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LQR problems for linear parabolic PDEs have been studied in detail in the literature for the past 3 to 4 decades. The solvability
of feedback control problems for a large class of problems is well understood. In recent years numerical methods for the
approximation of the corresponding Riccati operators have been developed. These methods are able to calculate the feedback
operator directly and thus can compute the solutions to linear problems efficiently. Here we study the applicability of such
techniques to the control of quasilinear equations via local linearization in an adaptive control setting.
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1 Introduction

In the recent years we showed, that current solvers for large and sparse algebraic Riccati equations (ARE) allow us to apply
the Riccati feedback approach to the numerical treatment of partial differential equation (PDE) constrained optimal control
problems. We have implemented (sub-)optimal feedback strategies for a class of parabolic PDEs [1]. Further we have dealt
with the problem of incomplete and inexact observations for the nonlinear Burgers equation. Here the goal is to identify the
ingredients of model predictive control schemes in the context of an adaptive control problem for a quasilinear heat equation.

The paper is structured as follows. In the next section we introduce the nonlinear model problem we use for our numerical
tests. Section 3 then gives an overview of the linear quadratic optimal control problem in the linear case and introduces the
feedback law used for the adaptive control. Then we will collect the main ingredients of a model predictive control problem
in section 4 and finally identify these in our approach in the last section.

2 A Nonlinear Model Problem

As a model problem for our adaptive control approach we take the optimal cooling of steel profiles. This has been discussed
by Tröltzsch et.al. around 2000, e.g., in [2, 3]. We picked this problem up in [4, 5] and made the linearization available as
a benchmark as part of the Oberwolfach Model Reduction Benchmark Collection [6]. As a brief description we are dealing
with the physical process of cooling rail profiles in a rolling mill. Engineers are interested in optimizing the cooling process
in terms of process time and properties of the final product (i.e. shorten process times and limit temperature gradients). The
physical model can be described by the quasilinear heat equation as follows: Given a final time T ∈ R>0, a domain Ω ⊂ R2

(see Figure 1) with boundary Γ =
⋃7

i=0 Γi, where Γi ∩ Γj = ∅. Define Υ := Ω × (0, T ), Σi := Γi × (0, T ). Then the heat
distribution is described by the parabolic partial differential equation

c(x)ρ(x)
∂

∂t
x(ξ, t) = ∇.(λ(x)∇x(ξ, t)) in Υ, −λ(x)

∂

∂ν
x(ξ, t) = gi(x, u, ξ, t) on Σi, x(ξ, 0) = x0(ξ) in Ω, (1)

where c(x), ρ(x) and λ(x) are material parameters depending on the temperature x, for which the describing functions are
also considered given (e.g., by experimental data provided by the engineers).

3 LQR Problems for Linear PDEs

Now we will review the LQR problem for the linear case briefly. Consider c, ρ and λ independent of x. Then (1) becomes
linear and a variational formulation leads to an abstract Cauchy problem on a suitable Hilbert space X (see [4])

ẋ(t) = Ax(t) + Bu(t), x(0) = x0 ∈ X . (2)
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Fig. 1 left:domain and initial mesh for the numerical computations, right: schematic diagram displaying MPC features.

Additionally considering the output equation y = Cx we define the cost functional

J (u) =
1
2

∫ T

0

< Q̂y,y > + < Ru,u > dt =
1
2

∫ T

0

< Qx,x > + < Ru,u > dt (3)

where Q := C∗Q̂C, Q̂ ≥ 0 and R > 0. It is then well known from the open literature (e.g., [7]), that the optimal control
is given in feedback form u = −R−1B∗X∞x. Here X∞ is the minimal, positive semidefinite, selfadjoint solution of the
algebraic / differential Riccati equation

0 = R(X) := Q + A∗X + XA−XBR−1B∗X, Ẋ = −R(X) := −Q−A∗X−XA + XBR−1B∗X, (4)

in the case T = ∞ / T < ∞. The numerical solution of the LQR problem is obtained using a finite-dimensional approximation
of X, see [4, 5].

4 Model Predictive Control of the Quasilinear Model Equation

Basic ingredients and properties of MPC schemes Model Predictive Control (MPC) has to be considered a family of
methods rather than a distinctive control strategy. These methods have found great acceptance in industrial applications in
the recent decades, since they yield high performance control systems capable of running without expert intervention and are
especially also applicable to nonlinear systems. Their key ingredients following [8] are a prediction model, a cost function
and a way to compute the control. A schematic overview of the details is given in Figure 1 and an elaborate description can
be found, e.g., in [9].

Application of MPC to the nonlinear model To apply the MPC technique to the above quasilinear equation, we freeze the
material parameters at certain time instances, e.g., the time steps taken in the solver, and thus linearize it. This technique has
also been applied successfully in [2] and enables us to apply the Riccati feedback approach for the linear equation. Using this
we compute the feedback, that is used for the next time step in the nonlinear prediction model. We can then update material
parameters, linearize again and recompute (adapt) the feedback for the next time step. That means, the variables in Figure 1 are
chosen as t = ti, TC = ∞, Tp = δ = hi where hi is the time step size in the i-th step. In numerical experiments this approach
leads to smaller temperature gradients and since nonlinearities are adapted obviously gives a better approximation to the real
process. Thus we obtain an improved cooling behaviour compared to the linear approach where all material parameters are
frozen at their values at t0 = 0.
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