1),...,Z(Vimy1) of cardinalities ni, ..., Nupy1. With umaxe =
maxyey |ue|, o = max{|suppk|: k € Z(V1) U---UZ(Vint1)} and c5 from (52), let 6 € (0,1), r > 0 and M > 3

satisfy

5 cs A M
< ——m—
mt ZH Hmax ML= 9070 ] Tog M

Let H = F +> [U,g be the approzimation (58) with the coefficients obtained from the corresponding least

squares problem, where F and sz collect the terms with the coefficients ' and ¢+, respectively. Then, with
probability at least 1 — 3M , we have

] 2(2-9) L1/2 5
1 = 117 1y wevenz) < 5 (Il 72y + Z\ﬁHGM )
24+ Jrlog M 12 )
+ 1-5 IM (HF HHm,x pI(Vl) + Zumaxf ||GJZHHm‘x pI(V£+1))

with the abbreviations of Theorem 3.8, as well as

- m - 1 -
2 2 2
||Fj - Fj”LQ([—l,l]d,wCth) + E ||Gj€ - Gﬂf”LQ([—l,l]d,wchcb) < Y ”H] - HjHLQ([—l,l]de,wCth@)'
(=1 -

Proof. We indicate the changes in the proofs of Proposition 3.7, Theorem 3.8 and Remark 3.10. Let a,
bi, .. bm € La([~1,1]¢,wh*P) and w := (a, b1, ...,b,) . Then, Fubini’s theorem yields

lla + bewtell7 (1,170 wened ) /[ 1 1]dw(:c)TNw(ac)wcheb(m) dz > A_([lall” + > be)?)  (63)
=1 - =1

with the norms of Ly([—1,1]¢, w'*P) on the right-hand side. Here, we used that
/ lw(z)" (1,u") P &(u)du = w(z) T Nw(z) > A_|jw(z)|? for every = € [—1,1]%.
U

For a and b, in the spans of the respective systems, the right-hand side equals A_ times the squared Euclidean
norm of the coefficient vector by orthonormality. Hence, the Gram matrix G of the dictionary of (58) satisfies G =
A_I, which replaces (48) in the proof of Proposition 3.7. Moreover, the vector v(z) now consists of the ¢g(x),
k € Z(V1), and the pg(x) ug, s € Z(Viy1), £ = 1,...,m, such that [[v(2)||5 < 2% (n1+ 0%, uZ.y 0 741), and the
remaining steps of the proof of Proposition 3.7 carry over. In the proof of Theorem 3.8, we set g := Pr(v,)F; +
S we Pr(v,,,)Gje- The triangle inequality together with [[wb|| 1, ((—1,1]¢xv,wereb.) = VP2 [0l Ly ([=1,1) weber)
and |ug| < Umax,¢ yields the analogues of (55), and Steps 2-4 follow analogously. Finally, the second estimate
follows from (63) with a = Fj — F; and by = Gj¢ — G-

O

4. NUMERICAL EXAMPLES

In this section, we illustrate the coupled approach of Section 3 by means of four examples. The first one is
an academic test function with prescribed low-dimensional structure. The other three are discretized PDEs,
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namely a nonlinear advection-diffusion equation, the shallow water equations, and the viscous Burgers equation
of Example 3.2. For each example, we illustrate that the relevant ANOVA terms of F' and G are identified from
the approximated sensitivity indices (21) and analyze the accuracy of the approximation.

Throughout, we proceed rowwise on a single component H; of (31). We use the Chebyshev basis (6) with
i.i.d. samples from the Chebyshev density, and apply the two-stage procedure of Algorithm 2.4 with thresh-
old € = 1/|Veand|, where Viang is the family of non-constant candidate terms. For d = 8 and ¢ = 2, this
yields e = 1/73 for m = 1 and € = 1/110 for m = 2. The coupled approach is realized via the preprocessed
index sets of Algorithm A.1, such that the ansatz (58) consists of m+1 groups of terms with the same number of
basis functions each. Correspondingly, we choose the number M of sample points (z*,u’) proportional to m+1,
such that the ratio of sample points to unknowns does not depend on m. Since the coupled approach yields
combined indices for h(z) = H;(x,u), we split them for the visualization into a group of terms that depend
only on & and groups of terms containing one u,, where the term depending on uy only, i.e., the constant part
of Gy, is not displayed. We then renormalize the indices within each group, whereas the truncation itself is
carried out with the combined indices and the threshold . In all figures depicting sensitivity indices, we show
the approximated indices with the terms for F' on the left and those for the input maps G, on the right. The
computations were carried out with the package [27,29].

