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Chapter 1

Parametric Model Order
Reduction

1.1 Introduction

We begin with the description of two basic parametric problems.

Example 1.1 (Parametric Partial Differential align)
Let Ω ⊆ R

d be an open polygonal domain and P ⊂ R
p be a set of ’ad-

missible’ parameters. For a parameter vector µ ∈ P, we seek a function
u(x;µ) : Ω → R, the ’temperature’, satisfying

−∇ · (σ(x;µ)∇u(x;µ)) = h(x;µ), x ∈ Ω,

u(x;µ) = 0, x ∈ ∂Ω,

with ’heat conductivity’ σ(x;µ) : Ω → R and ’heat source’ h(x;µ) : Ω → R,
for example

h(x;µ) :=

{
1, x ∈ Ωsource,

0, otherwise
,

with a subdomain Ωsource ⊂ Ω. Furthermore, an output might be desired, for
example the ’average temperature’ over a subdomain Ωav ⊂ Ω

s(µ) :=
1

|Ωav|

∫
Ωav

u(x;µ) dx.

1



CHAPTER 1. PARAMETRIC MODEL ORDER REDUCTION

Ω

Ωsource

Ωav

Figure 1.1: Exemplary domain and subdomains for d = 2.

Example 1.2 (Parametric Stationary align System)
For a parameter vector µ ∈ P, find a state vector u(µ) ∈ Rn and an output
s(µ) ∈ Rk satisfying

0 = A(µ)u(µ) +B(µ)w(µ),

s(µ) = C(µ)u(µ),

with parameter dependent system matrices A(µ) ∈ R
n×n, B(µ) ∈ R

n×m,
C(µ) ∈ Rk×n and input vector w(µ) ∈ Rm.

In this chapter, we want to tackle problems that can be described via a
weak formulation in Hilbert spaces as follows. Let X be a real Hilbert space,
a(·, ·;µ) : X×X → R be a bilinear form and f(·;µ) : X → R, l(·;µ) : X → R

be linear forms. For a given µ ∈ P we then seek a u(µ) ∈ X and output
s(µ) ∈ R satisfying

a(u(µ), v;µ) = f(v;µ), ∀v ∈ X,

s(µ) = l(u(µ);µ).

Both examples so far can be formulated this way.

• For Example 1.1: with the Hilbert space

X = H1
0 (Ω) := {g ∈ L2(Ω) | Dαg ∈ L2(Ω) for all |α| ≤ 1 and g |∂Ω= 0}

2



1.1. INTRODUCTION

we have∫
Ω

σ(x;µ)∇u(x;µ) · ∇v(x) dx︸ ︷︷ ︸
=:a(u,v;µ)

=

∫
Ω

h(x;µ)v(x) dx︸ ︷︷ ︸
=:f(v;µ)

, ∀v ∈ X,

s(µ) =
1

|Ωav|

∫
Ωav

u(x;µ) dx︸ ︷︷ ︸
=:l(u(µ);µ)

.

• For Example 1.2 (with k = 1): with the Hilbert space X = Rn we have

v
⊺
A(µ)u(µ)︸ ︷︷ ︸
=:a(u,v;µ)

= −v⊺B(µ)w(µ)︸ ︷︷ ︸
=:f(v;µ)

, ∀v ∈ X,

s(µ) = C(µ)u(µ)︸ ︷︷ ︸
=:l(u(µ);µ)

.

The Motivation/basic idea for parametric model order reduction is the fol-
lowing.

• M := {u(µ) | µ ∈ P ⊂ Rp} is the solution manifold parametrized by
µ.

• The solution space X is in general ∞-dimensional (Sobolev space) or
finite but high-dimensional (FEM, FD, FV space for Example 1.1;
large n in Example 1.2). But M can often be approximated by a
low-dimensional subspace XN ⊂ X such that uN(µ) ∈ XN is a good
approximation of u(µ) ’for many’ µ ∈ P .

• In Reduced Basis Methods (RB-Methods) the space XN is formed by
solution samples, so-called snapshots, such that

XN ⊂ span({u(µ1), . . . , u(µn)}) ⊂ X

for suitably chosen parameter samples µ1, . . . , µn ∈ P . A further goal
of RB-Methods is to control the approximation error via error bounds
such that

‖u(µ)− uN(µ)‖X ≤ ∆N(µ).

We illustrate this approach (approximating M via snapshots) by a simple
example.

3
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XN

X

bc u(µ1)

bc
u(µ2)

bc
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bcu(µ) uN (µ)

∆N (µ)

Figure 1.2: Illustration of the Reduced Basis Method.

Example 1.3 (Parametrized Boundary Value Problem)
For µ ∈ P := [0, 1] ⊂ R, find u(x;µ) ∈ C2([0, 1]) satisfying

(1 + µ)u′′(x) = 1, x ∈ (0, 1), u(0) = u(1) = 1. (BVP)

We construct the reduced space XN using two snapshots (special solutions).

• For µ = 0 we obtain u0(x) := u(x; 0) = 1
2
x2 − 1

2
x+ 1.

• For µ = 1 we obtain u1(x) := u(x; 1) = 1
4
x2 − 1

4
x+ 1.

• Define XN := span({u0, u1}).

The reduced solution is then a linear combination

uN(x;µ) := c0(µ)u0(x) + c1(µ)u1(x)

and by inserting this into (BVP) we obtain for c0(µ) and c1(µ)

uN(0;µ) = uN(1;µ) = 1 ⇔ c0(µ) = 1− c1(µ) (�)

as well as

(1 + µ)u′′N(x;µ) = 1 ⇔ c0(µ) +
c1(µ)

2
=

1

µ+ 1

(⋄)⇔− c1(µ)

2
=

1

µ+ 1
− 1 ⇔ c1(µ) = 2− 2

µ+ 1

4
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Figure 1.3: Reduced Basis approach for (BVP).

and thus c0(µ) = 2
µ+1

− 1. Thus, uN(x;µ) is a solution of (BVP) for all
µ ∈ P and as the solution of (BVP) is unique, we have the error statement

‖u(x;µ)− uN(x;µ)‖∞ = sup
x∈[0,1]

|u(x;µ)− uN(x;µ)| = 0

for all µ ∈ P. Therefore, the solution manifold M = {u(µ) | µ ∈ P} is
contained in a 2-dimensional space XN . More precisely, due to 0 ≤ c0(µ),
c1(µ) ≤ 1 and c0(µ) + c1(µ) = 1 for all µ ∈ P, M is the set of convex
combinations of u0(x) and u1(x), hence a 1-dimensional affine subspace.

We introduce some Notation/Terminology (here tailored around partial dif-
ferential aligns (PDEs)).

• A PDE is an analytical model that characterizes the exact solution
u(µ) ∈ X residing in a typically ∞-dimensional function space.

• A detailed model is a computational procedure that characterizes an
approximation u(µ) ∈ X in a high-dimensional function space with
quite general approximation properties (e.g. a FEM, FD, or FV space,
with dim(X) = 103− 108). Thus, u(µ) and X can correspond to either
an analytical or a detailed model in this chapter.

• A reduced model is a computational procedure that characterizes a
reduced solution uN(µ) ∈ XN in a very problem adapted and typically
low-dimensional space (dim(XN) = 1− 100).

5



CHAPTER 1. PARAMETRIC MODEL ORDER REDUCTION

• Model Order Reduction deals with the construction of reduced models
and the investigation of their properties.

Since the evaluation of a parametric reduced model requires less CPU time
and the model itself requires less memory storage, such models have appli-
cations in various fields.

• Multi-query contexts: repeated model evaluations under a varying pa-
rameter; occurring in design, optimization, inverse problems, parame-
ter studies, etc.

• Real-time contexts: applications that require a fast simulation response;
occurring in real-time control of technical processes, interactive user
interfaces, or web forms.

• Cool-computing contexts: applications where only ’simple’ hardware is
available; occurring in smartphones, electronic controllers.

The quick evaluation of the reduced model can be achieved via an Of-
fline/Online decomposition of the procedure. A general consensus in model
order reduction is that the construction of the reduced model, which is done
in the Offline-Phase, can be computationally expensive as this is done only
once. The reduced model can then be rapidly evaluated in the Online-Phase.
Due to the multi-query context, the high (one-time) Offline-costs are then
amortized via sufficiently many online requests.

t

u(µ1) u(µ2) u(µ3)

. . .

u(µk)

(a) Multiple solution queries with detailed model.

t

Offline-time

. . .

uN(µ1), . . . , uN(µk)

(b) Multiple solution queries with reduced model.

In this chapter we will deal with the following questions.

6
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• Reduced model: how can we compute the reduced solution uN(µ)?

• Stability: can we guarantee stability of the reduced model for growing
dim(XN) = N?

• Error estimator: can the error ‖u(µ)− uN(µ)‖X be bounded by an
error estimator ∆N(µ)? Are such estimators cheap to evaluate?

• Effectivity of error estimator: is there an upper bound on the overes-
timation of the error estimator to the error?

• Computational efficiency: how can uN(µ) be computed rapidly for
many different µ?

• Reduced basis: how can we construct a subspace that is small but well-
approximating? Can we prove approximation qualities?

1.2 Theoretical Background

1.2.1 Linear functional analysis in Hilbert spaces

Definition 1.4 (Hilbert Space)
Let X be a real vector space, 〈·, ·〉X : X × X → R a scalar product with
induced norm ‖·‖X :=

√
〈·, ·〉X . If X is complete with respect to ‖·‖X we call

X a real Hilbert space.

Throughout this lecture, we will only deal with real Hilbert spaces.

Example 1.5 (Hilbert Spaces)
Let Ω ⊂ R

d, d ∈ N be an open and bounded set. The following spaces are
Hilbert spaces:

(a) X := Rd, with scalar product 〈x, x′〉X :=
∑d

i1
xix

′
i with x, x′ ∈ X,

(b) X := H1
0 (Ω), with scalar product 〈f, g〉X :=

∫
Ω
∇f(x) · ∇g(x) dx for

f, g ∈ X,

(c) X := H1(Ω), with scalar product

〈f, g〉X :=

∫
Ω

f(x)g(x) dx+

∫
Ω

∇f(x) · ∇g(x) dx

for f, g ∈ X.

7
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The space X := C0([0, 1]) with scalar product 〈f, g〉X :=
∫ 1

0
f(x)g(x) dx for

f, g ∈ X is not a Hilbert space (see Exercise 1.1).

Definition 1.6 (Linear Operators)
Let X, Y be Hilbert spaces.

(a) A linear mapping A : X → Y is a continuous linear Operator, if

‖A‖ := sup
x∈X\{0}

‖Ax‖Y
‖x‖X

<∞.

(b) The space of continuous linear Operators mapping from X to Y is de-
noted L(X,Y ). Furthermore, L(X) := L(X,X).

(c) The dual space of X is denoted X ′ := L(X,R). Elements of X ′ are
continuous linear functionals and for l ∈ X ′ we have

‖l‖X′ := sup
x∈X\{0}

|l(x)|
‖x‖X

.

(d) For A ∈ L(X,Y ) we call

• R(A) := {Ax | x ∈ X} ⊂ Y the Range of A and
• N (A) := {x ∈ X | Ax = 0} ⊂ X the Kernel of A.

(e) A ∈ L(X,Y ) is a compact operator if A(B) is compact for all bounded
sets B ⊂ X. K(X,Y ) denotes the space of compact operators from X to
Y .

(f) A ∈ L(X,Y ) is called an Isometry if ‖Ax‖Y = ‖x‖X for all x ∈ X.

Theorem 1.7 (Orthogonal Projection)
Let X be a Hilbert space and Y ⊂ X a closed subspace. Then, there exists a
unique linear mapping P : X → Y : x 7→ Px satisfying

‖x− Px‖X = inf
y∈Y

‖x− y‖X

and we call this map the orthogonal Projection of X onto Y . Furthermore,
we have:

(a) Px ∈ Y for x ∈ X is equivalently characterized via

〈x− Px, y〉X = 0, ∀y ∈ Y.

8
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X Y

b

0

bPx

b x

b

Figure 1.5: Illustration of Orthogonal Projection.

(b) If dim(Y ) = n < ∞ and {φi}ni=1 is an orthonormal basis of Y , Px ∈ Y
is equivalently characterized via

Px =
n∑

i=1

〈x, φi〉X φi, ∀x ∈ X.

Proof: See Exercise 1.2. □

Theorem 1.8 (Riesz Representation Theorem)
Let X be a Hilbert space. Then,

J : X → X ′ : v 7→ J(v)(·) := 〈v, ·〉X

is a linear, continuous, and bijective Isometry. In particular, for every
l ∈ X ′ there exists a unique Riesz-representative vl := J−1(l) ∈ X satis-
fying l(v) = 〈vl, v〉X for all v ∈ X.

Proof: The linearity of J follows from the linearity of the scalar product as
for v1, v2 ∈ X and λ1, λ2 ∈ R we have

J(λ1v1 + λ2v2)(·) = 〈λ1v1 + λ2v2, ·〉X = λ1 〈v1, ·〉X + λ2 〈v2, ·〉X
= λ1J(v1)(·) + λ2J(v2)(·).

For v ∈ X \ {0} we calculate

‖J(v)(·)‖X′ = sup
w∈X\{0}

|J(v)(w)|
‖w‖X

= sup
w∈X\{0}

| 〈v, w〉X |
‖w‖X

CSU

≤ sup
w∈X\{0}

‖v‖X ‖w‖X
‖w‖X

= ‖v‖X ,

9
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so that J is continuous. Furthermore,

‖v‖X =
‖v‖X · ‖v‖X

‖v‖X
CSU
=

| 〈v, v〉X |
‖v‖X

=
|J(v)(v)|
‖v‖X

≤ sup
w∈X\{0}

|J(v)(w)|
‖w‖X

= ‖J(v)(·)‖X′ ,

so that ‖J(v)(·)‖X′ = ‖v‖X follows for all v ∈ X and J is an Isometry. Thus,
J has to be injective as well.
Regarding the surjectivity: Let l ∈ X ′ with l 6= 0 and we note that N (l) is a
closed subspace of X such that from Theorem 1.7 there exists an orthogonal
projection P : X → N (l). As l 6= 0, there exists a v0 ∈ X satisfying
c := l(v0) 6= 0. Define v1 := v0 − Pv0 ∈ X. Then,

l(v1) = l(v0) + l(Pv0) = l(v0) = c.

For v ∈ X we can write

v = v − l(v)

c
v1 +

l(v)

c
v1

and it is v − l(v)
c
v1 ∈ N (l) since

l

(
v − l(v)

c
v1

)
= l(v)− l(v)

c
l(v1) = l(v)− l(v) = 0.

As v1 ⊥ N (l) from Theorem 1.7, we have〈
c

v1

‖v1‖2X
, v

〉
X

=

〈
c

v1

‖v1‖2X
, v − l(v)

c
v1

〉
X︸ ︷︷ ︸

=0

+

〈
c

v1

‖v1‖2X
,
l(v)

c
v1

〉
X

= l(v)

〈
v1

‖v1‖2X
, v1

〉
X

= l(v)
‖v1‖2X
‖v1‖2X

= l(v).

Therefore, l ∈ R(J) such that J is bijective and vl := c v1
∥v1∥2X

is a Riesz-
representative of l. The Riesz-representative is also unique: if there was a
ṽl ∈ X satisfying

〈ṽl, v〉X = l(v), ∀v ∈ X

then
〈vl − ṽl, v〉X = l(v)− l(v) = 0, ∀v ∈ X

implying vl = ṽl which concludes the proof. □

10
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X N (l)
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b

0
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Figure 1.6: Illustration of the Riesz Representation Theorem.

Theorem 1.9 (Adjoint Operator)
Let X,Y be Hilbert spaces. For A ∈ L(X,Y ) there exists a unique operator
A∗ ∈ L(Y,X) satisfying

〈Ax, y〉Y = 〈x,A∗y〉X , ∀x ∈ X, y ∈ Y,

the so-called adjoint Operator. If X = Y and A = A∗, we call A self-adjoint.

Proof: For any y ∈ Y , it is 〈A·, y〉X ∈ X ′ such that a unique Riesz-
representative vA,y ∈ X exists. The map A∗ : Y → X : y 7→ vA,y thus
satisfies

〈Ax, y〉Y = 〈x,A∗y〉X , ∀x ∈ X, y ∈ Y

and is uniquely defined.
For λ1, λ2 ∈ R, y1, y2 ∈ Y and x ∈ X we obtain the linearity of A∗ via

〈x,A∗(λ1y1 + λ2y2)〉X = 〈Ax, λ1y1 + λ2y2〉Y = λ1 〈Ax, y1〉Y + λ2 〈Ax, y2〉Y
= λ1 〈x,A∗y1〉X + λ2 〈x,A∗y2〉X
= 〈x, λ1A∗y1 + λ2A

∗y2〉X .

For the continuity of A∗ we calculate for y 6= 0 with A∗y 6= 0

‖A∗y‖X =
‖A∗y‖2X
‖A∗y‖X

x=A∗y
=

〈x,A∗y〉X
‖x‖X

=
〈Ax, y〉Y
‖x‖X

≤ sup
x∈X\{0}

〈Ax, y〉Y
‖x‖X

CSU

≤ sup
x∈X\{0}

‖Ax‖Y
‖x‖X

‖y‖Y = ‖A‖ ‖y‖Y

⇒ ‖A∗‖ ≤ ‖A‖ .

Since A ∈ L(X,Y ), we obtain A∗ ∈ L(Y,X). □

11
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Theorem 1.10 (Spectral-Theorem)
Let X be a Hilbert space and A ∈ K(X,X) self-adjoint. Then, there ex-
ists a finite or countably infinite Orthonormalsystem of eigenvectors {φi}i∈I ,
I ⊂ N, for eigenvalues {λi}i∈I ⊂ R \ {0} satisfying

Ax =
∑
i∈I

λi 〈x, φi〉X φi, ∀x ∈ X.

If I is inifinite, we have limi→∞ λi = 0.

Proof: [Alt, Theorem 10.12]. □

Definition 1.11 (Bilinear Forms)
Let X be a Hilbert space and a : X ×X → R a bilinear form.

(a) If

γ := sup
u,v∈X\{0}

|a(u, v)|
‖u‖X ‖v‖X

<∞,

we call a continuous with continuity constant γ.

(b) If

α := inf
u∈X\{0}

a(u, u)

‖u‖2X
> 0,

we call a coercive with coercivity constant α.

(c) We define for u, v ∈ X via

as(u, v) :=
1

2
(a(u, v) + a(v, u)) and aa(u, v) :=

1

2
(a(u, v)− a(v, u))

the symmetric and antisymmetric part of a = as + aa.

Theorem 1.12 (Operators and Bilinear Forms)
Let X be a Hilbert space.

(a) For every A ∈ L(X) there exists a continuous bilinear form a : X×X → R

uniquely defined by

a(u, v) = 〈Au, v〉X , ∀u, v ∈ X. (1.1)

(b) For every continuous bilinear form a : X ×X → R there exists a unique
A ∈ L(X) which satisfies (1.1).

12
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Proof: (a) a defined via (1.1) is bilinear via the bilinearity of the inner
product 〈·, ·〉X and the linearity of A ∈ L(X). The continuity of a
follows from the continuity of A as for u, v ∈ X it is

|a(u, v)| = | 〈Au, v〉X |
CSU

≤ ‖A‖ ‖u‖X ‖v‖X

⇒ a(u, v

‖u‖X ‖v‖X
≤ ‖A‖ <∞ ∀u, v ∈ X.

(b) Let u ∈ X be fixed. Then, a(u, ·) : X → R is linear and continuous since
with the continuity of a(·, ·) it is |a(u, v)| ≤ γ ‖u‖X ‖v‖X , for all u, v ∈ X
and thus

sup
v∈X\{0}

|a(u, v)|
‖v‖X

≤ sup
v∈X\{0}

γ
‖u‖X���‖v‖X

���‖v‖X
= γ ‖u‖X <∞.

Therefore, a(u, ·) ∈ X ′ and with Theorem 1.8 there exists a unique riesz-
representative vu ∈ X with a(u, v) = 〈vu, v〉X for all v ∈ X. Define

A : X → X : u 7→ Au := vu

such that A is unique and (1.1) is fulfilled. For the linearity of A, we
know for u1, u2 ∈ X that u1 + u2 ∈ X such that A(u1 + u2) = vu1+u2

satisfying 〈vu1+u2 , v〉X = a(u1 + u2, v) for all v ∈ X. Together with

〈vu1+u2 , v〉X = a(u1 + u2, v) = a(u1, v) + a(u2, v)

= 〈vu1 , v〉X + 〈vu2 , v〉X = 〈vu1 + vu2 , v〉X , ∀v ∈ X,

we have vu1+u2 = vu1 + vu2 and thus A(u1 + u2) = Au1 +Au2. Similarly,
we obtain A(λu) = λAu for λ ∈ R and u ∈ X and the linearity of A
follows. For the continuity of A, we obtain with the continuity of a for
all u ∈ X with Au 6= 0

‖Au‖2X = 〈Au,Au〉X = 〈vu, Au〉X = a(u,Au) ≤ γ ‖u‖X ‖Au‖X

⇒‖Au‖X ≤ γ ‖u‖X , ∀u ∈ X ⇒ sup
u∈X\{0}

‖Au‖X
‖u‖X

≤ γ.

This concludes the proof. □

Theorem 1.13 (Lax-Milgram)
Let X be a Hilbert space and a : X × X → R a coercive and continuous
bilinear form with coercivity constant α. Then, there exists a unique operator
A ∈ L(X) fulfilling

a(u, v) = 〈Au, v〉X , ∀u, v ∈ X.

13
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Furthermore, A is bijective with A−1 ∈ L(X) and∥∥A−1
∥∥ ≤ 1

α
.

Proof: The existence and uniqueness of A ∈ L(X) follow from Theorem
1.12. With the coercivity of a we obtain

α ‖u‖2X ≤ a(u, u) = 〈Au, u〉X
CSU

≤ ‖Au‖X ‖u‖X
⇒ α ‖u‖X ≤ ‖Au‖X , ∀u ∈ X. (1.2)

For the injectivity of A, let u ∈ X so that Au = 0. This implies

‖Au‖X = 0
(1.2)⇒ ‖u‖X = 0 ⇒ u = 0.

To obtain the surjectivity, we first show that R(A) is closed.
Consider a Cauchy sequence (yi)i∈N in R(A) and we have a corresponding
sequence (ui)i∈N in the inverse image of A satisfying yi = Aui for i ∈ N.
Using (1.2) for um − un ∈ X, for m,n ∈ N, yields

α ‖um − un‖X ≤ ‖Aum − Aun‖X = ‖ym − yn‖X → 0, m, n→ ∞.

