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Efficient solution of large scale Lyapunov and Riccati equations arising in
model order reduction problems

Jens Saak1,∗ andPeter Benner1,∗∗
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Model order reduction of large-scale linear time-invariant systems is an omnipresent task in control and simulation ofcomplex
dynamical processes. The solution of large scale Lyapunov and Riccati equations is a major task, e.g., in balanced truncation
and related model order reduction methods, in particular when applied to semi-discretized partial differential equations con-
straint control problems. The software packageLyaPack has shown to be a valuable tool in the task of solving these equations
since its introduction in 2000.

Here we want to discuss recent improvements and extensions of the underlying algorithms and their implementation.

Copyright line will be provided by the publisher

1 Introduction

Model order reduction (MOR) of large dynamical systems has shown to be an important tool in mathematical systems theory
since its introduction more than 40 years ago. In the recent years more and more problems in applied mathematics, as well
as natural and engineering sciences showed the necessity tointroduce reduced order models to increase their performance,
or in some cases even make them numerically accessible at all, in simulations. An important class of model order reduction
techniques is the class of balancing based methods. In Section 2 we will present a short sketch of balancing based MOR
methods motivating the matrix equations of interest in thispaper.

This publication is intended to be an appetizer for the successorM.E.S.S. (Matrix EquationSparseSolver) [1] of the
aforementionedLyaPack toolbox rather than a presentation of the latest results in the theory of solvers for large scale matrix
equations. Besides the enhancement of the matrix equation solvers and thus the model reduction algorithms based on them,
another major new contribution to theM.E.S.S. package is the introduction of solvers for large scale sparse differential
Riccati equations, see [1, 2]. Here we concentrate on the aspects related to the MOR algorithms, though. Other important
improvements of the toolbox are the drastically simplified interfaces and function calls. These will not be covered in this note
as well. Readers interested in details about the interfacesare referred to [1] and the help texts in the software .

Sections 3 and 4 shortly review how the algebraic equations of interest can be solved efficiently under the assumption that
the matrices involved satisfy certain prerequisites like,e.g., met in the application to semi-discretized PDE control systems.
We end this note with some conclusions and an outlook on upcoming extensions of theM.E.S.S. toolbox.

2 Large Scale Matrix Equations Arising in Model Order Reduction

Consider the system

ẋ = Ax + Bu, y = Cx + Du, whereA ∈ Rn,n, B ∈ Rn,p, C ∈ Rq,n, D ∈ Rq,p (2.1)

The idea of Balanced Truncation (BT) and related methods is to compute a balanced representation of the system (2.1), i.e., a
representation where the controllability GramianP and the observability GramianQ are equal and diagonal. In classical BT
as introduced in [3,4], these Gramians are the solutions of the two Lyapunov equations

AP + PAT + BBT = 0, AT Q + QA + CCT = 0. (2.2)

If the system under consideration is not stable, linear quadratic Gausian (LQG) BT [5] can be applied. There one needs to
consider the Gramians of the closed loop system based on the LQG compensator. ThenP andQ solve the dual algebraic
Riccati equations (AREs)

AP + PAT + BBT − PCTCP = 0, ATQ + QA + CTC− QBBTQ = 0. (2.3)

Also in Bounded Real Balanced Truncation (BRBT) [6] andH∞ Balanced Truncation (HinfBT) [7] certain AREs have to be
solved. There an additional scalar factor (−1 for BRBT, (1− δ) for HinfBT) in front of the quadratic term appears. These are
only a few examples motivating the interest in solving largescale Lyapunov and Riccati equations in MOR.
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Fig. 1 Sparsity patterns of the Cholesky factors of an FEM mass matrix after different reorderings.Mass matrix M, naive Cholesky factor,
Cholesky factor after sparse reverse Cuthill-McKee ordering and Cholesky factor after approximate minimum degree reordering from left
to right.

3 Newton-Kleinman Iteration for Algebraic Riccati Equatio ns

In this section we will concentrate on solving the large sparse algebraic matrix Riccati equations given in (2.3). The ARE
is a nonlinear system of equations so it is natural to apply Newton’s method to find its solutions. This approach has been
investigated; details and further references can be found in, e.g., [8]. Typically the coefficient matrices of these Riccati
equations have a given structure (e.g. sparse, symmetric, low rank,. . . ). Efficient numerical methods for large scale problems
have to exploit this structure.

