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We will present a projection approach for model reduction of linear time-varying descriptor sys-
tems based on earlier ideas in the work of Philips and others. The idea behind the proposed proce-
dure is based on a multipoint rational approximation of the monodromy matrix of the corresponding
differential-algebraic equation. This is realized by orthogonal projection onto a rational Krylov sub-
space. The algorithmic realization of the method employs recycling techniques for shifted Krylov
subspaces and their invariance properties. The proposed method works efficiently for macromodels,
such as time varying circuit systems and models arising in network interconnection, on limited fre-
quency ranges. Bode plots and step response are used to illustrate the performance of the reduced
order models.
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1 Introduction

A time-varying descriptor system is the generalized state-space model described as

E(t)ẋ(t) = A(t)x(t) +B(t)u(t),
y(t) = CT (t)x(t), (1)

where x(t) ∈ Rn, contains the descriptor variables, u(t) ∈ Rp (p ≤ n), is the system input, y(t) ∈ Rq ,
is the system output, n is the system order, and p and q are the numbers of system inputs and outputs,
respectively. E(t), A(t), B(t), C(t) are matrices of order compatible with x(t), u(t), and y(t) and
assumed to be continuous functions of time. The basic idea of projection based reduced-order modeling
is to project the state space of large dimension onto a small dimensional subspace that contains the
essential dynamics of the system. The projection matrices are obtained from this subspace. A low-order
approximation of the linear time-varying (LTV) system (1) can be modeled as

Ê(t)ż(t) = Â(t)z(t) + B̂(t)u(t),
ŷ(t) = ĈT (t)z(t),

(2)

where Ê(t), Â(t) ∈ Rr×r , z(t) ∈ Rr, B̂(t) ∈ Rr×p, Ĉ(t) ∈ Rr×q , and r � n for a successful reduction
of the order. The projected matrices are obtained from the matrices W and V by

Ê = WTEV, Â = WTAV, B̂ = WTB, Ĉ = V TC, (3)

and may have constant dimensions or can vary in time . There are several methods for projection based
model-order reduction, such as balanced truncation [1, 2], recursive low-rank Hankel approximation
[2, 1], Krylov subspace approximation [3, 2] and so on. In our work we use the recycled Krylov-subspace
projection technique which is an efficient method and preserves system structure at reasonable computa-
tional costs.
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2 Analysis of LTV Signals

We focus our work towards the modeling of radio filter (RF) systems where the circuit models are de-
signed to have near-linear response in the signal path, but may have a strongly nonlinear response to other
excitations, such as mixer’s local oscillators [3, 4]. Linearizing the nonlinear model around a time-varying
large signal, we get a model which is LTV. So the first task of our model reduction approach is to describe
the nonlinear model as an LTV model and then apply the projection technique suitable for reducing the
large-scale system to a smaller model.

We consider the nonlinear system (4) driven by a large signal bl and a small signal u(t), to produce an
output z(t). For simplicity we assume that both u(t) and z(t) are scalars:

dq(v(t))
dt + f(v(t)) = bl(t) + bu(t),

z(t) = cT v(t),
(4)

where v(t) represents the nodal voltages and branch currents, u(t) represents the input source, q(.) and
f(.) are nonlinear functions describing the charge/flux and resistive terms, respectively, in the circuit. In
Equation (4), voltage v(t) and input variable u(t) represent the total quantities. We split them into two
parts, a large signal part and a small signal part and linearize around the large signal part [4, 5] to obtain
a linear time-varying system of the form

Ḡ(t)v +
d

dt
(C̄(t)v) = bu(t) (5)

for a small signal v, where Ḡ(t) and C̄(t) are the time-varying conductance and capacitance matrices.

3 Model Reduction of LTV Systems

In model reduction of LTV systems, we adopt the formalism of L. Zadeh’s variable transfer functions
[6] where the response v(t) has been expressed as an inverse Fourier transform of the product of a time-
varying transfer function and the Fourier transform of the input signal u(t). For a single-frequency input,
the response v(t) is then expressed as

v(t) = h(ıω, t)u(ω)eıωt, (6)

where h(ıω, t) is the time-varying transfer function. Writing s = ıω and substituting into (5), we get an
equation for h(s, t) as

Ḡ(t)h(s, t) +
d

dt
(C̄(t)h(s, t)) + sC̄(t)h(s, t) = b (7)

Since we are considering here lumped time-varying systems, the transfer functions are rational functions
and a reduced-order model can be obtained from a rational approximation. So we are interested in finding
a representation of the transfer function in terms of finite-dimensional matrices.