Therefore, (ui)i∈N is a Cauchy sequence as well and with the completeness
of X we have ū := limi→∞ ui ∈ X. With A being continuous, we obtain

lim
i→∞

Aui = Au ∈ R(A)

and R(A) is closed. Since A is linear, RA is then a closed subspace of X
so that Theorem 1.7 yields the existence of an orthogonal Projection P onto
R(A).
Surjectivity: assume that there exists a v ∈ X with v /∈ R(A) such that
v̄ := v − Pv 6= 0. With Theorem 1.7 we obtain 〈Au, v̄〉X = 0 for all u ∈ X.
Remembering that v̄ ∈ X and using the coercivity of a and get

0 < α ‖v̄‖2X ≤ a(v̄, v̄) = 〈Av̄, v̄〉X = 0,

which is a contradiction. Therefore, it has to be v ∈ RA such that X ≡ RA
and A is surjective and thus bijective and A−1 exists. A−1 is linear, as for
λ1, λ2 ∈ R and u1, u2 ∈ X we know from the bijectivity of A that there
exist ũ1, ũ2 ∈ X so that

u1 = Aũ1, u2 = Aũ2 ⇔ ũ1 = A−1u1, ũ2 = A−1u2

14
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and we obtain

A−1(λ1u1 + λ2u2) = A−1(λ1Aũ1 + λ2Aũ2) = A−1(A(λ1ũ1 + λ2ũ2))

= λ1ũ1 + λ2ũ2 = λ1A
−1u1 + λ2A

−1u2.

As for every w ∈ X \ {0} there exists a u ∈ X with w := Au, we obtain the
continuity of A−1 via

α
∥∥A−1w

∥∥
X
= α ‖u‖X

(1.2)

≤ ‖w‖X

⇒
∥∥A−1w

∥∥
X
≤ 1

α
‖w‖X ⇒ ‖A−1w‖X

‖w‖X
≤ 1

α

for all w ∈ X \ {0} such that ‖A−1‖ = supw∈X\{0}
‖A−1w‖

X

∥w∥X
≤ 1

α
which

concludes the proof. □

1.2.2 Parameter Dependence

If not specified otherwise, X always denotes a Hilbert space and P ⊂ R
p

denotes a bounded parameter set.

Definition 1.14 (Parametric Linear and Bilinear Forms)
We call

(a) l : X × P → R a parametric continuous linear form, if

l(·;µ) ∈ X ′ for all µ ∈ P .

(b) a : X ×X × P → R a parametric (symmetric) bilinear form, if

a(·, ·;µ) : X ×X → R

is a (symmetric) bilinear form for all µ ∈ P. Furthermore, if

γ(µ) := sup
u,v∈X\{0}

|a(u, v;µ)|
‖u‖X ‖v‖X

<∞, ∀µ ∈ P ,

we call a(·, ·;µ) parametrically continuous with continuity constant γ(µ)
and if

α(µ) := inf
u∈X\{0}

a(u, u;µ)

‖u‖2X
> 0, ∀µ ∈ P ,

we call a(·, ·;µ) parametrically coercive with coercivity constant α(µ).

15
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A parametrically continuous linear or bilinear form does not have to be con-
tinuous with respect to µ. A counter example for a linear form is

X = R, P = [0, 1], l : X × P → R with l(x;µ) =

{
x, µ ≤ 1

2
,

1
2
x, µ > 1

2
.

We formalize properties of linear and bilinear forms with respect to µ.

Definition 1.15 (Parametric Properties of Forms)
We call

(a) a parametrically continuous linear form l or bilinear form a uniformly
continuous w.r.t µ if there exist γ̄l, γ̄ <∞ satisfying

sup
µ∈P

‖l(·;µ)‖X′ ≤ γ̄l or sup
µ∈P

γ(µ) ≤ γ̄.

(b) a parametrically coercive bilinear form a uniformly coercive w.r.t. µ if
there exists an ᾱ > 0 satisfying

inf
µ∈P

α(µ) ≥ ᾱ.

(c) a linear form l or a bilinear form a Lipschitz-continuous w.r.t. µ if there
exist Ll, La ≥ 0 satisfying

|l(u;µ1)− l(u;µ2)| ≤ Ll ‖u‖X ‖µ1 − µ2‖2 , ∀u ∈ X, ∀µ1, µ2 ∈ P ,

or
|a(u, v;µ1)− a(u, v;µ2)| ≤ La ‖u‖X ‖v‖X ‖µ1 − µ2‖2

for all u, v ∈ X and all µ1, µ2 ∈ P.

In the following we define an important property required for the computa-
tional efficiency of RB-methods that will be investigated in Section 1.3.3.

Definition 1.16 (Parameter-Separability)
We call

(a) a function v : P → X parameter separable, if there exist components
vq ∈ X and coefficient functions θvq : P → R for q = 1, . . . Qv satisfying

v(µ) =

Qv∑
q=1

θvq (µ)vq, ∀µ ∈ P .

16
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(b) a parametric continuous linear form l : X×P → R parameter separable,
if there exist lq ∈ X ′ and θlq : P → R for q = 1, . . . , Ql satisfying

l(v;µ) =

Ql∑
q=1

θlq(µ)lq(v), ∀µ ∈ P , v ∈ X.

(c) a parametrically continuous bilinear form a : X×X×P → R parameter
separable, if there exist bilinear and continuous aq : X × X → R and
θaq : P → R for q = 1, . . . , Qa satisfying

a(u, v;µ) =

Qa∑
q=1

θaq (µ)aq(u, v), ∀µ ∈ P , u, v ∈ X.

We will see in Section 1.3.3, that Qa and Ql should preferably be small.
Lemma 1.17 (Transfer of Coefficient Properties)
Let l be a parametric continuous, parameter separable linear form and a a
parametrically continuous, parameter separable bilinear form.

(a) If θlq(µ) or θaq (µ) are bounded for all q = 1, . . . , Ql or q = 1, . . . Qa, then
l or a are uniformly continuous w.r.t. µ.

(b) If there exists a constant c > 0 such that θaq (µ) ≥ c for all µ ∈ P,
q = 1, . . . , Qa, and if aq(v, v) ≥ 0 for all v ∈ X, q = 1, . . . Qa, and if
a(·, ·;µ) is coercive for at least one µ̄ ∈ P, then a is uniformly coercive
w.r.t. µ.

(c) If θlq(µ) or θaq (µ) are Lipschitz-continuous for all q = 1, . . . , Ql or
q = 1, . . . , Qa, then l or a are Lipschitz-continuous w.r.t. µ.

Proof: See Exercise 2.1. □

We close this section with a comprehensive example.
Example 1.18 (Thermal Block)
For B1, B2 ∈ N, let Ω := (0, 1)2 be decomposed into p := B1 · B2 congruent
rectangles Ωi, i = 1, . . . , p, see Figure 1.7. Let P := [µmin, µmax]

p ⊂ R
p be

the parameter set with 0 < µmin < µmax <∞.
Then, µ := (µ1, . . . , µp)

⊺ ∈ P is a vector of heat conductivities on the subdo-
mains and σ(x;µ) defines a piecewise constant heat conductivity field via

σ(x;µ) =

p∑
q=1

µqχΩq(x).

17
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x1

x2

Ω1 Ω2 Ω3

Ωp

ΓD

ΓN,0 ΓN,0

ΓN,1

Figure 1.7: Illustration of Thermal Block domain for B1 = 3, B2 = 4.

Now, consider the following elliptic partial differential align with Dirichlet
and Neumann boundary conditions.

−∇ · (σ(x;µ)∇u(x;µ)) = 0, for x ∈ Ω,

u(x;µ) = 0, for x ∈ ΓD,

(σ(x;µ)∇u(x;µ)) · n(x) = i, for x ∈ ΓN,i, i = 0, 1,

where the boundary parts ΓD, ΓN,0, and ΓN,1 are as in Figure 1.7 and n(x)
denotes the outward unit normal.

Interpretation: there is a unit influx on ΓN,1, no flow on ΓN,0, no heat sources
inside Ω and a prescribed cooling of the material to u = 0 on ΓD, while µ
prescribes the heat conductivity of the material on the subdomains Ω1, . . . ,Ωp.

The weak form of this problem is: for µ ∈ P find u(µ) ∈ H1
ΓD

(Ω) with
H1

ΓD
(Ω) := {u ∈ H1(Ω) | u |ΓD

= 0} satisfying∫
Ω

σ(x;µ)∇u(x;µ) · ∇v(x) dx︸ ︷︷ ︸
=:a(u,v;µ)

=

∫
ΓN,1

v(x) dx︸ ︷︷ ︸
=:f(v;µ)

, ∀v ∈ H1
ΓD

(Ω). (�)

One might also desire the average temperature over ΓN,1 as a possible output

s(µ) :=

∫
ΓN,1

u(x;µ)dx.

We will show in Exercise 2.2 that

18
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• a(·, ·;µ) defined in (�) is a parameter separable continuous bilinear
form, which is uniformly coercive and continuous and Lipschitz-contin-
uous w.r.t. µ.

• f(·;µ) defined in (�) is a parameter separable continuous linear form,
which is uniformly continuous and Lipschitz-continuous w.r.t. µ.

1.3 Reduced Basis Methods for linear coer-
cive Problems

If not specified otherwise, X always denotes a Hilbert space and P ⊂ R
p

denotes a bounded parameter set.

1.3.1 Problem Formulation and Properties

Definition 1.19 (Detailed Problem)
Let the parametric bilinear form a be uniformly coercive and continuous w.r.t.
µ and let the parametric linear forms f and l be uniformly continuous w.r.t.
µ. For a given µ ∈ P find the detailed solution u(µ) ∈ X and output
s(µ) ∈ R satisfying

a(u(µ), v;µ) = f(v;µ), ∀v ∈ X,

s(µ) = l(u(µ);µ).
(P (µ))

Before we introduce the reduced problem and prove well-posedness of both
problems, we formally define and discuss the solution manifold.

Definition 1.20 (Solution Manifold)
We define the solution manifold M of the detailed problem (P (µ)) as

M := {u(µ) | u(µ) solves (P (µ)) for µ ∈ P}.

The term ”manifold” is not used in the strict differential geometric sense
here, since we do not assume continuity or differentiability of M. We want
to better understand the solution manifold via the following examples.

Example 1.21 (M of Thermal Block)
As shown in Exercise 2.2, the problem proposed in Example 1.18 is an in-
stance of problem (P (µ)). Regarding its solution manifold, we make the
following observations.
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1. Simple solution structure: if B1 = 1 (or B1 > 1 but the µq are identical
in each row) the solution u(µ) is piecewise linear and constant in x1-
direction. Thus the solution manifold is contained in a B2-dimensional
and thus finite dimensional subspace of H1

ΓD
(Ω). This will be shown in

Exercise 2.3.

2. Complex solution structure: if B1 > 1 and µ ∈ P is arbitrary, no finite
dimensional space contains all solutions u(µ).

3. Parameter redundancy: if u(µ) is a solution for µ ∈ P and c ∈ R \ {0},
then 1

c
u(µ), is a solution for cµ ∈ P. Thus, the solution manifold is

invariant under scaling of the parameter µ.

Example 1.22 (M in the case of Qa = 1)
If a and f in (P (µ)) are parameter separable with Qa = 1 and Qf ∈ N

arbitrary, M is contained in an at most Qf -dimensional linear subspace of
X. In this case (P (µ)) reads

θa1(µ)a1(u, v) =

Qf∑
q=1

θfq (µ)fq(v), ∀v ∈ X.

Due to the uniform coercivity of a, it is θa1(µ) 6= 0 and thus

a1(u, v) =

Qf∑
q=1

θfq (µ)

θa1(µ)
fq(v), ∀v ∈ X. (�)

Furthermore, w.l.o.g. a1(·, ·) is coercive (otherwise −a1(·, ·) is coercive) such
that the Lax-Milgram Theorem 1.13 yields for each q = 1, . . . , Qf ,

a1(u, v) = fq(v) ⇔ 〈Au, v〉X = 〈vf,q, v〉X , ∀v ∈ X

⇔Au = vf,q ⇔ u = A−1vf,q,

where vf,q ∈ X is the unique riesz-representative of fq. Now, uq := A−1vf,q
is the unique solution of a1(u, v) = fq(v) for all v ∈ X and q = 1, . . . Qf . In
total, u(µ) :=

∑Qf

q=1
θfq (µ)

θa1 (µ)
uq ∈ span

(
{uq}

Qf

q=1

)
uniquely solves (�) for µ ∈ P,

such that M is contained in an at most Qf -dimensional linear subspace of
X

Example 1.23 (Arbitrary complex M)
Let u : P → X be an arbitrarily complex mapping. Defining a detailed
problem (P (µ)) via

a(u, v;µ) := 〈u, v〉X and f(v;µ) := 〈u(µ), v〉X
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results in u(µ) being the solution to this detailed problem for µ ∈ P. Thus, the
corresponding solution manifold M can be arbitrarily complex, nonsmooth or
even discontinuous.
Remark 1.24 (Solution Manifold)
From these examples we can conclude that the dimension p ∈ N of P does
not necessarily correlate to the complexity of the solution manifold M. In
the Thermal Block Example 1.21, we have seen that many parameters do not
have to induce a complex solution manifold as there might be a redundancy in
the parameters. Furthermore, one can show: for p ∈ N arbitrary and suitably
chosen a(·, ·;µ) and f(·;µ), problem (P (µ)) may have a solution manifold M
which is contained in a 1-dimensional subspace.
Example 1.23 demonstrates the other extreme case: even for p = 1, a suitably
chosen (P (µ)) can have a highly complex solution manifold M, e.g., when
u(µ) is a ”space filling curve” (e.g. a Hilbert curve).

We now want to introduce the reduced problem. In order to do so, we assume
to have a low-dimensional Reduced Basis space

XN := span(ΦN) = span({u(µ(1)), . . . , u(µ(N))}) ⊂ X (1.3)

with Reduced Basis ΦN available. The functions u(µ(i)) ∈ X are suitably
chosen snapshots of the detailed problem at parameter samples µ(i) ∈ P . We
will present sophisticated techniques to construct XN in section 1.4 and for
now only assume that the snapshots {u(µ(i))}Ni=1 are linearly independent.
Definition 1.25 (Reduced Problem)
Let a detailed problem (P (µ)) be given. For a given µ ∈ P find the reduced
solution uN(µ) ∈ XN and reduced output sN(µ) ∈ R satisfying

a(uN(µ), v;µ) = f(v;µ), ∀v ∈ XN ,

sN(µ) = l(uN(µ);µ).
(PN(µ))

Both problems (P (µ)) and (PN(µ)) are well-posed.
Proposition 1.26 (Well-posedness and Stability)
For µ ∈ P there exist a unique detailed solution u(µ) ∈ X and output s(µ) of
(P (µ)) as well as a unique reduced solution uN(µ) ∈ XN and reduced output
sN(µ) of (PN(µ)). Furthermore, they are bounded by

‖uN(µ)‖X ≤ 1

α(µ)
‖f(·;µ)‖X′ ≤

γ̄f
ᾱ
, ‖u(µ)‖X ≤ γ̄f

ᾱ
,

|sN(µ)| ≤
1

α(µ)
‖f(·;µ)‖X′ ‖l(·;µ)‖X′ ≤

γ̄f γ̄l
ᾱ

, |s(µ)| ≤ γ̄f γ̄l
ᾱ

,
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where ᾱ is the uniform coercivity constant of a and γ̄f and γ̄l are the uniform
continuity constants of f and l.

Proof: We only prove the statements for the reduced problem (PN(µ)), the
statements for (P (µ)) follow analogously.
With XN ⊂ X the stability constants of the full problem carry over to the
reduced problem:

sup
u,v∈XN\{0}

|a(u, v;µ)|
‖u‖X ‖v‖X

≤ sup
u,v∈X\{0}

|a(u, v;µ)|
‖u‖X ‖v‖X

= γ(µ) ≤ γ̄,

inf
u∈XN\{0}

a(u, u;µ)

‖u‖2X
≥ inf

u∈X\{0}

a(u, u;µ)

‖u‖2X
= α(µ) ≥ ᾱ.

Analogously, the linear forms f and l are continuous on XN and existence
and uniqueness of uN(µ) follow from Theorem 1.13 via

a(uN(µ), v;µ) = f(v;µ) ⇒ 〈A(µ)uN(µ), v〉X = 〈vf (µ), v〉X ∀v ∈ XN

⇔A(µ)uN(µ) = vf (µ) ⇔ uN(µ) = A−1(µ)vf (µ),

where vf ∈ X is the unique riesz-representative of f(·;µ). As a consequence,
sN(µ) = l(uN(µ);µ) is unique and the boundedneess follows via

‖uN(µ)‖X =
∥∥A−1(µ)vf (µ)

∥∥
X
≤
∥∥A−1(µ)

∥∥ ‖vf (µ)‖X
≤ 1

α(µ)
‖f(·;µ)‖X′ ≤

γ̄f
ᾱ
,

|sN(µ)| = |l(uN(µ))| = | 〈vl(µ), uN(µ)〉X | ≤ ‖vl(µ)‖X ‖uN(µ)‖X

≤ 1

α(µ)
‖f(·;µ)‖X′ ‖l(·;µ)‖X′ ≤

γ̄f γ̄l
ᾱ

,

where vl ∈ X is the unique riesz-representative of l(·;µ). □

Furthermore, if the bilinear form and the linear forms are Lipschitz-continuous
w.r.t. µ, the solutions of (P (µ)) and (PN(µ)) are Lipschitz-continuous w.r.t.
µ as well.
Proposition 1.27 (Lipschitz-Continuity)
In addition to the assumptions of (P (µ)), let the bilinear form a and the
linear forms f and l be Lipschitz-continuous w.r.t. µ with Lipschitz-constants
La, Lf , and Ll. Then,

‖u(µ1)− u(µ2)‖X ≤ C1 ‖µ1 − µ2‖2 , ‖uN(µ1)− uN(µ2)‖X ≤ C1 ‖µ1 − µ2‖2 ,
|s(µ1)− s(µ2)| ≤ C2 ‖µ1 − µ2‖2 , |sN(µ1)− sN(µ2)| ≤ C2 ‖µ1 − µ2‖2 ,

for all µ1, µ2 ∈ P with Lipschitz-constants C1 :=
Lf

ᾱ
+

Laγ̄f
ᾱ2 as well as

C2 := Ll
γ̄f
ᾱ
+ γ̄lC1.
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Proof: See Exercise 3.1. □

From a computational point of view, solving problem (PN(µ)) amounts to
solving a simple linear align system.

Proposition 1.28 (Discrete Reduced Problem & Numerical Stability)
For µ ∈ P and a given reduced basis ΦN = {φ1, . . . , φN} we define the
following matrix, right hand side and output vector

AN(µ) := (a(φj, φi;µ))
N
i,j=1 ∈ RN×N ,

fN(µ) := (f(φi;µ))
N
i=1 ∈ RN , lN(µ) := (l(φi;µ))

N
i=1 ∈ RN .

(a) By solving the following linear system for uN(µ) := (uN,i)
N
i=1 ∈ RN

AN(µ)uN(µ) = fN(µ)

we obtain the solution of (PN(µ)) via

uN(µ) =
N∑
j=1

uN,jφj and sN(µ) = l
⊺
N(µ)uN(µ).

(b) If a(·, ·;µ) is symmetric and ΦN is orthonormal, then the condition num-
ber of AN(µ) is bounded (independently of N) by

cond2(AN(µ)) := ‖AN(µ)‖2
∥∥AN(µ)

−1
∥∥
2
≤ γ(µ)

α(µ)
.

Proof: The statement of (a) follows by inserting the expressions for uN(µ)
and sN(µ) into (PN(µ)).

Regarding (b): since a(·, ·;µ) is symmetric and coercive, AN(µ) is symmetric
and positive definite and we have cond2(AN(µ)) = λmax

λmin
with λmax, λmin

being the largest/smallest magnitude eigenvalue of AN(µ).

Let umax = (ui)
N
i=1 ∈ RN be an eigenvector of AN(µ) for the eigenvalue λmax

and set umax :=
∑N

i=1 uiφi ∈ X. Then, we have on the one hand

‖umax‖2X =

〈
N∑
i=1

uiφi,

N∑
j=1

ujφj

〉
X

=
N∑

i,j=1

uiuj 〈φi, φj〉X =
N∑
i=1

u2i = ‖umax‖22 ,
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and on the other hand by definition of AN(µ) and the continuity of a(·, ·;µ)

λmax ‖umax‖22 = u
⊺
maxλmaxumax = u

⊺
maxAN(µ)umax =

N∑
i,j=1

uiuja(φi, φj;µ)

= a

(
N∑
i=1

uiφi,
N∑
j=1

ujφj

)
≤ γ(µ) ‖umax‖2X .

In total, we conclude λmax ≤ γ(µ) and as λmin ≥ α(µ) can be shown analo-
gously we obtain the desired result. □

At this point we can note some differences between the reduced problem and
a discretized full problem.

Remark 1.29 (FEM vs. RB)
Let AH ∈ RH×H for some large H ∈ N denote the Finite Element (or Finite
Difference, Finite Volume, etc.) matrix of the linear system of (P (µ)). Then
we note that

• the RB-matrix AN ∈ RN×N , with N � H, is small but typically dense
(as the basis functions φi usually do not have a disjoint support) in
contrast to AH which is large but typically sparse,

• the condition number of AN does not deteriorate with growing N if an
orthonormal basis is used, in contrast to the large AH whose condition
number usually grows polynomially in H.

A basis property of the RB methodology is the reproduction of solutions.
The property trivially follows if one has error estimators available (as we will
see later), but it can also be proven without. It states, that if a solution of
(P (µ)) is in the reduced space, the reduced basis approximation is exact.

Proposition 1.30 (Reproduction of Solutions)
If u(µ) ∈ XN for some µ ∈ P, then uN(µ) = u(µ).