Reconstruction errors are estimated by Monte-Carlo quadrature,

1/2
1H; = Hjl| Ly (x0.03) & ( Z |Hj (2", u') — ﬁj(mi,ui)2> ) (64)

using Miest = 200 fresh points that are independent of the training data. In the following, e denotes this error.
Unless stated otherwise, we use Q = [~1,1]¢, U = [-1,1]™,d = 8, ¢ = 2, N = (6,4), M = 10000 (m + 1),
and no regularization. States and controls are drawn from the Chebyshev density, which gives n, = 0, vy = %,
maxyey |ue|? = 1, and hence A\_ = % in Proposition 3.7 and Corollary 3.13.

The Julia code that reproduces all numerical experiments and figures of this section is available at

https://gitlab.hrz.tu-chemnitz.de/manuels-at-tu-chemnitz.de/anova-for-control.

4.1. Academic test function

As a first test case we consider the example function
Hj(x,u) = (x4 — 21) 2 — T3U

with d = 8 and m = 1. This corresponds to one row of (31), with F;(x) = (x4 — 21) 2 and G;j(x) = —3 in the
notation of (32). Hence, the index sets to be identified are Vj o = {{1,2},{2,4}} and Vj1 = {{3}}, while the
remaining four variables x5, ..., xg are uninformative. Since this example function contains two-dimensional
terms at maximum, it is sufficient to choose ¢ = 2.

In Figure 2, we depict the approximated global sensitivity indices. We observe that the relevant index sets
are correctly identified, as expected for a function with prescribed structure. The resulting reconstruction is
accurate as well. The Lo-error (64) is e = 1.50 - 1079, i.e., the function is reproduced up to the accuracy of the
least squares solver.

Moreover, we study the influence of the superposition dimension ¢ (truncation error) and of the number
of samples M (estimation error), cf. Remark 2.7. The corresponding results are depicted in Figure 3, where
the bandwidths are kept at the default N = (6,4). Since the example consists of ANOVA terms of order at
most two, the truncation error vanishes for ¢ > 2, as confirmed by the numerical results. When varying M €
(m+1)-{10,20,50,...,50000}, the error remains above 6-10~! up to M = 100, drops below 10~ at M = 200,
and reaches the linear solver accuracy of 107?-10~8 for larger M.


https://gitlab.hrz.tu-chemnitz.de/manuels-at-tu-chemnitz.de/anova-for-control
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FIGURE 2. Approximated global sensitivity indices (21) for the academic test function
with m = 1, where the relevant terms are {1,2}, {2,4} of F' and {3} of G;.
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FIGURE 3. Error e for the academic test function depending on the superposition dimension ¢
(left) and the number of samples M (right).

4.2. Diffusion equation with nonlinear advection

As a second example, we consider the nonlinear advection-diffusion equation

Q,__Dﬁi +[u—)y@ €(0,L), t>0 (65)
81537_ 3w2x x x awx, w , L), .

Here, D > 0 denotes the diffusion coefficient and z(w, t) represents, e.g., the density of a biological population.
The first term on the right-hand side accounts for diffusion. The second term combines the logistic nonlinear-
ity R(z) = x(1 —z) with the spatial gradient to form a state-dependent drift, which is strongest at intermediate

concentrations and vanishes for z € {0,1}.
Using a finite-difference approximation of the spatial derivatives with step Aw > 0 and an explicit Euler

method with time step At > 0, we obtain the dynamics

Xiv1 —2X; + Xi
Aw?

Xis1— X,
+&uxg“ﬁ

X=X, +At|(D
¢ it < 2Aw

= f1(Xi) + fo(Xig1) + f3(Xio1) + fa(Xi, Xog1) + f5(Xi, Xio1)

at spatial point i, for suitably chosen f,, n=1,...,5.