With this view, we perform a finite-difference discretization of (7). We followed the work of [4, 3] and
used the backward-Euler discretization method for solving (7), which now becomes

(sC̄ −K)h(s) = B, (8)

with

K = −


1
41
C̄1 + Ḡ1 − 1

41
C̄M

− 1
42
C̄1

1
42
C̄2 + Ḡ2

. . . . . .
− 1
4M

C̄M−1
1
4M

C̄M + ḠM

 , C̄ =


C̄1

C̄2

. . .
C̄M

 ,
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h(s) =
[
h1(s) h2(s) . . . hM (s)

]T
, and B = [b1 b2 . . . bM ]T ,

where Ḡj = Ḡ(tj), C̄j = C̄(tj), bj = b(tj), hj(s) = h(s, tj), and 4j is the j-th timestep. The
discretization procedure converts the time-varying system (7) to an equivalent linear time-invariant (LTI)
system, of dimension larger by a factor equal to the number of time steps in the discretization.

In [4], the transfer function for the small-signal steady-state response of the periodic time-varying
system was obtained by solving the finite difference equations

C̄1
41

+ Ḡ1 − C̄M

41
· α(s)

− C̄1
42

C̄2
42

+ Ḡ2

. . . . . .

− C̄M−1
4M

C̄M

4M
+ ḠM



ṽ(t1)
ṽ(t2)

...
ṽ(tM )

 =


b̃(t1)
b̃(t2)

...
b̃(tM )

 , (9)

where α(s) ≡ e−sT , T being the fundamental period. The transfer function h(s, t) is then given by

h(s, t) = e−stṽ(t).

For convenience, we split the matrix K into a nonsingular lower triangular part (L), and an upper trian-
gular part (U ). Using the expressions for L and U , (9) becomes

(L+ α(s)U)ṽ = b̃(s). (10)

Introducing a small-signal modulation operator ψ(s) ,

ψ(s) =


Iest1

Iest2

. . .
IestM

 ,
we get an expression of the transfer function as follows:

h(s) = ψH(s)ṽ(s), b̃(s) = ψ(s)B. (11)

Now we can obtain an approximation from the finite-difference discretization as

sC̄ −K ≈ ψ(s)[L+ α(s)U ]ψH(s). (12)

Using L as preconditioner on the left side of (10), we obtain

(I + α(s)L−1U)ṽ = L−1b̃(s). (13)

We observe that the structure of (13) allows us to use the ”shift-invariance” property of Krylov subspaces
[4, 3], which says that the Krylov subspace of a matrix A is invariant to shifts of the form A→ A+ βI .
As a result we use the same Krylov subspace to solve (13) at different frequency points. This means the
projection matrix V is obtained from the Krylov subspaces κm(L−1U, b̃(s)) for many different s. This
recycled Krylov subspace scheme [4, 5] for the reduction procedure ensures us to have no extra cost for
obtaining the projectors for expansions at multiple frequency-points.
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Fig. 1 Original and reduced transfer functions
with relative error.
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Fig. 2 Bode diagrams for the descriptor sys-
tem.

4 Numerical experiments

In lack of real-life data, we work with a contrived descriptor LTV model where n = 6 and we wish to
achieve a reduced-order model for different values of m ( m is the approximation-order of the Krylov
subspace). Every block of matrix C̄ is a singular matrix of order 6 × 6. We take six different frequency
points and the frequency range is 10−6 Hz to 106 Hz. The sample problem is taken over a 200ns period.
Since the matrix K is a block matrix, every block containing 6 × 6 matrix, it is a 36 × 36 matrix. The
vectors bi and ci are of order 6 × 1 for i = 1 . . . 6. The projection matrix V , obtained from the direct
use of the proposed reduction technique, has linear dependent columns. We use the rank revealing QR
factorization [7] which truncates those redundant constraints and produces an orthonormal basis of the
projected matrix for the reduced system. Finally we get a reduced model of order 4. In addition, to
compare the efficiency of our proposed technique, we work with a block Arnoldi approach [8] for the
same problem. We observe that the proposed algorithm produces a very good approximation of the
original model and the reduced model is very small and efficient compared to the original model.
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