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Flow stabilisation by Dirichlet boundary control
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Re-attachment of separated flow is investigated for the model problem of a backward facing step at moderate Reynolds number
(up to 400), where the length of the detachment zone is reduced by blowing in (or sucking out) fluid through a nozzle below
the step. Both optimal feed forward control as well as a simple feedback control are considered, with surprisingly good results
obtained by a very simple (non-optimal) linear feedback controller. Numerical results are shown.
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1 Introduction

Stabilisation of turbulent flow by Dirichlet boundary control is a problem of huge interest in aerodynamics applications, as for
example the re-attachment of separated flow around an airfoil would dramatically reduce fuel consumption in certain flight
regimes. The possibility and potential of doing so have long been demonstrated. Yet practical realisations are still under
research [1–3]. In order that the stabilisation is practical it is important that the control is applied via nozzles blowing in
or sucking out fluid on the boundary of the flow domain. Other approaches that apply volume forces to the fluid, or apply
Dirichlet control tangential to the boundary are less general as these types of control are only possible to implement for a few
specialised flow problems.

2 Control of a model problem

Here a model problem of the backward facing step [3] is considered, see Figure 1. This simple setup features a recirculation
zone behind the step at low Reynolds numbers already, where stationary solutions still exist and turbulence models are not
required for computations, see Figure 2. The flow is modelled by the incompressible Navier-Stokes equations (1) and an
optimal control problem is formulated by defining the tracking type performance functional (2),
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On the inflow boundary Γin and the control boundary Γc fully developed channel flow (quadratic velocity profile) are applied
as Dirichlet boundary conditions. Control is achieved by influencing the intensity of the influx at Γc by scaling the flow profile
to maximum velocity q(t) which is the control variable. Outflow boundary conditions of Neumann type are applied at Γout,
while no-slip conditions are set for the remaining parts of the boundary Γ0. The desired flow profile ud is chosen to be the
velocity profile of the uncontrolled (q(t) ≡ 0) Stokes flow in the same domain. The Stokes solution is free of recirculations,
thus minimisation of (2) gives a model for reducing recirculation.

The control q(t) is computed in a two stage process. The first stage comprises of computing the optimal stationary control
of the stationary system (∂u/∂t = 0) for a given Reynolds number Re. In a typical application scenario the mean flow
velocity and thus Re would not be fixed, but rather vary in a certain range. Also the modelling of the flow does invariably
introduce errors, thus an optimal control computed in this sense as a feed forward control will invariably be suboptimal in its
actual implementation. To improve this a simple feedback controller is applied in a second stage, which allows the control to
be adapted to the actual physical system. Thus, the output of the system which feeds the controller should be a quantity which
can actually be measured. For the mean velocity in Ωs which is considered in the simple model problem here this may not be
the case, however the approach is also applicable to more realistic boundary measurements, see [4].

For the first stage, the optimal feed forward control, it is important to note that this is actually a finite dimensional optimi-
sation problem, in the model case even of dimension one only. In order to solve these problems the standard gradient based
optimisation software DONLP2 [5] is used. It implements an SQP algorithm using a BFGS approximation of the Hessian
of the performance function. Thus it requires only evaluations of the performance function J(q) itself and its gradient with
respect to the control q. However, the evaluation of the performance function requires the solution of the infinite dimensional
nonlinear subproblem of the (stationary) Navier-Stokes equations (1). For this an approximation using Taylor-Hood finite
elements is employed [6]. As already the solution of the discretised Navier-Stokes system is a computationally expensive pro-
cess, special care should be devoted to the evaluation of the gradient of the performance functional. Here the discrete adjoint
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Fig. 1 Backward facing step setup
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Fig. 2 Recirculation and re-attachment
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Fig. 3 Tracking at Re = 100 to the Stokes solution
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Fig. 4 Uncontrolled solution at Re = 50 (left) and with optimal steady state control (right)

technique [6,7] is employed to avoid differentiation of the solution (u, p) of the infinite dimensional Navier-Stokes problem, or
its high-dimensional discrete approximations. For the one-dimensional control of the model problem this approach may have
no advantage compared to evaluation by the chain rule, but if the dimension of the control q is increased the computational
cost by the discrete adjoint does not change, while it multiplies by the dimension of q for the chain rule. Thus with more
practical situations in mind, the adjoint technique should be favoured for a general algorithm.

In the second stage the time dependent physical problem is considered, or a simulation of it. A very simple feedback law is
applied, defining a piecewise constant control with respect to time according to q(i+1) = q(i) + αy, where q(i) is the control
in the i-th time step, α > 0 is a parameter and y is the (measurement) output of the system, i.e. for the model problem
y = 1

|Ωs|
∫

Ωs

(u− ud)dΩ. The initial value q(0) of the control is given by the optimal steady state control q of the first stage.

3 Numerical results and Conclusions

In Figure 4 (left) the velocity field of the uncontrolled solution is shown, featuring a recirculation zone behind the step.
Applying the optimal control of the first stage (right) reduces the size of the recirculation significantly.

To test the second stage, the optimal control for Re = 50 is applied to the Re = 100 configuration. Figure 3 shows the
value of the square deviation from the reference solution part of J(q) over time for different controls. Applying only the first
stage (opt. feed-fwd for Re=50) gives suboptimal performance in the changed flow regime. This is significantly improved
by applying the feedback law of the second stage (feedback α = 0.001 q(0) = q50, feedback α = 0.005 q(0) = q50). For
reference the optimal steady state control for Re = 100 is also contained (opt. feed-fwd for Re=100), as well as the results
for the feedback law without the initialisation from the first stage (q(0) = 0 variants).

It is evident that even this extremely simple feedback control gives a significant improvement in robustness over the feed
forward control alone, with only mild tuning of the parameter α. Also the extremely simple and cheap feedback law already
allows steady state performance values essentially on par with the optimal feed forward control. Different output functionals
y have also been studied [4], including point values of the velocity and boundary friction. For the later even physical sensors
are available. In all cases successful tests were performed, after mild tuning of parameters. This gives hope that a more
sophisticated feedback control, e.g. using Riccati equations, will lead to robust and efficient control strategies.
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