Observing that the (Frechét) derivative ofℜ(X) := ATX + XA + CTC − XBBT X (the other equation can be treated
analogously) atP is given by the Lyapunov operator

ℜ′ |P : X 7→ (A− BBT P)TX + X(A − BBTP), (3.1)

Newton’s method for AREs can be written as

Nℓ :=
(

ℜ′ |Pℓ

)−1

ℜ(Pℓ), Xℓ+1 := Xℓ + Nℓ. (3.2)

This iteration can be reformulated as a one step iteration re-writing it such that the next iterate is computed directly from the
Lyapunov equation

(A − BBTPℓ)
T Pℓ+1 + Pℓ+1(A − BBTPℓ) = −CTC− PℓBBTPℓ =: −WℓW

T
ℓ . (3.3)

We have to solve a Lyapunov equationFTX + XF = −WWT with a stable matrixF in each Newton step. Equation (3.3)
will be solved using thealternating direction implicit (ADI) iteration, treated in the next section.

4 Alternating Directions Implicit Iteration for Lyapunov E quations

Thealternating direction implicit (ADI) iteration for Lyapunov equations, can be written as (see [9])

(FT + pjI)Xj− 1

2

= −WWT − Xj−1(F− pjI), (FT + pjI)X
T
j = −WWT − Xj− 1

2

(F − pjI). (4.1)

Note that from (3.3) we see thatF = A−BBTPℓ is the sum of a sparse matrixA and a low rank perturbation−BBTPℓ.
This allows us to exploit the Sherman-Morrison-Woodbury formula (see, e.g. [10]) in the ADI process. Therefore we consider
the problem sparse ifF has this specific structure. Note, that for problems from a finite element discretization,A = −M−1S

with sparse mass matrixM and sparse stiffness matrixS. Despite the fact that in this case,A will in general be dense,
the problem can still be considered sparse as all linear algebra operations required involve only sparse matrix multiplication
and sparse system solves asA never needs to be formed to implement the ADI method, see [11]. The current version of
theM.E.S.S. software still uses the procedure described in [12], though. There, it is essential to use appropriate reordering
strategies for the unknowns in the state representation to preserve sparsity ofA. See Figure 1 for an example mass matrix
from the control system discussed in [13,14]. Especially note the number of non zero elements (nz).

The iteration is working on low rank factorsZ of the solutionX rather than on the generally densen × n matrixX itself
exploiting the normally very small rank ofX. Due to roundoff errors and sub-optimality of the shift parameters in the ADI
process the rank ofZ at some point is smaller than its number of columns. We introduced a column compression technique
based on the rank revealing QR factorization (RRQR) [15] to overcome this issue. ConsiderX = ZZT andrank (X) = r.
We first compute the RRQR ofZ as

ZT = QRΠ, whereR =

[

R11 R12

0 R22

]

, R11 ∈ Rs×s, s ≤ r andκ2(R11) ≤ τ.
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Fig. 2 Bode plots fordemo m2 in LyaPack (left) andM.E.S.S. with column compression in every 5-th ADI step (right).

HereΠ is a permutation andτ a prescribed truncation tolerance limiting the rank ofR11 by κ2(R11) ≈ σ1

σs
[15]. Now

settingZ̃T = [R11R12] Π
T , we observe that̃ZZ̃T =: X̃ ≈ X. In numerical computations a numerical rank-decision for the

determination ofr has to be taken. This is implemented by the truncation tolerance in the RRQR code. Easy computations
show that it is sufficient to choose this tolerance as the square root of machine precision to ensure that‖X̃−X‖ is of the size
of roundoff errors.

Also the software has been extended by the ADI parameter choices we proposed in [16]. The default is the heuristic method
introduced by Penzl [12], since it is always applicable and comparably cheap in computation when the spectrum ofA or of
the pencil(M,S) is complex. In case of real spectra we recommend to use the Wachspress parameters [17], since they have
been proven to be optimal there and show very good convergence in practice.

5 Numerical Tests

Now we want to show the efficiency ofM.E.S.S. in numerical examples. All computations have been carried out on an Intel
Core2Duo 6400 CPU working at 2.13GHz supplied with 4GB RAM and running MATLAB R14.