We now consider two different ways of adding a control to this system, which differ in how the control enters
the dynamics and, consequently, in the structure of the resulting input map G.
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Gradient-coupled control. First, we add a term (g—ﬁ)zu, which acts most strongly where the spatial gradient is
steep and results in

Xip1 —2Xi + Xi Xip1 — Xie X1 —Xi1\’
+ ) 7+1 7 1—1 ) _ ) 1+1 1—1 1+1 1—1 _
X=X, + At (D R +Xi(1 - Xi) T ( AL ) Uz> . (66)

For this example, the threshold e for the global sensitivity indices would have to be chosen considerably smaller
to capture all relevant terms, see Figure 4, where the indices are renormalized within each group. The weak
couplings {1} and {3} of G; have combined indices of 2.2- 1072 each, which is below ¢ = 1/73 ~ 1.4-1072, such
that they are truncated in the second least squares step. As a result, the error e = 8.87 - 1072 is considerably
larger than for the academic test function.

F G1
T @ T 0.8
Q X1X3 o}
= 0.6 =
g g
s N 04 ~
O X1X2 X9 X3 X1 X3 0.2 d

() ()
€€ECO-C€eeCo-qaeeaeaeaaaacecccce 0-€€CCCO.CEEEeeeeeeeeeeadeeeeeeedee! 0.0

10 20 30 0 10 20 30

ANOVA term index ANOVA term index

FI1GURE 4. Approximated global sensitivity indices for the diffusion equation with gradient-
coupled control (66), for ¢ = 2 and D= At=Aw=1, where the relevant terms

are {1}, {2},{3},{1,2},{2,3} of F and {1},{3},{1,3} of G;.

Controlled nonlinear advection. Second, we multiply the advection term by u, i.e., we consider

Xio1 —2X: + Xi_ Xit1 — Xi
X;r:XZ-—kAt(D + Aw2+ 1+Xi(1—XZ-)“mwlUi). (67)

Here, the advection term is multiplied by the control, such that the second-order interactions move from F' to G.
Consequently, the relevant terms of F' reduce to the three one-dimensional diffusion terms, while G; contains
the pair couplings {1, 2} and {2, 3} together with the weaker terms {1} and {3}, see Figure 5. As for (66), these
weak one-dimensional terms have combined indices of 9.7 - 1073 each, fall below the threshold ¢ = 1/73, and
are therefore truncated. As a result, we obtain an error e = 1.76 - 10~ 1.

Finally, Figure 6 shows the influence of superposition dimension ¢ and number of samples M for the two con-
trolled systems (66) and (67). Both require ¢ > 2, since both dynamics contain pair interactions of neighbouring
grid points. Hence, for ¢ = 1, the relevant pair interactions cannot be represented and the error stagnates at or-
der 107!, At ¢ = 2, however, the error remains large, since the weak couplings of G discussed above fall below
the sparsity threshold and are truncated. For larger ¢, the threshold e = 1/|Veana| decreases as the number
of candidate terms increases, such that the weak couplings are eventually retained and the error drops to the
solver accuracy, for (67) at ¢ = 3 and for (66) at ¢ = 6. The same effect renders e independent of M. It settles
at ~ 9.1-1072 and ~ 1.9 - 107! for (66) and (67), respectively, and does not change up to M = 10°, since
increasing the number of samples cannot compensate for a term that is not contained in the ansatz space.
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F1GURE 5. Approximated global sensitivity indices for the diffusion equation with con-
trolled nonlinear advection (67), for i = 2 and D = At = Aw = 1, where the relevant terms

are {1}, {2}, {3} of F and {1}, {3},{1,2},{2,3} of G;.
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FIGURE 6. Error e for the diffusion equation with the two control variants (66) and (67) (top
to bottom), for ¢ = 2, depending on the superposition dimension ¢ (left) and the number of
samples M (right).

4.3. Shallow water equations

The 1D shallow water equations, see [17, Chapter 13], form a nonlinear system of conservation laws that
describes the conservation of mass and momentum. They are given by

oh  9(hv) .
—+ =0 (mass conservation)
ot ow
(68)
O(hv) + 9 hv? + 1gh2 =0 (momentum conservation)
ot Oow 2

Here, g is the gravitational acceleration, while h(w,?) and v(w,t) denote the fluid depth and the horizontal
velocity, respectively, for (w,t) €  x [0,00). Discretization of the spatial domain £, for instance using a Lax—
Friedrichs scheme® with an equidistant spatial grid consisting of the nodes wy, . .. ,w, with grid size Aw, yields

