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Function recovery from samples

Given:
• L2 = L2(D, ν)

• reproducing kernel Hilbert space H(K) ↪→ L2

Goal:
• find good points X = {x1, . . . ,xn} ⊂ D and a

sampling recovery operator SX : H(K) → L2

with small worst-case error

sup
∥f∥H(K)≤1

∥f − SXf∥L2

f(x)

(xi, f(xi))

(SXf)(x)
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Least squares approximation
• let η0, . . . , ηm−1 ∈ L2 with n ≥ m

• ansatz f(x) =

m−1∑
k=0

ckηk(x) with c = (c0, . . . , cm−1)
T solving

η0(x
1) · · · ηm−1(x

1)
...

. . .
...

η0(x
n) · · · ηm−1(x

n)


 c0

...
cm−1

 =

f(x1)
...

f(xn)



• the solution is given by

c = (L∗WL)−1L∗Wf and (SXf)(x) =

m−1∑
k=0

ckηk(x)
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Reproducing kernel Hilbert space
• assume finite trace

∫
D K(x,x) dν(x) < ∞

• embedding IdK,ν : H(K) ↪→ L2 has the representation

IdK,ν(f) =

∞∑
k=0

σk⟨f, ek⟩H(K)ηk

with ek = σkηk and
• singular values σ0 ≥ σ1 ≥ · · · ≥ 0
• right singular functions e0, e1, . . . forming an ONS in H(K)
• left singular functions η0, η1, . . . forming an ONS in L2

• Kolmogorov width

dm(H(K)) := inf
ℓ0,...,ℓm−1 : H(K)→C

φ0,...,φm−1∈L2

sup
∥f∥H(K)≤1

∥∥∥f −
m−1∑
k=0

ℓk(f)φk

∥∥∥
L2

= sup
∥f∥H(K)≤1

∥∥∥f −
m−1∑
k=0

⟨f, ηk⟩L2ηk

∥∥∥
L2

= σm
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Sobolev spaces with dominating mixed smoothness on Td

• Hs
mix(T

d) = {f ∈ L2 : ∥f∥Hs
mix

< ∞} (s > 1/2)
with

⟨f, g⟩Hs
mix

:=
∑

j∈{0,s}d
⟨D(j)f,D(j)g⟩L2

• singular functions ηk = exp(2πi⟨k, ·⟩)

• singular values σk =

d∏
j=1

(1 + (2π|kj |)2s)−1/2

• Kolmogorov width dm(Hs
mix) = m−s(logm)(d−1)s

IhcR

B., Kämmerer, Potts, Ullrich 4 www.tu-chemnitz.de/~febar



Structured points: rank-1 lattice

• D = Td, {η0, . . . , ηm−1} = {exp(2πi⟨k, ·⟩}k∈I
• X = Λ(z, n) =

{ i

n
z mod 1, i = 0, . . . , n− 1

}
• [Nuyens ’07], [Kämmerer, Potts, Volkmer ’15]:

• given I, there exist algorithms that find z and n
such that L∗WL = I

• multiplication with L can be carried out with the
LFFT in O(n log n) z = (1, 21)T, n = 55

Theorem [Byrenheid, Kämmerer, T. Ullrich, Volkmer ’17]

n−s ≲ sup
∥f∥Hs

mix
≤1

∥f − SXf∥2L2
≲ n−s(log n)(d−2)s+(d−1)

B., Kämmerer, Potts, Ullrich 5 www.tu-chemnitz.de/~febar



Random points

• X = {x1, . . . ,xn} drawn randomly i.i.d. w.r.t.
Lebesgue measure such that

n ∼ m logm

• no fast matrix-vector multiplication due to lack of
structure

Theorem [M. Ullrich, Krieg ’19]

n−2s(log n)2(d−1)s ≲ sup
∥f∥Hs

mix
≤1

∥f − SXf∥2L2
≲ n−2s(log n)2(d−1)s+2s
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Subsampled random points
• X = {x1, . . . ,xn} drawn randomly i.i.d. w.r.t.

Lebesgue measure such that n ∼ m logm

• there exist X ′ = {xi1 , . . . ,xin′} ⊂ X
subsampled points suitable for reconstruction
with n′ ∈ O(|I|)

• no fast matrix-vector multiplication

Theorem [Nagel, Schäfer, T. Ullrich ’21], [B., Schäfer, T. Ullrich ’22]

n−s(log n)2(d−1)s ≲ sup
∥f∥H(K)≤1

∥f − SXf∥2L2
≲ n−2s(log n)2(d−1)s+1

Theorem [Dolbeaut, Krieg, M. Ullrich ’22]

sup
∥f∥H(K)≤1

∥f − SXf∥2L2
∼ n−2s(log n)2(d−1)s
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Goal: combine both advantages

structure for fast algorithms optimal rates



Approach (motivated by [Kunis, Rauhut ’08])

•1
XMZ: good

deterministic set of
M points

XMZ={x1, . . . ,xM}
WMZ ∈ [0,∞)M×M

random→
subsampling

•2
X: randomly

subsample n points
with n ∼ m logm

X = {xi}i∈J

W ∈ [0,∞)|X|×|X|

BSS→
subsampling

•3
X ′: BSS subsample

n′ points with
n′ ∼ m

X′ = {xi}i∈J′

W ′∈ [0,∞)|X
′|×|X′|

B., Kämmerer, Potts, Ullrich 8 www.tu-chemnitz.de/~febar



Starting points: MZ inequalities and exact quadrature

• points XMZ and weights ω1, . . . , ωM fulfill a L2 Marcinkiewicz-Zygmund
inequality for V ⊂ L2, iff

A∥g∥2L2
≤

M∑
i=1

ωi|g(xi)|2 ≤ B∥g∥2L2
for all g ∈ V

• the full system matrix is well-conditioned

A ≤ σ2
min(W

1/2L) ≤ σ2
max(W

1/2L) ≤ B
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Starting points: MZ inequalities and exact quadrature

• MZ inequalities are widly available: [Mhaskar, Narcowich, Ward ’01],
[Keiner, Kunis, Potts ’07], [Filbir, Mhaskar ’11], [Müller-Gronbach, Novak,
Ritter ’12], [Temlyakov ’18], [Gröchenig ’20], [Filbir, Hielscher, Jahn,
T. Ullrich to appear], . . .