As a first test example we consider a Lyapunov equation corresponding to a finite difference (FDM) semi discretized
convection diffusion equation

ẋ + ∆x − [10 100] · ∇x = Bu onΩ = [0, 1]2, (5.1)

with homogeneous Dirichlet boundary data and appropriate outputs. The system is generated on a125× 125 grid resulting in
a state vectorx ∈ R15625, i.e.,156252 = 244 140 625 unknowns inX. This corresponds to running theLyaPack/M.E.S.S.
demo programdemo l1.m for n0 = 125. Table 1 shows the results of these runs inLyaPack andM.E.S.S. respectively.
The first column provides the overall cpu times ofdemo l1.m without the final error computation included in that script.
The error computation could not be carried out since the full15625 order Lyapunov equation can not be assembled for norm
computations on a non 64bit computer. Therefor the final normalized residual norms given in column 3 are those internally
accumulated during the computation.

cpu time size(Z,2) final NRN Z ∈ R/C

LyaPack heur,RCM,nocc 36.12 s 52 1.1951 10
−13

C

M.E.S.S. h rp,RCM,cc 38,07 s 31 1.1952 10
−13

R

M.E.S.S. h rp,AMD,cc 19.70 s 31 9.9696 10
−14

R

Table 1 Performance ComparisonLyaPack vs. M.E.S.S. usingdemo l1.m.

The second column shows the number of columns in the low rank factorZ of the solutionX. Here we considere a
single input single output (SISO) system. The effect of the column compression can be even more drastic in case of multiple
input multiple output (MIMO) systems, since there the factors grow with a number of columns equal to those ofB and
CT respectively in every step of the ADI iteration. The last column tells us whether a real or a complex low rank factor
was computed. The abbreviations in the description column identify whether the heuristic ADI shifts (heur, the only shifts
available inLyaPack) or their real parts (hrp) have been used, whether Reverse Cuthill McKee (RCM) or approximate
minimum degree (AMD) reordering was applied and if column compression (cc) using the RRQR has been performed or not
(no cc). We can directly see, that memory and complexity savingsdue to the real arithmetics and column compression could
in this example approximately compensate the overhead produced by the slightly worse ADI shifts and the additional RRQR
computations. We also observe that an enormous gain was achieved by the incorporation of the AMD reordering. The effects
will vary for different applications, though. So one has to check carefully, e.g, which ADI shifts are best suited for a concrete
application. In any case, for larger systems the effects of plainly real computations and column compression should lead to
even larger reductions, because in this example even the complex computations never exceeded 1GB of memory.

The second test example is the3113×3113 rail model found in [12]. Here we usedemo m2.m from theLyaPack/M.E.S.S.
demo routines. It performs BT via a low square root method (SRM) as well as a dominant subspace projection MOR
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(DSPMR). Solving (2.2) in low rank fashion again ensures efficiency of the methods. The low rank factor namesZB and
ZC correspond to the constant terms in (2.2). The results of thecomputations can be found in Table 2 and Figure 2. The

cpu time size(ZB,2) size(ZC,2) red. ord. SRM red. ord. DSPMR
LyaPack RCM,no cc 112.15 s 288 330 144 258
M.E.S.S. AMD,no cc 103.31 s 282 306 144 258
M.E.S.S. AMD,cc 113.17 s 168 166 143 258

Table 2 Performance ComparisonLyaPack vs. M.E.S.S. usingdemo m2.m.

dotted lines in Figure 2 represent the Bode plots of the transfer function for the original system. The dashed lines show the
errors for the DSPMR, where the upper lines represent an order 25 approximation and the lower ones the system computed
for an error tolerance of10−14. The solid lines show the same for the SRM approach. The orders of the reduced systems are
given in the last columns of Table 2. We again see that AMD reordering can support the efficiency of the overall computation,
and the memory savings by the RRQR can compensate the cost forits computation leading to drastically reduced low rank
factors. In Figure 2 we also see that the truncation error in the RRQR may be visible but is of the order of roundoff errors for
an appropriate truncation tolerance (

√
eps).

6 Conclusions and Outlook

M.E.S.S. is an efficient toolbox for solving large scalesparse matrix equations arising in many contexts, provided the matrices
involved meet the sparsity and structure assumptions described above. It can handle algebraic as well as differential Riccati
equations and Lyapunov equations. CurrentlyM.E.S.S. utilizes an ADI iteration for solving the Lyapunov equations. The
next release will also include the KPIK Krylov projection based solver for Lyapunov equations by Simoncini [18] to give the
user another choice for the most suitable method in his concrete application. Also solvers for generalized equations arising in
control problems governed by differential algebraic equations (where the methods in [11] and [12] can no longer be applied
sinceM is not regular) based on the work of Stykel (see, e.g., [19]) will be included in a future release to cover an even larger
class of applications and related matrix equations. Furthermore, an ADI Iteration for the Sylvesters equation will be added and
many efficiency upgrades like, e.g., the coupled solution ofthe 2 Lyapunov equations in BT are scheduled. The latest releases
will be made available athttp://www.tu-chemnitz.de/mathematik/industrie_technik/software/mess.php.
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