3More advanced finite-volume solvers, e. g., Godunov’s method or Riemann solvers [17], lead to a similar structure.
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the explicit time stepping scheme

1
Zj - 5 (Zi+1 + Zifl) - ﬁ% (Fi+1 - Fi*l) ) <69>
with temporal step size At. The quantities Z; and F; approximate the conserved quantity and the nonlinearity
at space point w;, i € {1,...,n}, respectively, i.e.,

%= (i) T (it donc)

Rewriting this scheme in terms of the variables 2 = (h, ¢) with the conserved quantity ¢ = hv, and denoting
its numerical approximation by X, we obtain the discrete-time system

Xt = %(Xi-‘rl + Xic1) = 52k (F(Xip1) — F(Xi21)) = fo(Xig1) + f1(Xiz1)

for the spatial grid point ¢, where

A A
F(.’l?) = F(th) = <q2/h_,’q_ %ghQ) ) f1($> = %37 + ﬁF(fﬂ), fz(!L') = %w — ﬁF(m)

At first sight, the two summands look like fully decoupled terms. However, X is composed of the height A and
the discharge ¢ = hv, and is thus two-dimensional. Applying our scalar-valued approximation approach, we
obtain nonlinearly coupled terms, since, e. g., the second line reads

1 At 1 1
QF = (@ + Qi) = g (@ v + JH2 — Q21 /iy — 3082 ) (70)

Clearly, its right-hand side may be written in terms of z = (Q;+1,Qi—1, Hix+1, Hi—1) and thus involves (multi-
plicative) couplings of (Q;+1, H;+1) and (Q;—1, H;—1).

Adding control. An acceleration u (e. g., from a pump or turbine) enters the second equation through a term hu.
The factor h makes the momentum source stronger where the water is deeper. It also ensures dimensional
consistency, since [h] = m and [u] = m/s? give [hu] = m?/s?, which matches [9;q] for the discharge per unit
width ¢ = hv. In the discretization, this amounts to adding the term

At H;U;

to the right-hand side of (70).
Concerning the sampling, note that the flux term Q?/H is singular at H = 0. We therefore draw all eight
components on [—1, 1] as before. For the height components, we then use the shifted values

H,=X,+2€]l,3], where i is a height index, (71)

so that the water height stays bounded away from zero. The discharge components ); are used without shifting
on [—1,1].

In contrast to the previous examples, the flux term Q?/H is not a polynomial, so the ANOVA approximation
cannot reproduce the dynamics exactly. The error (64) is e = 2.83 - 1072. This is also reflected in Figure 8,
where the two panels show plateaus at approximately 2.8 - 1072 and 3.0 - 1072, respectively.

The influence of ¢ and M is displayed in Figure 8. In contrast to the previous examples, a non-vanishing
error of about 2.8 - 1072 remains for all parameter choices. In the following, we identify its source among the
three error contributions of Remark 2.7. It is not a superposition truncation error, since the flux term depends
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FIGURE 7. Approximated global sensitivity indices for the shallow water equations (70),
fori = 2, X = (Hl,HQ, H3,H4, Ql, QQ, Qg, Q4), At = g = 1, and Aw = 2, with the heights sam-
pled from [1, 3] (affinely transformed to [—1, 1]), where the dominant terms are {1}, {3}, {5}, {7}
of F and {2} of G;.

on two variables only, such that the truncation by ¢ is exact for ¢ > 2. It is not a projection error either.
Expanding the row in the Chebyshev basis, the projection error at ¢ = 2 decreases from 2.8 - 1072 for N, = 2
to 2.8 - 1076 for N = (20,8), since 1/H is analytic on [1,3]. However, the measured error stays at 2.8 - 1072
for all admissible bandwidths. Instead, the plateau stems from the truncation by the sensitivity threshold. The
flux-induced pair couplings { H;+1,Q;+1} carry sensitivity indices of 8.5-10~* each, fall below ¢ = 1/73 and are
hence discarded, cf. Figure 7. Removing these two terms from the exact expansion leaves an error of 2.84-1072,
which is independent of N by construction and matches the measured value. Hence, the error floor of this
example is governed by the threshold € and not by the bandwidths. This is a second instance of the effect

already observed for (66) and (67).