Proof: If u(µ) ∈ XN the error e(µ) = u(µ)− uN(µ) is in XN as well. Since
u(µ) and uN(µ) are solutions of (P (µ)) and (PN(µ)) respectively, we obtain
with the coercivity of a

α(µ) ‖e(µ)‖2X ≤ a(e(µ), e(µ);µ) = a(u(µ), e(µ);µ)− a(uN(µ), e(µ);µ)

= f(e(µ);µ)− f(e(µ);µ) = 0

such that e(µ) = 0. □
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Remark 1.31 (Validation of implementation)
The reproduction property from Proposition 1.30 is useful to validate your
implementation of a RB-scheme. By setting the reduced basis ΦN as a snap-
shot basis, i.e.,

ΦN := {φ1, . . . , φN} = {u(µ(1)), . . . , u(µ(N))},

the reduced solution for µ(i) then must be uN(µ
(i)) = ei, the i-th unit vector,

since uN(µ(i)) =
∑N

j=1 δjiφj (with δji denoting the Kronecker δ) is a solution
of (PN(µ)) and the solution has to be unique.

1.3.2 Error analysis & Error estimators

As first approximation property, the RB-approximation will always be as
good as the best-approximation, up to a constant.

Lemma 1.32 (Céa’s Lemma)
For all µ ∈ P holds

‖u(µ)− uN(µ)‖X ≤ γ(µ)

α(µ)
inf

v∈XN

‖u(µ)− v‖X .

Proof: For any v ∈ XN it is v − uN(µ) ∈ XN and we obtain

a(u(µ)− uN(µ),v − uN(µ);µ)

= a(u(µ), v − uN(µ);µ)− a(uN(µ), v − uN(µ);µ)

= f(v − uN(µ);µ)− f(v − uN(µ);µ) = 0.

Coercivity and continuity of a yield

α(µ) ‖u(µ)− uN(µ)‖2X ≤ a(u(µ)− uN(µ), u(µ)− uN(µ);µ)

= a(u(µ)− uN(µ), v − uN(µ);µ)

+ a(u(µ)− uN(µ), u(µ)− v;µ)

= a(u(µ)− uN(µ), u(µ)− v;µ)

≤ γ(µ) ‖u(µ)− uN(µ)‖X ‖u(µ)− v‖X

⇒ ‖u(µ)− uN(µ)‖X ≤ γ(µ)

α(µ)
‖u(µ)− v‖X , ∀v ∈ XN ,

which concludes the proof. □
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The property of Céa’s lemma is also called ”quasi-optimality” of the RB-
approximation and it is important to note that the constant γ(µ)

α(µ)
does not

grow with increasing dimension N of the RB-space. Furthermore, we can say
that the approximation error will be small if the space XN is ”good” in the
sense that infv∈XN

‖u(µ)− v‖X is small.
For further error analysis of the reduced basis error, we provide the following
error-residual relation, where the error satisfies a variational problem with
the same bilinear form but the residual as the right hand side.

Proposition 1.33 (Error-Residual Relation)
For µ ∈ P we define the residual r(·;µ) ∈ X ′ as

r(v;µ) = f(v;µ)− a(uN(µ), v;µ), v ∈ X. (1.4)

The reduced basis error e(µ) := u(µ)− uN(µ) ∈ X then satisfies

a(e(µ), v;µ) = r(v;µ), v ∈ X.

Proof: A simple calculation yields

a(e(µ), v;µ) = a(u(µ), v;µ)− a(uN(µ), v;µ)

= f(v;µ)− a(uN(µ), v;µ) = r(v;µ),

which concludes the proof. □

In particular, the residual vanishes on XN since for v ∈ XN it is
a(uN(µ), v;µ) = f(v;µ) and thus r(v;µ) = 0.
In the following, we discuss an important topic for RB-methods, the certifi-
cation of the method via a-posteriori error bounds, which will be based on
the residual. Here, we assume to have a rapidly computable lower bound
αLB(µ) of the coercivity constant available.

Proposition 1.34 (A-posteriori Error Bounds)
Let for µ ∈ P denote vr(µ) ∈ X be the riesz-representative of the residual
defined in (1.4) and vl(µ) ∈ X denote the riesz-representative of the output
functional l(·;µ) from (PN(µ)). Then, for all µ ∈ P, the reduced basis error
e(µ) = u(µ)− uN(µ) is bounded by

‖u(µ)− uN(µ)‖X ≤ ∆N(µ) :=
‖vr(µ)‖X
αLB(µ)

and the output error |s(µ)− sN(µ)| is bounded by

|s(µ)− sN(µ)| ≤ ∆s(µ) := ‖vl(µ)‖X ∆N(µ).
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Proof: With coercivity and the error-residual relation with e(µ) ∈ X we
obtain

αLB(µ) ‖e(µ)‖2X ≤ α(µ) ‖e(µ)‖2X ≤ a(e(µ), e(µ);µ) = r(e(µ);µ)

= (vr(µ), e(µ)) ≤ ‖vr(µ)‖X ‖e(µ)‖X .

Division by e(µ) and αLB(µ) yield the first result. For the output error we
obtain

|s(µ)− sN(µ)| = |l(u(µ);µ)− l(uN(µ;µ)| = | 〈vl(µ), e(µ)〉X |
≤ ‖vl(µ)‖X ‖e(µ)‖X ≤ ‖vl(µ)‖X ∆N(µ),

which concludes the proof. □

Remark 1.35 (RB-error bound)
(a) Bounding the error by the residual is a technique well known from finite

element methods (FEM) where the FEM-solution is compared to the ana-
lytical solution. In that case, X is infinite-dimensional and ‖vr‖X is not
available analytically. In our case, by using a fine discrete FEM-space as
X, the residual norm ‖vr‖X then becomes a computable quantity, which
is available after the reduced solution uN(µ) is computed. Therefore, our
error bound derived in Proposition 1.34 is an a-posteriori bound.

(b) Since the error bounds in Proposition 1.34 are provable upper bounds,
we call them rigorous error bounds. Thus, we not only obtain an RB-
approximation but also a certification via a rigorous error bound, which
motivates to call the approach made so far a certified RB-method.

Having an error bound available, we want to investigate how tight the bound
is. As a first desirable property, we can show that the bound is zero when
the error is zero.

Proposition 1.36 (Vanishing Error Bound)
If u(µ) = uN(µ) for some µ ∈ P, then ∆N(µ) = ∆s(µ) = 0.

Proof: With e(µ) = u(µ)− uN(µ) = 0, we have

0 = a(0, v) = a(e(µ), v) = r(v;µ) = 〈vr(µ), v〉X , ∀v ∈ X

such that vr(µ) = 0. Therefore, ∆N(µ) = 0 and thus ∆s(µ) = 0. □
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This statement gives hope that the a-posteriori error bounds are effective,
meaning that the amount of overestimation is bounded. In particular we
want to investigate the quotient of the error bound and the true error. For
now, we only consider the error bound for the reduced basis error and tackle
the error bound for the output error later.
Proposition 1.37 (Effectivity Bound)
For µ ∈ P let γUB(µ) ≥ γ(µ) denote a (computable) upper bound of the
continuity constant. The effectivity is then defined as and bounded by

ηN(µ) :=
∆N(µ)

‖u(µ)− uN(µ)‖X
≤ γUB(µ)

αLB(µ)
.

Proof: The definition of the error bound yields

ηN(µ) =
∆N(µ)

‖e(µ)‖X
=

‖vr(µ)‖X
αLB(µ) ‖e(µ)‖X

.

With the error-residual relation and the continuity, we obtain

‖vr(µ)‖2X = 〈vr(µ), vr(µ)〉X = r(vr(µ);µ) = a(e(µ), vr(µ);µ)

≤ γ(µ) ‖e(µ)‖X ‖vr(µ)‖X .
(1.5)

This implies
ηN(µ) ≤

γ(µ)

αLB(µ)
≤ γUB(µ)

αLB(µ)
,

which concludes the proof. □

As ∆N(µ) is now proven to be reliable and effective, we wan call it an error
estimator.
We can also derive an error estimator for the relative error.
Proposition 1.38 (Relative Error Estimator and Effectivity)
If for all µ ∈ P

∆rel
N (µ) :=

2

‖uN(µ)‖X
· ‖vr(µ)‖X
αLB(µ)

≤ 1,

then the relative reduced basis error is bounded by

‖u(µ)− uN(µ)‖X
‖u(µ)‖X

≤ ∆rel
N (µ).

The bound is then also effective via

ηrelN (µ) :=
∆rel

N (µ)

‖e(µ)‖X / ‖u(µ)‖X
≤ 3 · γUB(µ)

αLB(µ)
.
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Proof: Using the error estimator ∆N(µ) we get

‖u(µ)− uN(µ)‖X
‖u(µ)‖X

≤ 1

‖u(µ)‖X
· ‖vr(µ)‖X
αLB(µ)

and it remains to show that

1

‖u(µ)‖X
≤ 2

‖uN(µ)‖X
⇔ 1

2
‖uN(µ)‖X ≤ ‖u(µ)‖X .

Using the reverse triangle inequality, we obtain∣∣∣∣‖u(µ)‖X − ‖uN(µ)‖X
‖uN(µ)‖X

∣∣∣∣ ≤ ‖u(µ)− uN(µ)‖X
‖uN(µ)‖X

=
‖e(µ)‖X
‖uN(µ)‖X

≤ ‖vr(µ)‖X
αLB(µ) ‖uN(µ)‖X

=
1

2
∆rel

N (µ) ≤ 1

2
.

If ‖uN(µ)‖X > ‖u(µ)‖X , we get ‖uN(µ)‖X − ‖u(µ)‖X ≤ 1
2
‖uN(µ)‖X from

the above statement and it follows

1

2
‖uN(µ)‖X ≤ ‖u(µ)‖X .

If ‖uN(µ)‖X ≤ ‖u(µ)‖X , we directly obtain 1
2
‖uN(µ)‖X ≤ ‖u(µ)‖X and the

error bound for the relative error follows.
For the effectivity, we note that as in (1.5) we have ‖vr(µ)‖X ≤ γUB(µ) ‖e(µ)‖X
and obtain

ηrelN (µ) =
2 · ‖vr(µ)‖X

αLB(µ) ‖uN(µ)‖X
· 1

‖e(µ)‖X / ‖u(µ)‖X

≤ 2
γUB(µ)�����‖e(µ)‖X
αLB(µ)�����‖e(µ)‖X

· ‖u(µ)‖X
‖uN(µ)‖X

.

It remains to show that ‖u(µ)‖X ≤ 3
2
‖uN(µ)‖X . If ‖u(µ)‖X < ‖uN(µ)‖X

this is obvious, if ‖u(µ)‖X ≥ ‖uN(µ)‖X , we obtain from∣∣∣∣‖u(µ)‖X − ‖uN(µ)‖X
‖uN(µ)‖X

∣∣∣∣ ≤ 1

2

that
‖u(µ)‖X − ‖uN(µ)‖X ≤ 1

2
‖uN(µ)‖X

and thus ‖u(µ)‖X ≤ 3
2
‖uN(µ)‖X . □
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Effectivity bounds for the output estimator ∆s(µ) can not be proven without
further assumptions. This is due to ∆s(µ)

|s(µ)−sN (µ)| not being well-defined as soon
as ∆s(µ) 6= 0 but s(µ) = sN(µ). This can be obtained as follows: choose XN

and µ ∈ P such that uN(µ) 6= u(µ) which is achieved by u(µ) /∈ XN . Then

e(µ) 6= 0 ⇒ vr(µ) 6= 0 ⇒ ∆N(µ) 6= 0 and ∆s(µ) 6= 0.

Now, choosing l(v;µ) := 〈vl, v〉X ∈ X ′ with vl ∈ X such that vl ⊥ u(µ)−uN(µ)
yields

s(µ)− sN(µ) = l(u(µ)− uN(µ);µ) = 〈vl, u(µ)− uN(µ)〉X = 0.

1.3.2.1 Estimators for Symmetric Bilinear Forms

In the following we assume that the bilinear form a is, in addition to the
assumptions made in Definition 1.19, symmetric. Based on that we can
define the µ-dependent energy norm.

Lemma 1.39 (Energy Norm)
For µ ∈ P and all u, v ∈ X we define the form

〈u, v〉µ := a(u, v;µ).

This is a positive definite form and thus a scalar product. We call the norm
induced by this the energy norm

‖u‖µ :=
√
〈u, u〉µ.

The energy norm is equivalent to the X-norm√
α(µ) ‖u‖X ≤ ‖u‖µ ≤

√
γ(µ) ‖u‖X , ∀u ∈ X.

Proof: For u ∈ X and µ ∈ P we have by coercivity

0 ≤ α(µ) ‖u‖2X ≤ a(u, u;µ) = 〈u, u〉µ

so that 〈·, ·〉µ is positive definite. Symmetry and bilinearity are inherited
from the bilinear form such that 〈·, ·〉µ is a scalar product. We obtain the
equivalency to the X-norm via coercivity and continuity

α(µ) ‖u‖2X ≤ a(u, u;µ) = ‖u‖2µ ≤ γ(µ) ‖u‖2X
⇔
√
α(µ) ‖u‖X ≤ ‖u‖µ ≤

√
γ(µ) ‖u‖X

which concludes the proof. □
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We can show that the reduced solution is the orthogonal projection with
respect to the energy scalar product.

Proposition 1.40 (Galerkin Projection & Galerkin-Orthogonality)
Let XN ⊂ X. Let for µ ∈ P denote Pµ : X → XN denote the orthogonal
projection with respect to 〈·, ·〉µ and let u(µ), uN(µ) be solutions of (P (µ)),
(PN(µ)) respectively. We then have

uN(µ) = Pµu(µ)

which implies 〈u(µ)− uN(µ), v〉µ = 0 for all v ∈ XN , the so-called Galerkin-
Orthogonality.

Proof: Due to the norm equivalency in Lemma 1.39, (X, 〈·, ·〉µ) is a Hilbert
space and since (XN , 〈·, ·〉µ) is finite dimensional it is a closed subspace.
Therefore, the orthogonal projection Pµ is well-defined and the orthogonality
of the projection error from Theorem 1.7 yields for all v ∈ XN

〈Pµu(µ)− u(µ), v〉µ = 0

⇔ a(Pµu(µ)− u(µ), v;µ) = 0

⇔ a(Pµu(µ), v;µ) = b(u(µ), v;µ)

⇔ a(Pµu(µ), v;µ) = f(v;µ).

Therefore, Pµu(µ) is a solution of (PN(µ)) and as the solution has to be
unique due to Proposition 1.26 we get uN(µ) = Pµu(µ). □

For non-symmetric bilinear forms, we previously already used the simpler
”Galerkin-Orthogonality”

a(u(µ)− uN(µ), v;µ) = 0, ∀v ∈ XN , µ ∈ P .

One consequence of the previous result is that uN(µ) is the best approxima-
tion with respect to the energy norm. We further obtain an improvement of
Lemma 1.32 in this symmetric case.

Corollary 1.41 (Energy Norm: Error Statements)
Let µ ∈ P and u(µ), uN(µ) be solutions of (P (µ)), (PN(µ)) respectively.

(a) The error in the (µ-dependent) energy norm satisfies

‖u(µ)− uN(µ)‖µ = inf
v∈XN

‖u(µ)− v‖µ .
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(b) The error in the (µ-independent) X-norm satisfies

‖u(µ)− uN(µ)‖X ≤

√
γ(µ)

α(µ)
inf

v∈XN

‖u(µ)− v‖X .

Proof: The first statement follows from Proposition 1.40 and Theorem 1.7
as

‖u(µ)− uN(µ)‖µ = ‖u(µ)− Pµu(µ)‖µ = inf
v∈XN

‖u(µ)− v‖µ .

The second statement follows from the equivalency of the X-norm and the
energy norm as well as the first statement√

α(µ) ‖u(µ)− uN(µ)‖X ≤ ‖u(µ)− uN(µ)‖µ = inf
v∈XN

‖u(µ)− v‖µ

≤
√
γ(µ) inf

v∈XN

‖u(µ)− v‖X ,

which concludes the proof. □

An immediate consequence is a monotone decrease of the reduced basis error
in the energy norm for so-called hierarchical RB-spaces.
Corollary 1.42 (Monotone Error Decrease in Energy Norm)
Let {XN}Nmax

N=1 be a sequence of hierarchical RB-spaces, i.e., XN ⊆ XN ′ for
N ≤ N ′. For µ ∈ P we define eN(µ) := u(µ) − uN(µ) and the sequence
{‖eN(µ)‖µ}

Nmax
N=1 is then monotone decreasing.

Proof: Since XN ⊆ XN ′ for N ≤ N ′, we obtain

‖u(µ)− uN(µ)‖µ = inf
v∈XN

‖u(µ)− v‖µ ≥ inf
v∈XN′

‖u(µ)− v‖µ

= ‖u(µ)− uN ′(µ)‖µ ,

which was the desired result. □

Remark 1.43 (RB-error Decrease in X-norm)
We do not obtain a strictly monotone decrease of ‖eN(µ)‖µ. Nevertheless,
the ”worst case” scenario of a stagnating error is unrealistic as every new
basis vector would have to be orthogonal to the projection error. In fact, with
clever basis construction one can obtain exponential convergence as we will
see in section 1.4.
The error in a different norm ‖eN(µ)‖⋆ does not have to decrease monotonous-
ly. But, as the RB-spaces are finite dimensional, we have

c ‖eN(µ)‖µ ≤ ‖eN(µ)‖⋆ ≤ C ‖eN(µ)‖µ
with some constants c, C > 0 independent of N . Therefore, the error ‖eN(µ)‖⋆
does remain inside a ”corridor” given by the energy norm.
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N

‖eN(µ)‖µ

realistic

b

worst-case

N

error

C ‖eN(µ)‖µ

‖eN(µ)‖⋆
c ‖eN(µ)‖µ

Figure 1.8: Error decrease for increasing dimension N of XN .

Remark 1.44 (Uniform convergence of Lagrange-RB-Approximation)
Let P ⊂ R

p be compact. We define for SN := {µ(1), . . . , µ(N)} ⊂ P, for
N ∈ N, the so-called fill-distance and the Lagrange-RB-space

hN := sup
µ∈P

inf
µ′∈SN

‖µ− µ′‖2 and XN = span({u(µ(i)) | µ(i) ∈ SN}).

Furthermore, let u(µ), uN(µ) be Lipschitz-continuous w.r.t. µ with Lipschitz-
constant Lu that is independent of N (this is for example the case in the set-
ting of Proposition 1.27) and let for µ ∈ P denote µ∗ := argminµ′∈SN

‖µ− µ′‖2
the ”closest” parameter. Then, we obtain for all µ ∈ P and N ∈ N

‖u(µ)− uN(µ)‖X ≤ ‖u(µ)− u(µ∗)‖X + ‖u(µ∗)− uN(µ
∗)‖X + ‖uN(µ∗)− uN(µ)‖X

≤ Lu ‖µ− µ∗‖2 + 0 + Lu ‖µ− µ∗‖2 ≤ 2hNLu,

where ‖u(µ∗)− uN(µ
∗)‖X = 0 due to the reproductions of solutions from

Proposition 1.30. Now, choosing SN such that the fill distance converges
to zero, i.e., limN→∞ hN = 0, we can conclude uniform convergence of the
RB-error as

lim
N→∞

sup
µ∈P

‖u(µ)− uN(µ)‖X = 0.

But, the linear convergence rate in hN is practically not relevant, since hN
decays very slowly and thus N would have to be very large to guarantee a small
error. This further motivates to investigate sophisticated basis construction
techniques in Section 1.4.
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Proposition 1.45 (Energy Norm: Error Estimators & Effectivities)
For all µ ∈ P we have the error estimator for the error in the energy norm

‖u(µ)− uN(µ)‖µ ≤ ∆en
N (µ) :=

‖vr(µ)‖X√
αLB(µ)

and the estimator is effective with

ηenN (µ) :=
∆en

N (µ)

‖u(µ)− uN(µ)‖µ
≤

√
γUB(µ)

αLB(µ)
.

Furthermore, if for all µ ∈ P

∆en,rel
N (µ) :=

2

‖uN(µ)‖µ
· ‖vr(µ)‖X√

αLB(µ)
≤ 1,

then the relative reduced basis error in the energy norm is bounded by
‖u(µ)− uN(µ)‖µ

‖u(µ)‖µ
≤ ∆en,rel

N (µ)

and the estimator is effective with

ηen,relN (µ) :=
∆en,rel

N (µ)

‖e(µ)‖µ / ‖u(µ)‖µ
≤ 3 ·

√
γUB(µ)

αLB(µ)
.

Proof: See Exercise 3.2. □

We obtain an effective output error estimator in the so-called compliant case
that occurs when the output functional and the right hand side functional
are equal.
Proposition 1.46 (Output Error Bound in Compliant Case)
Let µ ∈ P and u(µ), uN(µ) be solutions of (P (µ)), (PN(µ)) respectively. If
for all µ ∈ P we have f(v;µ) = l(v;µ) for all v ∈ X, then the output error
s(µ)− sN(µ) satisfies

0 ≤ s(µ)− sN(µ) = ‖u(µ)− uN(µ)‖2µ .

We thus obtain the error estimator

s(µ)− sN(µ) ≤ ∆s(µ) :=
‖vr(µ)‖2X
αLB(µ)

and the estimator is effective with

ηs(µ) :=
∆s(µ)

s(µ)− sN(µ)
≤ γUB(µ)

αLB(µ)
.
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Proof: From Proposition 1.40 we know that

a(uN(µ), u(µ)− uN(µ);µ) = 〈uN(µ), u(µ)− uN(µ)〉µ = 0

and since u(µ) solves (P (µ)) we obtain

s(µ)− sN(µ) = l(u(µ);µ)− l(uN(µ);µ) = f(u(µ);µ)− f(uN(µ);µ)

= a(u(µ), u(µ)− uN(µ);µ)− a(uN(µ), u(µ)− uN(µ);µ)︸ ︷︷ ︸
=0

= a(u(µ)− uN(µ), u(µ)− uN(µ);µ) = ‖u(µ)− uN(µ)‖2µ

which implies s(µ)− sN(µ) ≥ 0. From Proposition 1.45 we obtain

s(µ)− sN(µ) = ‖u(µ)− uN(µ)‖2µ ≤ ‖vr(µ)‖2X
αLB(µ)

= ∆s(µ)

as well as

ηs(µ) =
∆s(µ)

s(µ)− sN(µ)
=

(∆en
N (µ))2

‖u(µ)− uN(µ)‖2µ
= (ηenN (µ))2 ≤ γUB(µ)

αLB(µ)

which concludes the proof. □

Assuming ∆N(µ) ≈ h � 1, we observe a quadratic dependence of ∆s(µ)
on h in this symmetric/compliant case compared to the linear dependence
of ∆s(µ) in Proposition 1.34 such that this improved output error bound is
expected to be much better.