Lemma
The MZ inequality on V with A = B is equivalent to the exact integration

M∑
i=1

ωig(x
i)h(xi) =

∫
D
g(x)h(x) dν(x) for all g, h ∈ V .

• exact integration is widly available: [Nuyens, Cools ’06], [Kämmerer,
Potts, Volkmer ’15], [Trefethen ’19], . . .
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Incorporate fast algorithms

• big point set XMZ = {x1, . . . ,xM} with O(M logM) algorithm
• small point set X = {xj1 , . . . ,xjn} ⊂ XMZ

• we may use the algorithm for the big point set

LX = PLXMZ where P =


1 0 0 . . . 0 0 0
0 0 1 . . . 0 0 0

...
...

0 0 0 . . . 0 1 0
j1 j2 jn


1
2
...
n

• with n ∼ m logm and M ∼ m2 we obtain the same complexity as for naive
matrix-vector multiplication

O(mn) = O(M logM)
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Central theorem

Assumptions 1 of 2

Let
• H(K) separable RKHS with supx∈D K(x,x) < ∞ and

∫
D K(x,x) dx < ∞,

• σk and ηk singular values and functions of IdK,ν : H(K) ↪→ L2(ν)

• I = {0, . . . ,m− 1} ⊂ IM
• XMZ points and WMZ weights fulfilling an L2-Marcinkiewicz-Zygmund

inequality with constants A and B for V = span{ηk}k∈IM ,
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Central theorem
Assumptions 2 of 2

• n :=
⌈
72B
A |I| log |I|

⌉
,

• X = {xi}i∈J , |J | = n points drawn i.i.d. from XMZ w.r.t. the discrete
density weights ϱi = ωiϱ(x

i) with

ϱ(xi) =

ωi

∑
k∈I

|ηk(xi)|2

3

M∑
j=1

ωj

∑
k∈I

|ηk(xj)|2
+

ωi

∑
k∈IMZ\I

|ek(xi)|2

3

M∑
j=1

ωj

∑
k∈IMZ\I

|ek(xj)|2
+

ωi

3

• b > 1 + 1
|I| .

• uses spectral properties of the embedding
• discrete version of [M. Ullrich, Krieg ’19], [Kämmerer, T. Ullrich, Volkmer ’19]
• ϱ(xi) neglectable for BOS, i.e., supx∈D |ηk(x)| ≤ B for all k

B., Kämmerer, Potts, Ullrich 13 www.tu-chemnitz.de/~febar



Central theorem

Theorem [B, Kämmerer, Potts, T. Ullrich ’22]

Given the assumptions we construct X ′ ⊂ XMZ with |X ′| ≤ ⌈b|I|⌉ such that

sup
∥f∥H(K)≤1

∥f − SX′
I f∥2L2

≤ CA,B,b log |I|

(
sup
k/∈I

σ2
k +

1

|I|
∑

k∈IMZ\I

σ2
k

+ sup
∥f∥H(K)≤1

∥f − PIMZf∥
2
ℓ∞(D)

)

with probability larger than 1− 4/|I| and CA,B,b = 79 616(BA )
2 (b+1)2

(b−1)3
.
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Central theorem for rank-1 lattices

Theorem for rank-1 lattices [B, Kämmerer, Potts, T. Ullrich ’22]

Let • s > 1/2,
• I ⊂ IMZ ⊂ Zd hyperbolic cross frequency index sets, |I| ≥ 3,
• XMZ reconstructing rank-1 lattice for IMZ with M points,
• b > 1 + 1

|I| .
Then we construct X ′ ⊂ XMZ with |X ′| = n ≤ ⌈b|I|⌉ such that

sup
∥f∥Hs

mix
≤1

∥f − SX′
I f∥2L2

≤ Cd,s,b

(
n−2s(log n)2(d−1)s+1

+M−s+1(logM)(d−1)(s+1)−s
)

with probability 1− 4/|I|.
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Numerical experiment for random subsampling

• d = 5, f tensorized bumb function in Hs
mix(T

5) for s < 3/2

• initial XMZ: fast probabilistic CBC rank-1 lattice construction [Kämmerer ’20]
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Numerical experiment for random + BSS subsampling

• d = 5, f tensorized bumb function in Hs
mix(T

5) for s < 3/2

• initial XMZ: fast probabilistic CBC rank-1 lattice construction [Kämmerer ’20]
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Conclusion

Td Sd [0, 1]d

• we proposed random + BSS subsampling procedure for MZ inequalities
• achieving the near optimal convergence rates ✓
• making it possible to utilize fast algorithms ✓

• [B., Kämmerer, Potts, T. Ullrich ’22] on arXiv:2208.13597 “On the
reconstruction of functions from values at subsampled quadrature points”
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