Lo error
Lo error

10-1? o} o} O— -
1 2 3 1 5 6 102 10%

superposition dimension q number of samples M

FIGURE 8. Error e for the shallow water equations (70), for i = 2, depending on the superpo-
sition dimension ¢ (left) and the number of samples M (right).

4.4. Viscous Burgers equation

As a final example, we return to the controlled viscous Burgers equation of Example 3.2. Unlike the previous
examples, it features a multivariate control with m = 2, namely the state-affine actuation y(w)x U; and the
purely additive actuation b(w) Us. Recall from Example 3.2 that the discretization yields the dynamics

Xip1 —2X5+ X1 X, Xiy1— Xia1

A2 9 Aw +v; X; U + b; Ug) (72)

X;FZXi-f—At(D

for spatial point i, i.e., the index sets to be identified are V; o = {{i — 1}, {i}, {i + 1}, {¢ — 1,4}, {¢,7 + 1}},
Via = {{i}}, and V; » = {@}. As before, we consider the row i = 2 with d = 8 and choose D = At = Aw =1

as well as y; = b; = 1.
The results are shown in Figure 9. The relevant ANOVA terms of F' and GG; are correctly identified. For G,

the situation is degenerate. Since G5 consists of the constant term only, all terms coupling us to the state have
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vanishing global sensitivity indices, which are of order 107!® in the computation, such that they are correctly
discarded. As these indices sum to zero up to rounding errors, they cannot be renormalized within their group,
and Figure 9 shows them without renormalization. The constant actuation b; Us is captured by the ANOVA
term in ug alone, which does not belong to the displayed group. As expected, the reconstruction is accurate
with e = 8.15- 1077,

F G1 G

0.3 [€€® T E 1.00 F@ T

xxxs 0.008
0.75 |- 7
0.2 B 0.006
0.50 |- 1 0.004

1 1 T
| ——
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FIGURE 9. Approximated global sensitivity indices for the wiscous Burgers equation (72),
for i = 2 and D = At = Aw = ~ = b = 1, where the relevant terms

are {1},{2},{3},{1,2},{2,3} of F (left), {2} of G; (middle) and & of G2 (right).

Finally, Figure 10 shows the same parameter study for this example with two controls. The behaviour
matches the one of the academic test function. The truncation error vanishes for ¢ > 2 and the estimation error
drops below 107¢ once M > 300, since the right-hand side of (72) is polynomial and hence contained in the
ansatz space. The additional control component does not change the qualitative behaviour but only increases
the number of coefficients to be determined.

L5 error
Lo error

l l
102 10*

superposition dimension ¢ number of samples M

FIGURE 10. Error e for the viscous Burgers equation (72) with i = 2 and m = 2 depending on
the superposition dimension ¢ (left) and the number of samples M (right).

5. CONCLUSIONS

We have extended the ANOVA approximation to control-affine systems zt = F(z) + G(z)u whose com-
ponents depend on only a few state variables, such that no effort is spent on interactions between control
components, which are excluded a priori by the control-affine structure. To this end, we have encoded the
control-affine structure into the approximation ansatz itself, which allows to work with given state-control sam-
ples. In Proposition 3.4, we have characterized the limit for M — oo as an orthogonal projection onto the
span of the dictionary consisting of the state basis functions and their products with the control components.
For finitely many samples, we have established a Marcinkiewicz—Zygmund inequality for the resulting ansatz
space in Proposition 3.7. Based on it, we have derived a probabilistic Ls-error bound with explicit constants in
Theorem 3.8 and Corollary 3.13, which also controls the errors of the drift and of the input map separately. Fi-
nally, we have illustrated the approach by means of an academic test function and discretizations of a nonlinear
advection-diffusion equation, the shallow water equations, and the viscous Burgers equation. In all examples,
the dominant couplings are identified, and for polynomial dynamics the error reaches the accuracy of the least
squares solver, provided that the relevant terms are not discarded by the sparsity threshold.
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APPENDIX A. IMPLEMENTATION VIA PREPROCESSED ANOVA INDEX SETS

In this part, we show that the coupled approach may be realized entirely within the existing ANOVA approx-
imation software [27,29], that is, without implementing the coupled least squares problem (40) from scratch.
To this end, we choose the ANOVA index sets (15) and (22) for the joint function h(z) = H;(x,u) a priori such
that they enforce the structure (34) and (58), respectively. At the same time, this avoids the computation of
ANOVA terms that vanish due to the control-affine structure.