1.3.2.2 Output Error Estimators: an additional Dual Problem

In the following we define a dual problem as well as a reduced dual problem
in order to get an improved reduced output and thus obtain the ”quadratic
effect” observed in Proposition 1.46 also for non-symmetric/non-compliant
problems. We assume that the bilinear form a and the linear form l are the
forms from the detailed problem (P (µ)).

Definition 1.47 (Dual Problem)
For a given µ ∈ P find the dual solution udu(µ) ∈ X of

a(v, udu(µ);µ) = −l(v;µ), ∀v ∈ X. (P du(µ))

Again, we assume to have a Reduced Basis space Xdu
N ⊂ X with dimension

Ndu ∈ N given, where N and Ndu can be different.
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Definition 1.48 (Primal-Dual Reduced Problem)
For a given µ ∈ P let uN(µ) be the corresponding solution of (PN(µ)). Then,
find the dual reduced solution uduN (µ) ∈ Xdu

N and improved reduced output
s′N(µ) ∈ R satisfying

a(v, uduN (µ);µ) = −l(v;µ), ∀v ∈ Xdu
N ,

s′N(µ) = l(uN(µ);µ)− r(uduN (µ);µ).
(P du

N (µ))

Well-posedness of both problems (P du(µ)) and (P du
N (µ)) follow from the co-

ercivity and continuity as in Proposition 1.26.
We observe that compared to the reduced output in (PN(µ)), the improved
reduced output s′N(µ) incorporates a ”correction term” given by the residual
evaluated with the dual reduced solution. This ”correction” yields sharper
output error bounds.

Proposition 1.49 (Dual Error Bound & Improved Output Bound)
For a given µ ∈ P we introduce the dual residual

rdu(v;µ) := −l(v;µ)− a(v, uduN (µ);µ), ∀v ∈ X

and obtain the error estimator∥∥udu(µ)− uduN (µ)
∥∥
X
≤ ∆du

N (µ) :=

∥∥vdur (µ)
∥∥
X

αLB(µ)
,

where vdur (µ) ∈ X is the Riesz-representative of the dual residual. The esti-
mator is effective with

ηduN (µ) :=
∆du

N (µ)∥∥udu(µ)− uduN (µ)
∥∥
X

≤ γUB(µ)

αLB(µ)
,

and we further obtain the improved output error bound

|s(µ)− s′N(µ)| ≤ ∆′
s(µ) :=

∥∥vdur (µ)
∥∥
X
‖vr(µ)‖X

αLB(µ)
.

Proof: See Exercise 3.3. □

Comparing this primal/dual scenario to the symmetric/compliant case in
Proposition 1.46, it is easy to see that the problems (PN(µ)) and (P du

N (µ)) are
equivalent in the symmetric/compliant case, when XN ≡ Xdu

N : as f = l and a
is symmetric, uduN (µ) ≡ −uN(µ) solves the dual problem and r(v;µ) = rdu(v;µ)
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for all v ∈ X and µ ∈ P such that ∆N(µ) = ∆du
N (µ) for all µ ∈ P . Fur-

thermore, as uduN (µ) ∈ XN , r(uduN (µ);µ) = 0 and sN(µ) = s′N(µ) for all
µ ∈ P . Similarly, both problems (P (µ)) and (P du(µ)) are equivalent in the
symmetric/compliant case. Therefore, this primal/dual approach is an ex-
tension enabling an improved output and sharper output error bounds in the
non-symmetric/non-compliant case.

Remark 1.50 (Summary: Relevance Error Estimators)
The error estimators

• are rigorous upper bounds for the approximation error, not just ”error
indicators” as in FEM.

• are effective as the degree of overestimation of the error is bounded with
a known bound. In particular: e(µ) = 0 ⇔ ∆N(µ) = 0 for all µ ∈ P
and thus ”a-posteriori” verification of an exact approximation.

• together with the reduced solution can be efficiently computed via an
Offline/Online decomposition (⇝ Section 1.3.3).

• can be utilized offline for the basis generation (⇝ Section 1.4), online
for the dimension choice, or even in a problem specific adaptive basis
generation strategy (for example in optimization or inverse problems).

1.3.3 Offline/Online Decomposition

We now focus on the efficient implementation of the RB-methodology and
start by revisiting the full problem (P (µ)). In an implementation this corre-
sponds to a high-dimensional discrete problem. Assuming that

X = span({ψ1, . . . , ψH})

is spanned by a large number of basis functions ψi, we introduce the following
notation

A(µ) := (a(ψi, ψj;µ))
H
i,j=1 ∈ R

H×H ,

f(µ) := (f(ψi;µ))
H
i=1 ∈ R

H , l(µ) := (l(ψi;µ))
H
i=1 ∈ R

H .

Then, for µ ∈ P , the full problem (P (µ)) can be solve by determining the co-
efficient vector u(µ) = (ui)

H
i=1 ∈ RH of the detailed solution u(µ) =

∑H
i=1 uiψi

by solving the linear system

A(µ)u(µ) = f(µ), s(µ) = l(µ)
⊺
u(µ).
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In the following, we want to give a rough complexity analysis for computing
a detailed and a reduced solution. For this, we assume that A(µ) is a sparse
matrix such that a solution of (P (µ)) requires O(H2) operations. In contrast,
the solution of the reduced problem (PN(µ)) from Proposition 1.28 requires
O(N3) operations as the matrix AN(µ) is usually dense as mentioned in
Remark 1.29. Clearly, the RB-approach only pays off computationally if
N � H. Let us further investigate the relevant steps for the computation of
a RB-solution:

1. construction of XN via N snapshots of (P (µ)): O(NH2),

2. obtaining AN(µ) via N2 evaluations of a(φi, φj;µ): O(N2H),

3. obtaining fN(µ) via N evaluations of f(φi;µ): O(NH),

4. solution of the N ×N linear system in (PN(µ)): O(N3).

As we can see, the approach does not pay off if only the solution for a single
parameter µ is required. If one needs the solutions for many different param-
eters, the RB-approach will pay off due to an efficient implementation via
the Offline/Online decomposition. Ideally, we want to achieve the following
split:

• Offline-phase: µ-independent, high-dimensional quantities are com-
puted, operation count depends on H. Expensive but only done once.

• Online-phase: performed for every new µ ∈ P . The offline data is
combined to give the small µ-dependent discretized reduced system and
thus the reduced solution uN(µ) and sN(µ) can be computed rapidly.
Operation count is ideally independent of H and scales polynomially
in N .

Comparing this desired splitting, we can already assign step 1 above (con-
struction of XN) to the offline phase and step 4 (solve reduced system) to the
online phase. Steps 2 and 3 can not be clearly assigned as they involve both
low- and highdimensional operations. Dividing these steps into an offline and
an online part, is made possible by assuming that the bilinear form a and
the linear forms f, l in problem (P (µ)) are parameter separable as defined in
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Definition 1.16 such that

a(u, v;µ) =

Qa∑
q=1

θaq (µ)aq(u, v), and

f(v;µ) =

Qf∑
q=1

θfq (µ)fq(v), l(v;µ) =

Ql∑
q=1

θlq(µ)lq(v),

for all µ ∈ P and all u, v ∈ X.
Due to the linearity of the problem (PN(µ)) the parameter-separability of
a, f, l transfers over to AN , fN , lN and we obtain the Offline/Online decom-
position of (PN(µ)).

Corollary 1.51 (Offline/Online decomposition of (PN(µ)))
Offline Phase

• Compute a reduced basis ΦN = {φ1, . . . , φN}.

• Construct the parameter-independent component matrices and vectors

AN,q := (aq(φi, φj))
N
i,j=1R

N×N , q = 1, . . . , Qa,

fN,q := (fq(φi))
N
i=1 ∈ R

N , q = 1, . . . , Qf ,

lN,q := (lq(φi))
N
i=1 ∈ R

N , q = 1, . . . , Ql.

Online Phase

• For a given µ ∈ P evaluate the coefficient functions θaq (µ), θfq (µ), θlq(µ)
and assemble the matrix and vectors

AN(µ) =

Qa∑
q=1

θaq (µ)AN,q, fN(µ) =

Qf∑
q=1

θfq (µ)fN,q, lN(µ) =

Ql∑
q=1

θlq(µ)lN,q.

• The resulting linear system coincides with the system in Proposition
1.28 and can thus be solved for uN(µ) and sN(µ).

The second step in the offline phase can be realized in a simple way: let the
reduced basis vectors φj be expanded in the basis {ψi}Hi=1 of the discrete full
problem by φj =

∑H
i=1 φi,jψi with the resulting coefficient matrix

ΦN := (φi,j)
H,N
i,j=1 ∈ R

H×N . (1.6)
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k

t

t(k)

toffline tN(k)

k∗

Figure 1.9: Runtime comparison of full and reduced model for increasing
number k of simulations.

Then, using the component matrices and vectors of the full problem

Aq := (aq(ψi, ψj))
H
i,j=1 ∈ R

H×H , q = 1, . . . , Qa,

fq := (fq(ψi))
H
i=1 ∈ R

H , q = 1, . . . , Qf ,

lq := (lq(ψi))
H
i=1 ∈ R

H , q = 1, . . . Ql,

we obtain the reduced matrices and vectors via

AN,q = Φ
⊺
NAqΦN , fN,q = Φ

⊺
N fq, lN,q = Φ

⊺
N lq.

Regarding the complexities, we observe that the offline phase scales in the
order of O(NH2 +NH(Qf + Ql) +N2HQa) and the online phase scales in
the order of O(N2Qa +N(Qf +Ql) +N3) and thus completely independent
of H.
Let tfull, toffline, tonline denote the computational time required for a solution
of (P (µ)), the offline phase of (PN(µ)) and the online phase of (PN(µ)).
Then, assuming that these times do not vary for different µ ∈ P , we need
t(k) := k · tfull for k full solutions and tN(k) := toffline + k · tonline for k
reduced solutions, see Figure 1.9.
It can be seen that we need k > k∗ :=

toffline

tfull−tonline
simulation requests before

the reduced model pays off.
Remark 1.52 (No Discrimination between u(µ) and uh(µ))
Throughout this chapter, we usually have no separate notation for the discrete
detailed solution uh(µ) (FEM) and the detailed solution u(µ) (weak solution).
This can now be motivated as follows:
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• As the online phase of (PN(µ)) is independent of H and the offline
phase is only done once, H can be chosen arbitrarily large. Therefore,
uh(µ) will be arbitrarily accurate (due to suitably refined grids) such
that u(µ) and uh(µ) are practically the same (ε(µ) := ‖u(µ)− uh(µ)‖X
is arbitrarily small) whilst (PN(µ)) is still rapidly solvable.

• Therefore, due to

‖u(µ)− uN(µ)‖X ≤ ε(µ) + ‖uh(µ)− uN(µ)‖X ,

the true approximation error ‖u(µ)− uN(µ)‖X will in practice be dom-
inated by the reduction error ‖uh(µ)− uN(µ)‖X . As a consequence, by
controlling the reduction error (which can be controlled via our error
estimators!), we also control the true approximation error up to ε(µ).

The parmeter-separability can also be exploited in the full problem.

Remark 1.53 (Decomposition of (P (µ)) & Parameter-Separability)
(a) Using the parameter-separability, problem (P (µ)) can also be decom-

posed. The component matrices Aq ∈ RH×H , q = 1, . . . , Qa, and vectors
fq ∈ RH , q = 1, . . . , Qf , lq ∈ RH , q = 1, . . . Ql, of the full problem can
be precomputed once and then, for a new µ ∈ P, we can assemble the
full system

A(µ) =

Qa∑
q=1

θaq (µ)Aq, f(µ) =

Qf∑
q=1

θfq (µ)fq, l(µ) =

Ql∑
q=1

θlq(µ)lq

and solving A(µ)u(µ) = f(µ) for u(µ) = (ui)
H
i=1 ∈ RH yields the solution

of (P (µ)) via

u(µ) =
H∑
i=1

uiψi and s(µ) = l
⊺
(µ)u(µ).

Obviously, both parts of this decomposition depend on H and the only
gain is, that solving (P (µ)) in the presence of parameter-separability boils
down to solving a large linear system.

(b) We have seen that the parameter-separability of a problem plays a ma-
jor role in the computational efficiency of the RB-approach. Thus, we
mention that for non-parameter-separable problems the Empirical Inter-
polation Method [EIM] is available.
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(c) Finally, the availability of the components Aq, fq, lq is non-trivial when
third-party discretization packages are used and this is a major challenge
in a broad practical application of the RB-approach.

We want to derive an Offline/Online decomposition of the a-posteriori error
estimators and thus begin with the parameter separability of the residual.
Proposition 1.54 (Parameter-Separability of the Residual)
Set Qr := Qf + NQa and let ΦN = {φ1, . . . , φN} be a reduced basis. From
the Riesz-representation Theorem 1.8 we obtain the unique representatives〈

vqf , v
〉
X
= fq(v), ∀v ∈ X, 1 ≤ q ≤ Qf

and
〈vq,na , v〉X = aq(φn, v), ∀v ∈ X, 1 ≤ q ≤ Qa, 1 ≤ n ≤ N.

We now define rq ∈ X ′ and vqr ∈ X for 1 ≤ q ≤ Qr via

(r1(·), . . . , rQr(·)) := (f1(·), . . . , fQf
(·),a1(φ1, ·), . . . , aQa(φ1, ·),
. . . ,aq(φN , ·), . . . , aQa(φN , ·))

and (
v1r , . . . , v

Qr
r

)
:=
(
v1f , . . . , v

Qf

f , v1,1a , . . . , vQa,1
a , . . . , v1,Na , . . . , vQa,N

a

)
.

Letting for µ ∈ P be uN(µ) =
∑N

i=1 uN,i(µ)φi the solution of (PN(µ)), we
define θrq(µ) : P → R, q = 1, . . . , Qr via(

θr1(µ), . . . , θ
r
Qr
(µ)
)
:= (θf1 (µ), . . . , θ

f
Qf
(µ),

−θa1(µ) · uN,1(µ), . . . ,−θaQa
(µ) · uN,1(µ),

. . . ,−θa1(µ) · uN,N(µ), . . . ,−θaQa
(µ) · uN,N(µ)).

Then, for all µ ∈ P and v ∈ X, the residual and its riesz-representatives are
parameter-separable via

r(v;µ) =

Qr∑
q=1

θrq(µ)rq(v), vr(µ) =

Qr∑
q=1

θrq(µ)v
q
r .

Proof: Using the parameter-separability of a, f and the definition of the
residual, we obtain for all µ ∈ P and v ∈ X

r(v;µ) = f(v;µ)− a(uN(µ), v;µ)

=

Qf∑
q=1

θfq (µ)fq(v)−
Qa∑
q=1

N∑
n=1

θaq (µ)uN,n(µ)aq(φn, v)︸ ︷︷ ︸
=
∑Qr

q=1 θ
r
q(µ)rq(v)
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and thus

〈vr(µ), v〉X =

Qf∑
q=1

θfq (µ)
〈
vqf , v

〉
X
−

Qa∑
q=1

N∑
n=1

θaq (µ)uN,n(µ) 〈vq,na , v〉X ∀v ∈ X

=

〈
Qf∑
q=1

θfq (µ)v
q
f −

Qa∑
q=1

N∑
n=1

θaq (µ)uN,n(µ)v
q,n
a︸ ︷︷ ︸∑Qr

q=1 θ
r
q(µ)v

q
r

, v

〉

X

∀v ∈ X,

which concludes the proof. □

Remembering X = span({ψ1, . . . , ψH}), we introduce

K := (〈ψi, ψj〉)Hi,j=1 ∈ R
H×H

the inner product matrix of X which is typically sparse. This allows for an
easy computation of riesz-representatives.

Lemma 1.55 (Computation of Riesz-representatives)
Let g ∈ X ′ and v = (vi)

H
i=1 ∈ R

H be the coefficient vector of its riesz-
representative vg =

∑H
i=1 viψi ∈ X. Introducing g := (g(ψi))

H
i=1 ∈ RH , we

can obtain v by solving the linear system

Kv = g.

Proof: For any test function w =
∑H

i=1wiψi ∈ X with coefficient vector
w = (wi)

H
i=1 ∈ RH we obtain

g(w) =
H∑
i=1

wig(ψi) = w
⊺
g

and

〈vg, w〉X =

〈
H∑
i=1

viψi,

H∑
j=1

wjψj

〉
X

= w
⊺
Kv.

Since g(w) = 〈vg, w〉 has to hold for all w ∈ X this is equivalent to g = Kv.
□

We continue with the Offline/Online decomposition of the residual norm and
the solution norms of the relative error estimators.
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Proposition 1.56 (Offline/Online decomposition of error estimators)
Offline Phase
After the offline phase of Corollary 1.51 and after the computation of vqr ,
1 ≤ q ≤ Qr, according to Proposition 1.54, we define the matrices

KN :=
(
〈φi, φj〉X

)N
i,j=1

∈ RN×N = Φ
⊺
NKΦN ,

where ΦN was the coefficient matrix of the reduced basis defined in (1.6), and

Gr :=
(〈
vqr , v

q′

r

〉
X

)Qr

q,q′=1
∈ RQr×Qr .

Online Phase
For a given µ ∈ P and corresponding reduced solution uN(µ) =

∑N
i=1 uN,iφi

with coefficient vector uN(µ) := (uN,i)
N
i=1 ∈ R

N we compute the residual
coefficient vector θr(µ) :=

(
θr1(µ), . . . , θ

r
Qr
(µ)
)⊺

∈ R
Qr . Remembering the

reduced system matrix AN(µ) from Corollary 1.51, we obtain

‖vr(µ)‖X =
√
θr(µ)

⊺Grθ(µ),

‖uN(µ)‖X =
√
uN(µ)

⊺KNuN(µ),

‖uN(µ)‖µ =
√

uN(µ)
⊺ANuN(µ).

Proof: Straight forward calculations reveal

‖vr(µ)‖2X =

〈
Qr∑
q=1

θrq(µ)v
q
r ,

Qr∑
q′=1

θrq′(µ)v
q′

r

〉
X

=

Qr∑
q,q′=1

θrq(µ)θ
r
q′(µ)

〈
vqr , v

q′

r

〉
X

= θr(µ)
⊺
Grθ(µ),

‖uN(µ)‖2X =

〈
N∑
i=1

uN,iφi,

N∑
j=1

uN,jφj

〉
X

=
N∑

i,j=1

uN,iuN,j 〈φi, φj〉X

= uN(µ)
⊺
KNuN(µ),

‖uN(µ)‖2µ = a(uN(µ), uN(µ);µ) =
N∑

i,j=1

uN,iuN,ja(φi, φj;µ)

= uN(µ)
⊺
ANuN(µ),

which concludes the proof. □
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The last ingredient required for the error estimators is αLB(µ), a lower bound
for the coercivity constant. Surely, for some model problems the true coerciv-
ity constant α(µ) is available and rapidly computable (Exercise 2.2) and one
can choose αLB(µ) ≡ α(µ). For general problems, one can rapidly compute
a lower bound via the following min-theta-approach.

Lemma 1.57 (Min-Theta-Approach for αLB(µ))
Let the components and coefficient functions of a(·, ·;µ) satisfy aq(u, u) ≥ 0
and θaq (µ) > 0, for q = 1, . . . , Qa and all u ∈ X, µ ∈ P. Furthermore, let
µ̄ ∈ P such that α(µ̄) is available. Then, we have

0 < αLB(µ) ≤ α(µ), ∀µ ∈ P ,

with the lower bound

αLB(µ) := α(µ̄) · min
q=1,...,Qa

θaq (µ)

θaq (µ̄)
.

Proof: As α(µ) > 0 and θaq (µ) > 0 for all µ ∈ P we have

αLB(µ) = α(µ̄) · min
q=1,...,Qa

θaq (µ)

θaq (µ̄)
> 0.

By definition, we have

α(µ) = inf
u∈X\{0}

a(u, u;µ)

‖u‖2X

and it is sufficient to show that a(u, u;µ) ≥ αLB(µ) ‖u‖2X for all u ∈ X. We
calculate

a(u, u, ;µ) =

Qa∑
q=1

θaq (µ)aq(u, u) =

Qa∑
q=1

θaq (µ)

θaq (µ̄)
θaq (µ̄)aq(u, u)

≥
Qa∑
q=1

(
min

q′=1,...,Qa

θaq′(µ)

θaq′(µ̄)

)
θaq (µ̄)aq(u, u)

=

(
min

q′=1,...,Qa

θaq′(µ)

θaq′(µ̄)

)
a(u, u; µ̄) ≥

(
min

q′=1,...,Qa

θaq′(µ)

θaq′(µ̄)

)
α(µ̄) ‖u‖2X

= αLB(µ) ‖u‖2X ,

which is valid for all u ∈ X such that the statement follows. □
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For the min-theta-approach we require α(µ̄) for one µ̄ ∈ P and we can
compute this via a high-dimensional eigenvalue problem.

Proposition 1.58 (Computation of α(µ) for (P (µ)))
We remember A(µ), K ∈ RH×H the system matrix of (P (µ)) and the inner
product matrix of X. Defining As(µ) :=

1
2
(A(µ) +A(µ))

⊺ as the symmetric
part of A, we obtain

α(µ) = λmin(K
−1As(µ))

where λmin denotes the smallest eigenvalue.

Proof: See Exercise 4.1. □

In order to prevent the inversion of K, one can either use an eigenvalue
solver that requires only matrix-vector products so that as soon as a product
w = K−1Asv, for w, v ∈ RH , has to be evaluated, one can solve the system
Kw = Asv instead. Alternatively, λmin can be computed as the smallest
eigenvalue of the generalized eigenvalue problem Asv = λKw.

For problems, where the min-theta approach cannot be applied, the Succes-
sive Constaint Method [SCM] is available.

Similarly to αLB(µ), we can obtain γUB(µ), the upper bound for the conti-
nuity constant, if a is symmetric.

Lemma 1.59 (Max-Theta-Approach for γUB(µ))
Let a(·, ·;µ) be symmetric and let the components and coefficient functions
satisfy aq(u, u) ≥ 0 and θaq (µ) > 0, for q = 1, . . . , Qa and all u ∈ X, µ ∈ P.
Furthermore, let µ̄ ∈ P such that γ(µ̄) is available. Then, we have

γ(µ) ≤ γUB(µ) <∞, ∀µ ∈ P ,

with the upper bound

γUB(µ) := γ(µ̄) · max
q=1,...,Qa

θaq (µ)

θaq (µ̄)
.

Proof: See Exercise 4.2. □
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1.4 Basis Construction

Again, if not specified otherwise, X always denotes a Hilbert space and
P ⊂ Rp denotes a bounded parameter set.
We begin with a formal definition of the type of reduced basis that we have
been using so far.

Definition 1.60 (Lagrange Reduced Basis Space)
Let SN := {µ(1), . . . , µ(N)} ⊂ P be a sample set of parameters such that the
snapshots {u(µ(i)}Ni=1 ⊂ X are linearly independent. We then call

ΦN := {u(µ(1), . . . , u(N)}

a Lagrangian reduced basis. The resulting space XN := span(ΦN) is then
called a Lagrangian reduced basis space.

Aim of this section

• Good global approximation of the solution manifold

M := {u(µ) | µ ∈ P}.

Can be achieved by optimizing with respect to different error measures,
e.g., minimizing the maximum error in the X-norm (energy norm also
possible)

inf
Y⊂X

dim(Y )=N

sup
µ∈P

‖u(µ)− uN(µ)‖X ,

or minimizing over the mean squared projection error

inf
Y⊂X

dim(Y )=N

∫
P
‖u(µ)− PY u(µ)‖2X dµ.

• Desirable properties of the basis:

– orthonormality to ensure numerical stability,
– ”hierarchical basis”, i.e., the basis vectors posses a meaningful

sorting with respect to accuracy of the reduced basis space. If
XN ′ := span({φ1, . . . , φN ′}) for 1 ≤ N ′ ≤ N is a sequence of
spaces, then increasing N ′ should increase the accuracy of XN ′ .

• Generate numerical basis construction procedures from the above op-
timization problems via several simplifications:
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– discretization of P : instead of mean/sup over P choose a finite set
Strain ⊂ P of training parameters somehow resembling P (equidis-
tant grid, randomly or adaptively chosen).

– instead of Y ⊂ X, search for for Y ⊂ span({u(µi)}ni=1) with some
set of snapshots, e.g., Mtrain = {u(µi) | µi ∈ Strain}.

– instead of error measure involving the full solution u(µ), use error
estimators that can be rapidly evaluated.

We met various inner product matrices in the previous section. Now we
formalize the construct.
Definition and Theorem 1.61 (Gramian Matrix)
Let {ui}ni=1 ⊂ X. We define the Gramian matrix as

Ku :=
(
〈ui, uj〉X

)n
i,j=1

∈ Rn×n.

Ku has the following properties.

(a) Ku is symmetric and positive semidefinite.

(b) rank(Ku) = dim (span({ui}ni=1)).

(c) Ku is positive definite ⇔ {ui}ni=1 are linearly independent.

Proof: See Exercise 4.3. □

We present a first trivial reduced basis generation technique.

Definition and Theorem 1.62 (Gram-Schmidt basis & properties)
Let {ui}ni=1 ⊂ X be linearly independent. We define for 1 ≤ m ≤ n the
Gram-Schmidt basis ΦGR,m := {φ1, . . . , φm} via

φ̄m := um −
m−1∑
i=1

〈um, φi〉X φi

φm :=
φ̄m

‖φ̄m‖X

and by XGR,m = span(ΦGR,m) the corresponding Gram-Schmidt-RB-space.
We have the following properties for 1 ≤ m ≤ n:

(a) ΦGR,m is an orthonormal basis,
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(b) XGR,m = span({ui}mi=1),

(c) maxj=1,...,m infv∈XGR,m
‖uj − v‖X = 0.

Proof: We proof the properties.

(a) We have

〈φi, φi〉X =

〈
φ̄

‖φ̄i‖X
,

φ̄

‖φ̄i‖X

〉
X

=
〈φ̄i, φ̄i〉X
‖φ̄i‖2X

= 1

for i = 1, . . . , n. The orthogonality follows via Induction: for m = 2, we
have

〈φ1, φ2〉X =
1

‖φ̄2‖X

〈
u1

‖u1‖X
, u2

〉
X

− 1

‖φ̄2‖X

〈
u1

‖u1‖X
,

u1
‖u1‖X

〉
X︸ ︷︷ ︸

=1

·
〈
u2,

u1
‖u1‖X

〉
X

= 0.

Then, assuming 〈φi, φj〉X = δij for all 1 ≤ i, j ≤ m′ < n, we have

〈φi, φm′+1〉X =
1

‖φ̄m′+1‖X

〈φi, um′+1〉X −
(m′+1)−1∑

k=1

〈um′+1, φk〉X 〈φi, φk〉X︸ ︷︷ ︸
δik


=

1

‖φ̄m′+1‖X
(〈φi, um′+1〉X − 〈φi, um′+1〉X) = 0.

(b) By construction, we have XGR,m ⊂ span({ui}mi=1) and equality follows
as dim (XGR,m) = m = dim (span({ui}mi=1)) since the {ui}ni=1 ⊂ X were
linearly independent.

(c) Trivially holds, as uj ∈ XGR,m for j ≤ m follows from (b). □

Remark 1.63 (Gram-Schmidt)
(a) We obtain an orthonormal basis, which guarantees stability of the RB-

scheme via Proposition 1.28.

(b) Resulting RB-space XGR,m only allows for trivial approximation state-
ments: the snapshots {ui}mi=1 that were used for the construction of
XGR,m are perfectly approximated, but the remaining snapshots {ui}ni=m+1

could be approximated arbitrarily bad.
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(c) The basis ΦGR,m depends on the order of the snapshots, which is only
reasonable if the snapshots {ui}mi=1 already had a meaningful order.

(d) The Gram-Schmidt procedure is usually not used to create a reduced basis
space, but is rather used as post-processing in order to orthonormalize a
reduced basis, see, e.g., section 1.4.2.

1.4.1 Proper Orthogonal Decomposition

Theorem 1.64 (Proper Orthogonal Decomposition)
Let {ui}ni=1 ⊂ X be a given set of snapshots. We define the empirical corre-
lation operator

R : X → X : u 7→ Ru :=
1

n

n∑
i=1

〈ui, u〉X ui.

R is a compact self-adjoint linear operator and there exists an orthonormal set
{φi}n

′
i=1 of 0 < n′ ≤ n eigenvectors with real eigenvalues λ1 ≥ · · · ≥ λn′ > 0

satisfying

Ru =
n′∑
i=1

λi 〈φi, u〉X φi.

For 1 ≤ m ≤ n′ we define ΦPOD,m := {φi}mi=1 as the POD-basis and via
XPOD,m = span(ΦPOD,m) ⊂ X the corresponding POD-RB-space.

Proof: R is surely linear and also continuous via

‖R‖ = sup
u∈X\{0}

‖Ru‖X
‖u‖X

= sup
u∈X\{0}

∥∥ 1
n

∑n
i=1 〈ui, u〉X ui

∥∥
X

‖u‖X

CSU

≤ 1

n

n∑
i=1

‖ui‖2X .

As R(R) is finite dimensional, R is then also a compact operator. For
u, v ∈ X we obtain

〈Ru, v〉X =
1

n

n∑
i=1

〈ui, u〉X 〈ui, v〉X = 〈u,Rv〉X

so that R is also self-adjoint and from the Spectral-Theorem 1.10 we obtain
the desired spectral decomposition of the operator where the decomposition
must be finite (n′ <∞) since R(R) is finite dimensional. Furthermore, as

〈Ru, u〉X =
1

n

n∑
i=1

〈ui, u〉2X , ∀u ∈ X,
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the operator is positive semidefinite such that it follows from [Alt, Remark
10.13(2)] that all eigenvalues of the operator are positive and there exists at
least one strictly positive eigenvalue such that n′ > 0. □

We provide a short geometrical interpretation of the POD.

Illustration
span ({ui}ni=1) ⊂ X

〈u,R−1u〉X = 1
φ1

φ2

√
λ2φ2

√
λ1φ1

bc

bc

bc

bc

bcbc

bc

bc

bc

bc

bc

ui

bc

bc

bc

bc

bc

bc

bc

bcbc

bc

Figure 1.10: Illustration of POD.

• {φi}n
′

i=1 is an orthonormal basis for span({ui}ni=1) but it is not unique
(reflections, multiple eigenvalues of same magnitude).

• φ1 is the direction of ’highest variance’ of {ui}ni=1, φ2 is the direction
of ’highest variance’ of {PX⊥

POD,1
ui}ni=1, etc.

• The coordinates of the data w.r.t. the POD-basis, i.e., 〈uk, φj〉X ∈ R,
are uncorrelated, see Exercise 5.1.

• R : span({ui}ni=1) → span({ui}ni=1) is bijective. Then, {φi}n
′

i=1 and
{
√
λi}n

′
i=1 are the the principal axes and principal axes sections of the

ellipsoid {u ∈ X | 〈u,R−1u〉X = 1}, see Exercise 5.1.

• The Terminology POD, especially ’proper’ relates to the french expres-
sion ’valeur propre’ which directly translates to ’own value’.
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• In the literature, the POD is also known as Principal Component Analy-
sis, Karhunen-Loeve-Transformation or Hotelling-Transformation and
the basis vectors of ΦPOD,m are often referred to as POD-modes.

In order to compute a POD-basis, one has to solve the eigenvalue problem
for the correlation operator which is either high-dimensional (dimX = H) or
infinite-dimensional (dimX = ∞). If n < H, one can alternatively solve an
n-dimensional eigenvalue problem for the Gramian matrix of the snapshots.
Proposition 1.65 (Computation of XPOD,m via Gramian Matrix)
Let {ui}ni=1 ⊂ X be a set of snapshots with corresponding Gramian matrix
Ku =

(
〈ui, uj〉X

)n
i,j=1

∈ Rn×n. Then, the following statements are equivalent

(a) φ ∈ X is an eigenvector of R for an eigenvalue λ > 0 with ‖φ‖X = 1
and a representation φ =

∑n
i=1 aiui with a = (ai)

n
i=1 ∈ N (Ku)

⊥,

(b) a = (ai)
n
i=1 ∈ Rn is an eigenvector of 1

n
Ku for an eigenvalue λ > 0 with

‖a‖2 =
1√
nλ

.

Proof: Since Ku is a positive semidefinite real symmetric matrix, there ex-
ists an orthonormal system of eigenvectors where the eigenvectors for the
zero-eigenvalue span N (Ku) and the remaining eigenvectors span R(Ku) = N (Ku)

⊥.
The same holds true for 1

n
Ku.

(b) ⇒ (a): let a = (ai)
n
i=1 ∈ Rn be an eigenvector of 1

n
Ku for an eigenvalue

λ > 0 with ‖a‖2 =
1√
nλ

so that

λa =
1

n
Kua.

Multiplying the i-th component of this align with ui yields

λaiui =
1

n

n∑
j=1

〈ui, uj〉X ajui

and summation over i yields

λ

n∑
i=1

aiui =
n∑

i=1

1

n

n∑
j=1

〈ui, uj〉X ajui.

Defining φ :=
∑n

j=1 ujaj yields

λφ = λ
n∑

i=1

aiui =
1

n

n∑
i=1

〈
ui,

n∑
j=1

ajuj

〉
X

ui =
1

n

n∑
i=1

〈ui, φ〉X ui = Rφ
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so that φ is an eigenvector of R for the eigenvalue λ. Regarding the norm,
we obtain

‖φ‖2X =

〈
n∑

i=1

aiui,

n∑
j=1

ajuj

〉
X

=
n∑

i,j=1

aiaj 〈ui, uj〉X = a
⊺
Ka = a

⊺
nλa

= nλ ‖a‖22 = nλ
1

(
√
nλ)2

= 1.

(a) ⇒ (b): we first show that the representation

φ =
n∑

i=1

aiui, with a = (ai)
n
i=1 ∈ N (Ku)

⊥

is not an assumption but can always be obtained.
Let φ be an eigenvector of R for an eigenvalue λ > 0 with ‖φ‖X = 1.
Therefore, φ ∈ R(R) and we can find ā ∈ R

n so that φ =
∑n

i=1 āiui.
Since N (Ku) is a closed subspace of Rn, we have the orthogonal projec-
tion P : Rn → N (Ku) and define the projection error a := ā − P ā ∈ Rn so
that P ā ∈ N (Ku) and a ∈ N (Ku)

⊥. Defining φ′ :=
∑n

i=1 aiui, we obtain

〈φ′, uk〉X =

〈
n∑

i=1

āiui, uk

〉
X

−

〈
n∑

i=1

(P ā)iui, uk

〉
X

= 〈φ, uk〉X −
n∑

i=1

(P ā)i 〈ui, uk〉X︸ ︷︷ ︸
=(Ku·P ā)k=0

= 〈φ, uk〉X , k = 1, . . . , n,

so that φ = φ′ =
∑n

i=1 aiui with a ∈ N (Ku)
⊥ and we always obtain the

desired representation.
Since φ is an eigenvector of R for an eigenvalue λ > 0, we have

Rφ =
1

n

n∑
i=1

〈ui, φ〉X ui =
1

n

n∑
i=1

〈
ui,

n∑
j=1

ajuj

〉
X

ui = λφ = λ

n∑
j=1

ajuj.

Testing this align with uk yields

1

n

n∑
i,j=1

〈ui, uj〉X aj 〈ui, uk〉X︸ ︷︷ ︸
=(K2

ua)k

= λ

n∑
j=1

aj 〈uj, uk〉X︸ ︷︷ ︸
=(Kua)k
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so that 1
n
K2

ua = λKua and thus Kua being an eigenvector of 1
n
Ku for the

eigenvalue λ > 0. Since a ∈ N (Ku)
⊥ = R(Ku), we have a representation

a =
∑n′

i=1 νia
i where the ai are the eigenvectors of 1

n
Ku for the positive

eigenvalues λi > 0. We calculate

Kua = n
n′∑
i=1

νiλia
i ⇒ 1

n
K2

ua = n
n′∑
i=1

νiλi
1

n
Kua

i = n
n′∑
i=1

νiλ
2
i a

i.

But since Kua is an eigenvector of 1
n
Ku for the eigenvalue λ > 0 it has to be

1

n
K2

ua = λKua⇒ n
n′∑
i=1

νiλ
2
i a

i !
= n

n′∑
i=1

νiλλia
i

so that νi = 0 for all i ∈ I := {i ∈ {1, . . . , n′} | λi 6= λ}. Therefore,

a =
∑
i∈I

νia
i ⇒ 1

n
Kua =

∑
i∈I

νiλia
i = λa

so that a is an eigenvector of 1
n
Ku for an eigenvalue λ > 0. For the norm, we

obtain

1 = ‖φ‖2X = a
⊺
Kua = nλa

⊺
a = nλ ‖a‖22 ⇔ ‖a‖2 =

1√
nλ
,

which concludes the proof. □

Sometimes, the POD-basis can also be generated via a singular value decom-
position of the snapshot-matrix.

Proposition 1.66 (Computation of XPOD,n′ via SVD for X = RH)
Let X = RH , U = [u1, . . . , un] ∈ RH×n be the so-called snapshot-matrix with
rank(U) = n′. Let U = ΦSV

⊺ be a truncated singular value decomposition,
i.e.,

• Φ ∈ RH×n′ with orthonormal columns,

• S ∈ Rn′×n′ diagonal,

• V ∈ RH×n′ with orthonormal columns.

Further let S = diag(σ1, . . . , σn′) with σ1 > σ2 > · · · > σn′ > 0. Then,
Φ = ΦPOD,n′.
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Proof: Let Φ = (φ̃1, . . . , φ̃n′). Since X = RH , we obtain from the definition
of R

Ru =
1

n

n∑
i=1

(u
⊺
i u)ui =

1

n
UU

⊺
u, ∀u ∈ X.

Therefore,

Rφ̃i =
1

n
UU

⊺
φ̃i =

1

n
ΦS V

⊺
V︸︷︷︸

=In′

S
⊺︸︷︷︸

=S

Φ
⊺
φ̃i︸ ︷︷ ︸

ei

=
1

n
Φeiσ

2
i =

1

n
σ2
i φ̃i

such that φ̃i is an eigenvector of R for the eigenvalue 1
n
σ2
i . Since these

eigenvalues are strictly monotone decreasing, the sorting coincides with the
spectral decomposition of the POD such that 1

n
σ2
i = λi and φ̃i = φi or

φ̃i = −φi. □

Finally, we provide two non-trivial statements about the approximation qual-
ity of the POD-RB-space.

Theorem 1.67 (Approximation Properties of XPOD,m)
Let {ui}ni=1 ⊂ X. Define for a closed subspace Y ⊂ X with dim(Y ) <∞ the
mean square projection error

J(Y ) :=
1

n

n∑
i=1

‖ui − PY ui‖2X

where PY ∈ L(X,Y ) denotes the orthogonal projection onto Y . Then, we
obtain for Y = XPOD,m defined in Theorem 1.64

(a) J(XPOD,m) =
n′∑

i=m+1

λi,

(b) J(XPOD,m) = inf
Y⊂X

dim(Y )=m

J(Y ).

Proof: (a) Let {ψ1, . . . , ψm} be an orthonormal basis of a generic Y ⊂ X
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with dim(Y ) <∞. We obtain via Theorem 1.7

J(Y ) =
1

n

n∑
i=1

‖ui − PY ui‖2X =
1

n

n∑
i=1

∥∥∥∥∥ui −
m∑
j=1

〈ui, ψj〉ψj

∥∥∥∥∥
2

X

=
1

n

n∑
i=1

‖ui‖2X − 2

n

n∑
i=1

m∑
j=1

〈ui, ψj〉2X

+
1

n

n∑
i=1

m∑
j,k=1

〈ui, ψj〉X 〈ui, ψk〉X 〈ψj, ψk〉X︸ ︷︷ ︸
=δj,k

=
1

n

n∑
i=1

‖ui‖2X − 1

n

n∑
i=1

m∑
j=1

〈ui, ψj〉2X .

Now, let Y = XPOD,m so that {φ1, . . . , φm} are an onthonormal basis
of Y , where φi, i = 1, . . . , n′ were the eigenvectors of the correlation
operator R. Since ui ∈ R(R) and since {φ1, . . . , φn′} are an orthonormal
basis of R(R) we also obtain

ui =
n′∑
j=1

〈ui, φj〉X φj and ‖ui‖2X =
n′∑
j=1

〈ui, φj〉2X .

In total, we obtain for the mean projection error

J(XPOD,m) =
1

n

n∑
i=1

n′∑
j=1

〈ui, φj〉2X − 1

n

n∑
i=1

m∑
j=1

〈ui, φj〉2X

=
1

n

n∑
i=1

n′∑
j=m+1

〈ui, φj〉2X =
n′∑

j=m+1

〈
1

n

n∑
i=1

〈ui, φj〉X ui︸ ︷︷ ︸
=Rφj=λjφj

, φj

〉

=
n′∑

j=m+1

λj 〈φj, φj〉X =
n′∑

j=m+1

λj.

(b) Exercise 5.2. □

Remark 1.68 (Summary of POD)
(a) The POD yields an orthonormal basis, which guarantees numerical sta-

bility of the resulting RB-Scheme.
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(b) There exist approximation statements via the mean squared error and
even optimality can be proven. The POD bases approximate all snapshots
{ui}ni=1 and allow for error control via the truncated eigenvalues.

(c) The bases are furthermore hierarchical, i.e., ΦPOD,m ⊂ ΦPOD,m′ for
m′ ≤ m and do not depend on the ordering of the snapshots.

(d) The POD can furthermore be used for the extension of an existing ONB,
denoted Φ here, by first orthogonalizing {ui}ni=1 w.r.t. Φ via

ũi := ui − Pspan(Φ)ui

and then computing a POD basis of {ũi}ni=1.

(e) Finally, the POD can be interpreted as an incremental procedure of 1-
dimensional optimization problems of the mean squared projection error:
for given snapshots {ui}ni=1 ⊂ X define

φ̄1 := POD1({ui}ni=1) ∈ arg min
φ∈X

∥φ∥X=1

1

n

n∑
i=1

‖ui − 〈ui, φ〉X φ‖
2
X

as well as X̄1 := span(φ̄1). For i = 2, . . . , n′ define

φ̄i := POD1

(
{ui − PX̄i−1

ui}ni=1

)
, and X̄i := span({φ̄1, . . . , φ̄i}).

Then {φ̄1, . . . , φ̄n′} is a POD-basis for {ui}ni=1. In this sense, it can be
seen as an approximate solution of the optimization problem

inf
Y⊂X

dim(Y )=N

∫
P
‖u(µ)− PY u(µ)‖2X dµ

from the beginning of this section. Instead of the mean over µ ∈ P, we
average over the set of snapshots and instead of the infimum over Y ⊂ X
with dim(Y ) = N we have an iterative sequence of spaces Y = XPOD,m.

1.4.2 Greedy Search

The central idea of the Greedy Search is to incrementally construct both
the sample set of parameters SN and the reduced basis ΦN by repeatedly
selecting the ”currently worst approximated” parameter and then computing
the corresponding snapshot.
We formulate the abstract algorithm utilizing
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• a general error indicator ∆(Y, µ) ∈ R
+, that predicts the expected

approximation error for the parameter µ ∈ P when using the subspace
XN = Y ,

• Strain ⊂ P , a given training set of parameters,

• εtol > 0, a prescribed error tolerance.

Algorithm 1 Greedy-Algorithm(Strain, εtol, ∆(Y, µ))
1: m = 0, Sm := ∅, ΦGRE,m := ∅, XGRE,m := {0}
2: while εm := max

µ∈Strain

∆(XGRE,m, µ) > εtol do
3: µm+1 := argmaxµ∈Strain

∆(XGRE,m, µ)
4: Sm+1 = Sm ∪ {µm+1}
5: φm+1 := u(µm+1), i.e., the solution of (P (µm+1))
6: ΦGRE,m+1 := ΦGRE,m ∪ {φm+1}
7: XGRE,m+1 := XGRE,m + span(φm+1)
8: m = m+ 1
9: end while

10: N := m
11: return ΦGRE,N , XGRE,N

Remark 1.69 (Greedy-Procedure)
(a) ΦGRE,m is a Lagrange reduced basis for the sample set Sm and it is hier-

archical, i.e., ΦGRE,m ⊂ ΦGRE,m′ for m ≤ m′.

(b) In general, the basis is not orthonormal but it can be orthonormalized via
for example the Gram-Schmidt procedure after each step of Algorithm 1
to ensure the numerical stability of the resulting RB-scheme.

(c) The search for µ1, i.e., the first iteration of the Greedy-Procedure, is
often skipped and one simply starts with a random element of Strain.