Accordingly, set

h(z) = Hj(z,u), z=(z,u)cR™,

The naive way of applying the machinery of Section 2 to the function h is to consider its full ANOVA decom-
position (1), i.e.,

h(z)= Y ho(ze).

vC[d+m]

However, this decomposition consists of 2¢7™ ANOVA terms instead of the 2¢ + 2%m terms that would be
necessary for the theoretical scenario of approximating F' and (the columns of) G separately. This is inefficient
because all terms coupling two or more components of u vanish a priori by the control-affine structure of (31).
Hence, computing these couplings between the wu, is unnecessary. Moreover, noisy sensitivity indices could
incorrectly identify such terms as relevant. Further, despite the terms containing the control variable have to
be linear in uy, a generic ANOVA term may depend on uy in an arbitrary nonlinear fashion.
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In the following, we address these two issues by means of a suitable a priori choice of the index sets (15)
and (22).

We first address the number of ANOVA terms. To this end, recall that in the standard ANOVA approxi-
mation, the first step to reduce the number of ANOVA terms is to introduce a superposition dimension ¢ € N
and to consider only the terms of lower order, i.e., all terms with |v| < g, cf. (14). This default is chosen since
usually no a priori information about the structure of the given function is available. Here, however, we already
know that the system (31) depends linearly on the individual components of u, i.e., that there are no couplings
between the ug, £ = 1,...,m. Therefore, we can encode this structural knowledge at the very beginning by
providing a suitable index set V' of relevant ANOVA terms, cf. (22), and computing an approximation of the
form

h(z)= Y cx(h)pr(z)

keZ(V)

with Z(V') in (23). Thereby, we avoid computing terms that vanish a priori. More precisely, with this choice of
the index set, we obtain the 2¢ terms purely in = and, for each uy, its 2¢ couplings with . In other words, we
work with 2% + 29m ANOVA terms, i.e., the same number as in the theoretical scenario of approximating F
and G separately.

In practice, we again introduce a superposition dimension ¢ to further reduce the number of terms. If the
terms with and without a control component are to admit the same couplings purely in @, we have to start
with ¢ + 1, since couplings with u, are one order higher. We then remove couplings purely in @ with |[v| = ¢+1
to obtain an ANOVA decomposition of the form

h(z) ~ Z hv(wv) +Z Z hvu{d-ﬁ-é}(mvvué)a
vCld] (=1 vCld]
lvl<q lvl<q

i.e., terms purely in & up to order ¢ as well as terms of order at most ¢ + 1 containing exactly one control
component. The terms involving two or more control components vanish by the control-affine structure. Con-
sequently, the above is an equality whenever all index sets in (32) satisfy |v| < ¢q. The converse does not hold
in general, since the f# in (32) form a structural rather than an ANOVA decomposition. Therefore, an index
set with |v| > ¢ may still yield vanishing ANOVA terms of order larger than q.

Note, however, that we have not yet achieved the desired structure (34), since linearity in the u, is still
missing. For general basis functions and index sets (15), the terms hyy{q4¢) (%», u¢) may depend on u, in an
arbitrary nonlinear fashion. For instance, already the univariate term hys, ) (ug) is in general not proportional
to uy.

A closer look at the definition of the index sets (15) reveals that the ANOVA approximation allows to
specify the number of coefficients and basis functions for each individual ANOVA term. More precisely, by
choosing N7 = 2 for a certain set of indices v, the index set Iy contains only the value 1 for the corresponding
component. Hence, we use only one coeflicient ¢; from {cg} and one basis function ¢q from {g}.

In addition, note that for the Chebyshev basis (6) we have {pfP}cn, = {1,v/2z,...}. Thus, combining the
above restriction of the index sets with the structure of the Chebyshev basis, we reconstruct the component u,
exactly by setting N? = 2 for all index sets v containing one of the u,. The normalization constant of ¢y is
then absorbed into the corresponding coefficients. Note that this restriction only concerns the control variables.
In the x-directions, we are free to choose any orthonormal basis as introduced in Section 2, and we may even
employ several different bases depending on the structure of F’ and G.