(d) The Greedy-Algorithm is an accumulative basis generation procedure,
which in each iteration selects µm+1 ∈ Strain, the parameter that is cur-
rently worst approximated, computes φm+1 = u(µm+1), the corresponding
snapshot, and chooses this snapshot as the new basis vector.
It can thus be seen as an approximate solution of the optimization problem

inf
Y⊂X

dim(Y )=N

sup
µ∈P

‖u(µ)− uN(µ)‖X
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from the beginning of this section. Instead of the supremum over µ ∈ P,
we maximize over µ ∈ Strain and instead of the infimum over Y ⊂ X
with dim(Y ) = N we have an iterative sequence of spaces Y = XGRE,m.

(e) For XGRE,N to be a reasonable space, Strain has to somehow represent P.
Often, Strain is chosen as a random or structured subset of P with finitely
many parameters, but there are also very sophisticated approaches in the
literature (”randomized greedy”, ”partitioning approaches” and ”adaptive
training set extensions”).

We list various choices of the error indicator ∆(Y, µ) for which the Greedy-
Algorithm terminates after a finite number of steps and further comment on
these choices.

Lemma and Remark 1.70 (Error Indicators and Termination)
If the error indicator ∆(Y, µ) satisfies for all µ ∈ P and all subspaces Y ⊂ X

u(µ) ∈ Y ⇒ ∆(Y, µ) = 0,

Algorithm 1 terminates after N ≤ |Strain| steps with

max
µ∈Strain

∆(XGRE,N , µ) ≤ εtol.

This is satisfied by the following error indicators.

(a) Projection error: ∆(Y, µ) := infv∈Y ‖u(µ)− v‖X = ‖u(µ)− PY u(µ)‖X
with PY : X → Y the orthogonal projection.
Motivation: Lemma 1.32 means small projection error ⇒ small RB-
error.
Disadvantage: expensive, as all snapshots u(µ), µ ∈ Strain must be
available and high-dimensional operations for the projection are required.
Thus, Strain has to be of moderate size.
Advantage: generation of XN decoupled from RB-model. Greedy can
be applied without RB-model/error estimator available.

(b) RB-error: ∆(Y, µ) = ‖u(µ)− uN(µ)‖X .
Motivation: the ultimate quantity to be controlled.
Disadvantage: expensive, as all snapshots u(µ), µ ∈ Strain must be
available such that Strain has to be of moderate size.
Advantage: is the error measure one wants to be small.
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(c) Error estimator: ∆(Y, µ) = ∆N(µ) from Proposition 1.34 (or for
symmetric a ∆(Y, µ) = ∆en

N (µ) from Proposition 1.45).
Motivation: for rigorous error estimators, RB-error will also be small.
Disadvantage: if ”overestimation” of the true error is too large, result-
ing space can be unnecessarily large.
Advantage: cheap to evaluate (Offline/Online decomposition), hence
Strain can be much larger and thus represent P much better; Algorithm 1
only requires N snapshots computations and is thus fast.

Proof: We verify that all proposed indicators fulfill

u(µ) ∈ Y ⇒ ∆(Y, µ) = 0,

for all µ ∈ P and all subspaces Y ⊂ X.

(a) For ∆(Y, µ) = ‖u(µ)− PY u(µ)‖X this is fulfilled as PY u(µ) = u(µ) if
u(µ) ∈ Y .

(b) For ∆(Y, µ) = ‖u(µ)− uN(µ)‖X , Proposition 1.30 (reproduction of solu-
tions) yields uN(µ) = u(µ) such that ∆(Y, µ) = 0.

(c) For ∆(Y, µ) being a residual-based error estimator, Proposition 1.30
yields e(µ) = 0 and Proposition 1.33 then yields vr(µ) = 0 such that
the corresponding error estimator is also zero.

The rest of the statement follows since with

u(µ) ∈ Y ⇒ ∆(Y, µ) = 0,

no element in Strain can be selected twice during Algorithm 1. □

Besides the error indicators described so far, one could also use a goal-oriented
error indicator, e.g., having the output as goal ∆(Y, µ) could either be the
output error or the output error estimator. This would result in a possi-
bly very small RB-space that approximates the output very well, but u is
potentially not well approximated. This is in contrast to the various error
indicator choices discussed above, where the approximation for both u and
thus the output is good but the RB space is potentially larger.

We list a simple quality statement of the RB-spaces constructed via Algo-
rithm 1 and comment on the issue of overfitting.
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Lemma and Remark 1.71 (Quality Statement, Overfitting)
With ∆(XGRE,N ′ , µ) being either ‖u(µ)− uN ′(µ)‖X or ∆N ′(µ) for 1 ≤ N ′ ≤ N ,
we obtain

max
µ∈Strain

‖u(µ)− uN ′(µ)‖X ≤ εN ′ .

Furthermore, εN = max
µ∈Strain

∆(XGRE,N , µ) is called the training error of the
Greedy-Algorithm. If Strain is too small/does not represent P very well, so-
called ”overfitting” can occur, i.e.,

sup
µ∈P

‖u(µ)− uN(µ)‖X � εN .

Therefore, a small training error is not sufficient and one should also aim at
a small test error

εtest := max
µ∈Stest

∆(XGRE,N , µ),

where Stest ⊂ P is a test set independent of Strain.

Proof: As
‖u(µ)− uN ′(µ)‖X ≤ ∆(XGRE,N ′ , µ)

for both choices ∆(XGRE,N ′ , µ) = ∆N ′(µ) or ∆(XGRE,N ′ , µ) = ‖u(µ)− uN ′(µ)‖X ,
it follows from Algorithm 1 that

max
µ∈Strain

‖u(µ)− uN ′(µ)‖X ≤ max
µ∈Strain

∆(XGRE,N ′ , µ) = εN ′ ,

which concludes the proof. □

In some special cases one can prove monotonic decrease of the training error.

Lemma and Remark 1.72 (Monotonicity of Training Error)
For a general ∆(Y, µ) the training error εn = maxµ∈Strain

∆(XGRE,n, µ) does
not have to decrease monotonically, such that εn+1 ≥ εn is possible. Never-
theless, if

(a) ∆(Y, µ) = ‖u(µ)− PY u(µ)‖X or

(b) problem (P (µ)) is compliant (a(·, ·;µ) symmetric and f = l) and
∆(Y, µ) = ‖u(µ)− uN(µ)‖µ,

the sequence (εn)n≥1 generated by Algorithm 1 decays monotonically.
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Proof: As Algorithm 1 produces a hierarchical sequence of RB-spaces and
both error indicators posses the best-approximation property

∆(Y, µ) = inf
v∈Y

‖u(µ)− v‖⋆ , µ ∈ P

in their respective setting, the statement follows as in the proof of Corollary
1.42. □

We can see that the Greedy-Algorithm is a perfect application of our error
estimators as error indicators ∆(Y, µ). They can be rapidly evaluated for
all µ ∈ Strain (Offline/Online decomposition) without having to compute
u(µ) for all µ ∈ Strain such that Strain can be chosen very large. There-
fore, Strain can represent P much better such that the RB-approximation for
µ ∈ P \ Strain should be of high quality.
Furthermore, we can compare the Greedy-Algorithm using the projection
error as error indicator with the POD.

• While both methods require the set of snapshots {u(µ) | µ ∈ Strain} to
be available and are thus expensive, they are guided by different error
measures. The POD wants to minimize the mean squared projection
error while the Greedy-Algorithm wants to minimize the maximum
projection error. As a result, single ”outliers” with a large projection
error are allowed in the POD while they are prevented by the Greedy.

• Furthermore, while the Greedy-Algorithm produces a Lagrangian RB-
space, the POD produces a space that is a subset of a span of snapshots
but not a Lagrangian RB-space.

As mentioned in Remark 1.69, we can orthonormalize the Greedy-basis af-
ter each iteration of Algorithm 1. This can conveniently be done via the
respective Gramian matrix.

Proposition 1.73 (Orthonormalization of Reduced Basis)
Let ΦN = {φ1, . . . , φN} be a reduced basis with Gramian matrix

KN :=
(
〈φi, φj〉X

)N
i,j=1

which has the Cholesky-factorization KN = LL
⊺. Letting cij :=

(
L

−⊺
)
ij

,

we obtain the Gram-Schmidt orthonormalized basis Φ̃N := {φ̃1, . . . , φ̃N} via
φ̃j :=

∑j
i=1 cijφi.
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Proof: Exercise 5.3. □

We close this section with a discussion on the theoretical convergence of
the Greedy-Algorithm, i.e., when εm → 0 for m → ∞ can be expected.
Therefore, we introduce the Kolmogorov n-width, which is defined as the
maximum projection error of the n-dimensional linear subspace that is best-
approximating the solution manifold M = {u(µ) | µ ∈ P}

dn(M) := inf
Y⊂X

dim(Y )=n

sup
µ∈P

‖u(µ)− PY u(µ)‖X .

Choosing ∆(Y, µ) so that ∆(Y, µ) ≥ ‖u(µ)− PY u(µ)‖X for all µ ∈ P , we get

sup
µ∈P

∆(XGRE,n, µ) ≥ dn(M).

Therefore, the decay of the Kolmogorov-n-width dn(M) is a necessary con-
dition for the convergence of the Greedy-Algorithm: if supµ∈P ∆(XGRE,n, µ)
becomes small, dn(M) has to become small as well, and if dn(M) does not
decay, the left-hand-side cannot decay either and XGRE,m cannot approxi-
mate M well.
Now, the converse statement is of interest: does a decay of dn(M) also imply
a decay of the greedy error (estimator)? A positive answer has been given
in recent literature: we list the results adapted to our notation and refer to
the article for the proofs.
Theorem 1.74 (Greedy Convergence Rates)
Let Strain = P be compact and let ∆(Y, µ) be chosen such that for every
µn+1 = arg supµ∈Strain

∆(XGRE,n, µ), n > 0, there exists a ξ ∈ (0, 1] such that∥∥u(µn+1)− PXGRE,n
u(µn+1)

∥∥
X
≥ ξ sup

u∈M

∥∥u− PXGRE,n
u
∥∥
X
. (1.7)

We then obtain

(a) algebraic convergence: if dn(M) ≤ Mn−α for some α,M > 0 and all
n > 0 and d0(M) ≤M , then

εn ≤ CMn−α, for all n > 0,

where the constant C can be explicitly computed.

(b) exponential convergence: if dn(M) ≤Me−anα for some a, α,M > 0 and
all n ≥ 0, then

εn ≤ CMe−cnβ

, for all n ≥ 0,

with β := α
α+1

and constants c, C that can be explicitly computed.
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Proof: [BCDPWD, Theorem 3.1 & Theorem 3.2] □

The Greedy-Procedure is called

• strong (”strong greedy”) if ξ = 1, which is e.g. obtained by the projec-
tion error ∆(Y, µ) = ‖u(µ)− PY u(µ)‖X .

• weak (”weak greedy”) if ξ < 1, since instead of the currently worst ap-
proximated element, a sufficiently bad approximated element is chosen
for the basis extension.

Thus, Theorem 1.74 is also called quasi-optimality of the Greedy-Procedure
in the literature. The question remains, if condition (1.7) is fulfilled by our
error estimator. The answer is yes and we can show that the error estimator
∆N(µ) yields a weak Greedy-Procedure.

Proposition 1.75 (Weak Greedy via ∆N(µ))
Let Strain = P be compact. The Greedy-Procedure with ∆(Y, µ) = ∆N(µ) is
a weak greedy scheme with weakness parameter

ξ =
ᾱ2

γ̄2
∈ (0, 1],

where ᾱ and γ̄ were the uniform lower/upper bounds for the coercivity/conti-
nuity constant.

Proof: We obtain for all n ≥ 1∥∥u(µn+1)− PXGRE,n
u(µn+1)

∥∥
X

1.7
= inf

v∈XGRE,n

‖u(µn+1)− v‖X
1.32

≥ α(µn+1)

γ(µn+1)
‖u(µn+1)− uN(µn+1)‖X

1.37

≥ α(µn+1)

γ(µn+1)ηN(µn+1)
∆N(µn+1)

=
α(µn+1)

γ(µn+1)ηN(µn+1)
sup
µ∈P

∆N(µ)

1.34

≥ ᾱ2

γ̄2
sup
µ∈P

‖u(µn+1)− uN(µn+1)‖X

≥ ξ sup
µ∈P

∥∥u(µn+1)− PXGRE,n
u(µn+1)

∥∥
X

and ξ ∈ (0, 1] follows from the definitions of ᾱ, γ̄ as well as the coercivity
and continuity. □
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Chapter 2

Balanced Truncation for Linear
Time Invariant Control
Systems

2.1 Introduction

We begin with the definition of a linear time invariant (LTI) control systems.

Definition 2.1 (LTI Control System)
Given time-invariant system matrices A ∈ Rn×n, B ∈ Rn×m, C ∈ Rp×n,
D ∈ Rp×m, a time horizon [t0, tf ], an initial state x0 ∈ Rn and the control
u : [t0, tf ] → R

m, we seek the state x : [t0, tf ] → R
n and the observable

output y : [t0, tf ] → R
p satisfying

ẋ(t) = Ax(t) +Bu(t), x(t0) = x0,

y(t) = Cx(t) +Du(t).
(LTI)

We denote with Σn,m,p the set of all LTI systems with state space dimension n,
m inputs and p outputs and shortly write [A,B,C,D] ∈ Σn,m,p. Furthermore,
the set of admissible controls is denoted Uad.

We illustrate the concept with an example.

Example 2.2 (Controlled Parabolic Heat align)
Similar to Example 1.18, let Ω := (0, 1)2 be decomposed into m congru-
ent rectangles Ωi, i = 1, . . . ,m and let the time interval [0, tf ], with some
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final time tf > 0, be given. We investigate the parabolic PDE: for a time-
dependent control vector u(t) := (u1(t), . . . , um(t))

⊺ ∈ Rm, find the ’temper-
ature’ T ∈ L2(0, tf , H

1
0 (Ω)) solving

Ṫ (t, x)−∆T (t, x) =
m∑
i=1

ui(t)χi(x), (t, x) ∈ (0, tf )× Ω,

T (0, x) = 0, x ∈ Ω,

where Ṫ (t, x) ≡ ∂
∂t
T (t, x). One can show that an equivalent variational form

of this problem is given by: find T ∈ L2(0, tf , H
1
0 (Ω)) solving∫

Ω

Ṫ (t, x)v(x) dx+

∫
Ω

∇T (t, x) · ∇v(x) dx =

∫
Ω

m∑
i=1

ui(t)χi(x)v(x) dx

for all v ∈ H1
0 (Ω) and t ∈ (0, tf ) almost everywhere. Discretizing the prob-

lem in space with piecewise linear finite elements yields the Ansatz-space
XH := span({φi, . . . , φn}). We then seek TH : [0, tf ] → XH satisfying∫

Ω

ṪH(t, x)v(x) dx+

∫
Ω

∇TH(t, x) · ∇v(x) dx (�)

=

∫
Ω

m∑
i=1

ui(t)χi(x)v(x) dx, ∀v ∈ XH , TH(0) = 0.

As TH ∈ XH for all t ∈ [0, tf ], there exist coefficient functions x(t) : [0, tf ] → R

such that TH(t, x) =
∑n

i=1 xi(t)φi(x) and introducing the notation
x(t) := (xi(t))

n
i=1, the mass- and stiffness matrices

M :=

(∫
Ω

φiφj dx

)n

i,j=1

∈ Rn×n and K :=

(∫
Ω

∇φi · ∇φj dx

)n

i,j=1

∈ Rn×n,

as well as the matrix B ∈ Rn×m which contains in the i-th column the evalu-
ation of χi(x) at the n grid points, solving (�) is equal to solving the system
of ordinary differential aligns

Mẋ(t) +Kx(t) =MBu(t) ⇔ ẋ(t) = −M−1Kx(t) +Bu(t).

Introducing as output the average temperature over Ω

y(t) :=

∫
Ω

TH(t, x) dx ⇔ y(t) = Cx(t)

with the row vector C :=
(∫

Ω
φi(x) dx

)n
i=1

∈ Rn, we obtain a system of the
form (LTI) by setting A := −M−1K as well as D = 0. The system has state
space dimension n, m inputs and 1 output.
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Σn,m,p :
A

C

B

D

⇒
: Σr,m,p

Â

Ĉ

B̂

D̂

Figure 2.1: Schematic model order reduction approach for LTI systems.

Aside from the previous example, time-dependent linear partial differential
aligns occur in various branches such as mechanics, biological systems, and
weather prediction. Furthermore, (large) ODE systems naturally arise when
modeling electrical circuits. Example 2.2 shows that LTI systems can get
very large in practice (Ω could also be a 3-dimensional domain) such that
model order reduction techniques are required.

The general idea for model order reduction in LTI systems is to find a co-
ordinate transformation for the state such that insignificant parts of the
transformed state can be truncated. In formulas, we want to approximate
[A,B,C,D] ∈ Σn,m,p by some [Â, B̂, Ĉ, D̂] ∈ Σr,m,p with r � n and this is
visually sketched in Figure 2.1.

Especially, the dimension of the control and the output remain unchanged.
Ideally, the reduced system [Â, B̂, Ĉ, D̂] ∈ Σr,m,p should

• have a small approximation error (with possibly a global error bound),

• preserve stability of the original system (what concept of stability is
present here?).

Finally, the procedure to generate the reduced system should be computa-
tionally stable and efficient. We will investigate the following aspects:

• How can a reduced system be obtained? How can we identify insignif-
icant parts of the state and how to trucnate them?

• How can the approximation error be measured/quantified? An intuitive
measure would be that outputs y(t) and ŷ(t) obtained by the full system
Σn,m,p and the reduced system Σr,m,p using the same control u(t) are
close (the norm difference being small).
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2.2 Theoretical Background

For simplicity, we work with continuous controls in this section, i.e., Uad = C([t0, tf ],R
m).

In order to discuss the solution of (LTI), we introduce the matrix exponential.

Definition and Theorem 2.3 (Matrix Exponential)
For any A ∈ Rn×n we remember that A0 = In×n. Then, for a given t ∈ R,
we define the matrix exponential

eAt := lim
N→∞

N∑
k=0

1

k!
(At)k =

∞∑
k=0

1

k!
(At)k .

As the series converges uniformly for all t ∈ R, the map t 7→ eAt is a well-
defined analytic function from R to Rn×n. It has the properties

• eA0 = In×n and eA+B = eAeB for any B ∈ Rn×n with AB = BA,

• eA(t+τ) = eAteAτ , for any τ ∈ R, and hence e−At =
(
eAt
)−1,

• ∂
∂t
eAt = AeAt = eAtA.

For x0 ∈ Rn, x(t) = eAtx0 is the unique solution of

ẋ(t) = Ax(t), x(0) = x0.

Proof: eA0 = In×n follows from the definition of eAt as a power series and
that A0 = In×n for A ∈ Rn×n. Now, given any B ∈ Rn×n with AB = BA,
we obtain with the cauchy product

eAeB =

(
∞∑
k=0

1

k!
Ak

)(
∞∑
j=0

1

j!
Bj

)
=

∞∑
i=0

ci,

with

ci =
i∑

l=0

1

l!
Al 1

(i− l)!
Bi−l =

1

i!

i∑
l=0

(
i
l

)
AlBi−l =

1

i!
(A+B)i,

where the binomial theorem was used in the last equality which is applicable
here since A and B commute. Thus,

eAeB =
∞∑
i=0

1

i!
(A+B)i = eA+B.
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Using this result and setting X := At, Y := Aτ for some t, τ ∈ R, it is clear
that XY = AtAτ = AτAt = Y X and thus

eAteAτ = eXeY = eX+Y = eA(t+τ).

Thus, eAte−At = In×n such that eAt is invertible with e−At =
(
eAt
)−1. For

the third property the differentiation and sum can be switched due to the
uniform convergence of the series and thus

∂

∂t

∞∑
k=0

1

k!
(At)k =

∞∑
k=1

1

k!

∂

∂t
(At)k =

∞∑
k=1

1

(k − 1)!
(At)k−1A =

∞∑
k=0

1

k!
(At)kA

and it is clear that A can also be dragged out of the series to the left.
Regarding the second part, we first verify that x(t) = eAtx0 is a solution
since

x(0) = eA0x0 = x0, ẋ(t) =
∂

∂t
eAtx0 = AeAtx0 = Ax(t).

For the uniqueness, assume that y(t) is also a solution for y(0) = x0. Using
the product rule, we obtain

∂

∂t

(
e−Aty(t)

)
=

(
∂

∂t
e−At

)
y(t) + e−At ∂

∂t
y(t) = e−At(−A)y(t) + e−AtAy(t)

= e−At(−A+ A)y(t) = 0.

Thus, e−Aty(t) = c for some constant c ∈ Rn and plugging in t = 0 yields
c = x0 such that

e−Aty(t) = x0 ⇔ y(t) = eAtx0 = x(t)

for all t ∈ R. □

The matrix exponential can be calculated using for example the Jordan nor-
mal form. This leads to an explicit formula for the matrix exponential.

Definition and Theorem 2.4 (Jordan normal form & eAt)
For every A ∈ Cn×n there exists an invertible S ∈ Cn×n such that

S−1AS = J = diag(J1, . . . Jg), with Jl :=


λl 1 · · · 0
... . . . . . . ...
0 · · · λl 1
0 · · · 0 λl

 ,
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where Jl are the Jordan blocks. This Jordan normal form diag(J1, . . . Jg) is
(up to permutation) uniquely determined by A, λ1, . . . , λg, g ≤ n, are the
(not necessarily different) eigenvalues of A, and S collects in its columns the
(generalized) eigenvectors corresponding to the Jordan blocks. Regarding the
matrix exponential, we obtain

eAt = SeJtS−1 = Sdiag(eJ1t, . . . , eJgt)S−1

and letting d denote the dimension of the Jordan block Jl, we have

eJlt =


1 t t2

2!
· · · td−2

(d−2)!
td−1

(d−1)!

0 1 t · · · td−3

(d−3)!
td−2

(d−2)!
... ... . . . ... ...
0 0 0 · · · 1 t
0 0 0 · · · 0 1

 eλlt ∈ Rd×d for l = 1, . . . , g.

Proof: Regarding the existence of the Jordan normal form and its proper-
ties, we refer to a basic linear algebra lecture. The remaining statements are
proven in Exercise 6.2. □

We introduce the concept of stability for ODEs.

Definition and Theorem 2.5 (Stability of (LTI))
We call the LTI system [A,B,C,D] ∈ Σn,m,p asymptotically stable, if all
solutions of the linear homogeneous ODE

ẋ(t) = Ax(t)

satisfy limt→∞ x(t) = 0 for all initial conditions x(t0) = x0 ∈ Rn.

The LTI system [A,B,C,D] ∈ Σn,m,p is asymptotically stable if and only if
all eigenvalues {λi}ni=1 of A satisfy λi ∈ C− := {λ ∈ C : Re(λ) < 0}.

Proof: ”⇐”: As a consequence of Theorem 2.4, it is clear that eAt can be
explicitly written as a linear combination of terms of the form tkeλt, where
λ is an eigenvalue of A and k ∈ N0. Now, letting λ = σ + iω be such an
eigenvalue with σ < 0, we obtain (as w.l.o.g. t ≥ 0)

|tkeλt| = tk|eσteiωt| = tkeσt|eiωt| = eσttk
√

cos2(ωt) + sin2(ωt)︸ ︷︷ ︸
=1

= eσttk
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and eσttk goes to 0 when t goes to infinity since σ < 0. As eAt is a linear
combination of such terms, we obtain limt→∞ eAt = 0 such that

lim
t→∞

x(t) = lim
t→∞

eAtx0 = 0

for all x0 ∈ Rn.
”⇒”: we prove that if there is an eigenvalue of A with non-negative real part,
then the system [A,B,C,D] ∈ Σn,m,p is not asymptotically stable. Therefore,
let w.l.o.g. the first eigenvalue λ1 = σ + iω fulfill σ ≥ 0. According to
Theorem 2.4, S = (v1, . . . , vn) collects the eigenvectors of A in the sorting
corresponding to the Jordan normal form and since S−1S = In×n it is clear
that S−1v1 = e1, where v1 6= 0. We thus obtain using Theorem 2.4

eAtv1 = Sdiag(eJ1t, . . . , eJgt)S−1v1 = Sdiag(eJ1t, . . . , eJgt)e1 = eλ1tv1

= e(σ+iω)tv1 = eσt(cos(ωt) + i sin(ωt)) · (Re(v1) + iIm(v1)).

As eAt ∈ Rn×n, we have

eAtRe(v1) = Re(eAtv1) = Re(eλ1tv1) = eσt(Re(v1) cos(ωt)− Im(v1) sin(ωt)).

Thus, choosing x0 = Re(v1) ∈ Rn as the initial value of the homogeneous
ODE ẋ(t) = Ax(t), it is clear that x(t) = eAtRe(v1) ↛ 0 for t → ∞ since
σ ≥ 0 and since either Re(v1) 6= 0 or Im(v1) 6= 0 (it was v1 6= 0). Therefore,
the system [A,B,C,D] ∈ Σn,m,p is not asymptotically stable. □

We are now ready to formulate the analytical solution of (LTI).

Proposition 2.6 (Solution of (LTI))
For any input u ∈ Uad = C([t0, tf ],R

m) and initial state x0 ∈ Rn the unique
state solution of (LTI) is given by

x(t) = eA(t−t0)x0 +

∫ t

t0

eA(t−τ)Bu(τ) dτ,

where the vector-valued integral has to be understood component-wise. The
corresponding output-response of (LTI) is then given by

y(t) = CeA(t−t0)x0 +

∫ t

t0

CeA(t−τ)Bu(τ) dτ +Du(t).

Proof: See Exercise 6.3. □
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We note that u ∈ C([t0, tf ],R
m) is necessary for the uniqueness of the so-

lution, but the existence of a solution is already guaranteed for controls
u ∈ L2([t0, tf ],R

m).
In case the control is constant in time, i.e., u(t) ≡ uc ∈ Rm for all t ∈ [t0, tf ],
and the system is asymptotically stable, the solution formula from Proposi-
tion 2.6 further simplifies. For some x0 ∈ Rn, we obtain

x(t) = eA(t−t0)x0 +

(∫ t

t0

eA(t−τ) dτ

)
Buc

and since A is invertible, we get∫ t

t0

eA(t−τ) dτ =

∫ t

t0

eAt e−Aτ︸︷︷︸
= ∂

∂τ
e−Aτ (−A−1)

dτ = eAt

∫ t

t0

∂

∂τ
e−Aτ dτ︸ ︷︷ ︸

=[e−Aτ ]tt0
=e−At−e−At0

(−A−1)

= eA(t−t0)A−1 − A−1

such that in total

x(t) = eA(t−t0)(x0 + A−1Buc)− A−1Buc.

We continue with two more important system characterizations of (LTI).

Definition 2.7 (Further Properties of (LTI))
We call the LTI system [A,B,C,D] ∈ Σn,m,p

(a) controllable, if for every initial condition x(t0) = x0 ∈ Rn and every
state x̄ ∈ Rn, there exists a time t1 > t0 and a control function u ∈ Uad

such that x(t1) = x̄. We also say that every state x̄ ∈ Rn can be reached.

(b) observable, if for two solution trajectories x(t) and x̃(t) (obtained with
the same control function u ∈ Uad) it holds:

Cx(t) = Cx̃(t) for all t ≥ t0 ⇒ x(t) = x̃(t) for all t ≥ t0.

Thus, the state solution can fully be recovered from the output-response
of the system.

As for the asymptotic stability, controllability and observability have equiv-
alent algebraic characterizations as shown in the following lemma.

Lemma 2.8 (Algebraic Characterizations)
The LTI system [A,B,C,D] ∈ Σn,m,p is
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(a) controllable ⇔ rank
([
λIn×n − A B

])
= n ∀λ ∈ C

⇔ rank
([
B AB . . . An−1B

])
= n.

(b) observable ⇔ rank

([
λIn×n − A

C

])
= n ∀λ ∈ C

⇔ rank




C
CA

...
CAn−1


 = n.

Proof: We refer to [ANT, Theorem 4.15 & Theorem 4.26]. □

The matrix [
B AB . . . An−1B

]
∈ Rn×nm

is also called the controllability matrix of the system, while[
C CA . . . CAn−1

]⊺
R

np×n

is called the observability matrix. One can show (see [ANT, Theorem 4.23])
that both concepts are dual in the sense that an LTI system is observable if
and only if the dual system

ż(t) = A
⊺
z(t) + C

⊺
v(t)

is controllable, where z(t) ∈ Rn is the dual state and v(t) ∈ Rp is the dual
control.

With the following considerations, we want to motivate the two Gramians
that shall be defined next. We first define the input-to-state map

ζ(t) := eAtB,

which represents the effect of an impulsive control input on the solution of
the state align, when t0 = 0 and x(0) = x0 = 0. An impulsive control u(t)
only takes a value u0 ∈ Rm at t = 0 and is zero everywhere else and we write
this as u(t) = u0δ(t) with δ denoting the Dirac delta distribution. Then,

x(t) = eAtx0 +

∫ t

0

eA(t−τ)Bu(τ) dτ =

∫ t

0

eA(t−τ)Bu0δ(τ) dτ

= eAtBu0 = ζ(t)u0.
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The above calculation is mathematically not correct, since δ is not a function
mapping from R to R, but a distribution (also called generalized function)
that is defined as

δ : C∞
0 (Rk,R) → R, f 7→ f(0).

Thus, we should write

x(t) := δ
(
eA(t−·)Bu0

)
= eAtBu0,

where the application of the delta distribution has to be understood component-
wise.
Next, we define the state-to-output map

η(t) = CeAt,

which represents the effect of the (initial) state on the output and is motivated
by the fact that for x(0) = x0 ∈ Rn and u(t) ≡ 0, we obtain

y(t) = CeAtx0 + C

∫ t

0

eA(t−τ)Bu(τ) dτ = CeAtx0 = η(t)x0.

For the analysis of LTI control systems we now define the following Gramians,
which are based on the input-to-state and state-to-output map.

Definition 2.9 (Finite Gramians)
The matrix

P (T ) =

∫ T

0

eAtBB
⊺
eA
⊺
t dt ∈ Rn×n

is called the (0, T )-controllability Gramian of the system (LTI). The matrix

Q(T ) =

∫ T

0

eA
⊺
tC
⊺
CeAt dt ∈ Rn×n

is called the (0, T )-observability Gramian of the system (LTI).

Do note that these matrices are indeed Gramian matrices: introducing for
functions u, v ∈ L2([0, T ],Rn) the inner product

〈u, v〉L2([0,T ],Rn) :=

∫ T

0

u(t)
⊺
v(t) dt,
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and given a matrix-valued function W : R → R
n×n : t 7→ [w1(t), . . . , wn(t)],

we indeed observe

〈wi, wj〉L2([0,T ],Rn) =

∫ T

0

wi(t)
⊺
wj(t) dt =

(∫ T

0

W (t)
⊺
W (t) dt

)
ij

.

Thus, P (T ) is the Gramian for the columns of B⊺eA
⊺
t, Q(T ) is the Gramian

for the columns of CeAt and according to Def/Theorem 1.61 they are both
symmetric and positive semidefinite. We conclude this section by considering
these Gramians for T → ∞.

Lemma 2.10 (Infinite Gramians)
Let the system (LTI) be asymptotically stable. Then,

(a) the infinite controllability Gramian

P := lim
T→∞

P (T ) =

∫ ∞

0

eAtBB
⊺
eA
⊺
t dt ∈ Rn×n

as well as the infinite observability Gramian

Q := lim
T→∞

Q(T ) =

∫ ∞

0

eA
⊺
tC
⊺
CeAt dt ∈ Rn×n

exist. Furthermore, the they are the unique solutions of the two Lyapunov
aligns

AP + PA
⊺
= −BB⊺ and A

⊺
Q+QA = −C⊺C.

(b) If the system (LTI) is also controllable and observable, both Gramians
are positive definite, i.e., x⊺Px > 0 and x⊺Qx > 0 for all 0 6= x ∈ Rn.

Proof: (a) See Exercise 7.1.

(b) Assume P is not positive definite, then there exists 0 6= x ∈ Rn with

0 = x
⊺
Px =

∫ ∞

0

x
⊺
eAtBB

⊺
eA
⊺
tx dt =

∫ ∞

0

∥∥∥B⊺eA⊺ tx∥∥∥2
2
dt.

Since
∥∥∥B⊺eA⊺ tx∥∥∥

2
≥ 0 for all t ≥ 0, we obtain B

⊺
eA
⊺
tx = 0 for all

t ≥ 0. As eAt is an analytic function, this implies that also all derivatives
are zero at t = 0, i.e., B⊺(A⊺)ix = 0 for all i ≥ 0. But the system is
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controllable, such that we get from Lemma 2.8 (note that the rank of a
matrix and its transpose are the same)

rank
([
B AB . . . An−1B

])
= rank




B
⊺

B
⊺
A
⊺

...
B
⊺
(An−1)

⊺


︸ ︷︷ ︸

=:M


= n

and M has full columnrank. But Mx = 0, a contradiction.
The proof for Q follows similar lines: assume it is not positive definite,
then there exists 0 6= x ∈ Rn with

0 = x
⊺
Qx =

∫ ∞

0

x
⊺
eA
⊺
tC
⊺
CeAtx dt =

∫ ∞

0

∥∥CeAtx
∥∥2
2
dt.

Therefore, it has to be CeAtx = 0 for all t ≥ 0, such that again all
derivatives have to be zero at t = 0 and CAix = 0 for all i ≥ 0. But as
the system is observable, we have from Lemma 2.8

rank




C
CA

...
CAn−1


︸ ︷︷ ︸

=:N


= n,

but Nx = 0, which is again a contradiction.
This concludes the proof. □

2.3 Balanced Truncation

As described in the Introduction, the aim of model reduction for LTI systems
is to reduce the state dimension n, that is to truncate state variables. But
what variables shall be truncated? The main idea of Balanced Truncation is
to truncate states that are difficult to observe and at the same time difficult
to reach. We will introduce both concepts in the following section and then
present a state space transformation that results in a balanced system.
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2.3.1 Input and Output Energy

Let us consider the state align ẋ(t) = Ax(t) + Bu(t) with initial state
x(−∞) = 0 and an input u ∈ L2((−∞, 0],Rm) that acts on the negative
time-horizon leading to x(0) = x0. By switching off the control input at
t = 0, the output align y(t) = Cx(t) + Du(t) then gives an output signal
y ∈ L2([0,∞),Rp) on the positive time-horizon. Based on this setup, we
define via

Eu := ‖u‖L2((−∞,0],Rm) :=

(∫ 0

−∞
‖u(τ)‖22 dτ

) 1
2

the corresponding input energy and via

Ey := ‖y‖L2([0,∞),Rp) :=

(∫ ∞

0

‖y(τ)‖22 dτ

) 1
2

the corresponding output energy. In many applications these can be inter-
preted as actual physical energies of the system.
Given the state x(0) = x0 ∈ Rn, we define

Eu(x0) := inf
u∈L2((−∞,0],Rm)

x(−∞)=0, x(0)=x0

‖u‖L2((−∞,0],Rm) , (2.1)

as the minimal input energy required to steer the system from the zero-state
to the state x0 in an arbitrary time. If Eu(x0) is small, then the state x0 is
easy to reach (as the input energy required to reach it is small), otherwise it
is hard to reach. Do note that Eu(x0) = ∞ is possible, such that the state
x0 is said to be unreachable and the system is uncontrollable.
Regarding the output, the control is switched off at t = 0, meaning that it
is always u|[0,∞) = 0 here. Thus, we have y(t) = CeAtx0 and

Ey(x0) := ‖y‖L2([0,∞),Rp) =
∥∥CeA·x0

∥∥
L2([0,∞),Rp)

,

as the output energy gained from the state x0. If Ey(x0) is large, then x0 is
easy to observe, otherwise it is hard to observe. If Ey(x0) = 0, the state x0 is
unobservable, and therefore the system is unobservable.
We now know what it means if a state is easy/hard to reach or easy/hard
to observe. But how can we easily compute these quantities? It turns out
that the energies Eu(x0) and Ey(x0) can be conveniently expressed using the
Gramians from the previous section.
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Theorem 2.11 (Input & Output Energy)
Let the system [A,B,C,D] ∈ Σn,m,p be asymptotically stable and control-
lable. The minimal input energy and corresponding output energy can then
be obtained via

Eu(x0)
2 = x

⊺
0P

−1x0 and Ey(x0)
2 = x

⊺
0Qx0,

where P and Q are the controllability and observability Gramians defined in
Lemma 2.10. Moreover, u∗(t) := B

⊺
e−A

⊺
tP−1x0 is a control for which the

infimum in (2.1) is attained.
Proof: We begin with the statements regarding the controllability Gramian
and note that due to the controllability of the system and Lemma 2.10, P
is positive definite and thus invertible (and the inverse is also symmetric).
Furthermore, by setting t = −τ , we obtain

P =

∫ ∞

0

eAtBB
⊺
eA
⊺
t dt =

∫ 0

−∞
e−AτBB

⊺
e−A

⊺
τ dτ.

Now, let x(t) be a solution trajectory obtained with initial state x(−∞) = 0,
final state x(0) = x0, and control u ∈ L2((−∞, 0],Rm) having finite energy
Eu <∞. Then, due to Proposition 2.6, we have

x0 = x(0) =

∫ 0

−∞
e−AτBu(τ) dτ.

We show that Eu ≥ Eu∗ for u∗(t) := B
⊺
e−A

⊺
tP−1x0. Define v(t) := u(t)−u∗(t),

such that∫ 0

−∞
u∗(τ)

⊺
v(τ) dτ = x

⊺
0P

−1

(∫ 0

−∞
e−AτBu(τ) dτ

−
∫ 0

−∞
e−AτBB

⊺
e−A

⊺
τ dτ︸ ︷︷ ︸

=P

P−1x0

)

= x
⊺
0P

−1(x0 − x0) = 0.

Hence, we obtain

E2
u =

∫ 0

−∞
u(τ)

⊺
u(τ) dτ

=

∫ 0

−∞
(v(τ) + u∗(τ))

⊺
(v(τ) + u∗(τ)) dτ

=

∫ 0

−∞
v(τ)

⊺
v(τ) dτ︸ ︷︷ ︸

≥0

+2

∫ 0

−∞
u∗(τ)

⊺
v(τ) dτ︸ ︷︷ ︸

=0

+

∫ 0

−∞
u∗(τ)

⊺
u∗(τ) dτ︸ ︷︷ ︸

=E2
u∗≥0

≥ E2
u∗ ,
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such that the infimum is attained at u∗ and Eu(x0) = Eu∗ . Moreover, we
have

E2
u∗ = x

⊺
0P

−1

∫ 0

−∞
e−AτBB

⊺
e−A

⊺
τ dτ︸ ︷︷ ︸

=P

P−1x0 = x
⊺
0P

−1PP−1x0

= x
⊺
0P

−1x0.

Regarding the corresponding output energy, as the control is switched off at
t = 0 (such that u|[0,∞) = 0), we have y(t) = CeAtx0 and thus

Ey(x0)
2 =

∫ ∞

0

y(τ)
⊺
y(τ) dτ = x

⊺
0

∫ ∞

0

eA
⊺
τC
⊺
CeAτ dτ︸ ︷︷ ︸

=Q

x0 = x
⊺
0Qx0,

which concludes the proof. □

Since P is real and symmetric, it has an eigendecomposition P = UΣU
⊺ with

orthogonal U = [u1, . . . , un] and Σ = diag(σ1, . . . , σn), where σ1, . . . , σn > 0
(the system is assumed to be controllable). Then, according to Theorem
2.11, the energy needed to reach the state x0 = ui from x(−∞) = 0 is given
by

Eu(ui)
2 = u

⊺
i P

−1ui =
1

σi
u
⊺
i ui =

1

σi
.

Thus, eigenvectors of P corresponding to large eigenvalues are easy to reach
and eigenvectors of P corresponding to small eigenvalues are hard to reach.
The eigenvectors corresponding to zero eigenvalues are unreachable.
Analogously, Q has an eigendecomposition Q = V ΛV

⊺ with orthogonal
V = [v1, . . . , vn] and Λ = diag(λ1, . . . , λn), where λ1, . . . , λn ≥ 0 and the
output energy gained from the state x0 = vi is given by

Ey(vi)
2 = x

⊺
iQvi = λiv

⊺
i vi = λi.

Thus, the eigenvectors corresponding to large eigenvalues of Q are easy to
observe, the ones corresponding to small eigenvalues are hard to observe, and
those corresponding to zero eigenvalues are unobservable.

2.3.2 Model Reduction by Balanced Truncation

We begin with an example indicating the need for a so-called balancing trans-
formation (which we will define later).
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Example 2.12 (Balancing Energies)
Consider the following asymptotically stable, controllable and observable sys-
tem

A =

(
1 3
−1 −2

)
, B =

(
1
0

)
, C =

(
0 1

)
, D = 0.

According to Lemma 2.10, we can compute P and Q by solving the corre-
sponding Lyapunov aligns and obtain

P =

(
5
2

−1
−1 1

2

)
, and Q =

(
1
2

1
2

1
2

1

)
.

Computing the eigenvalues and eigenvectors, we obtain (rounding to 5 digits)

ΣP =

(
2.91421 0

0 0.08578

)
, UP =

(
0.92388 0.38268
−0.38268 0.92388

)
,

ΛQ =

(
1.30901 0

0 0.19098

)
, VQ =

(
0.52573 −0.85865
0.85865 0.52573

)
.

Thus, the eigenvector u1 =
(
0.92388 −0.38268

)⊺
is easy to reach and the

eigenvector u2 =
(
0.38268 0.92388

)⊺
is hard to reach. Calculating the cor-

responding output energies, we obtain

u
⊺
1Qu1 = 0.21966 and u

⊺
2Qu2 = 1.28033.

This means, that u1 is at the same time easy to reach and hard to observe
and conversely u2 is hard to reach but easy to observe.

The example shows that if we want to do model order reduction via trunca-
tion of states that are difficult to reach and difficult to observe, we have to
find a coordinate transformation, in which states that are difficult to reach
are at the same time difficult to observe (and vice versa). This motivates the
following definition.

Definition 2.13 (Balanced System)
An asymptotically stable system [A,B,C,D] ∈ Σn,m,p with controllability
Gramian P and observability Gramian Q is called balanced, if

P = Q = diag(σ1, σ2, . . . , σn),

with some σ1, . . . , σn ∈ R.
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Now, given a state-space transformation, i.e., an invertible matrix T ∈ Rn×n,
and introducing the transformed state x̂ = Tx ⇔ x = T−1x̂, we obtain from
the original system [A,B,C,D] ∈ Σn,m,p

ẋ(t) = Ax(t) +Bu(t), y(t) = Cx(t) +Du(t)

⇔ T−1 ˙̂x(t) = AT−1x̂(t) +Bu(t), y(t) = CT−1x̂(t) +Du(t),

⇔ ˙̂x(t) = TAT−1x̂(t) + TBu(t), y(t) = CT−1x̂(t) +Du(t),

the transformed system
[
Â, B̂, Ĉ, D̂

]
∈ Σn,m,p with

Â = TAT−1, B̂ = TB, Ĉ = CT−1, D̂ = D, and x̂(t0) = Tx0.

We will show that we can find a state-space transformation such that the
transformed system is balanced. In order to do so, we have to investigate
how such transformations affect the Gramians.

Lemma 2.14 (Transformed Gramians)
Let [A,B,C,D] ∈ Σn,m,p be asymptotically stable. Given T ∈ Rn×n invertible
with associated transformed system

[
Â, B̂, Ĉ, D̂

]
:= [TAT−1, TB,CT−1, D],

(a) P is the controllability Gramian of [A,B,C,D] ⇔ P̂ := TPT
⊺ is the

controllability Gramian of
[
Â, B̂, Ĉ, D̂

]
,

(b) Q is the observability Gramian of [A,B,C,D] ⇔ Q̂ := T
−⊺
QT−1 is the

observability Gramian of
[
Â, B̂, Ĉ, D̂

]
.

Proof: See Exercise 7.2. □

We are ready to show how to balance a system using a so-called balancing
transformation.

Theorem 2.15 (Balanced Transformation)
Let the system [A,B,C,D] ∈ Σn,m,p be asymptotically stable, controllable,
and observable. Then, there exists an invertible matrix T ∈ Rn×n such that
the transformed system [TAT−1, TB,CT−1, D] ∈ Σn,m,p is balanced.

Proof: From Lemma 2.10, the Gramians P and Q are positive definite, so
that there exist Cholesky decompositions P = RR

⊺ and Q = LL
⊺ , where R

and L are lower triangular with positive diagonal and thus invertible. We fur-
ther introduce the singular value decomposition L⊺R = UΣV

⊺ with orthogo-
nal U, V ∈ Rn×n and Σ = diag(σ1, σ2, . . . , σn), with σ1 ≥ σ2 ≥ · · · ≥ σn ≥ 0.
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Since L and R are invertible, so is L⊺R and therefore, we even have σn > 0
such that Σ is invertible as well.
Introducing the transformation T := Σ− 1

2U
⊺
L
⊺ we see that

Σ− 1
2U
⊺
L
⊺
RV Σ− 1

2 = Σ− 1
2U
⊺
UΣV

⊺
V Σ− 1

2 = In×n,

such that T−1 = RV Σ− 1
2 . For the controllability Gramian P̂ of the trans-

formed system we thus have

P̂ = TPT
⊺
= Σ− 1

2U
⊺
L
⊺
RR

⊺
LUΣ− 1

2 = Σ− 1
2U
⊺
UΣV

⊺
V ΣU

⊺
UΣ− 1

2 = Σ.