In summary, the strategy described above realizes the same approximation (34) as in Section 3.1, provided
that the same basis systems ¢! = ©? with possibly different index sets Z(V;) and Z(V2) are used. The approach of
Section 3.1 is thus slightly more general, since it admits different basis systems for F' and G, whereas the present
strategy has the advantage that it may be carried out entirely within the existing ANOVA software [27,29].
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Algorithm A.1 (ANOVA approximation for control via preprocessed index sets).

Input: d,meN dimension and control dimension
qgeN, g« d superposition dimension
{(’,u)}M, cOxU, M eN i.4.d. sample points drawn according to the density w - W
(H(mi, ul))i\il function evaluations at the sample points
e€(0,1) threshold parameter
r>0 confidence parameter, cf. Theorem 2.6

(1) Set V={vC[d]: |v|]<qtU{vu{d+{}:vCd, |v|<q =1,...,m}.

(2) Choose the bandwidths N in (15) with N} = 2 for the component corresponding to g in every v > d+¢,
using the Chebyshev basis in the control variables such that v1(ug) < ug, cf. Remark A.2.

(8) Forj=1,...,d: perform steps 2-5 of Algorithm 2.4 for h(z) = H;(x,u) with the index set Z(V') from
steps 1-2, where the truncation preserves the structure of V' (at most one control component per term,
bandwidth 2 in the control directions).

Output: coefficients, where the terms with v C [d] form ﬁ‘j and the terms with d 4+ ¢ € v form éjg

We briefly comment on the second step, which is more restrictive than it may seem at first sight.

Remark A.2 (The control measure fixed by the preprocessing). Using the Chebyshev basis in the control vari-
ables fizes the control measure, since the ANOVA approximation of Section 2 requires the basis to be orthonormal
with respect to the sampling density. Hence, Uy = [—1,1] is equipped with the Chebyshev density wiye = weheb
for which p1(ug) = V/2up. Step 2 of Algorithm A.1 is therefore a specialization of the setting of Section 3.1,
where w was arbitrary. It yields ny = 0 and vy = %, that is, the zero-mean situation in which the limit systems
of Remarks 3.5 and 3.6 become block diagonal. Note that a different control measure remains admissible. How-
ever, the control basis then has to be orthonormalized accordingly, since the ANOVA partition in the u-direction
requires an orthonormal system in Lo(Up,wqaye) whose first non-constant element is proportional to ue. In

particular, the control measure has to have zero mean.

We close this appendix by illustrating the preprocessing strategy of Algorithm A.1 with two examples of
increasing complexity.

Example A.3. As a first example, we consider again the FEuler approximation of a controlled Duffing oscilla-
tor (33) from Exvample 3.1. Here, we have d = 2 and m = 1, i. e., the coupled variable is z = (x1,72,u)’ € R?
with z1 = T1, 20 = T2, and z3 = u. Since the control is univariate, no unnecessary couplings between control
components can occur. We use this simple example to illustrate the proposed choice of the index sets and of
the basis. Additionally, as the dimension d +m = 3 1is already small, we do not introduce a superposition
dimension q < 3, but keep all possible ANOVA terms, i.e., V. = {2, {1},{2}, {3}, {1,2},{1, 3}, {2, 3}, {1,2,3}}.
Following the preprocessing strategy described above, the bandwidths (15) are then chosen as N7 =2 for the
component corresponding to the control variable z3 = u and arbitrary even numbers otherwise, i. e., with arbi-
trary a, € 2N, n=1,...,8, we set

as
N — o) N Z gy NG — g, N2 (Zz> N (6;5) N3 @6) N3 (g
2

The corresponding index sets (15) then read

Inty = {k:(kl,O,O)TI k1 6{1,...,&1—1}},
Iney ={k=1(0,k,0)" : ko € {1,...,a0 — 1}},
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Inty = {k=0(0,0,ks)": ks € {1}} = {(0,0,1)" },
Intoy = {k=(k1,k,0) k1 € {1,...,a3 — 1}, ko € {1,...,as — 1} },
Inosy = {k=(k1,0,1)": k1 € {1,...,a5 — 1}},
Intzsy = {k=(0,ks,1) T:kQE{l,...,ag—l}},
Intizsy = {k=(ki,ko, 1) : k1 € {1,...,a7 =1} ko € {1,...,a5 — 1} }.
Denoting the resulting approzimation of the component h(z) = H;(x,u) by K and using the Chebyshev basis in

the control variable, such that ¢1(u) o< u (where the normalization constant is absorbed into the coefficients),
the ansatz takes the form