Analogously, for the transformed observability Gramian Q̂ we obtain

Q̂ = T
−⊺
QT−1 = Σ− 1

2V
⊺
R
⊺
LL
⊺
RV Σ− 1

2 = Σ− 1
2V
⊺
V ΣU

⊺
UΣV

⊺
V Σ− 1

2

= Σ = P̂ .

and the transformed system [TAT−1, TB,CT−1, D] ∈ Σn,m,p is balanced. □

We continue with our example.
Example 2.16 (Example 2.12 continued)
Following the steps of the proof of Theorem 2.15, we obtain the singular values
σ1 = 0.80902 and σ2 = 0.30902 (again rounding to 5 digits) and, defining the
quantity γ = 0.66874, we obtain the transformation matrix

T = γ

(
−1 − 1

4σ2
1

1 1
4σ2

2

)
.

Thus, the transformed system
[
Â, B̂, Ĉ, D̂

]
∈ Σ2,1,1 is given by

Â = TAT−1 =

(
− γ2

2σ1
− γ2

σ1−σ2

− γ2

σ2−σ1
− γ2

2σ2

)
=

(
−0.27639 −0.89443
089443 −0.72361

)
,

B̂ = TB =

(
−γ
γ

)
=

(
−0.66874
0.66874

)
,

Ĉ = CT−1 =
(
γ γ

)
=
(
0.66874 0.66874

)
,

D̂ = D = 0.

Indeed, the system is balanced as

P̂ = TPT
⊺
=

(
σ1 0
0 σ2

)
= T

−⊺
QT−1Q̂.

such that the eigenvector e2 of P̂ = Q̂ is both harder to to reach and harder
to observe than e1.
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Truncating states of a balanced system that are at the same time difficult
to reach and difficult to observe results in truncating states that correspond
to small eigenvalues of the transformed gramians. Thus, we can formulate
(given a desired reduced state dimension r) our model order reduction al-
gorithm for asympotically stable, controllable and observable LTI systems
[A,B,C,D] ∈ Σn,m,p that is called Balanced Truncation, see Algorithm 2.

Algorithm 2 Balanced Truncation([A,B,C,D] ∈ Σn,m,p, r ≤ n)
1: Solve the Lyapunov equations

AP + PA
⊺
= −BB⊺ , A

⊺
Q+QA = −C⊺C

for the Gramians P > 0 and Q > 0.
2: Compute Cholesky factorizations P = RR

⊺ and Q = LL
⊺ .

3: Compute the singular value decomposition L
⊺
R = UΣV

⊺ .
4: Set T = Σ− 1

2U
⊺
L
⊺ (and T−1 := RV Σ− 1

2 ).
5: Do the balancing transformation

[
TAT−1, TB,CT−1, D

]
=

[[
A11 A12

A21 A22

]
,

[
B1

B2

]
,
[
C1 C2

]
, D

]
with [A11, B1, C1, D] ∈ Σr,m,p denoting the reduced system.

6: return [A11, B1, C1, D] ∈ Σr,m,p

2.4 Properties of Balanced Truncation

It is now clear how to generate a reduced LTI system, but what properties
does the reduced system have? Is it asymptotically stable? And is there a
meaningful way of choosing r the reduced state dimension?
We first revisit the setup introduced in section 2.3.1 and discover the theo-
retical background of the approach made in Algorithm 2. Thus, consider the
state equation on the time horizon (−∞, 0] with x(−∞) = 0 and a control
u ∈ L2((−∞, 0],Rm) steering the system towards

x(0) = x0 =

∫ 0

−∞
e−AτBu(τ) dτ.

For the output equation on the time horizon [0,∞) the control is then
switched off so that one obtains an output signal y ∈ L2([0,∞),Rp) with
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y(t) = CeAtx0. This motivates the definition of the following operator map-
ping ”past inputs to future outputs”.
Definition and Theorem 2.17 (Hankel Operator & Singular Values)
Let the system [A,B,C,D] ∈ Σn,m,p be asymptotically stable. The operator
H : L2((−∞, 0],Rm) → L2([0,∞),Rp) defined via

u 7→ (Hu)(t) = y(t) =

∫ 0

−∞
CeA(t−τ)Bu(τ) dτ

is called the Hankel Operator of the system and it is a linear and bounded
operator. Thus, its adjoint operator H∗ : L2([0,∞),Rp) → L2((−∞, 0],Rm)
exists and it is defined via

y 7→ (H∗y)(τ) =

∫ ∞

0

B
⊺
eA
⊺
(t−τ)C

⊺
y(t) dt.

Furthermore, σ ≥ 0 is called a singular value of H, if σ2 is an eigenvalue
of H∗H, i.e., there exists an eigenfunction v ∈ L2((−∞, 0],Rm) \ {0} such
that H∗Hv = σ2v. In particular, the positive singular values of H are called
Hankel singular values.

Proof: With the system being asymptotically stable the operator is well-
defined and the linearity is obvious due to the linearity of the integral. Letting

x0 :=

∫ 0

−∞
e−AτBu(τ) dτ , we have (Hu)(t) = CeAtx0 and thus

‖Hu‖2L2([0,∞),Rp) = x
⊺
0

∫ ∞

0

eA
⊺
τC
⊺
CeAτ dτx0 = x

⊺
0Qx0 =

∥∥∥Q 1
2x0

∥∥∥2
2

≤
∥∥∥Q 1

2

∥∥∥2
2
‖x0‖22 .

Regarding the second term, we note that for any v ∈ Rn, one can prove that
‖v‖22 = max

u∈Rn

∥u∥2=1

| 〈v, u〉2 |
2. Using Cauchy-Schwartz, we thus obtain

‖x0‖22 = max
x∈Rn

∥x∥2=1

| 〈x0, x〉2 |
2 = max

x∈Rn

∥x∥2=1

∣∣∣∣∫ 0

−∞
u(τ)

⊺
B
⊺
e−A

⊺
τx dτ

∣∣∣∣2

= max
x∈Rn

∥x∥2=1

∣∣∣∣〈u,B⊺e−A
⊺ ·x
〉
L2((−∞,0],Rm)

∣∣∣∣2
CSU

≤ max
x∈Rn

∥x∥2=1

‖u‖2L2((−∞,0],Rm)

∥∥∥B⊺e−A
⊺ ·x
∥∥∥2
L2((−∞,0],Rm)

.

84



2.4. PROPERTIES OF BALANCED TRUNCATION

But∥∥∥B⊺e−A
⊺ ·x
∥∥∥2
L2((−∞,0],Rm)

= x
⊺
∫ 0

−∞
e−AτBB

⊺
e−A

⊺
τ dτ︸ ︷︷ ︸

=P

x = x
⊺
Px =

∥∥∥P 1
2x
∥∥∥2
2

≤
∥∥∥P 1

2

∥∥∥2
2
‖x‖22 ,

so that in total

‖Hu‖L2([0,∞),Rp) ≤
∥∥∥Q 1

2

∥∥∥
2

∥∥∥P 1
2

∥∥∥
2
‖u‖L2((−∞,0],Rm)

and the operator is also continuous. Regarding the adjoint, we calculate

〈Hu, y〉L2([0,∞),Rp) =

∫ ∞

0

((Hu)(t))⊺y(t) dt

=

∫ ∞

0

∫ 0

−∞
u(τ)

⊺
B
⊺
eA
⊺
(t−τ)C

⊺
y(t) dτ dt

=

∫ 0

−∞
u(τ)

⊺
∫ ∞

0

B
⊺
eA
⊺
(t−τ)C

⊺
y(t) dt dτ

= 〈u,H∗y〉L2((−∞,0],Rm)

and since the adjoint operator satisfying this property is unique due to The-
orem 1.9, the operator H∗ is indeed the adjoint operator. □

It turns out that we already encountered the Hankel singular values during
Algorithm 2.
Theorem 2.18 (Hankel Singular Values & Balanced truncation)
Let [A,B,C,D] ∈ Σn,m,p be asymptotically stable, P and Q its controllability
and observability Gramians, and H its Hankel operator. Then, σ > 0 is a
Hankel singular value if and only if σ2 is an eigenvalues of PQ.

Proof: We first want to obtain a representation of (H∗Hu)(t) for some func-

tion u ∈ L2((−∞, 0],Rm). Again, letting x0 :=
∫ 0

−∞
e−AτBu(τ) dτ , we have

(Hu)(t) = CeAtx0. On the other hand, we obtain for some y ∈ L2([0,∞),Rp)

(H∗y)(t) =

∫ ∞

0

B
⊺
eA
⊺
(τ−t)C

⊺
y(τ) dτ = B

⊺
e−A

⊺
t

∫ ∞

0

eA
⊺
τC
⊺
y(τ) dτ.

This leads to

(H∗Hu)(t) = B
⊺
e−A

⊺
t

∫ ∞

0

eA
⊺
τC
⊺
CeAτx0 dτ = B

⊺
e−A

⊺
tQx0.
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”⇒”: Assume that σ > 0 is a singular value of H. Then there exists an
eigenfunction u ∈ L2((−∞, 0],Rm) of H∗H corresponding to an eigenvalue
σ2 > 0, i.e.,

(H∗Hu)(t) = B
⊺
e−A

⊺
tQx0 = σ2u(t) ⇔ u(t) =

1

σ2
B
⊺
e−A

⊺
tQx0.

Inserting this u into the definition of x0 yields

x0 =

∫ 0

−∞
e−AτB

1

σ2
B
⊺
e−A

⊺
τQx0 dτ =

1

σ2

∫ 0

−∞
e−AτBB

⊺
e−A

⊺
τ dτ︸ ︷︷ ︸

=P

Qx0 =
1

σ2
PQx0

such that σ2 is an eigenvalue of PQ.
”⇐”: Now assume that σ2 > 0 is an eigenvalue of PQ with an eigenvector
v ∈ Rn \ {0} and define u(t) = 1

σ2B
⊺
e−A

⊺
tQv ∈ L2((−∞, 0],Rm). We obtain

(H∗Hu)(t) = B
⊺
e−A

⊺
t

∫ ∞

0

eA
⊺
τC
⊺
∫ 0

−∞
CeA(τ−s)Bu(s)ds dτ

= B
⊺
e−A

⊺
t

∫ ∞

0

eA
⊺
τC
⊺
∫ 0

−∞
CeA(τ−s)B

1

σ2
B
⊺
e−A

⊺
sQvds dτ

= B
⊺
e−A

⊺
t

∫ ∞

0

eA
⊺
τC
⊺
CeAτ 1

σ2

∫ 0

−∞
e−AsBB

⊺
e−A

⊺
sdsQv dτ

= B
⊺
e−A

⊺
t

∫ ∞

0

eA
⊺
τC
⊺
CeAτ 1

σ2
PQv︸ ︷︷ ︸
=v

dτ

= B
⊺
e−A

⊺
tQv = σ2u(t),

and σ is a singular value of H. □

Coming back to Algorithm 2, the system is then also controllable and observ-
able, such that P and Q are positive definite and the Cholesky factorizations
P = RR

⊺ and Q = LL
⊺ exist. Thus, if σ2 is an eigenvalue of PQ for an

eigenvector v ∈ Rn, then we have

PQv =
(
RR

⊺)(
LL
⊺)
v = σ2v.

Multiplying both sides with R−1 from the left, this is equivalent to(
R
⊺
L
)︸ ︷︷ ︸

=(L
⊺
R)
⊺

(
L
⊺
R
)
R−1v = σ2R−1v,
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which implies that σ is a singular value of L⊺R. Therefore, the positive
entries of Σ computed in Algorithm 2 are exactly the Hankel singular values
of the system. Thus, the model order reduction is based on truncating the
states of the transformed system that correspond to the neglectable Hankel
singular values.
We now turn our attention to the question: is the reduced system obtained
with Algorithm 2 asymptotically stable? Is it also controllable and observ-
able? The answers are given in the upcoming Theorem.

Theorem 2.19 (Stability of the Reduced System)
Let [A,B,C,D] ∈ Σn,m,p be asymptotically stable, controllable and observable
and let [A11, B1, C1, D] ∈ Σr,m,p be the reduced system obtained with Algo-
rithm 2. Assume that σr > σr+1 holds for the Hankel singular values σi,
i = 1, . . . , n of the full system. Then, the reduced system [A11, B1, C1, D] is
asymptotically stable, observable, controllable, and balanced with the Grami-
ans P11 = Q11 = diag(σ1, . . . , σr) =: Σ1.

Proof: Since the system [A,B,C,D] ∈ Σn,m,p is controllable and observ-
able, the balancing transformation introduced in Theorem 2.15 leads to the
transformed Gramians

P̂ = Q̂ = diag(σ1, . . . , σn) =: diag(Σ1,Σ2) > 0

and the Lyapunov equations in balanced coordinates read[
A11 A12

A21 A22

] [
Σ1 0
0 Σ2

]
+

[
Σ1 0
0 Σ2

] [
A
⊺
11 A

⊺
21

A
⊺
12 A

⊺
22

]
= −

[
B1

B2

] [
B
⊺
1 B

⊺
2

]
, (2.2)[

A
⊺
11 A

⊺
21

A
⊺
12 A

⊺
22

] [
Σ1 0
0 Σ2

]
+

[
Σ1 0
0 Σ2

] [
A11 A12

A21 A22

]
= −

[
C
⊺
1

C
⊺
2

] [
C1 C2

]
. (2.3)

Thus, if the reduced system is asymptotically stable, Lemma 2.10 yields
that Σ1 > 0 is the controllability and observability Gramian of the reduced
system which is thus balanced. Furthermore, the reduced system is then also
controllable and observable (one can show, see e.g., [ANT, Theorem 4.15 &
Theorem 4.26], that the converse of Lemma 2.10 holds as well, i.e., that the
positive definiteness of a Gramian implies controllability/observability).
Thus, it remains to show that all eigenvalues of A11 have negative real part.
Let λ ∈ C be an eigenvalue of A⊺11 with eigenvector 0 6= v ∈ Cr (thus, λ̄ is an
eigenvalue of A⊺11 for the eigenvector v̄). Multiplying the reduced Lyapunov
equation

A11Σ1 + Σ1A
⊺
11 = −B1B

⊺
1
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with v∗ from the left and with v from the right, yields

−
∥∥∥B⊺1 v∥∥∥2

2
= v⋆A11Σ1v + v⋆Σ1A

⊺
11v = v⋆A11Σ1v + λv⋆Σ1v

and since

v⋆A11Σ1v =
((
v⋆A11v

)⊺)⊺
Σ1 =

(
v
⊺
A
⊺
11v̄
)⊺
Σ1 =

(
v
⊺
λ̄v̄
)⊺
Σ1 = λ̄v⋆Σ1v

we have
−
∥∥∥B⊺1 v∥∥∥2

2︸ ︷︷ ︸
≤0

= 2Re(λ) v⋆Σ1v︸ ︷︷ ︸
>0

,

such that Re(λ) ≤ 0 and it remains to show that A11 has no eigenvalues on
the imaginary axis. Therefore, assume that there exist imaginary eigenval-
ues. Let iω ∈ iR be an imaginary eigenvalue and {v1, . . . , vq} ⊂ Cr be an
orthonormal basis of N (A11 − iωIr), i.e., V :=

[
v1 . . . vq

]
∈ Cr×q spans

the eigenspace for the eigenvalue iω. Then, we have

(A11 − iωIr)V = 0, V ⋆
(
A
⊺
11 + iωIr

)
= 0,

and from the reduced Lyapunov equations, we have

(A11 − iωIr)Σ1 + Σ1

(
A
⊺
11 + iωIr

)
= −B1B

⊺
1 , (2.4)(

A
⊺
11 + iωIr

)
Σ1 + Σ1(A11 − iωIr) = −C⊺1C1. (2.5)

Multiplying (2.5) with V ⋆ from the left and with V from the right gives

V ⋆
(
A
⊺
11 + iωIr

)
Σ1V︸ ︷︷ ︸

=0

+V ⋆Σ1(A11 − iωIr)V︸ ︷︷ ︸
=0

= −V ⋆C
⊺
1C1V,

resulting in C1V = 0. Multiplying (2.5) with V from the right yields(
A
⊺
11 + iωIr

)
Σ1V + Σ1(A11 − iωIr)V︸ ︷︷ ︸

=0

= −C⊺1 C1V︸︷︷︸
=0

,

and thus
(
A
⊺
11 + iωIr

)
Σ1V = 0. Now, multiplying (2.4) with V ⋆Σ1 from the

left and with Σ1V from the right results in

V ⋆Σ1(A11 − iωIr)Σ
2
1V︸ ︷︷ ︸

=0

+V ⋆Σ2
1

(
A
⊺
11 + iωIr

)
Σ1V︸ ︷︷ ︸

=0

= −V ∗Σ1B1B
⊺
1Σ1V,
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giving B⊺1Σ1V = 0. By multiplying (2.4) with Σ1V from the right, we obtain

(A11 − iωIr)Σ
2
1V + Σ1

(
A
⊺
11 + iωIr

)
Σ1V︸ ︷︷ ︸

=0

= −B1B
⊺
1Σ1V︸ ︷︷ ︸
=0

,

such that (A11 − iωIr)Σ
2
1V = 0 and each column of Σ2

1V is an element of
N (A11−iωIr). Since V is a basis of this kernel, there exists a matrix Ξ ∈ Cq×q

such that

Σ2
1V = V Ξ with Λ(Ξ) ⊆ Λ

(
Σ2

1

)
, (2.6)

where the second statement follows from the first one: let λ ∈ C be an
eigenvalue of Ξ with eigenvector y ∈ Cq, then

Σ2
1V y = V Ξy = λV y,

such that λ is also an eigenvalue of Σ2
1 with eigenvector V y. Multiplying the

(2,1) block of (2.2) by Σ1V from the right yields

A21Σ
2
1V + Σ2A

⊺
12Σ1V = −B2B

⊺
1Σ1V = 0.

On the other hand, multiplying the (2,1) block of (2.3) by V from the right
results in

A
⊺
12Σ1V + Σ2A21V = −C⊺2C1V = 0.

Using (2.6) and both of the last two equations we get

A21V Ξ = A21Σ
2
1V = −Σ2A

⊺
12Σ1V = Σ2

2A21V.

This is a Sylvester matrix equation

N1X +XN2 =M

with N1 ≡ −Σ2
2, N2 ≡ Ξ, unknown X ≡ A21V , and M ≡ 0. One can

show that this matrix equation has a unique solution, if N1 and −N2 have
disjoint spectra. Since we have Λ(Ξ) ∩ Λ(Σ2

2) = ∅ from (2.6), the solution
is unique here and since the zero matrix is a solution to this equation, we
obtain A21V = 0. In total, we have

Â

[
V
0

]
=

[
A11 A12

A21 A22

] [
V
0

]
=

[
A11V
A21V

]
= iω

[
V
0

]
,

and since Â and A are similar (T is a similarity transform), iω is also an imag-
inary eigenvalue of A, contradicting the asymptotic stability of the original
system. □
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To conclude this chapter,we want to present an error bound for the approxi-
mation error of Balanced Truncation. We first define the necessary concepts
and begin with the Laplace transformation.

Definition 2.20 (Laplace Transformation)
Let f : [0,∞) → R

n be exponentially bounded, i.e., there exist M ≥ 0 and
α ≥ 0 such that ‖f(t)‖2 ≤Meαt for all t ≥ 0. Then,

L{f} (s) :=
∫ ∞

0

f(τ)e−sτ dτ ∈ Rn

for Re(s) > α is called the Laplace transform of f . The process of forming
the Laplace transform is called Laplace transformation.

We want to apply the Laplace transform to (LTI): assuming that each of the
Laplace transforms X(s) := L{x}(s), U(s) := L{u}(s), and Y (s) := L{y}(s)
exists, one can show that the Laplace transformed system reads

sX(s)− x(0) = AX(s) +BU(s),

Y (s) = CX(s) +DU(s)

and under the assumption that x(0) = 0, we obtain the relation

Y (s) =
(
C(sIn − A)−1B +D

)
U(s).

This leads to the following definition.

Definition 2.21 (Transfer Function)
The function

G(s) := C(sIn − A)−1B +D ∈ R(s)p×m

is called the transfer function of the system [A,B,C,D] ∈ Σn,m,p. Here,
R(s)p×m denotes the set of all p×m matrices that have real-rational functions
as entries.

We can see, that the transfer function maps the input of the system to the
corresponding output (in the frequency domain). Thus, the error between the
transfer functions of the full and reduced system G(s)−Ĝ(s) is an interesting
quantity. In order to measure this error in the correct norm, we introduce
the following Hardy Space.
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Definition 2.22 (The Space Hp×m
∞ )

Introducing the H∞-norm ‖G‖H∞
:= sup

ω∈R
‖G(iω)‖2, the space Hp×m

∞

Hp×m
∞ :=

{
G : C+ → C

p×m : G is analytic in C+ and ‖G‖H∞
<∞

}
equipped with this norm is a Banach space.

Based on these concepts, one can show the following error bound.

Theorem 2.23 (Balanced Truncation Error Bound)
Let [A,B,C,D] ∈ Σn,m,p with transfer function G ∈ Hp×m

∞ ∩ R(s)p×m be
asymptotically stable and balanced with Gramians

P = Q = diag(σ1Is1 , σ2Is2 , . . . , σkIsk) where σ1 > σ2 > . . . > σk ≥ 0.

Let [A11, B1, C1, D] ∈ Σr,m,p be the reduced of order r obtained with Algorithm
2 with r = s1 + s2 + . . . + sl for some l ≤ k and with transfer function
Ĝ ∈ Hp×m

∞ ∩R(s)p×m. Then, it holds

∥∥∥G− Ĝ
∥∥∥
H∞

≤
k∑

j=l+1

2σj.

Proof: See, e.g., [ANT, Theorem 7.9]. □

Finally, one can show

‖G‖H∞
= sup

u∈L2([0,∞),Rm)
u̸=0

‖y‖L2([0,∞),Rp)

‖u‖L2([0,∞),Rp)

,

such that this bound also relates back to the time domain of the system.
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