K(z)=coE)+ Y (K)o (z)+ Y, k(K)o + D k(K)o (x1) or,(22)

kel 1y LISENTEY! ke 12y
+epon(K)ut Y ) (@) ut Y cr(K)or,(r2) - u
kEIN{l,IS} kEIN{Q,g}
+ Y a(E) gk, (1) oy (w2) - .
kEIN{lygyg}

Defining the sets Vi == {@, {1}, {2}, {1,2}} and V5 := {{3},{1,3},{2,3},{1,2,3}}, this can be written as

K(z)= Y cE)pop(@)+ > cnl(K)pr(x) u

keZ(Vh) keZ(V2)

which is the desired structure (34).

The following example is more elaborate and shows that the preprocessing indeed reduces the number of
ANOVA terms.

Example A.4. As a second example, we consider a setting in which the naive application of the ANOVA
decomposition would indeed introduce unnecessary couplings between the components of w. While the previous
example primarily illustrated how the choice of the index sets N° in (15) affects the number of basis functions,
this example illustrates how to choose the set V to avoid redundant ANOVA terms. To this end, we choose d = 3
and m =2, i. e., we have z = (x1, T2, T3, U1, us)

Since the power set of [d + m] contains 25 = 32 elements, we admit only ANOVA terms of order at most 2
i x. Thus, in the terminology of Algorithm A.1 we choose ¢ = 2, which means that we include terms of total
order at most ¢ +1 = 3 in z. We then manually remove all couplings with more than two components of © as
well as couplings with more than one component of u, i. e., we utilize

V ={o, {1}, {2}, {3}, {4}, {5}, {1, 2}, {1, 3}, {2, 3}, {1, 4}, {2, 4}, {3, 4},
{1,5},{2,5},{3,5},{1,2,4},{1,3,4},{2,3,4},{1,2,5},{1,3,5},{2,3,5} }.

Thereby, we reduce the number of ANOVA terms from 32 to 21. Moreover, we choose the index sets NV in (15)
accordingly, that is, we restrict the number of basis functions for all sets containing a component of w by setting

9 N4 = i3}
P S S S G TR S G B R
_ N2 N4 _ {20} _ p(12s) _ {135} _ {2350
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In analogy to the previous example, the resulting ansatz then reads

K(z)=[coK)+ Y E)or @)+ Y. E)er(x)+ Y. cr(K)pr,(xs)

kEIN{l} kEIN{2} kEIN{3}
+ Y aE)or (1) oo (@) + Y en(E) @k, (1) @ry (23)
kEIN{LQ} kEIN{l‘g}

+ Y (K)o, (22) Py ()
kEZN{2’3}

+ | ¢0,0,0,1,07 (&) - u1 + Z ck(K) ¢r, (21) - ur + Z ke (K) @ry (22) - un
kEIN{lA} keIN{Q»‘l}

+ Y (B ery(rs) m+ Y K)ok, (1) ok, (32) -
kEIN{3,4} kEIN{1,2,4}

+ Z i (K) @iy (1) prs (23) - u1 + Z ke (K) i, (22) prs (23) - a
k€T (1,3,4} keT, (23,4}

+ 1 €0,00,0,1)7 (&) - uz + Z k(K) @k, (21) - uz + Z i (K) iy (72) - uz
keIN{l,S} kGIN{grs}

+ Y alE)ery(ws) us+ Y k(K) pr, (1) sy (22) -
kEIN{s,E)} kEIN{Ler,}

+ Y aE) or () e (ws) ua Y k(K ¢k, (w2) i (3) - us
keIN{1~3:5} kGIN{2,3,5}
Again, by defining the sets
V1= {@’ {1}7 {2}7 {S}a {la 2}a {L S}a {2a 3}}7

Vo= {{4},{1,4},{2,4},{3,4},{1,2,4},{1,3,4},{2,3,4}},
Va = {{5},{1,5},{2,5},{3,5},{1,2,5},{1,3,5},{2,3,5}},

this can be written as

K(z)= Y aE)or@)+ > ) or@) -m+ Y cn(E)pr(x)- us,

keZ(Vh) keZ(Va) keZ(V3)

i. e., we obtain the multivariate structure (58) without ever computing couplings between u; and us.
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